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Abstract In this paper, we prove some supercongruence relations for truncated hypergeometric series. As
particular cases, we confirm certain recent conjectural supercongruences.
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1 Introduction and statement of results

For a complex number a and a non negative integer n, let ðaÞn denote the rising factorial defined by

ðaÞ0 :¼ 1 and ðaÞn :¼ aðaþ 1Þ � � � ðaþ n� 1Þ for n� 1:

With these notations, for complex numbers ai; bj and k, with none of the bj being negative integers or zero,
the classical hypergeometric series rþ1Fr is defined as

rþ1Fr

a0; a1; � � � ; ar

b1; � � � ; br

k

� �
:¼
X1
k¼0

ða0Þk � � � ðarÞk
ðb1Þk � � � ðbrÞk

kk

k!
;

which converges for jkj\1. When we truncate the above sum at k ¼ m, it is known as a truncated
hypergeometric series, and we use the following subscript notation to denote a truncated hypergeometric
series

rþ1Fr

a0; a1; � � � ; ar

b1; � � � ; br

k

� �
m

:¼
Xm

k¼0

ða0Þk � � � ðarÞk
ðb1Þk � � � ðbrÞk

kk

k!
:

Hypergeometric series satisfy many summation and transformation formulas [1, 15]. Hypergeometric series
are of fundamental importance in many research areas including algebraic varieties, differential equations,
and modular forms.
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For ReðzÞ[ 0, the gamma function CðzÞ is defined by

CðzÞ ¼
Z 1

0

tz�1e�tdt:

The functional equation zCðzÞ ¼ Cð1þ zÞ gives the continuation of CðzÞ to a meromorphic function defined
for all complex numbers z. Throughout the paper, let p be an odd prime. For n 2 N, the p-adic gamma
function is defined as

CpðnÞ ¼ ð�1Þn
Y

0\j\n;p-j

j:

Extend Cp to all x 2 Zp by setting

CpðxÞ ¼ lim
n!x

CpðnÞ;

where n runs through any sequence of positive integers which p-adically approaches x and Cpð0Þ ¼ 1. The
Selberg-Chowla formula predicts that any period of an elliptic curve with complex multiplication is an
algebraic multiple of a quotient of gamma values [14]. In recent years, there has been a focus on p-adic
analog of these complex periods computed from the hypergeometric series and gamma function, and such
expressions often yield supercongruences for truncated hypergeometric series in terms of gamma functions.
Supercongruences are congruences those hold true for higher powers of primes, and are stronger than those
predicted by commutative formal group theory.

In [12], Ramanujan listed 17 infinite series representations of 1
p of the form

X1
k¼0

AðkÞxk ¼ d
p
;

where A(k) is an expression in the form of classical hypergeometric series nþ1Fn. All of these Ramanujan-

type formulas for 1
p are related to elliptic curves with complex multiplication. Van Hamme [17] developed p-

adic analogue of some of these series, known as Ramanujan-type supercongruences, which related truncated
hypergeometric series to the values of p-adic gamma function. Several methods have been employed to
prove such types of congruences. Van Hamme [17] himself proved three of these supercongruences
including

Xp�1
2

k¼0

1
2

� �
k

k!

 !3

� �Cp
1
4

� �4
; if p � 1 ðmod 4Þ;

0; if p � 3 ðmod 4Þ;

(
ðmod p2Þ: ðH:2Þ

Using Gaussian hypergeometric series, properties of p-adic Gamma functions, and certain strange
combinatorial identities, McCarthy and Osburn [10] proved [17, (A.2)] given by

Xp�1
2

k¼0

ð4k þ 1Þð�1Þk
1
2

� �
k

k!

 !5

�
�p

Cp
3
4ð Þ

4 ; if p � 1 ðmod 4Þ;

0; if p � 3 ðmod 4Þ;

(
ðmod p3Þ: ðA:2Þ

Long [8] used certain hypergeometric identities and evaluations to prove [17, (B.2)], which was already
proved by Mortenson [9] using a technical evaluation of a quotient of Gamma functions and by Zudilin [18]
using the WZ-method designed by Wilf and Zeilberger [11]. Following this, Long and Ramakrishna [7]
have used a more general method relating classical hypergeometric series and p-adic Gamma functions to
strengthen and extend [17, (D.2)] and [17, (H.2)] to additional primes. Employing the method used by Long
in [8], Swisher [16] proved [17, (C.2), (E.2), (F.2), (G.2) and (L.2)] extending [17, (E.2), (F.2), and (G.2)] to
results for additional primes, and showed that [17, (C.2) and (G.2)] hold in modulo p4. In fact, she proved
that if p� 5, then

Xp�1
4

k¼0

ð8k þ 1Þ
1
4

� �
k

k!

 !4

� p
Cp

1
2

� �
Cp

1
4

� �
Cp

3
4

� � ðmod p4Þ if p � 1 ðmod 4Þ: ðG:2Þ

She further extended [17, (A.2)] to higher powers of primes than that expected by Van Hamme. Extending
the Ramanujan-type supercongruences due to Van Hamme, Swisher [16] listed a number of generalized Van
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Hamme type supercongruence conjectures supported by computational evidence computed using SageMath.
Motivated by these, we here prove the following supercongruences on truncated hypergeometric series.

Theorem 1.1 Let p [ 5 be a prime such that p � 3 ðmod 4Þ. For any positive integer r, we have

Xspr�1
2

k¼0

ð4k þ 1Þð�1Þk
1
2

� �5

k

k!5
�

p2r ðmod prþ4Þ; if r is even and s ¼ 3;

� p2rþ1

16
Cp

1
4

� �4
mod prþ4ð Þ; if r is odd and s ¼ 1:

(

For r ¼ 2 and s ¼ 3, Theorem 1.1 provides a supercongruence similar to a particular case of the third

congruence of [16, (A.3)] modulo p6 given by

X3p2�1
2

k¼0

ð4k þ 1Þð�1Þk
1
2

� �5

k

k!5
� p4 ðmod p6Þ:

In [6, Thorem 1.3], Liu deduced a supercongruence for truncated hypergeometric series extending the case

p � 3 (mod 4) of [17, (A.2)] to modulo p4 using the software package Sigma developed by Schneider [13].

He further conjectured that the same congruence holds in modulo p5. The following particular case with
r ¼ 1 of Theorem 1.1 readily confirms the supercongruence conjecture of Liu.

Corollary 1.2 ( [6, Conjecture 1.2]) For primes p� 5 with p � 3 (mod 4), we have

Xp�1
2

k¼0

ð4k þ 1Þð�1Þk
1
2

� �5

k

k!5
� � p3

16
Cp

1

4

� �4

mod p5
� �

:

Related to Theorem 1.1, we conjecture the following supercongruence based on numerical evidence.

Conjecture 1 Let p [ 5 be a prime such that p � 3 ðmod 4Þ. For any positive even integer r, we have

Xpr�1
2

k¼0

ð4k þ 1Þð�1Þk
1
2

� �5

k

k!5
� p2r ðmod prþ4Þ:

Theorem 1.3 Let ‘[ 2 be an integer and p� 5 a prime number such that p � �1 ðmod ‘Þ. If r is a
positive integer, then

Xtpr�1
‘

k¼0

ð2‘k þ 1Þ
1
‘

� �4

k

k!4
�

ð�1Þ
r
2p

3r
2 ðmod prþ3Þ; if r is even and t ¼ 1;

ð�1Þ
rþ3

2
þpþ1

‘ p
3rþ1

2
ð‘�1Þð2�‘Þ

‘

Cp 1�2
‘ð Þ

Cp 1�1
‘ð Þ2 ðmod prþ3Þ;

if r is odd and t ¼ ‘� 1:

8>>><
>>>:

Theorem 1.3 with ‘ ¼ 4; r ¼ 2 confirms a particular case of the second supercongruence conjecture of [16,

(G.3)] modulo p5 given by

Xp2�1
4

k¼0

ð8k þ 1Þ
1
4

� �4

k

k!4
� �p3 ðmod p5Þ:

In [8, Theorem 1.1], Long gave a proof of the Van Hamme type supercongruence

Xpr�1
2

k¼0

ð4k þ 1Þ
1
2

� �4

k!4
� pr ðmod prþ3Þ

for p � 3 (mod 4). It is noticed by Guo [3] that her proof is valid only for r ¼ 1. Later, the correct proof for
the case r [ 1 is given by Guo and Wang [4] using a method similar to WZ method. We here use
hypergeometric series identities and evaluations to give a proof of [8, Theorem 1.1] for r [ 1 in the
following theorem.
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Theorem 1.4 Let p [ 3 be a prime and r [ 1 a positive integer. Then

Xpr�1
2

k¼0

ð4k þ 1Þ
1
2

� �4

k!4
� pr ðmod prþ3Þ:

Theorem 1.5 Let r be positive integer. For any prime p C 5 with p � 3 ðmod 4Þ, we have

Xpr�1
2

k¼0

1
2

� �3

k

k!3
�

pr ðmod p3þrÞ; if r is even;

� prþ1

16
Cp

1
4

� �4 ðmod p2þrÞ; if r is odd.

(

Putting r ¼ 2 in Theorem 1.5, we obtain

Xp2�1
2

k¼0

1
2

� �3

k

k!3
� p2 ðmod p5Þ

confirming a particular case of the third congruence of [16, (H.3)]. In the similar way, the case r ¼ 1 of
Theorem 1.5 given by

Xp�1
2

k¼0

1
2

� �3

k

k!3
� � p2

16
Cp

1

4

� �4

ðmod p3Þ

extends the case p � 3 (mod 4) of [17, (H.2)] to modulo p3, which is already proved by Long and
Ramakrishna [7, Theorem 3].

