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Abstract Segal extensions, not necessarily injective, of a Banach algebra into a Banach algebra are dis-
cussed resulting into answering when do the Gelfand map of a commutative Banach algebra as well as
Gelfand-Naimark construction on a, not necessarily commutative, Banach x-algebra give Segal extensions.
Analogous to C*-Segal algebras arising from Segal extension into C*- algebras, uB-Segal algebras arising
from Segal extensions into uniform Banach algebras are intrinsically characterized.
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1 Introduction

The present paper contributes to abstract Segal algebras [10] and to exploring further the consequences a
structural analogy between C*- algebras and uniform Banach algebras arising from the C*- property
la*al| = ||a||* and the square property ||a2|| = ||a||* of their respective complete norms [3, 4]. Segal algebras
which are continuously embedded as dense ideals in group algebra L'(G) (more generally, in a Banach
algebra) have been extensively investigated in the literature ( [9, 10] and papers in [7]). Recently there has
been considerable interest in Banach algebras that are dense ideals in C*- algebras, called C*-Segal alge-
bras. A commutative C*-Segal algebra incorporates Nachbin’s weighted function algebras in its Gelfand -
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Naimark frame work [1]; and at the non-commutative level, this leads to a weighted C*- algebra (a non-
commutative analogue of Nachbin algebras) [8]. This in turn motivates to consider Segal algebras into
uniform Banach algebras In an earlier note [5], we have discussed an intrinsic characterization of C*-Segal
algebras. In the present note, we discuss Segal extensions into uniform Banach algebras.

Let (A, | - || ) be a Banach algebra. By [8], a Banach algebra (B, || - ||z) is a Segal extension of A (so
that A sits in B as a dense ideal under a continuous injective homomorphism) if and only if B is the
completion of A with respect to a Segal norm, i.e., a norm |-| on A such that for some &,/ > 0,
kllally <la| <lljall 4 (a € A), where ||al|y, = sup{||abl| 4 |pa| be., Wllacy is the multiplier seminorm on A,

which is a norm if A is faithful, i.e., if a € A\{0}, then there are m,n € A such that am # 0 and na # 0. We
consider the case when A is not necessarily faithful. This forces us to consider Segal seminorms and Segal
extensions not necessarily injective. We show in Section 2 that B is a Segal extension of A in this sense if
and only if B is the Hausdorff completion of 4 in an appropriate Segal seminorm. We also show that the
Hausdorff completion of (A, | - ,,) is the largest Segal extension of A. The Gelfand map on a, not
necessarily semisimple, commutative Banach algebra and the Gelfand-Naimark-Segal construction on a not
necessarily *- semisimple and not necessarily commutative Banach x-algebra are two natural constructs that
are non-injective homomorphisms. When are these homomorphims Segal extensions? When are the spectral
radius (in commutative case) and Gelfand-Naimark-Segal pseudo norm (in not necessarily commutative,
involutive case) Segal seminorms? These are discussed in Section 2. We discuss Segal algebras in a uniform
Banach algebra in Section 3, providing uniform Banach algebra analogue of C*-Segal algebras of [1, 8]. We
give a canonical construction and intrinsic characterization of such algebras. Closed separating subalgebras
of Nachbin algebras provide examples of such uB-Segal algebas. The C*-Segal algebras and uB-Segal
algebras exhibit an analogy in line with [4].

2 Segal extensions

Let (A, | - || 4) be a Banach algebra, and let p be an algebra seminorm on A. Let I = {a € A : p(a) = 0}.
The Hausdorff completion of A with respect to p is the completion of A/I with respect to the norm
plx+1)=p(x) (x € A).

Definition 1 ~ An algebra seminorm p on a Banach algebra (A, || - || ;) is a Segal seminorm of type I if there
are positive constants &, [ such that k||al|,, <p(a) <I||a|| 4 (a € A); and p is Segal seminorm of type II if the
induced norm p(a+1)=p(a) (a € A) on the quotient algebra A/l is a Segal norm, where
I={ac A:p(a) =0}

Consideration of a Segal seminom instead of just Segal norm, raises the possibility of Segal seminorms of
types I and II. We shall show that Segal seminorm of type I is of type II.

