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Abstract Segal extensions, not necessarily injective, of a Banach algebra into a Banach algebra are dis-
cussed resulting into answering when do the Gelfand map of a commutative Banach algebra as well as
Gelfand-Naimark construction on a, not necessarily commutative, Banach �-algebra give Segal extensions.
Analogous to C�-Segal algebras arising from Segal extension into C�- algebras, uB-Segal algebras arising
from Segal extensions into uniform Banach algebras are intrinsically characterized.
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1 Introduction

The present paper contributes to abstract Segal algebras [10] and to exploring further the consequences a
structural analogy between C�- algebras and uniform Banach algebras arising from the C�- property

ka�ak ¼ kak2
and the square property ka2k ¼ kak2

of their respective complete norms [3, 4]. Segal algebras

which are continuously embedded as dense ideals in group algebra L1ðGÞ (more generally, in a Banach
algebra) have been extensively investigated in the literature ( [9, 10] and papers in [7]). Recently there has
been considerable interest in Banach algebras that are dense ideals in C�- algebras, called C�-Segal alge-
bras. A commutative C�-Segal algebra incorporates Nachbin’s weighted function algebras in its Gelfand -
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Naimark frame work [1]; and at the non-commutative level, this leads to a weighted C�- algebra (a non-
commutative analogue of Nachbin algebras) [8]. This in turn motivates to consider Segal algebras into
uniform Banach algebras In an earlier note [5], we have discussed an intrinsic characterization of C�-Segal
algebras. In the present note, we discuss Segal extensions into uniform Banach algebras.

Let ðA; k � kAÞ be a Banach algebra. By [8], a Banach algebra ðB; k � kBÞ is a Segal extension of A (so
that A sits in B as a dense ideal under a continuous injective homomorphism) if and only if B is the
completion of A with respect to a Segal norm, i.e., a norm j � j on A such that for some k; l [ 0,
kkakM � jaj � lkakA ða 2 AÞ, where kakM ¼ supfkabkA;kbakA:b2A; kbkA� 1g

is the multiplier seminorm on A,

which is a norm if A is faithful, i.e., if a 2 Anf0g, then there are m; n 2 A such that am 6¼ 0 and na 6¼ 0. We
consider the case when A is not necessarily faithful. This forces us to consider Segal seminorms and Segal
extensions not necessarily injective. We show in Section 2 that B is a Segal extension of A in this sense if
and only if B is the Hausdorff completion of A in an appropriate Segal seminorm. We also show that the
Hausdorff completion of ðA; k � kMÞ is the largest Segal extension of A. The Gelfand map on a, not
necessarily semisimple, commutative Banach algebra and the Gelfand-Naimark-Segal construction on a not
necessarily �- semisimple and not necessarily commutative Banach �-algebra are two natural constructs that
are non-injective homomorphisms. When are these homomorphims Segal extensions? When are the spectral
radius (in commutative case) and Gelfand-Naimark-Segal pseudo norm (in not necessarily commutative,
involutive case) Segal seminorms? These are discussed in Section 2. We discuss Segal algebras in a uniform
Banach algebra in Section 3, providing uniform Banach algebra analogue of C�-Segal algebras of [1, 8]. We
give a canonical construction and intrinsic characterization of such algebras. Closed separating subalgebras
of Nachbin algebras provide examples of such uB-Segal algebas. The C�-Segal algebras and uB-Segal
algebras exhibit an analogy in line with [4].