2 Preliminaries

Throughout the paper, let fp ðaÞk
� 	

denote the product of p-factors present in the rising factorial ðaÞk. Let Zp,
Qp, and up denote the ring of p-adic integers, the field of p-adic numbers, and the p-adic valuation on Qp,
respectively. The following lemma provides some elementary properties of gamma function.

Lemma 2.1 [2, Section 11.6] Let p be an odd prime and x 2 Zp. Then

(i) Cpð1Þ ¼ �1:

(ii)
Cpðxþ1Þ
CpðxÞ ¼

�x; if upðxÞ ¼ 0;
�1; if upðxÞ[ 0;




(iii) CpðxÞCpð1� xÞ ¼ ð�1Þa0ðxÞ, where a0ðxÞ 2 f1; 2; . . .; pg satisfies a0ðxÞ � x ðmod pÞ.
Let Cp denote the completion of the algebraic closure of Qp with vp being the extension of up to Cp, and

GkðaÞ ¼ CðkÞp ðaÞ
CpðaÞ 2 Zp, where CðkÞp ðxÞ denote the k-th derivative of CpðxÞ. Following Long and Ramakrishna

[7], one can extend Cp for a 2 Q with vpðaÞ� 0 and x 2 Cp with vpðxÞ� ð1pþ 1
p�1
Þ by setting

Cpðaþ xÞ ¼ CpðaÞ
X1
k¼0

GkðaÞ
k!

xk;

and hence

Cpðaþ 1þ xÞ
Cpðaþ xÞ ¼

�ðaþ xÞ; if mpðaþ xÞ ¼ 0;

�1; if mpðaþ xÞ[ 0:



ð2:1Þ

With these notations, we here deduce a relation of p-adic gamma function with rising factorial in the
following lemma.

Lemma 2.2 Let p be an odd prime and n 2 N. Suppose a 2 Q with mpðaÞ� 0 and x 2 Cp with
vpðxÞ� ð1pþ 1

p�1
Þ. Then
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ðaþ xÞn ¼ ð�1Þnfp ðaþ xÞn
� 	Cpðaþ xþ nÞ

Cpðaþ xÞ :

Proof We have

Cpðaþ xþ nÞ
Cpðaþ xÞ ¼ Cpðaþ xþ nÞ

Cpðaþ xþ n� 1Þ :
Cpðaþ xþ n� 1Þ
Cpðaþ xþ n� 2Þ � � �

Cpðaþ xþ 2Þ
Cpðaþ xþ 1Þ :

Cpðaþ xþ 1Þ
Cpðaþ xÞ

¼ ð�1Þn
Y

0� j\n;p-ðaþxþjÞ
ðaþ xþ jÞ;

where the last equality holds because of (2.1). h

The following theorem provides a p-adic approximation to Cp-quotients.

Theorem 2.3 [7, Theorem 14] For p� 5; r 2 N; a 2 Zp, m 2 Cp satisfying vpðmÞ� 0 and t 2 f0; 1; 2g we
have

Cpðaþ mprÞ
CpðaÞ

�
Xt

k¼0

GkðaÞ
k!
ðmprÞk ðmod pðtþ1ÞrÞ:

Lemma 2.4 [5, Lemma 2.3] Let p be an odd prime and f a primitive n-th root of unity for some positive
integer n. Suppose that k and r are positive integers. Assume that a; b; d 2 Q \ Zp and c 2 Q \ Z�p such that

mpðaþ iÞ; mpðcþ iÞ� r � 1 for each 0� i� k � 1. If mpððaÞkÞ � mpððcÞkÞ� 0, then

Yn�1

j¼0

ðaþ bf jprÞk
ðcþ df jprÞk

� ðaÞ
n
k

ðcÞnk
ðmod pnÞ:

Moreover for an indeterminate x,

Yn�1

j¼0

ðaþ bf jxrÞk
ðcþ df jxrÞk

2 Zp½½xn��:

We now recall some formulas of hypergeometric series those will be used to deduce the supercongruences
of our results.

Lemma 2.5 ([1, Theorem 3.4.6])

6F5

a
2
þ 1 a c d e f

a
2

1þ a� c 1þ a� d 1þ a� e 1þ a� f
j �1

� �

¼ C 1þ a� eð ÞC 1þ a� fð Þ
C 1þ að ÞC 1þ a� e� fð Þ 3F2

1þ a� c� d e f

1þ a� c 1þ a� d
j 1

� �
:

Lemma 2.6 ([1, Theorem 3.5.5 (ii)]) If aþ b ¼ 1 and eþ f ¼ 2cþ 1, then

3F2

a b c

e f
j 1

� �
¼ pCðeÞCðf Þ

22c�1C aþe
2

� �
C aþf

2

� �
C bþe

2

� �
C bþf

2

� � :
Lemma 2.7 ([1, Corollary 3.4.3]) If m is a positive integer, then

5F4

a; a
2
þ 1; c; d; � m
a
2
; a� cþ 1; a� d þ 1; aþ mþ 1

j 1
� �

m

¼ aþ 1ð Þmða� c� d þ 1Þm
ða� cþ 1Þmða� d þ 1Þm

:

Lemma 2.8 [1, Theorem 3.4.5]
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7F6

a a
2
þ 1 b c d e f
a
2

1þ a� b 1þ a� c 1þ a� d 1þ a� e 1þ a� f
j 1

� �

¼ Cð1þ a� dÞCð1þ a� eÞCð1þ a� f ÞCð1þ a� d � e� f Þ
Cð1þ aÞCð1þ a� e� f ÞCð1þ a� d � eÞCð1þ a� d � f Þ

� 4F3

a� b� cþ 1 d e f

a� bþ 1 a� cþ 1 d þ e� aþ f
j 1

� �

provided the series on the right side terminates and the one of the left converges.

The Clausen formula [1, pp. 116] for classical hypergeometric series is given by

3F2

2a 2b aþ b

2aþ 2b aþ bþ 1
2

j x
� �

¼ 2F1

a b

aþ bþ 1
2

j x
� �� �2

ð2:2Þ

provided both sides converge. Again for Reðc� a� bÞ[ 0, we have the Gauss summation formula as

2F1

a b

c
j 1

� �
¼ CðcÞCðc� a� bÞ

Cðc� aÞCðc� bÞ : ð2:3Þ

Thus (2.2) and (2.3) together yield

3F2

2a 2b aþ b

2aþ 2b aþ bþ 1
2

j 1
� �

¼ CðcÞCðc� a� bÞ
Cðc� aÞCðc� bÞ

� �2

: ð2:4Þ

Finally, we deduce some recurrence relations for certain rising factorials in the following lemmas. These
recurrence relations play a vital role in proving our main results and will be used repeatedly in the proof of
our main theorems. We use relations of rising factorial and p-adic gamma function to obtain the results.

Lemma 2.9 Let c [ 0 be an integer with c � 1 (mod 4) and p be a prime with p � 3 (mod 4). If r is any
even positive integer. Then

að Þ
3�cpr

4

� �
cpr�1

4

3�cpr�2

4

� �
cpr�2�1

4

¼ p
c pr�1þpr�2ð Þ

4

� �

ð�1Þ
c prþpr�1ð Þ

4

Cp
1
2

� �
Cp

3�cpr

4

� � Cp
1
2

� �
Cp

1�cpr�1

4

� � :

ðbÞ
1� pr

2

� �
cpr�1

4

1� pr�2

2

� �
cpr�2�1

4

¼ p
c pr�1þpr�2ð Þ�4

4

� �

ð�1Þ
c prþpr�1ð Þ�4

4

Cp
3þðc�2Þpr

4

� �
Cp 1� pr

2

� � Cp
1þðc�2Þpr�1

4

� �

Cp 1� pr�1

2

� � :

Proof (a) Using Lemma 2.2, we have

3� cpr

4

� �
cpr�1

4

¼ ð�1Þ
cpr�1

4
Cp

1
2

� �
Cp

3�cpr

4

� � fp
3� cpr

4

� �
cpr�1

4

" #
:

The p-factors present in 3�cpr

4

� �
cpr�1

4

are

k þ 1

4

� �
p� cpr

4
j 0� k� cpr�1 � 3

4


 

:

Therefore,
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fp
3� cpr

4

� �
cpr�1

4

" #
¼
Ycpr�1�3

4

k¼0

k þ 1

4

� �
p� cpr

4


 


¼ p
cpr�1þ1

4
1� cpr�1

4

� �
cpr�1þ1

4

¼ p
cpr�1þ1

4

ð�1Þ
cpr�1þ1

4

Cp
1
2

� �
Cp

1�cpr�1

4

� � fp
1� cpr�1

4

� �
cpr�1þ1

4

" #
:

Again, 1�cpr�1

4

� �
cpr�1þ1

4

contains the p-factors

k þ 3

4

� �
p� cpr�1

4
j 0� k� cpr�2 � 5

4


 

;

and hence

fp
1� cpr�1

4

� �
cpr�1þ1

4

" #
¼
Ycpr�2�5

4

k¼0

k þ 3

4

� �
p� cpr�1

4


 


¼ p
cpr�2�1

4
3� cpr�2

4

� �
cpr�2�1

4

:

Combining all these together, we deduce the required result.
(b) In view of Lemma 2.2, we have