Definition 2 By a Segal extension of a Banach algebra (A, || - || ,) we mean a pair (B, ¢), where

(i) (B,| -|lz) is a Banach algebra;
(i) ¢ :.A — Bis a continuous algebra homomorphism, not necessarily injective;
(iii)  @(A) is a dense ideal in B.

Proposition 1  The following conditions are equivalent for a Banach algebra (B, || - ||g).

() (B, lg) is a Segal extension of (A, || - || 4)-
(i) (B,| - ||g) is the Hausdorff completion of (A, || - || 4) with respect to a Segal seminorm of type Il on A.

Proof (i) = (ii) Let (B, || - ||3) be a Segal extension of (A, || - | ). Then there is a continuous algebra
homomorphism ¢ : A — B such that ¢@(A) is a dense ideal in B. Define p:.A— [0,00) by
p(a) = ||¢(a)|z (a € A). Then p is an algebra seminorm on A. Let I = {a € A : p(a) = 0}. Since the map
p is continuous, [ is a closed ideal in .A. Therefore A/ is a Banach algebra with the quotient norm. Define
p: A/l - B by ola+1)=¢a) (ac A). Let ac A and i€l Then
[@(a+ Dz = lle@lls = llola+ills<ila+il, Hence |@(a+1D)|s<I|lla+I|||l. Therefore ¢ :
(A/LAII|||) = (B, ]| - ||g) is a continuous injection with ¢ (.A/I) dense ideal in . It follows from [8, Prop.
2.6] that (A/I,]||-]|]) is a Segal algebra in B.
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(i1) = (i) Suppose that 5 is a Hausdorff completion of .4 with respect to a Segal seminorm p of type II on
A. Then (A/I,p)” = (B,p) and there are k,l>0 such that
Ha+1|,, <pla+1)<kl|lla+1||| (a+ 1€ AJI), where I = {a € A:p(a) =0}. Define ¢ : A — B by
pla)=a+1(a € A). Then p(p(a)) =pla+1)=pla) <k||la+1||| (@a+1€ A/I). It means that ¢ is
continuous. Since ¢(A) = A/, ¢(A) is a dense in B. It remains to show that A/I is ideal in B. Let
a+1¢€ A/I and x € B. Then there is a sequence (a, +I) in A/I such that p(a, +1 —x) — 0 as n — oo.
Since |||(a+ DB+ D[ <||la+I||I||b+ |||y (a+1,b+1 € A/I),

(e + D) (an +1) — (a + 1) (aw + 1|
<Illa+1l/[lllan + I = (am +1)|lly,
<M +11[[p(ay +1 — (an +1)).
Therefore (aa, + I) is a Cauchy sequence in (A/1,|||-]||) and hence it converges to some b + I € A/I. Now
pb+1—(a+1)x)
<pb+1I1-(aa,+1))+ plaa, +1— (a+1)x)
<Kl[[b +1 = (aa, + D||| + pa+ Dp(an +1 — x).

Therefore (a + I)x = b+ 1 € A/I. Similar argument shows that x(a + I) € A/I. This proves that .4/ is an
ideal in B. g

Theorem 1 Let (A, | -||) be a Banach algebra. Let I = {a € A ||a||,, = 0}. Then the following hold.

(i) The Hausdorff completion (A/L,|| - ||,;)" of A in the multiplier seminorm || - ||, is a Segal extension
of A.

(i) If B is a Segal extension of (A, || - || 4) defined by a Segal seminorm p of type I on A, then there exists
an algebra homomorphism from B to (A/L,| -||;;)~ with dense range.