2 Segal extensions

Let ðA; k � kAÞ be a Banach algebra, and let p be an algebra seminorm on A. Let I ¼ fa 2 A : pðaÞ ¼ 0g.
The Hausdorff completion of A with respect to p is the completion of A=I with respect to the norm
epðxþ IÞ ¼ pðxÞ ðx 2 AÞ.
Definition 1 An algebra seminorm p on a Banach algebra ðA; k � kAÞ is a Segal seminorm of type I if there
are positive constants k, l such that kkakM � pðaÞ� lkakA ða 2 AÞ; and p is Segal seminorm of type II if the

induced norm epðaþ IÞ ¼ pðaÞ ða 2 AÞ on the quotient algebra A=I is a Segal norm, where
I ¼ fa 2 A : pðaÞ ¼ 0g.
Consideration of a Segal seminom instead of just Segal norm, raises the possibility of Segal seminorms of
types I and II. We shall show that Segal seminorm of type I is of type II.

Definition 2 By a Segal extension of a Banach algebra ðA; k � kAÞ we mean a pair ðB;uÞ, where

(i) ðB; k � kBÞ is a Banach algebra;
(ii) u : A ! B is a continuous algebra homomorphism, not necessarily injective;

(iii) uðAÞ is a dense ideal in B.

Proposition 1 The following conditions are equivalent for a Banach algebra ðB; k � kBÞ.
(i) ðB; k � kBÞ is a Segal extension of ðA; k � kAÞ.

(ii) ðB; k � kBÞ is the Hausdorff completion of ðA; k � kAÞ with respect to a Segal seminorm of type II on A.

Proof (i) ) (ii) Let ðB; k � kBÞ be a Segal extension of ðA; k � kAÞ. Then there is a continuous algebra
homomorphism u : A ! B such that uðAÞ is a dense ideal in B. Define p : A ! ½0;1Þ by
pðaÞ ¼ kuðaÞkB ða 2 AÞ. Then p is an algebra seminorm on A. Let I ¼ fa 2 A : pðaÞ ¼ 0g. Since the map
p is continuous, I is a closed ideal in A. Therefore A=I is a Banach algebra with the quotient norm. Define
eu : A=I ! B by euðaþ IÞ ¼ uðaÞ ða 2 AÞ. Let a 2 A and i 2 I. Then
keuðaþ IÞkB ¼ kuðaÞkB ¼ kuðaþ iÞkB � lkaþ ikA. Hence keuðaþ IÞkB � l aþ Ij jj jj j. Therefore eu :
ðA=I; �j jj jj jÞ ! ðB; k � kBÞ is a continuous injection with euðA=IÞ dense ideal in B. It follows from [8, Prop.
2.6] that ðA=I; �j jj jj jÞ is a Segal algebra in B.
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(ii)) (i) Suppose that B is a Hausdorff completion of A with respect to a Segal seminorm p of type II on
A. Then ðA=I; epÞ� ¼ ðB; epÞ and there are k; l [ 0 such that
l aþ Ij jj jj jM � epðaþ IÞ� k aþ Ij jj jj j ðaþ I 2 A=IÞ, where I ¼ fa 2 A : pðaÞ ¼ 0g. Define u : A ! B by
uðaÞ ¼ aþ I ða 2 AÞ. Then epðuðaÞÞ ¼ epðaþ IÞ ¼ pðaÞ� k aþ Ij jj jj j ðaþ I 2 A=IÞ. It means that u is
continuous. Since uðAÞ ¼ A=I, uðAÞ is a dense in B. It remains to show that A=I is ideal in B. Let
aþ I 2 A=I and x 2 B. Then there is a sequence ðan þ IÞ in A=I such that epðan þ I � xÞ ! 0 as n!1.
Since ðaþ IÞðbþ IÞj jj jj j � aþ Ij jj jj j bþ Ij jj jj jM ðaþ I; bþ I 2 A=IÞ,

ðaþ IÞðan þ IÞ � ðaþ IÞðam þ IÞj jj jj j
� aþ Ij jj jj j an þ I � ðam þ IÞj jj jj jM
� l�1 aþ Ij jj jj jepðan þ I � ðam þ IÞÞ:

Therefore ðaan þ IÞ is a Cauchy sequence in ðA=I; �j jj jj jÞ and hence it converges to some bþ I 2 A=I. Now

epðbþ I � ðaþ IÞxÞ
� epðbþ I � ðaan þ IÞÞ þ epðaan þ I � ðaþ IÞxÞ
� k bþ I � ðaan þ IÞj jj jj j þ epðaþ IÞepðan þ I � xÞ:

Therefore ðaþ IÞx ¼ bþ I 2 A=I. Similar argument shows that xðaþ IÞ 2 A=I. This proves that A=I is an
ideal in B. h

Theorem 1 Let ðA; k � kÞ be a Banach algebra. Let I ¼ fa 2 A : kakM ¼ 0g. Then the following hold.

(i) The Hausdorff completion ðA=I; k � k�M Þ
� of A in the multiplier seminorm k � kM is a Segal extension

of A.
(ii) If B is a Segal extension of ðA; k � kAÞ defined by a Segal seminorm p of type I on A, then there exists

an algebra homomorphism from B to ðA=I; k � k�M Þ
� with dense range.

Proof (i) We claim that if p is Segal seminorm of type I on A, then p is a Segal seminorm of type II. Let
J ¼ fa 2 A : pðaÞ ¼ 0g. Then J is a closed ideal in A and that epðaþ JÞ ¼ pðaÞ ða 2 AÞ is a norm on A=J.
As p is a Segal seminorm of type I, there exist positive constants k and l such that
kkakM � pðaÞ� lkakA ða 2 AÞ. It follows that
k aþ Jj jj jj jM � kkakM � pðaÞ ¼ epðaþ JÞ� l aþ Jj jj jj j ða 2 AÞ. Hence the norm induced by p is a Segal
norm on ðA=J; �j jj jj jÞ. It means that p is a Segal seminorm of type II. It follows that the norm induced by the
multiplier seminorm k � kM is a Segal norm on the quotient Banach algebra ðA=I; �j jj jj jÞ and ðA=I; k � k�M Þ

�

is a Segal extension of A.
(ii) Since p is a Segal seminorm of type I, there are positive constants k and l such that

kkakM � pðaÞ� lkakA ða 2 AÞ. Both I and J are closed ideals in A and J � I. We note that epðaþ JÞ ¼
pðaÞ ðaþ J 2 A=JÞ and kaþ Ik�M ¼ kakM ðaþ I 2 A=IÞ are norms on A=J and A=I respectively. Define
u : ðA=J; epÞ ! ðA=I; k � k�M Þ by uðaþ JÞ ¼ aþ I ðaþ J 2 A=JÞ. Let aþ J 2 A=J. Then

kuðaþ JÞk�M ¼ kaþ Ik�M ¼ kakM � 1
k pðaÞ ¼ 1

k epðaþ JÞ. Therefore u is a continuous homomorphism

with uðA=JÞ ¼ A=I. Then u can be extended to a continuous homomorphism from ðA=J; epÞ� to
ðA=I; k � k�M Þ

�
and the range of u is dense in ðA=I; k � k�M Þ

�
. h

A uniform Banach algebra (uB-algebra) is a Banach algebra ðA; k � kÞ, not necessarily with identity, such

that the square property ka2k ¼ kak2
holds for all a 2 A. By Gelfand theory, A is realized as a uniformly