1� pr

2

� �
cpr�1

4

¼ ð�1Þ
cpr�1

4

Cp
3þðc�2Þpr

4

� �
Cp 1� pr

2

� � fp 1� pr

2

� �
cpr�1

4

" #
:

Clearly, the p-factors present in 1� pr

2

� �
cpr�1

4

are

kp� pr

2

� �
j 1� k� cpr�1 � 3

4


 

:

Thus

fp 1� pr

2

� �
cpr�1

4

" #
¼
Ycpr�1�3

4

k¼1

kp� pr

2

� �
 


¼ p
cpr�1�3

4 1� pr�1

2

� �
cpr�1�3

4

¼ p
cpr�1�3

4

ð�1Þ
cpr�1�3

4

Cp
1þðc�2Þpr�1

4

� �

Cp 1� pr�1

2

� � fp 1� pr�1

2

� �
cpr�1�3

4

" #
:

Note that the p-factors in 1� pr�1

2

� �
cpr�1�3

4

are

kp� pr�1

2

� �
j 1� k� cpr�2 � 1

4


 

;

and hence

fp 1� pr�1

2

� �
cpr�1�3

4

" #
¼
Ypr�2�1

4

k¼1

kp� pr�1

2

� �
¼ p

cpr�2�1
4 1� pr�2

2

� �
cpr�2�1

4

:

We now combine all these to obtain the desired result. h
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Lemma 2.10 Let c [ 0 be an integer with c � 3 (mod 4) and p be a prime with p � 3 ðmod 4Þ. If h 2 Cp

such that mpðhÞ� 1
pþ 1

p�1
� 1 and r [ 1 is an odd positive integer such that ð1

2
þ hpr

4
þ iÞ and ð3

4
þ hpr

4
þ iÞ

are nonzero for all 0� i\ ðc�2Þprþ1

4
, then

ðaÞ
1
2
þ hpr

4

� �
ðc�2Þprþ1

4

1
2
þ hpr�2

4

� �
ðc�2Þpr�2þ1

4

¼ p
ðc�2Þðpr�1þpr�2Þ

4

ð�1Þ
ðc�2Þðprþpr�1Þ

4

Cp
ð3þðhþc�2Þpr

4

� �
Cp

1þðhþc�2Þpr�1

4

� �

Cp
1
2
þ hpr

4

� �
Cp

1
2
þ hpr�1

4

� � :

ðbÞ
3
4
þ hpr

4

� �
ðc�2Þprþ1

4

3
4
þ hpr�2

4

� �
ðc�2Þpr�2þ1

4

¼ p
ðc�2Þðpr�1þpr�2Þ

4
þ1

ð�1Þ
ðc�2Þðprþpr�1Þ

4
þ1

Cpð1þ ðhþc�2Þpr

4
ÞCp 1þ ðhþc�2Þpr�1

4

� �

Cpð34þ
hpr

4
ÞCp

1
4
þ hpr�1

4

� � :

Proof (a) In view of Lemma 2.2, we have

1

2
þ hpr

4

� �
ðc�2Þprþ1

4

¼ ð�1Þ
ðc�2Þprþ1

4

Cp
3þðhþc�2Þpr

4

� �
Cpð12þ

hpr

4
Þ

fp
1

2
þ hpr

4

� �
ðc�2Þprþ1

4

" #
:

Clearly, the p- factors present in 1
2
þ hpr

4

� �
ðc�2Þprþ1

4

are

k þ 1

2

� �
pþ h

pr

4
j 0� k� ðc� 2Þpr�1 � 5

4


 

:

Thus

fp
1

2
þ hpr

4

� �
ðc�2Þprþ1

4

" #
¼

Yðc�2Þpr�1�5

4

k¼0

k þ 1

2

� �
pþ h

pr

4


 


¼ p
ðc�2Þpr�1�1

4
1

2
þ hpr�1

4

� �
ðc�2Þpr�1�1

4

¼ p
ðc�2Þpr�1�1

4

ð�1Þ
ðc�2Þpr�1�1

4

Cpð1þðhþc�2Þpr�1

4
Þ

Cp
1
2
þ hpr�1

4

� �

� fp
1

2
þ hpr�1

4

� �
ðc�2Þpr�1�1

4

" #
;

where the last equality follows from Lemma 2.2. Note that 1
2
þ hpr�1

4

� �
ðc�2Þpr�1�1

4

contains the p-factors

k þ 1

2

� �
pþ hpr�1

4
Þ j 0� k� ðc� 2Þpr�2 � 3Þ

4


 

;

and hence

fp
1

2
þ hpr�1

4

� �
ðc�2Þpr�1�1

4

" #
¼

Yðc�2Þpr�2�3

4

k¼0

k þ 1

2

� �
pþ hpr�1

4


 


¼ p
ðc�2Þpr�2þ1

4
1

2
þ hpr�2

4

� �
ðc�2Þpr�2þ1

4

:

Combining all these together, we deduce the required result.
(b) It is easy to see that the p-factors present in 3

4
þ hpr

4

� �
ðc�2Þprþ1

4

and 1
4
þ hpr�1

4

� �
ðc�2Þpr�1þ3

4

are

k þ 1

4

� �
pþ h

pr

4
j 0� k� ðc� 2Þpr�1 � 1

4


 


and
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k þ 3

4

� �
pþ h

pr�1

4
j 0� k� ðc� 2Þpr�2 � 3

4


 

;

respectively. Following the steps of the proof of (a), we obtain

3

4
þ hpr

4

� �
ðc�2Þprþ1

4

¼ ð�1Þ
ðc�2Þprþ1

4

Cp 1þ ðhþc�2Þpr

4

� �
Cp

3þhpr

4

� � fp
3

4
þ hpr

4

� �
ðc�2Þprþ1

4

" #

¼ p
ðc�2Þpr�1þ3

4

ð�1Þ
ðc�2Þprþ1

4

Cp 1þ ðhþc�2Þpr

4

� �
Cp

3þhpr

4

� � 1

4
þ hpr�1

4

� �
ðc�2Þpr�1þ3

4

¼ p
ðc�2Þðpr�1þpr�2Þ

4
þ1

ð�1Þ
ðc�2Þðprþpr�1Þ

4
þ1

Cp 1þ ðhþc�2Þpr

4

� �
Cp 1þ ðhþc�2Þpr�1

4

� �

Cp
3þhpr

4

� �
Cp

1þhpr�1

4

� �
3

4
þ hpr�2

4

� �
ðc�2Þpr�2þ1

4

:

Hence the result follows. h

Lemma 2.11 Let ‘� 2 be an integer and p be an odd prime with p � �1 ðmod ‘Þ. If h 2 Cp such that
mpðhÞ� 1

pþ 1
p�1
� 1 and r [ 1 is a positive integer, then

ðaÞ
1
‘ þ 1
� �

tpr�1
‘

1
‘ þ 1
� �

tpr�2�1
‘

¼ p
tðpr�1þpr�2Þ

‘ þ1

ð�1Þt
prþpr�1

‘

� � Cp 1þ tpr

‘

� �
Cp 1þ tpr�1

‘

� �
‘ � Cp 1þ 1

‘

� �
Cp 1� 1

‘

� � :

ðbÞ
1� 1þhpr

‘

� �
tpr�1
‘

1� 1þhpr

‘

� �
tpr�2�1

‘

¼

p
t pr�1þpr�2ð Þ

‘

ð�1Þ
t prþpr�1ð Þ

‘

Cp
ð‘�2Þþðt�hÞpr

‘

� �
Cp

2þðt�hÞpr�1

‘

� �
Cp 1�1þhpr

‘ð ÞCp
1�hpr�1

‘

� � ; if ‘[ 2;

p
pr�1þpr�2�2ð Þ

2

ð�1Þ
prþpr�1�2ð Þ

2

Cp
ð1�hÞpr

2

� �
Cp

ð1�hÞpr�1

2

� �
Cp

1�hpr

2ð ÞCp
1�hpr�1

2

� � ; if ‘ ¼ 2:

8>>>><
>>>>:

ðcÞ
1þ hpr

‘

� �
tpr�1
‘

1þ hpr�2

‘

� �
tpr�2�1

‘

¼ p
tðpr�1þpr�2Þ�‘

‘

� �

ð�1Þ
tðprþpr�1Þ�‘

‘

� � Cp
ð‘�1ÞþðhþtÞpr

‘

� �
Cpð1þðhþtÞpr�1

‘ Þ

Cpð1þ hpr

‘ ÞCp 1þ hpr�1

‘

� � :

In the above results, we take t ¼ 1; if r is even;
‘� 1; if r is odd; :




Proof (a) Using Lemma 2.2, we have

1

‘
þ 1

� �
tpr�1
‘

¼ ð�1Þ
tpr�1
‘

Cp 1þ tpr

‘

� �
Cp 1þ 1

‘

� � fp
1

‘
þ 1

� �
tpr�1
‘

" #
:

The p-factors present in 1
‘ þ 1
� �

tpr�1
‘

are

k þ ‘� 1

‘

� �
p j 0� k� tpr�1 � ‘� 1ð Þ

‘


 

;

and hence
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fp
1

‘
þ 1

� �
tpr�1
‘

" #
¼

Ytpr�1�ð‘�1Þ
‘

k¼0

k þ ‘� 1

‘

� �
p

¼ p
tpr�1þ1

‘

Ytpr�1�ð‘�1Þ
‘

k¼0

k þ ‘� 1

‘

� �

¼ p
tpr�1þ1

‘ 1� 1

‘

� �
tpr�1þ1

‘

¼ p
tpr�1þ1

‘

ð�1Þ
tpr�1þ1

‘

Cp 1þ tpr�1

‘

� �
Cp 1� 1

‘

� � fp 1� 1

‘

� �
tpr�1þ1

‘

" #
:

Again, 1� 1
‘

� �
tpr�1þ1

‘

contains the following p-factors

k þ 1

‘

� �
p j 0� k� tpr�2 � 1

‘


 


yielding

fp 1� 1

‘

� �
tpr�1þ1

‘

" #
¼
Ytpr�2�1
‘

k¼0

k þ 1

‘

� �
p

¼ p
tpr�2þ‘�1

‘

Ytpr�2�1
‘

k¼0

k þ 1

‘

� �

¼ p
tpr�2þ‘�1

‘
1

‘
1þ 1

‘

� �
tpr�2�1

‘

:

Combining all these together, we obtain the desired result.
(b) We first consider that ‘[ 2. Following the proof of (a), we have

1� 1þ hpr

‘

� �
tpr�1
‘

¼ ð�1Þ
tpr�1
‘

Cp
‘�2ð Þþðt�hÞpr

‘

� �
Cp 1� 1þhpr

‘

� � fp 1� 1þ hpr

‘

� �
tpr�1
‘

" #
:

Since the p-factors present in 1� 1þhpr

‘

� �
tpr�1
‘

are

k þ 1

‘

� �
p� hpr

‘
j 0� k� tpr�1 � ð‘� 1Þ

‘


 

;

we have

fp 1� 1þ hpr

‘

� �
tpr�1
‘

" #
¼

Ytpr�1�ð‘�1Þ
‘

k¼0

k þ 1

‘

� �
p� hpr

‘


 


¼ p
tpr�1þ1

‘
1� hpr�1

‘

� �
tpr�1þ1

‘

¼ p
tpr�1þ1

‘

ð�1Þ
tpr�1þ1

‘

Cp
2þðt�hÞpr�1

‘

� �

Cp
1�hpr�1

‘

� � fp
1� hpr�1

‘

� �
tpr�1þ1

‘

" #
:

Note that the p-factors in ð1�hpr�1

‘ Þtpr�1þ1
‘

are
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k þ ‘� 1

‘

� �
p� hpr�1

‘
j 0� k� tpr�2 � ð‘þ 1Þ

‘


 

:

Thus

fp
1� hpr�1

‘

� �
tpr�1þ1

‘

" #
¼

Ytpr�2�ð‘þ1Þ
‘

k¼0

k þ ‘� 1

‘

� �
p� hpr�1

‘


 


¼ p
tpr�2�1

‘

Ytpr�2�ð‘þ1Þ
‘

k¼0

k þ ‘� 1

‘
� hpr�2

‘

� �

¼ p
tpr�2�1

‘ 1� 1þ hpr�2

‘

� �
tpr�2�1

‘

:

As a result, we complete the proof.
We now consider the case ‘ ¼ 2 which implies that t ¼ 1 for all r. It is easy to see from Lemma 2.2 that

1� hpr

2

� �
pr�1

2

¼ ð�1Þ
pr�1

2

Cp
ð1�hÞpr

2

� �
Cp

1�hpr

2

� � fp
1� hpr

2

� �
pr�1

2

" #
:

Since the p-factors in 1�hpr

2

� �
pr�1

2

are

k þ 1

2

� �
p� hpr

2
j 0� k� pr�1 � 3

2


 

;

we have

fp
1� hpr

2

� �
pr�1

2

" #
¼
Ypr�1�3

2

k¼0

k þ 1

2

� �
p� hpr

2


 


¼ p
pr�1�1

2
1� hpr�1

2

� �
pr�1�1

2

¼ p
pr�1�1

2

ð�1Þ
pr�1�1

2

Cp
ð1�hÞpr�1

2

� �

Cp
1�hpr�1

2

� � fp
1� hpr�1

2

� �
pr�1�1

2

" #
:

Noting that ð1�hpr�1

2
Þpr�1�1

2

contains the p-factors

k þ 1

2

� �
p� hpr�1

2
j 0� k� pr�2 � 3

2


 

;

we obtain

fp
1� hpr�1

2

� �
pr�1�1

2

" #
¼
Ypr�2�3

2

k¼0

k þ 1

2

� �
p� hpr�1

2


 


¼ p
pr�2�1

2
1� hpr�2

2

� �
pr�2�1

2

:

Finally, combining all these together, we complete the proof of the result.
(c) It is easy to see that the p-factors present in 1þ hpr

‘

� �
tpr�1
‘

and 1þ hpr�1

‘

� �
tpr�1�ð‘�1Þ

‘

are

kpþ h
pr

‘

� �
j 1� k� tpr�1 � ð‘� 1Þ

‘


 


and
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kpþ hpr�1

‘

� �
j 1� k� tpr�2�1Þ

‘

n o
; if r� 3;

0; if r ¼ 2;

(

respectively. Then, following the proof of (a) and (b), we deduce the result as required. h

3 Proof of Theorem 1.1, Theorem 1.3, and Theorem 1.4

In this section, we prove Theorem 1.1, Theorem 1.3, and Theorem 1.4 following the method of Long and
Ramakrishna [7]. In addition, we use some recurrence relations of certain rising factorials. We begin with
the following Lemmas.

Lemma 3.1 Let i 6¼ 	1 be a fourth root of unity. For any odd prime p and positive integer r, we have

6F5

1
2

5
4

1�ipr

2
1þipr

2
1�pr

2
1þpr

2

1
4

1þ ipr

2
1� ipr

2
1þ pr

2
1� pr

2

j �1

 !
pr�1

2

�
Xspr�1

2

k¼0

ð�1Þkð4k þ 1Þ
1
2

� �5

k

k!5
ðmod p4þrÞ;

where s ¼ 1 if pr � 3 (mod 4) and s ¼ 3 if pr � 1 (mod 4).

Proof For any odd prime p, it is easy to see that mpðð12ÞkÞ � mpðð1ÞkÞ� 0 as a p-factor appears in ð1
2
Þk before

its appearance in ð1Þk for all k. Noting ð1�pr

2
Þk ¼ 0 for all k� prþ1

2
, we use Lemma 2.4 to obtain

AðprÞ ¼6F5

1
2

5
4

1�ipr

2
1þipr

2
1�pr

2
1þpr

2

1
4

1þ ipr

2
1� ipr

2
1þ pr

2
1� pr

2

j �1

 !
pr�1

2

¼
Xpr�1

2

k¼0

ð�1Þk
1
2

� �
k

ð1Þk

5
4

� �
k

1
4

� �
k

1�ipr

2

� �
k

1þipr

2

� �
k

1�pr

2

� �
k

1þpr

2

� �
k

1þ ipr

2

� �
k

1� ipr

2

� �
k

1þ pr

2

� �
k

1� pr

2

� �
k

¼
Xspr�1

2

k¼0

ð�1Þk
1
2

� �
k

ð1Þk

5
4

� �
k

1
4

� �
k

1�ipr

2

� �
k

1þipr

2

� �
k

1�pr

2

� �
k

1þpr

2

� �
k

1þ ipr

2

� �
k

1� ipr

2

� �
k

1þ pr

2

� �
k

1� pr

2

� �
k

�
Xspr�1

2

k¼0

ð�1Þkð4k þ 1Þ
1
2

� �5

k

k!5
ðmod p4Þ:

Considering the hypergeometric series truncating at spr�1
2

in the indeterminate x as

AðxrÞ ¼ 6F5

5
4

1
2

1�ixr

2
1þixr

2
1�xr

2
1þxr

2
1
4

1þ ixr

2
1� ixr

2
1þ xr

2
1� xr

2

j �1

 !
spr�1

2

;

we note from Lemma 2.4 that AðxrÞ ¼
X
j� 0

a4jx
4j 2 Zp½½x4�� with a0 ¼

Xspr�1
2

k¼0

ð�1Þkð4k þ 1Þ
ð1

2
Þ5k

k!5
: Again,

BðxrÞ :¼ 6F5

1�spr

2
5�spr

4
1�spr�ixr

2
1�sprþixr

2
1�spr�xr

2
1�sprþxr

2

1�spr

4
1þ ixr

2
1� ixr

2
1þ xr

2
1� xr

2

j �1

 !
spr�1

2

:

¼
Xspr�1

2

k¼0

ð�1Þk
5�spr

4

� �
k

1�spr

4

� �
k

1�spr

2

� �
k

1�spr�ixr

2

� �
k

1�sprþixr

2

� �
k

1�spr�xr

2

� �
k

1�sprþxr

2

� �
k

ð1Þk 1þ ixr

2

� �
k

1� ixr

2

� �
k

1þ xr

2

� �
k

1� xr

2

� �
k

¼
Xspr�1

2

k¼0

ð�1Þkð4k þ 1� sprÞð1þ spr þ � � �Þ
1�spr

2

� �
k

1�spr�ixr

2

� �
k

1�sprþixr

2

� �
k

1�spr�xr

2

� �
k

1�sprþxr

2

� �
k

ð1Þk 1þ ixr

2

� �
k

1� ixr

2

� �
k

1þ xr

2

� �
k

1� xr

2

� �
k

;

and hence the coefficients of AðxrÞ and BðxrÞ modulo pr are same in Zp½½x4��. From Lemma 2.5, we have
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BðxrÞ ¼
C 1þ xr

2

� �
C 1� xr

2

� �
C 3�spr

2

� �
C 1þspr

2

� � 3F2

1þspr

2
1�spr�xr

2
1�sprþxr

2

1þ ixr

2
1� ixr

2

j 1
 !