Proof (i) We claim that if p is Segal seminorm of type I on A, then p is a Segal seminorm of type II. Let
J ={a € A:p(a) =0}. Then Jis a closed ideal in A and that p(a +J) = p(a) (a € A) is anorm on A/J.
As p is a Segal seminorm of type I, there exist positive constants k and [/ such that
kllally; <pla) <llal||l 4 (a € A). It follows that
kllla+ Iy <kllall,, <pla) =p(a+J)<I||la+J||| (a € A). Hence the norm induced by p is a Segal
norm on (A/J, [||-||]). It means that p is a Segal seminorm of type IL It follows that the norm induced by the
multiplier seminorm || - ||, is a Segal norm on the quotient Banach algebra (A/I, ||||||) and (A/L | - |/,;)"~
is a Segal extension of A.

(i) Since p is a Segal seminorm of type I, there are positive constants k and [ such that
klla||,; <p(a) <l||al| 4 (a € A). Both I and J are closed ideals in A and J C 1. We note that p(a +J) =
pla) (a+J e AJJ)and |la+ 1|, = |lall,, (a+1 € A/I) are norms on A/J and A/I respectively. Define
o: (A, p)—= (A/L|-|ly) by ela+J)=a+1(a+JecA/J). Let a+JecA/J. Then
lo(a+ )|y = lla+1ll,; =llally < tp(a) =1 p(a+J). Therefore ¢ is a continuous homomorphism
with ¢(A/J) = A/I. Then ¢ can be extended to a continuous homomorphism from (A/J,p)” to
(A/L] -|l;;)" and the range of ¢ is dense in (A/L, |- |,;)" - O

A uniform Banach algebra (uB-algebra) is a Banach algebra (A, || - ||), not necessarily with identity, such

that the square property ||a%|| = ||a||* holds for all a € A. By Gelfand theory, A is realized as a uniformly
closed subalgebra U(.A) of the supnorm algebra Cy(X) of continuous functions vanishing at infinity on the
locally compact Hausdorff space X = A(.A), which is the Gelfand space of A, consisting of nonzero
multiplicative linear functionals on A with the relative weak*-topology (Gelfand topology). In general, for a
commutative, not necessarily unital, Banach algebra A, let r(a) = sup{|4]|: 1 € sp(a)} (a € A) be the
spectral radius, which is a uniform seminorm, i.e., a seminorm with square property. Then the radical of A,
radA = {a € A:r(a) =0} and r(a) = sup{|p(a)| : ¢ € A(A)}. Leti: A— A/radA, i(a) = a + rad A be
the natural map. Let @ : 4 — Cy(A(A)) be the Gelfand map ®(a) = @, a(¢) = @(a) (¢ € A(A)), let
A= {a : a € A}. The algebra U(A) is the enveloping uB-algebra of A which is the completion of i(.A) in
la +radA|, = r(a) (a € A), and is identified with the Hausdorff completion of A in r(-). The following
explains when the Gelfand map is a Segal extension.
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Corollary 1 Let (A, || - | 4) be a commutative Banach algebra. The Gelfand map ® is a Segal extension
of A if and only if the spectral radius is a Segal seminorm of type Il if and only if there is k > 0 such that
forall a,b e A,

kHab + rad‘AHA/radA <r(a) Hb+radA|u/mdA4

In particular, this holds if there is k > 0 such that k||ab|| 4 < r(a)||b|| 4 for all a,b € A.

We briefly discuss when the celebrated GNS-construction [6, 11] on a, not necessarily commutative, Banach
x-algebra is a Segal extension; and when the classical Gelfand-Naimark pseudonorm defines a Segal
seminorm.