closed subalgebra UðAÞ of the supnorm algebra C0ðXÞ of continuous functions vanishing at infinity on the
locally compact Hausdorff space X ¼ DðAÞ, which is the Gelfand space of A, consisting of nonzero
multiplicative linear functionals on A with the relative weak*-topology (Gelfand topology). In general, for a
commutative, not necessarily unital, Banach algebra A, let rðaÞ ¼ supfjkj : k 2 spðaÞg ða 2 AÞ be the
spectral radius, which is a uniform seminorm, i.e., a seminorm with square property. Then the radical of A,
radA ¼ fa 2 A : rðaÞ ¼ 0g and rðaÞ ¼ supfjuðaÞj : u 2 DðAÞg. Let i : A ! A=radA, iðaÞ ¼ aþ radA be
the natural map. Let U : A ! C0ðDðAÞÞ be the Gelfand map UðaÞ ¼ ba, baðuÞ ¼ uðaÞ ðu 2 DðAÞÞ, let
bA ¼ fba : a 2 Ag. The algebra UðAÞ is the enveloping uB-algebra of A which is the completion of iðAÞ in
jaþ radAj1 ¼ rðaÞ ða 2 AÞ, and is identified with the Hausdorff completion of A in rð�Þ. The following
explains when the Gelfand map is a Segal extension.
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Corollary 1 Let ðA; k � kAÞ be a commutative Banach algebra. The Gelfand map U is a Segal extension
of A if and only if the spectral radius is a Segal seminorm of type II if and only if there is k [ 0 such that
for all a; b 2 A,

kkabþ radAkA=radA� rðaÞkbþradAkA=radA:

In particular, this holds if there is k [ 0 such that kkabkA � rðaÞkbkA for all a; b 2 A.

We briefly discuss when the celebrated GNS-construction [6, 11] on a, not necessarily commutative, Banach
�-algebra is a Segal extension; and when the classical Gelfand-Naimark pseudonorm defines a Segal
seminorm.

Let ðA; k � kÞ be a Banach �- algebra. Let f : A ! C be a continuous positive linear functional. Let
Nf ¼ fx 2 A : f ðx�xÞ ¼ 0g ¼ fx 2 A : f ðy�xÞ ¼ 0 for all y 2 Ag. Then A=Nf is an inner product space
with the inner product hxþ Nf ; yþ Nf i ¼ f ðy�xÞ. Let Hf be the completion of A=Nf . Then Hf is a Hilbert
space. Let pf : A ! BðHf Þ be pf ðaÞðxþ Nf Þ ¼ axþ Nf . Then pf is a �-representation and

kpf ðxÞk2 ¼ supfkpf ðxÞðyþ Nf Þk2 : kyþ Nfk2� 1g
¼ supfkxyþ Nf k2 : kyþ Nfk2� 1g
¼ supff ðy�x�xyÞ : f ðy�yÞ� 1g:

Therefore kpf ðxÞk ¼ supff ðy�x�xyÞ
1
2

f ðy�yÞ
1
2

: f ðy�yÞ 6¼ 0g. Let C�ðpf ðAÞÞ be the completion of
C�f ðAÞ ¼ fpf ðxÞ : x 2 Ag. Now, let RepðAÞ be the set of all continuous �-homomorphisms p : A ! BðHpÞ
into bounded operators on Hilbert spaces Hp. Then the �-radical of A, sradA ¼

T

fker p : p 2 RepðAÞg, is a
�-ideal in A. Let j : A ! A=sradA, jðaÞ ¼ aþ sradA, be the natural map. Let p1ðxÞ ¼ supfkpðxÞk : p 2
RepðAÞg ðx 2 AÞ be the Gelfand-Naimark pseudo norm which is the greatest C�-seminorm on A. The
enveloping C�-algebra C�ðAÞ is the completion of jðAÞ in the C�-norm kjðxÞk ¼ p1ðxÞ ðx 2 AÞ.
Corollary 2 Let ðA; k � kÞ be a Banach �- algebra.