¼ 0

as 3�spr

2
is a negative integer. Thus we have prja4 completing the proof. h

Lemma 3.2 Let x 6¼ 1 be a cubic root of unity. Suppose ‘� 2 is an integer and p an odd prime with

p � �1 ðmod ‘Þ. If r is a positive integer and t ¼ 1 if r is even;

‘� 1 if r is odd;



then

5F4

1
‘

1
2‘þ 1 1�tpr

‘
1�wtpr

‘
1�w2tpr

‘

1
2‘ 1þ tpr

‘ 1þ wtpr

‘ 1þ w2tpr

‘

j 1
 !

tpr�1
‘

�
Xtpr�1
‘

k¼0

ð2‘k þ 1Þ
1
‘

� �4

k

k!4
ðmodp3þrÞ:

Proof For any ‘� 2 and odd prime p � �1 (mod ‘Þ, we clearly have mpðð1‘ÞkÞ� mpðð1ÞkÞ. Thus using
Lemma 2.4, we deduce

BðprÞ :¼5F4

1
‘ ;

1
2‘þ 1; 1�tpr

‘ ; 1�wtpr

‘ ; 1�w2tpr

‘

1
2‘ ; 1þ tpr

‘ ; 1þ wtpr

‘ ; 1þ w2tpr

‘

j 1
 !

tpr�1
‘

¼
Xtpr�1
‘

k¼0

1
2‘þ 1
� �

k
1
2‘

� �
k

1
‘

� �
k

1�tpr

‘

� �
k

1�wtpr

‘

� �
k

1�w2tpr

‘

� �
k

1ð Þk 1þ tpr

‘

� �
k

1þ wtpr

‘

� �
k

1þ w2tpr

‘

� �
k

�
Xtpr�1
‘

k¼0

ð2‘k þ 1Þ
1
‘

� �4

k

k!4
ðmod p3Þ:

Truncating at tpr�1
‘ , we consider

BðxrÞ :¼ 5F4

1
‘ ;

1
2‘þ 1; 1�txr

‘ ; 1�wtxr

‘ ; 1�w2txr

‘

1
2‘ ; 1þ txr

‘ ; 1þ wtxr

‘ ; 1þ w2txr

‘

j 1
 !

tpr�1
‘

:

It is easy to see from Lemma 2.4 that BðxrÞ 2 Zp½½x3�� and BðxrÞ ¼
X
i� 0

b3ix
3i for b3i 2 Zp with

b0 ¼
Xtpr�1
‘

k¼0

ð2‘k þ 1Þ
ð1‘Þ

4
k

k!4
. Note that

HðxrÞ : ¼ 7F6

1
‘ ;

1
2‘þ 1; 1þ tpr

‘ ;
1�txr

‘ ; 1�wtxr

‘ ; 1�w2txr

‘ ; 1�tpr

‘

1
2‘ ;

1�tpr

‘ ; 1þ txr

‘ ; 1þ wtxr

‘ ; 1þ w2txr

‘ ; 1þ tpr

‘ ;
j 1

 !
tpr�1
‘

¼
Xtpr�1
‘

k¼0

1
2‘þ 1
� �

k
1
2‘

� �
k

1
‘

� �
k

1þ tpr

‘

� �
k

1�txr

‘

� �
k

1�wtxr

‘

� �
k

1�w2txr

‘

� �
k

1�tpr

‘

� �
k

ð1Þk
1�tpr

‘

� �
k

1þ txr

‘

� �
k

1þ wtxr

‘

� �
k

1þ w2txr

‘

� �
k

1þ tpr

‘

� �
k

¼
Xtpr�1
‘

k¼0

1
2‘þ 1
� �

k
1
2‘

� �
k

1
‘

� �
k

1�txr

‘

� �
k

1�wtxr

‘

� �
k

1�w2txr

‘

� �
k

ð1Þk 1þ txr

‘

� �
k

1þ wtxr

‘

� �
k

1þ w2txr

‘

� �
k

¼ BðxrÞ:

Using Lemma 2.8, we have
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HðxrÞ :¼
C 1þ wtxr

‘

� �
C 1þ w2txr

‘

� �
C 1þ tpr

‘

� �
C ‘�2�txrþtpr

‘

� �
C 1þ 1

‘

� �
C 1� 1�tpr�w2txr

‘

� �
C 1� 1þtxr

‘

� �
C 1� 1�tpr�twxr

‘

� �

� 4F3

txr�tpr

‘
1�wtxr

‘ ; 1�w2txr

‘ ; 1�tpr

‘

2þtxr�tpr

‘ ; 1�tpr

‘ ; 1þ xr

‘

j 1
 !

tpr�1
‘

� 0 ðmod prÞ;

because of the fact that Cð1þ tpr

‘ Þ ¼
tpr

‘ Cðtpr

‘ Þ. Thus BðxrÞ ¼ HðxrÞ � 0 ðmod prÞ, and consequently prjbi for
all i, completing proof of the lemma. h

Proof of theorem 1.1 Let i 6¼ 	1 be a fourth root of unity. We put a ¼ 1
2
; c ¼ 1�ipr

2
; d ¼ 1þipr

2
; e ¼ 1�pr

2
and

f ¼ 1þpr

2
in Lemma 2.5 to obtain

6F5

5
4

1
2

1�ipr

2
1þipr

2
1�pr

2
1þpr

2

1
4

1þ ipr

2
1� ipr

2
1þ pr

2
1� pr

2

j �1

 !
pr�1

2

¼
C 1þ pr

2

� �
C 1� pr

2

� �
C 3

2

� �
C 1

2

� � 3F2

1
2

1�pr

2
1þpr

2

1þ ipr

2
1� ipr

2

j 1
 !

pr�1
2

:

ð3:1Þ

From the relation
ffiffiffi
p
p

21�2zCð2zÞ ¼ CðzÞCðzþ 1
2
Þ, we deduce that

p � C 1þ ipr

2

� �
C 1� ipr

2

� �
¼ C

1

2
þ ipr

4

� �
C 1þ ipr

4

� �
C

1

2
� ipr

4

� �
C 1� ipr

4

� �
:

Using this, and noting that
Cð1þpr

2
Þ

Cð3
2
Þ ¼

3
2

� �
pr�1

2

and
Cð1

2
Þ

Cð1�pr

2
Þ
¼ 1� pr

2

� �
pr�1

2

, we obtain from Lemma 2.6 that

C 1þ pr

2

� �
C 1� pr

2

� �
C 3

2

� �
C 1

2

� � 3F2

1
2

1�pr

2
1þpr

2

1þ ipr

2
1� ipr

2

j 1
 !

¼
3
2

� �
pr�1

2

1� pr

2

� �
pr�1

2

pC 1þ ipr

2

� �
C 1� ipr

2

� �
C 3�pr�ipr

4

� �
C 3�prþipr

4

� �
C 3þpr�ipr

4

� �
C 3þprþipr

4

� �

¼
3
2

� �
pr�1

2

1� pr

2

� �
pr�1

2

C 1
2
þ ipr

4

� �
Cð1þ ipr

4
ÞC 1

2
� ipr

4

� �
C 1� ipr

4

� �
C 3�pr�ipr

4

� �
C 3�prþipr

4

� �
C 3þpr�ipr

4

� �
C 3þprþipr

4

� � :

ð3:2Þ

Case I: Let r be an even integer. It is easy to see that
Cð1

2
þipr

4
Þ

Cð3�prþipr

4
Þ
¼ 3�ð1�iÞpr

4

� �
pr�1

4

,
Cð1

2
�ipr

4
Þ

Cð3�pr�ipr

4
Þ
¼ 3�ð1þiÞpr

4

� �
pr�1

4

,
Cð3þð1þiÞpr

4
Þ

Cð1þipr

4
Þ
¼ 1þ ipr

4

� �
pr�1

4

, and
Cð3þð1�iÞpr

4
Þ

Cð1�ipr

4
Þ
¼ 1� ipr

4

� �
pr�1

4

. As a result, (3.2) yields

C 1þ pr

2

� �
C 1� pr

2

� �
C 3

2

� �
C 1

2

� � 3F2

1
2

1�pr

2
1þpr

2

1þ ipr

2
1� ipr

2

j 1
 !