Let (A, -]|) be a Banach x- algebra. Let f : A — C be a continuous positive linear functional. Let
Nr={xe A:f(x*x) =0} = {xe A: f(yx) =0 for all y € A}. Then A/N; is an inner product space
with the inner product (x + Ny,y + Ny) = f(y*x). Let H; be the completion of .A/Ny. Then Hy is a Hilbert
space. Let my : A — B(Hy) be ns(a)(x + Ny) = ax + Ny. Then 7y is a x-representation and

7y (0)1* = sup{ [l (x) (v + N I” = [ly + Ny || < 1)
= sup{ by + Np|* « [ly + Np|* < 1}
=sup{f(y'x"xy) : f(y'y) <1}
Therefore || (x)|| = sup{{r) xy f*y) #0}.  Let C*(ns(A)) be the completion of

Ci(A) = {ms(x) : x € A} NO'&}’ l’éf Rep( ) be the set of all continuous *-homomorphisms 7 : A — B(H,)

into bounded operators on Hilbert spaces H,. Then the *-radical of A, srad A = ({kern : = € Rep(A)}, isa
x-ideal in A. Let j : A — A/srad A, j(a) = a + srad. A, be the natural map. Let py,(x) = sup{||n(x)|| : 7= €
Rep(A)} (x € A) be the Gelfand-Naimark pseudo norm which is the greatest C*-seminorm on .A. The
enveloping C*-algebra C*(A) is the completion of j(.A) in the C*-norm |[|j(x)|| = pso(x) (x € A).

Corollary 2 Let (A, | - ||) be a Banach - algebra.

(i) Let f be a continuous positive linear functional on A, and let (ms, Hy) be the GNS representation
defined by f . Let C*(my(.A)) be the C* - algebra on Hy generated by ms(A). Let I ={xec A:
fO*x*xy) =0 (y € A)}. Then (ny, C*(np(.A))) is a Segal extension of A if and only if there is k > 0

such that
1
fOX )
e+ 1y < sup O iy 2 0)
fFOry)?
In particular, this holds if there is k > 0 such that
Foy)?
k|l < Sup{il f(y'y) # 0}

fOry)?

(i) The map j is a Segal extension if and only if there are k,l > 0 such that for all a,be A ,
kmax{|lab + stad A|| 4/gaqa: ||ba + stad Al| 4 a4} < Poo(@)||b + stad Al 4 jraqa - This, in particular,

holds if there is k > 0 such that kmax{||ab||, ||ba||} <pe(a)||b|| for all a,b € A.

Proof (1) We first note that [/={xec A:m(x) =0} ={xe A:|n(x)|| =0}. Assume that
(mr, C*(mp(\A))) is a Segal extension of A. Let p be the Segal norm on A/I induced by the seminorm
l|m(-)||. Therefore there are k,I >0 such that k|x+1|,, <p(x+1I)<I|x+1| for all xe A, ie,
kllx + 1|,y <|l7r(x)|| <I]jx + I|| for all x € A.

Conversely, assume that there is k > 0 such that kjx + 1||,, < sup{{-X20 y”v) :f(»*y) # 0}. Since 7y is
continuous and ker 71y = I, there is / > 0 such that ||7s(x)|| = |7 (x + y)|| £ £ Hyy} +y|| forallx € Aandy € 1.
This gives ||7s(x)|| <!I||x + || for all x € A. By Proposition 1, (ny, C*(ms(.A))) is a Segal extension of A.

(i1) This can be analogously proved. O
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3 uB-Segal algebras

Following [1], a C*-Segal algebra A is a faithful Banach algebra that continuously sits in a C*- algebra as a
dense ideal under an injective homomorphism. By [5], a Banach - algebra is a self-adjoint C*-Segal algebra
if and only if there is / > 0 such that |labl| 4 <I||a[ 454 and ||ab|| 4 <Is)e), for all a,b € A, where

sqla)=r A(a*a)% is the Ptak spectral function. Now, the apparent similarity between the square property
[[%]| = ||x||* of the complete uniform norm in uB-algebra .4 and the C*- property [x*x|| = ||x||* of the norm
in a C*- algebra B has led to a structural analogy between uB-algebras and C*- algebras, in which the
spectral radius r4(-) corresponds to the Ptak function sg(-) [3, 4]. This motivates us to consider Segal
extensions into uB-algebras and the corresponding characterization discussed below.