(i) Let f be a continuous positive linear functional on A , and let ðpf ;Hf Þ be the GNS representation
defined by f . Let C�ðpf ðAÞÞ be the C� - algebra on Hf generated by pf ðAÞ . Let I ¼ fx 2 A :
f ðy�x�xyÞ ¼ 0 ðy 2 AÞg . Then ðpf ;C

�ðpf ðAÞÞÞ is a Segal extension of A if and only if there is k [ 0
such that

kkxþ IkM � supff ðy
�x�xyÞ

1
2

f ðy�yÞ
1
2

: f ðy�yÞ 6¼ 0g:

In particular, this holds if there is k [ 0 such that

kkxkM � supff ðy
�x�xyÞ

1
2

f ðy�yÞ
1
2

: f ðy�yÞ 6¼ 0g:

(ii) The map j is a Segal extension if and only if there are k; l [ 0 such that for all a; b 2 A ,
k maxfkabþ sradAkA=sradA; kbaþ sradAkA=sradAg� p1ðaÞkbþ sradAkA=sradA . This, in particular,

holds if there is k [ 0 such that k maxfkabk; kbakg� p1ðaÞkbk for all a; b 2 A.

Proof (i) We first note that I ¼ fx 2 A : pf ðxÞ ¼ 0g ¼ fx 2 A : kpf ðxÞk ¼ 0g. Assume that
ðpf ;C

�ðpf ðAÞÞÞ is a Segal extension of A. Let ep be the Segal norm on A=I induced by the seminorm
kpf ð�Þk. Therefore there are k; l [ 0 such that kkxþ IkM � epðxþ IÞ� lkxþ Ik for all x 2 A, i.e.,
kkxþ IkM �kpf ðxÞk� lkxþ Ik for all x 2 A.

Conversely, assume that there is k [ 0 such that kkxþ IkM � supff ðy�x�xyÞ
1
2

f ðy�yÞ
1
2

: f ðy�yÞ 6¼ 0g. Since pf is
continuous and ker pf ¼ I, there is l [ 0 such that kpf ðxÞk ¼ kpf ðxþ yÞk� lkxþ yk for all x 2 A and y 2 I.
This gives kpf ðxÞk� lkxþ Ik for all x 2 A. By Proposition 1, ðpf ;C

�ðpf ðAÞÞÞ is a Segal extension of A.
(ii) This can be analogously proved. h
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3 uB-Segal algebras

Following [1], a C�-Segal algebra A is a faithful Banach algebra that continuously sits in a C�- algebra as a
dense ideal under an injective homomorphism. By [5], a Banach �- algebra is a self-adjoint C�-Segal algebra
if and only if there is l [ 0 such that kabkA � lkakAsAðbÞ and kabkA � lsAðaÞkbkA for all a; b 2 A, where

sAðaÞ ¼ rAða�aÞ
1
2 is the Ptak spectral function. Now, the apparent similarity between the square property

kx2k ¼ kxk2
of the complete uniform norm in uB-algebra A and the C�- property kx�xk ¼ kxk2

of the norm
in a C�- algebra B has led to a structural analogy between uB-algebras and C�- algebras, in which the
spectral radius rAð�Þ corresponds to the Ptak function sBð�Þ [3, 4]. This motivates us to consider Segal
extensions into uB-algebras and the corresponding characterization discussed below.

A Banach algebra is a uB-Segal algebra if it has a Segal extension ðB; iÞ, where B is a uniform Banach
algebra and i : A ! B is a continuous injective homomorphism such that iðAÞ is a dense ideal in B. Thus a
uB-Segal algebra is a Banach algebra that is a Segal algebra in a uB-algebra. If A is a uB-Segal algebra, then
A is necessarily commutative. We call such an i to be a uB-Segal extension. The following describes a
canonical uB-Segal algebra associated with a semisimple commutative Banach algebra.

Theorem 2 Let ðA; k � kAÞ be a semisimple commutative Banach algebra with a bounded approximate

identity. Let As be the collection of all those x 2 A such that wx 2 A for all w 2 UðAÞ and kxks ¼
supfkwxk

kwk1
: w 2 UðAÞ; w 6¼ 0g\1 . Then the following hold.

(i) ðAs; k � ksÞ is a Banach subalgebra of A continuously embedded in ðA; k � kAÞ .
(ii) As is uB-Segal algebra in UðAÞ .

(iii) As is the largest Banach subalgebra of A that sits as a uB-Segal algebra in UðAÞ.