A Banach algebra is a uB-Segal algebra if it has a Segal extension (B, i), where B is a uniform Banach
algebra and i : A — B is a continuous injective homomorphism such that i(4) is a dense ideal in B. Thus a
uB-Segal algebra is a Banach algebra that is a Segal algebra in a uB-algebra. If A is a uB-Segal algebra, then
A is necessarily commutative. We call such an i to be a uB-Segal extension. The following describes a
canonical uB-Segal algebra associated with a semisimple commutative Banach algebra.

Theorem 2 Let (A, | || 4) be a semisimple commutative Banach algebra with a bounded approximate
identity. Let A, be the collection of all those x € A such that yx € A for all € U(A) and |x||; =

Sup{‘mx” Y e U(A), ¥ # 0} <oo . Then the following hold.

(i) (A, || -|l,) is a Banach subalgebra of A continuously embedded in (A, |- || ) -
(i) Ay is uB-Segal algebra in U(A) .
(iii) Ay is the largest Banach subalgebra of A that sits as a uB-Segal algebra in U(A).

Proof (i) Let x &€ A;. Then by definition |xy| <|x[|[y|, for all ¢ € U(A). In particular,
eyl < [lx[ls#(v) < [|x[l,lly[l for all y € A. Therefore [lx]|,, <|x]|,. Since A has a bounded approximate

identity, the norm on A and the operator norm || - ||,, are equivalent. So, there is k >0 such that
k|lx|l < lx[l,, (x € As). This implies that the identity map i : A; — A, i(x) = x, is an imbedding of A; into
A. We now show that it is a Banach algebra. Let (x,) be a Cauchy sequence in (A, || -||,). Since

2 = Xl < [[%2 — x|l for all m, n, (x,) is a Cauchy sequence .A. Therefore there is x € A such that
|[Xn — x| — 0 as n — oo. Let Y € U(A). Then [xut) — xuh|| < lxs — x| [I¥/[| and hence (x.¥) is a
Cauchy sequence in A. Let x;, € A be such that |lx,}) —xy|| — 0 as n — oo. Since x, — x, we have
x,y — xy for all y € A. Hence x, = xy for all y € A. Now xy) € U(A). Since x,iy — xyy in U(A), it follows

that xy) = xy. Since (x,) is a Cauchy sequence in (A, | -||,), for given € > 0 there is ny € N such that
|X2 — Xm||, <€ for all m,n>ng. Fix n>ng. Then for any 0 # ¢ € U(A), ”xl"/"/,;uxw <||xn — x|, <€ for all
JEA e

m > ngy. Taking limit m — oo, we obtain

pleteness of (A, || - ||,)-

(i) We note that (U(A), || - ||.) is a uniform algebra. Since A; is ideal in U(.A), it is ideal in the closure
of A is U(A). Therefore A, is a uB-Segal algebra in U(A).

(>iii) It follows from (i) and (ii). Ol

o < ¢ Thus ||x, — x||; — 0 as n — oo. This implies com-

Notice that by [8], a faithful Banach algebra has a Segal extension if and only if it is norm irregular; and a
norm irregular Banach algebra cannot posses a bounded approximate identity. A multiplier T on a com-
mutative Banach algebra (A, | -||) is a linear map 7 : A — A such that T(xy) = xTy = (Tx)y for all
x,y € A. Let A be faithful. Then every multiplier on A is necessarily bounded; and the set M(.A) of all
multipliers on A is a Banach algebra with operator norm |||, = sup{||7x[| : x € A, [|x|| < 1}. Also, A sits
in M(A) continuously as an ideal under the map x—1,, [,(y) = xy (y € A). The following gives an intrinsic
characterization of uB-Segal algebras. It is a uniform algebra analogue of a result on C*-Segal algebras in

[5].
Theorem 3 Let (A, | - || 4) be a faithful commutative Banach algebra. Then the following are equivalent.

(i) A is a uB-Segal algebra.
(ii)  The Banach algebra M(A) contains a subalgebra that is a uB-algebra containing A and there is
1> 0 such that max{||ab|| 4, ||bal| 4} <Ira(a)||b|| 4 for all a,b e A.