Proof (i) Let x 2 As. Then by definition kxwk�kxkskwk1 for all w 2 UðAÞ. In particular,
kxyk�kxksrðyÞ� kxkskyk for all y 2 A. Therefore kxkop�kxks. Since A has a bounded approximate

identity, the norm on A and the operator norm k � kop are equivalent. So, there is k [ 0 such that

kkxk�kxkop ðx 2 AsÞ. This implies that the identity map i : As ! A, iðxÞ ¼ x, is an imbedding of As into

A. We now show that it is a Banach algebra. Let ðxnÞ be a Cauchy sequence in ðAs; k � ksÞ. Since
kxn � xmkop�kxn � xmks for all m, n, ðxnÞ is a Cauchy sequence A. Therefore there is x 2 A such that

kxn � xk ! 0 as n!1. Let w 2 UðAÞ. Then kxnw� xmwk� kxn � xmkskwk1 and hence ðxnwÞ is a
Cauchy sequence in A. Let xw 2 A be such that kxnw� xwk ! 0 as n!1. Since xn ! x, we have
xny! xy for all y 2 A. Hence xy ¼ xy for all y 2 A. Now xw 2 UðAÞ. Since xnw! xw in UðAÞ, it follows
that xw ¼ xw. Since ðxnÞ is a Cauchy sequence in ðAs; k � ksÞ, for given �[ 0 there is n0 2 N such that

kxn � xmks� � for all m; n� n0. Fix n� n0. Then for any 0 6¼ w 2 UðAÞ, kxnw�xmwk
kwk1

� kxn � xmks\� for all

m� n0. Taking limit m!1, we obtain
kxnw�xwk
kwk1

� �. Thus kxn � xks ! 0 as n!1. This implies com-

pleteness of ðA; k � ksÞ.
(ii) We note that ðUðAÞ; k � k1Þ is a uniform algebra. Since As is ideal in UðAÞ, it is ideal in the closure

of As is UðAÞ. Therefore As is a uB-Segal algebra in UðAÞ.
(iii) It follows from (i) and (ii). h

Notice that by [8], a faithful Banach algebra has a Segal extension if and only if it is norm irregular; and a
norm irregular Banach algebra cannot posses a bounded approximate identity. A multiplier T on a com-
mutative Banach algebra ðA; k � kÞ is a linear map T : A ! A such that TðxyÞ ¼ xTy ¼ ðTxÞy for all
x; y 2 A. Let A be faithful. Then every multiplier on A is necessarily bounded; and the set MðAÞ of all
multipliers on A is a Banach algebra with operator norm kTkop ¼ supfkTxk : x 2 A; kxk� 1g. Also, A sits

in MðAÞ continuously as an ideal under the map x7!lx, lxðyÞ ¼ xy ðy 2 AÞ. The following gives an intrinsic
characterization of uB-Segal algebras. It is a uniform algebra analogue of a result on C�-Segal algebras in
[5].

Theorem 3 Let ðA; k � kAÞ be a faithful commutative Banach algebra. Then the following are equivalent.

(i) A is a uB-Segal algebra.
(ii) The Banach algebra MðAÞ contains a subalgebra that is a uB-algebra containing A and there is

l [ 0 such that maxfkabkA; kbakAg� lrAðaÞkbkA for all a; b 2 A .
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(iii) A is semisimple and there is l [ 0 such that maxfkabkA; kbakAg� lrAðaÞkbkA for all a; b 2 A.

Proof (i)) (ii), (i)) (iii) Let A be a uB-Segal algebra. Let ðC; k � k0Þ be a uniform algebra such that A is
Segal algebra in C. Therefore A is dense ideal in C and there is l [ 0 such that kak0� lkakA ða 2 AÞ. Since

A is an ideal in C, it is spectrally invariant in C. Therefore rAðaÞ ¼ rCðaÞ ¼ kak0 ða 2 AÞ. It follows from
[2, Theorem 2.3] that kabkA � lkakArAðbÞ and kabkA � lrAðaÞkbkA for every a; b 2 A. So, (i) ) (iii) is

proved. Further, for c 2 C, consider Tc : A ! A defined by TcðaÞ ¼ ca ða 2 AÞ. Then Tc is a continuous
multiplier on A. The map c7!Tc is an embedding of C into MðAÞ. Thus (i) implies (ii).

(ii)) (i) Let ðC; k � k0Þ be a uB-algebra such that A � C � MðAÞ as a subalgebra and that there be l [ 0
such that kabkA � lkakArAðbÞ and kabkA � lrAðaÞkbkA for all a; b 2 A. Since A is an ideal in MðAÞ, A is
an ideal in C. This implies that A is spectrally invariant in C. Therefore rAðaÞ ¼ rCðaÞ ¼ kak0 ða 2 AÞ. Thus
the closure of A in C is a uB-algebra in which A is a dense ideal.

(iii) ) (i) Let A be semisimple, and let there be l [ 0 such that kabkA � lkakArAðbÞ and
kabkA� lrAðaÞkbkA . Since A is semisimple, rAð�Þ is a uniform norm on A. Let C ¼ ðA; rAð�ÞÞ� . Then C is a

uniform algebra. Since A is a Banach algebra and C is a uniform algebra, the inclusion map from A to C is
continuous. Therefore there is k [ 0 such that rAðaÞ� kkakA ða2AÞ. Now it follows that A is ideal in C. Indeed,

for a, bn 2 A with bn ! b 2 C in rAð�Þ, the product abn ! ab in rAð�Þ; and being Cauchy in k � kA,

abn ! d 2 A, and hence also in rAð�Þ. Thus ab ¼ d 2 A. Similarly ba 2 A, and A is ideal in C. h

Corollary 3 Let ðA; k � kAÞ be a uB-Segal algebra in a uniform Banach algebra B . Then B is unique, B
is the enveloping uB-algebra UðAÞ of A , and A is dense ideal in UðAÞ.
Proof LetA be a uB-Segal algebra in a uniform Banach algebra B. Then A is spectrally invariant in B; and

for all a 2 A, kak2
B¼ka2kB¼rBða2Þ¼rAða2Þ. Since rAð�Þ is the greatest uniform seminorm,

B ¼ ðA; rAð�ÞÞ� ¼ UðAÞ. h

A large class of uB-Segal algebras is provided by closed subalgerbas of Nachbin’s weighted function
algebras. Let m be an upper semicontinuous real valued function on a locally compact space X such that
inft2X mðtÞ� 1. Let Cm

bðXÞ¼ff2CðXÞ:mf isboundedonXg and Cm
0ðXÞ¼ff2CðXÞ:mf vanishesatinfinityonXg.

These are Banach algebras with norm kfkm¼supt2XmðtÞjf ðtÞj; and when m is unbounded, they are uB-Segal
algebras in CbðXÞ and C0ðXÞ respectively. By [1, Definition 4.11], a faithful commutative Banach algebra A
is a weighted uniform algebra if kak¼kbak

bm
ða2AÞ, where bm :DðAÞ!R is bmðuÞ¼ 1

kuk. By [1, Example 4.12], a

closed subalgebra of Cm
bðXÞ strongly separating the points of X is a weighted uniform algebra. Now,

Theorem 3 implies that a weighted uniform algebra A is a uB-Segal algebra. Indeed, by [1, p. 85],
kakM¼kbak1¼rAðaÞ for all a2A. Hence for a;b2A, kabkA�kakMkbkA¼rAðaÞkbkA

and

kabkA�kakAkbkM¼kakArAðbÞ. Thus A is a uB-Segal algebra.

Acknowledgements The authors are grateful to the referee for careful reading of the manuscript.
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