@ Springer



167

(iii) A is semisimple and there is 1> 0 such that max{||ab|| 4, ||ba|| .} <lra(a)||b|| 4 for all a,b € A.

Proof (i) = (ii), (i) = (iii) Let .A be a uB-Segal algebra. Let (C, || - ||,) be a uniform algebra such that A is
Segal algebra in C. Therefore A is dense ideal in C and there is / > 0 such that ||a[|, <I||a|| 4 (a € A). Since
A is an ideal in C, it is spectrally invariant in C. Therefore r4(a) = re(a) = ||a|, (a € A). It follows from
[2, Theorem 2.3] that ||ab|| , <I||a|| 474(b) and ||ab|| , < Ir4(a)||b]|| 4 for every a,b € A. So, (i) = (iii) is
proved. Further, for ¢ € C, consider 7, : A — A defined by T.(a) = ca (a € A). Then T, is a continuous
multiplier on A. The map ¢—T7, is an embedding of C into M(.A). Thus (i) implies (ii).

(ii) = (i) Let (C, || - ||,) be a uB-algebra such that A C C C M(.A) as a subalgebra and that there be [ > 0
such that ||ab|| 4 <I||a|| 4r4(b) and ||ab|| 4 <Ir(a)||b|| 4 for all a,b € A. Since A is an ideal in M(A), A s
an ideal in C. This implies that A is spectrally invariant in C. Therefore r4(a) = r¢(a) = ||al|, (a € A). Thus
the closure of A in C is a uB-algebra in which A is a dense ideal.

(ili) = (i) Let A be semisimple, and let there be [ >0 such that |jab| ,<I|a|| 4r4(b) and
labl| 4 < s 4 (@yjpy - Since A is semisimple, r4(-) is a uniform norm on A. Let C = (A, r4())~. Then C is a

uniform algebra. Since A is a Banach algebra and C is a uniform algebra, the inclusion map from A to C is
continuous. Therefore there is k > 0 such that r 4(4) < k|||, (ac.4)- Now it follows that A is ideal in C. Indeed,
for a, b, € A with b, — b € C in ry., the product ab, — ab in ry4(-); and being Cauchy in || - || 4,
ab, — d € A, and hence also in r4(-). Thus ab = d € A. Similarly ba € A, and A is ideal in C. O

Corollary 3 Let (A, | - || 4) be a uB-Segal algebra in a uniform Banach algebra B. Then B is unique, B
is the enveloping uB-algebra U(A) of A, and A is dense ideal in U(A).

Proof Let Abe auB-Segal algebra in a uniform Banach algebra 3. Then A4 is spectrally invariant in B; and
for all aeA, |‘a‘|%3:\|u2\\3:r5(a2):u(u2)' Since ry(-) is the greatest uniform seminorm,

B=(Ara())” = U(A). u

A large class of uB-Segal algebras is provided by closed subalgerbas of Nachbin’s weighted function
algebras. Let v be an upper semicontinuous real valued function on a locally compact space X such that
inf,ex v(r) > 1. Let Cy(X)={feC(X):vfisboundedonX} and C}(X)={f<€C(X):vfvanishesatinfinityonX}.
These are Banach algebras with norm ||f]|,=sup,cxVv(¢)|f(#)|; and when v is unbounded, they are uB-Segal
algebras in Cp,(X) and Cy(X) respectively. By [1, Definition 4.11], a faithful commutative Banach algebra .4
is a weighted uniform algebra if ||a||=||al|~(a€.A), where V:A(A)—Ris V(¢ )—H 7 By [1, Example 4.12], a
closed subalgebra of C;(X) strongly separating the points of X is a weighted uniform algebra. Now,
Theorem 3 implies that a weighted uniform algebra 4 is a uB-Segal algebra. Indeed, by [l, p. 85],
||a||M:||a||oo:rA(a) for all aGA Hence for a,bGA’ ||ab|‘ASHaHMHbHA:rA(a)HbHA and

llab|| s<llall llollss=llall 47 ,(p)- Thus A is a uB-Segal algebra.
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