¼
3
2

� �
pr�1

2

1� pr

2

� �
pr�1

2

3�ð1�iÞpr

4

� �
pr�1

4

3�ð1þiÞpr

4

� �
pr�1

4

1þ ipr

4

� �
pr�1

4

1� ipr

4

� �
pr�1

4

:

ð3:3Þ

Repeated use of Lemma 2.11 (a) for ‘ ¼ 2 gives

3

2

� �
pr�1

2

¼ p
1�prð Þ

2ð1�pÞþ
r
2

ð�1Þ
p 1�prð Þ
2ð1�pÞ

Yr
2

u¼1

Cp 1þ p2u

2

� �
Cp 1þ p2u�1

2

� �
2 � Cp

3
2

� �
Cp

1
2

� �
8<
:

9=
;:

Similarly, repeatedly using Lemma 2.11 (c) for ‘ ¼ 2; h ¼ �1, ‘ ¼ 4; h ¼ i, and ‘ ¼ 4; h ¼ �i, we have
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1� pr

2

� �
pr�1

2

¼ p
1�prð Þ

2ð1�pÞ�
r
2

ð�1Þ
p 1�prð Þ
2ð1�pÞ �

r
2

Yr
2

u¼1

Cp
1
2

� �
Cp

1
2

� �
Cp 1� p2u

2

� �
Cp 1� p2u�1

2

� �
8<
:

9=
;;

1þ ipr

4

� �
pr�1

4

¼ p
1�prð Þ

4ð1�pÞ�
r
2

ð�1Þ
p 1�prð Þ
4ð1�pÞ �

r
2

Yr
2

u¼1

Cp
3þð1þiÞp2u

4

� �
Cp

1þð1þiÞp2u�1

4

� �

Cp 1þ ip2u

4

� �
Cp 1þ ip2u�1

4

� �
8<
:

9=
;;

and

1� ipr

4

� �
pr�1

4

¼ p
1�prð Þ

4ð1�pÞ�
r
2

ð�1Þ
p 1�prð Þ
4ð1�pÞ �

r
2

Yr
2

u¼1

Cp
3þð1�iÞp2u

4

� �
Cp

1þð1�iÞp2u�1

4

� �

Cp 1� ip2u

4

� �
Cp 1� ip2u�1

4

� �
8<
:

9=
;;

respectively. Finally, repeated use of Lemma 2.11 (b) for l ¼ 4; h ¼ 1þ i and ‘ ¼ 4; h ¼ �ð1� iÞ yield

3

4
� ð1þ iÞpr

4

� �
pr�1

4

¼ p
1�prð Þ

4ð1�pÞ

ð�1Þ
p 1�prð Þ
4ð1�pÞ

Yr
2

u¼1

Cp
1
2
� ip2u

4

� �
Cp

1
2
� ip2u�1

4

� �

Cp
3
4
� ð1þiÞp2u

4

� �
Cp

1
4
� ð1þiÞp2u�1

4

� �
8<
:

9=
;

and

3

4
� ð1� iÞpr

4

� �
pr�1

4

¼ p
1�prð Þ

4ð1�pÞ

ð�1Þ
p 1�prð Þ
4ð1�pÞ

Yr
2

u¼1

Cpð12þ
ip2u

4
ÞCp

1
2
þ ip2u�1

4

� �

Cp
3
4
� ð1�iÞp2u

4

� �
Cp

1
4
� ð1�iÞp2u�1

4

� �
8<
:

9=
;;

respectively. Putting all these together in (3.3), we obtain

C 1þ pr

2

� �
C 1� pr

2

� �
C 3

2

� �
C 1

2

� � 3F2

1
2

1�pr

2
1þpr

2

1þ ipr

2
1� ipr

2

j 1
 !

¼ p2r
Yr

u¼1

Cp 1þ pu

2

� �
Cp 1� pu

2

� �
 
Yr
2

u¼1

� Cp
1
2
þ ip2u

4

� �
Cp

1
2
þ ip2u�1

4

� �

Cp
3
4
� ð1�iÞp2u

4

� �
Cp

1
4
� ð1�iÞp2u�1

4

� �

Cp
1
2
� ip2u

4

� �
Cp

1
2
� ip2u�1

4

� �
Cp 1þ ip2u

4

� �
Cp 1þ ip2u�1

4

� �

Cp
3
4
� ð1þiÞp2u

4

� �
Cp

1
4
� ð1þiÞp2u�1

4

� �
Cp

3þð1þiÞp2u

4

� �
Cp

1þð1þiÞp2u�1

4

� �

Cp 1� ip2u

4

� �
Cp 1� ip2u�1

4

� �

Cp
3þð1�iÞp2u

4

� �
Cp

1þð1�iÞp2u�1

4

� �
�

ð3:4Þ

because of the facts that Cpð32Þ ¼ � 1
2
Cpð12Þ and Cpð12Þ

4 ¼ 1. Note that

ð�1Þ
p�1

2
Cp 1þ p

2

� �
Cp

3
2

� � � p
2
¼ 3

2

� �
p�1

2

¼ p � 1

2

� �
p�1

2

¼ p � ð�1Þ
p�1

2 1� p

2

� �
p�1

2

¼ p �
Cp

1
2

� �
Cp 1� p

2

� � ;
and hence

Cpð1þ
p

2
ÞCpð1�

p

2
Þ ¼ 1:

Using this and Theorem 2.3 in (3.4), we deduce that
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C 1þ pr

2

� �
C 1� pr

2

� �
C 3

2

� �
C 1

2

� � 3F2

1
2

1�pr

2
1þpr

2

1þ ipr

2
1� ipr

2

j 1
 !

� p2r
Yr

2

t¼1

�
Cp

1
2

� �4
Cpð1Þ4

Cp
3
4

� �4
Cp

1
4

� �4

�
mod p2rþ4
� �

:

Finally Lemma 2.1 completes the proof of this case because of (3.1) and Lemma 3.1.

Case II: Let r be an odd integer. In this case, we have
Cð1þipr

4
Þ

Cð3�prþipr

4
Þ
¼ 3�ð1�iÞpr

4

� �
prþ1

4

,
Cð1�ipr

4
Þ

Cð3�pr�ipr

4
Þ
¼ 3�ð1þiÞpr

4

� �
prþ1

4

,
Cð3þð1þiÞpr

4
Þ

Cð1
2
þipr

4
Þ
¼ 1

2
þ ipr

4

� �
prþ1

4

, and
Cð3þð1�iÞpr

4
Þ

Cð1
2
�ipr

4
Þ
¼ 1

2
� ipr

4

� �
prþ1

4

. Thus (3.2) gives

C 1þ pr

2

� �
C 1� pr

2

� �
C 3

2

� �
C 1

2

� � 3F2

1
2

1�pr

2
1þpr

2

1þ ipr

2
1� ipr

2

j 1
 !

¼
3
2

� �
pr�1

2

1� pr

2

� �
pr�1

2

3þði�1Þpr

4

� �
prþ1

4

3�ð1þiÞpr

4

� �
prþ1

4

1
2
þ ipr

4

� �
prþ1

4

1
2
� ipr

4

� �
prþ1

4

:

ð3:5Þ

For r ¼ 1, we note that 3
2

� �
p�1

2

¼ ð�1Þ
p�1

2
Cp 1þp

2ð Þ
Cp

3
2ð Þ

p
2
, 1� p

2

� �
p�1

2

¼ ð�1Þ
p�1

2
Cp

1
2ð Þ

Cp 1�p
2ð Þ,

1
2
þ ip

4

� �
pþ1

4

¼ ð�1Þ
pþ1

4
Cp

3þð1þiÞp
4ð Þ

Cp
1
2
þip

4ð Þ ,

1
2
� ip

4

� �
pþ1

4

¼ ð�1Þ
pþ1

4
Cp

3þð1�iÞp
4ð Þ

Cp
1
2
�ip

4ð Þ , 3
4
þ ði�1Þp

4

� �
pþ1

4

¼ ð�1Þ
pþ1

4
Cp 1þip

4ð Þ
Cp

3
4
þði�1Þp

4ð Þ
ip
4
, and 3

4
� ðiþ1Þp

4

� �
pþ1

4

¼ ð�1Þ
pþ1

4

Cp 1þip
4ð Þ

Cp
3
4
þði�1Þp

4ð Þ
�ip

4
. Putting these in (3.5) and using Theorem 2.3 and Lemma 2.1, we complete the proof because

of (3.1) and Lemma 3.1.

We now prove the case r [ 1. Since 3
2

� �
p�1

2

¼ ð�1Þ
p�1

2
Cp 1þp

2ð Þ
Cp

3
2ð Þ

p
2

and 1� p
2

� �
p�1

2

¼ ð�1Þ
p�1

2
Cp

1
2ð Þ

Cp 1�p
2ð Þ, we

repeatedly use Lemma 2.11 (a) and Lemma 2.11 (c) for h ¼ �1 to obtain

3

2

� �
pr�1

2

¼ p
p 1�pr�1ð Þ

2ð1�pÞ þ
rþ1

2

2 � ð�1Þ
p2 1�pr�1ð Þ

2ð1�pÞ þ
p�1

2

Yr�1
2

u¼0

Cp 1þ p2uþ1

2

� �
Cp

3
2

� �
8<
:

9=
;
Yr�1

2

u¼1

Cp 1þ p2u

2

� �
2 � Cp

1
2

� �
8<
:

9=
;;

and

1� pr

2

� �
pr�1

2

¼ p
p 1�pr�1ð Þ

2ð1�pÞ �
r�1

2

ð�1Þ
p2 1�pr�1ð Þ

2ð1�pÞ �
r�1

2
þp�1

2

Yr�1
2

u¼0

Cp
1
2

� �
Cp 1� p2uþ1

2

� �
8<
:

9=
;
Yr�1

2

u¼1

Cp
1
2

� �
Cp 1� p2u

2

� �
8<
:

9=
;:

respectively. Noting that 1
2
þ ip

4

� �
pþ1

4

¼ ð�1Þ
pþ1

4
Cp

3þð1þiÞp
4ð Þ

Cp
1
2
þip

4ð Þ and 1
2
� ip

4

� �
pþ1

4

¼ ð�1Þ
pþ1

4
Cp

3þð1�iÞp
4ð Þ

Cp
1
2
�ip

4ð Þ ; we repeatedly use
Lemma 2.10 (a) for h ¼ i and h ¼ �i to obtain

1

2
þ ipr

4

� �
prþ1

4

¼ p
p 1�pr�1ð Þ

4 1�pð Þ

ð�1Þ
1�prþ1ð Þ
4 1�pð Þ

Yr�1
2

u¼0

Cp
3þð1þiÞp2uþ1

4

� �

Cp
1
2
þ ip2uþ1

4

� �
8<
:

9=
;

Yr�1
2

u¼1

Cp
1þð1þiÞp2u

4

� �

Cp
1
2
þ ip2u

4

� �
8<
:

9=
;

and
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1

2
� ipr

4

� �
prþ1

4

¼ p
p 1�pr�1ð Þ

4 1�pð Þ

ð�1Þ
1�prþ1ð Þ
4 1�pð Þ

Yr�1
2

u¼0
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3þð1�iÞp2uþ1

4

� �

Cp
1
2
� ip2uþ1

4

� �
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:

9=
;

Yr�1
2

u¼1

Cp
1þð1�iÞp2u

4

� �

Cp
1
2
� ip2u

4

� �
8<
:

9=
;

respectively. Similarly the facts 3
4
þ ði�1Þp

4

� �
pþ1

4

¼ ð�1Þ
pþ1

4
Cp 1þip

4ð Þ
Cp

3
4
þði�1Þp

4ð Þ
ip
4

and 3
4
� ðiþ1Þp

4

� �
pþ1

4

¼

ð�1Þ
pþ1

4
Cp 1þip

4ð Þ
Cp

3
4
þði�1Þp

4ð Þ
�ip

4
together with repeated use of Lemma 2.10 (b) for h ¼ i� 1 and h ¼ �i� 1 gives

3

4
þ ði� 1Þpr

4

� �
prþ1

4

¼ i

4

p
p 1�pr�1ð Þ

4ð1�pÞ þ
rþ1

2

ð�1Þ
p 1�prþ1ð Þ

4ð1�pÞ þ
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2

Yr�1
2

u¼0

Cp 1þ ip2uþ1

4

� �

Cp
3
4
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4

� �
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:
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;

Yr�1
2
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Cp 1þ ip2u

4

� �

Cp
1
4
þ ði�1Þp2u

4

� �
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:

9=
;

and

3

4
� ðiþ 1Þpr

4

� �
prþ1

4

¼ i

4

p
p 1�pr�1ð Þ

4ð1�pÞ þ
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2
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2
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r�1

2

u¼0

Cp 1� ip2uþ1

4

� �
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4
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4

� �
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;
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� �
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1
4
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4

� �
8<
:
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;;

respectively. We now put all these together in (3.5) and deduce that
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2
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� �
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4

� �
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� �
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1
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3
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� �
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3
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� �
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2

� �
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� �
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1
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� �
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� �
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� �
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1
4
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4

� �
Cp

1
4
þ ði�1Þp2uþ1

4

� �
Cp

1
4
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4

� �
�

� � p2rþ1

16
Cp

1

4

� �4

mod p2rþ3
� �

:

ð3:6Þ

because of Theorem 2.3 and Lemma 2.1. From (3.1), (3.6), and Lemma 3.1 we complete the proof of the
theorem. h

Proof of theorem 1.3 For a cubic primitive root of unity w ¼ expð2pi
3
Þ 6¼ 1, consider the hypergeometric

series
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B prð Þ :¼ 5F4

1
‘ ;

1
2‘þ 1; 1�tpr

‘ ; 1�wtpr

‘ ; 1�w2tpr

‘

1
2‘ ; 1þ tpr

‘ ; 1þ wtpr

‘ ; 1þ w2tpr

‘

j 1
 !

tpr�1
‘

:

Putting a ¼ 1
‘ ; c ¼

1�twpr

‘ ; d ¼ 1�w2tpr

‘ , and m ¼ tpr�1
‘ in Lemma 2.7, we have

BðprÞ ¼
1
‘ þ 1
� �

tpr�1
‘

1� 1þtpr

‘

� �
tpr�1
‘

1þ wtpr

‘

� �
tpr�1
‘

1þ w2tpr

‘

� �
tpr�1
‘

: ð3:7Þ

Case I: Let r be even. In this case, we use Lemma 2.11 (a) repeatedly to obtain

1

‘
þ 1

� �
pr�1
‘

¼ p
1�prð Þ
‘ð1�pÞþ

r
2

ð�1Þ
p 1�prð Þ
‘ð1�pÞ

Yr
2

j¼1

Cp 1þ p2j

‘

� �
Cp 1þ p2j�1

‘

� �
‘ � Cp 1þ 1

‘

� �
Cp 1� 1

‘

� �
8<
:

9=
;:

Again, repeated use of Lemma 2.11 (b) for h ¼ 1 yields

1� 1þ pr

‘

� �
pr�1
‘

¼ p
1�prð Þ
‘ð1�pÞ

ð�1Þ
p 1�prð Þ
‘ð1�pÞ

Yr
2

j¼1

Cp 1� 2
‘

� �
Cp

2
‘

� �
Cp 1� 1þp2j

‘

� �
Cp

1�p2j�1

‘

� �
8<
:

9=
;:

Similarly, repeatedly using Lemma 2.11 (c) for h ¼ x and x2, we deduce

1þ wpr

‘

� �
pr�1
‘

¼ p
1�prð Þ
‘ð1�pÞ�

r
2

ð�1Þ
p 1�prð Þ
‘ð1�pÞ �

r
2

Yr
2

j¼1

Cp
‘�1�w2p2j

‘

� �
Cp

1�w2p2j�1

‘

� �

Cp 1þ wp2j

‘

� �
Cp 1þ wp2j�1

‘

� �
8<
:

9=
;;

and

1þ w2pr

‘

� �
pr�1
‘

¼ p
1�prð Þ
‘ð1�pÞ�

r
2

ð�1Þ
p 1�prð Þ
‘ð1�pÞ �

r
2

Yr
2

j¼1

Cp
‘�1�wp2j

‘

� �
Cp

1�wp2j�1

‘

� �

Cp 1þ w2p2j

‘

� �
Cp 1þ w2p2j�1

‘

� �
8<
:

9=
;;

respectively. Putting all these together in (3.7), and then using Theorem 2.3 and Lemma 2.1, we have

B prð Þ ¼
p3Cp 1� 2

‘

� �
Cp

2
‘

� �
‘ � Cp 1þ 1

‘

� �
Cp 1� 1

‘

� �
( )r

2Yr
2

j¼1

�Cp 1þ p2j

‘

� �
Cp 1þ p2j�1

‘

� �

Cp
‘�1�p2j

‘

� �
Cp

1�p2j�1

‘

� �

Cp 1þ wp2j

‘

� �
Cp 1þ wp2j�1

‘

� �
Cp 1þ w2p2j

‘

� �
Cp 1þ w2p2j�1

‘

� �

Cp
‘�1�w2p2j

‘

� �
Cpð1�w2p2j�1

‘ ÞCp
‘�1�wp2j

‘

� �
Cpð1�wp2j�1

‘ Þ

�

�ð�1Þ
r
2p

3r
2 ðmod p3þ3r

2 Þ:

Finally using Lemma 3.2, we complete the proof of this case.
Case II: Let r be an odd integer. Note that 1

‘ þ 1
� �

tp�1
‘

¼ ð�1Þ
tp�1
‘

Cp 1þtp
‘ð Þ

Cp 1þ1
‘ð Þ
ð‘�1Þp
‘ ,

1� 1þtp
‘

� �
tp�1
‘

¼ ð�1Þ
tp�1
‘

Cp 1�2
‘ð Þ

Cp
ð‘�1Þ�tp

‘ð Þ
ð2�‘Þp
‘ , 1þ wtp

‘

� �
tp�1
‘

¼ ð�1Þ
tp�1
‘

Cp
ð‘�1Þ�w2 tp

‘

� �
Cp 1þwtp

‘ð Þ ; and 1þ w2tp
‘

� �
tp�1
‘

¼

ð�1Þ
tp�1
‘

Cp
ð‘�1Þ�wtp

‘ð Þ
Cp 1þw2 tp

‘

� � : Thus the result for the case r ¼ 1 follows from (3.7) and Lemma 3.2 using Theorem 2.3

and Lemma 2.1. For r [ 1, following the proof of Case I, we have
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1

‘
þ 1

� �
tpr�1
‘

¼ p
tp 1�pr�1ð Þ
‘ð1�pÞ þ

r�1
2

ð�1Þ
tp2 1�pr�1ð Þ

‘ð1�pÞ

Yr�1
2

u¼1

Cp 1þ tp2uþ1

‘

� �
Cp 1þ tp2u

‘

� �
‘ � Cp 1þ 1

‘

� �
Cp 1� 1

‘

� �
8<
:

9=
;

1

‘
þ 1

� �
tp�1
‘

¼ ð‘� 1Þ � p
tp 1�pr�1ð Þ
‘ð1�pÞ þ

rþ1
2

‘ � ð�1Þ
tp2 1�pr�1ð Þ

‘ð1�pÞ þ
tp�1
‘

Yr�1
2

u¼0

Cp 1þ tp2uþ1

‘

� �
Cp 1þ 1

‘

� �
8<
:

9=
;
Yr�1

2

u¼1

Cp 1þ tp2u

‘

� �
‘ � Cp 1� 1

‘

� �
8<
:

9=
;;

1� 1þ tpr

‘

� �
tpr�1
‘

¼ p
tp 1�pr�1ð Þ
‘ð1�pÞ

ð�1Þ
tp2 1�pr�1ð Þ

‘ð1�pÞ

Yr�1
2

u¼1

Cp 1� 2
‘

� �
Cp

2
‘

� �
Cp 1� 1þtp2uþ1

‘

� �
Cp

1�tp2u

‘

� �
8<
:

9=
; 1� 1þ tp

‘

� �
tp�1
‘

¼ ð2� ‘Þ � p
tp 1�pr�1ð Þ
‘ð1�pÞ þ1

‘ � ð�1Þ
tp2 1�pr�1ð Þ

‘ð1�pÞ þ
tp�1
‘

Yr�1
2

u¼0

Cp 1� 2
‘

� �
Cp 1� 1þtp2uþ1

‘

� �
8<
:

9=
;
Yr�1

2

u¼1

Cp
2
‘

� �
Cp

1�tp2u

‘

� �
8<
:

9=
;;

1þ wtpr

‘

� �
tpr�1
‘

¼ p
tp 1�pr�1ð Þ
‘ð1�pÞ �

r�1
2

ð�1Þ
tp2 1�pr�1ð Þ

‘ð1�pÞ �
r�1

2

Yr�1
2

u¼1

Cp
‘�1�w2tp2uþ1

‘

� �
Cp

1�w2tp2u

‘

� �

Cp 1þ wtp2uþ1

‘

� �
Cp 1þ wtp2u

‘

� �
8<
:

9=
; 1þ wtp

‘

� �
tp�1
‘

¼ p
tp 1�pr�1ð Þ
‘ð1�pÞ �

r�1
2

ð�1Þ
tp2 1�pr�1ð Þ

‘ð1�pÞ �
r�1

2
þtp�1

‘

Yr�1
2

u¼0

Cp
‘�1�w2tp2uþ1

‘

� �

Cp 1þ wtp2uþ1

‘

� �
8<
:

9=
;
Yr�1

2

u¼1

Cp
1�w2tp2u

‘

� �

Cp 1þ wtp2u

‘

� �
8<
:

9=
;;

and

1þ w2tpr

‘

� �
tpr�1
‘

¼ p
tp 1�pr�1ð Þ
‘ð1�pÞ �

r�1
2

ð�1Þ
tp2 1�pr�1ð Þ

‘ð1�pÞ �
r�1

2

Yr�1
2

u¼1

Cp
‘�1�wtp2uþ1

‘

� �
Cp

1�wtp2u

‘

� �

Cp 1þ w2tp2uþ1

‘

� �
Cp 1þ w2tp2u

‘

� �
8<
:

9=
; 1þ w2tp

‘

� �
tp�1
‘

¼ p
tp 1�pr�1ð Þ
‘ð1�pÞ �

r�1
2

ð�1Þ
tp2 1�pr�1ð Þ

‘ð1�pÞ �
r�1

2
þtp�1

‘

Yr�1
2

u¼0

Cp
‘�1�wtp2uþ1

‘

� �

Cp 1þ w2tp2uþ1

‘

� �
8<
:

9=
;
Yr�1

2

u¼1

Cp
1�wtp2u

‘

� �

Cp 1þ w2tp2u

‘

� �
8<
:

9=
;:

We put all these together in (3.7), and then simplify as in Case I to obtain

B prð Þ � ð‘� 1Þð2� ‘Þ � p3rþ1
2

‘2 � ð�1Þ
rþ1

2

Cpð1�
2

‘
ÞCpð

2

‘
Þ


 
r�1
2 Cpð1� 2

‘Þ
Cpð1þ 1

‘ÞCpð1� 1
‘Þ

3

( )
ðmod p3þ3rþ1

2 Þ:

Thus we complete the proof of the theorem because of Lemma 2.1 and Lemma 3.2. h

Proof of theorem 1.4 Following the proof of Theorem 1.3, we see that

BðprÞ :¼5F4

1
2
; 5

4
; 1�pr

2
; 1�wpr

2
; 1�w2pr

2

1
4
; 1þ pr

2
; 1þ wpr

2
; 1þ w2pr

2

j 1
 !

pr�1
2

¼
3
2

� �
pr�1

2

1� 1þpr

2

� �
pr�1

2

1þ wpr

2

� �
pr�1

2

1þ w2pr

2

� �
pr�1

2

:

ð3:8Þ

Case I: Let r be an even integer. Using Lemma 2.11 (a) repeatedly, we obtain

3

2

� �
pr�1

2

¼ p
1�prð Þ

2ð1�pÞþ
r
2

ð�1Þ
p 1�prð Þ
2ð1�pÞ

Yr
2

u¼1

Cp 1þ p2u

2

� �
Cp 1þ p2u�1

2

� �
2 � Cp

3
2

� �
Cp

1
2

� �
8<
:

9=
;:

Again, repeated use of Lemma 2.11 (b) for h ¼ 1 yields
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1� pr

2

� �
pr�1

2

¼ p
1�prð Þ

2ð1�pÞ�
r
2

ð�1Þ
p 1�prð Þ
2ð1�pÞ �

r
2

Yr
2

u¼1

Cp 0ð Þ2

Cp
1�p2u

2

� �
Cp

1�p2u�1

2

� �
8<
:

9=
;:

Similarly, repeatedly using Lemma 2.11 (c) for h ¼ x and x2, we deduce

1þ wpr

2

� �
pr�1

2

¼ p
1�prð Þ

2ð1�pÞ�
r
2

ð�1Þ
p 1�prð Þ
2ð1�pÞ �

r
2

Yr
2

u¼1

Cp
1�w2p2u

2

� �
Cp

1�w2p2u�1

2

� �

Cp 1þ wp2u

2

� �
Cp 1þ wp2u�1

2

� �
8<
:

9=
;:

and

1þ w2pr

2

� �
pr�1

2

¼ p
1�prð Þ

2ð1�pÞ�
r
2

ð�1Þ
p 1�prð Þ
2ð1�pÞ �

r
2

Yr
2

u¼1

Cp
1�wp2u

2

� �
Cp

1�wp2u�1

2

� �

Cp 1þ w2p2u

2

� �
Cp 1þ w2p2u�1

2

� �
8<
:

9=
;:

respectively. Putting all these together in (3.8), we have

B prð Þ ¼ pr �Cp 0ð Þ2

2 � Cp
3
2

� �
Cp

1
2

� �
( )r

2Yr
2

u¼1

Y3

i¼1

Cp 1þ wip2u

2

� �
Cp 1þ wip2u�1

2

� �

Cp
1�wip2t

2

� �
Cpð1�wip2u�1

2
Þ

8<
:

9=
;

8<
:

9=
;

� pr ðmod p3þrÞ;

where the last congruence follows from Theorem 2.3. Hence Lemma 3.2 completes the proof of the result.
Case II: Let r be an odd integer. Using Lemma 2.11 (a) repeatedly for ‘ ¼ 2 we obtain

3

2

� �
pr�1

2

¼ p
p 1�pr�1ð Þ

2ð1�pÞ þ
r�1

2

ð�1Þ
p2 1�pr�1ð Þ

2ð1�pÞ

Yr�1
2

u¼1

Cp 1þ p2uþ1

2

� �
Cp 1þ p2u

2

� �
2 � Cp

3
2

� �
Cp

1
2

� �
8<
:

9=
;

3

2

� �
p�1

2

:

Again, repeated use of Lemma 2.11 (b) for ‘ ¼ 2; h ¼ 1 yields

1� pr

2

� �
pr�1

2

¼ p
p 1�pr�1ð Þ
ð1�pÞ �

r�1
2

ð�1Þ
p2 1�pr�1ð Þ

2ð1�pÞ �
r�1

2

Yr�1
2

u¼1

Cp 0ð Þ2

Cp
1�p2uþ1

2

� �
Cp

1�p2u

2

� �
8<
:

9=
;

1� p

2

� �
p�1

2

:

Similarly, we use Lemma 2.11 (c) repeatedly for ‘ ¼ 2; h ¼ x and ‘ ¼ 2; h ¼ x2 to obtain

1þ wpr

2

� �
pr�1

2

¼ p
p 1�pr�1ð Þ

2ð1�pÞ �
r�1

2

ð�1Þ
p2 1�pr�1ð Þ

2ð1�pÞ �
r�1

2

Yr�1
2

u¼1

Cp
1�w2p2uþ1

2

� �
Cp

1�w2p2u

2

� �

Cp 1þ wp2uþ1

2

� �
Cp 1þ wp2u

2

� �
8<
:

9=
; 1þ wp

2

� �
p�1

2

;

and

1þ w2pr

2

� �
pr�1

2

¼ p
p 1�pr�1ð Þ

2ð1�pÞ �
r�1

2

ð�1Þ
p2 1�pr�1ð Þ

2ð1�pÞ �
r�1

2

Yr�1
2

u¼1

Cp
1�wp2uþ1

2

� �
Cp

1�wp2u

2

� �

Cp 1þ w2p2uþ1

2

� �
Cp 1þ w2p2u

2

� �
8<
:

9=
; 1þ w2p

2

� �
p�1

2

;

respectively. Putting all these together in (3.8), and then using the facts 3
2

� �
p�1

2

¼ ð�1Þ
p�1

2
Cp 1þp

2ð Þ
Cp

3
2ð Þ

p
2
,

1�p
2

� �
p�1

2

¼ ð�1Þ
p�1

2
Cp 0ð Þ

Cp
1�p

2ð Þ
, 1þ wp

2

� �
p�1

2

¼ ð�1Þ
p�1

2
Cp

1�w2p
2

� �
Cp 1þwp

2ð Þ , and 1þ w2p
2

� �
p�1

2

¼ ð�1Þ
p�1

2
Cp

1�wp
2ð Þ

Cp 1þw2p
2

� � ; we deduce that

B prð Þ � pr ðmod p3þrÞ:

Thus we complete the proof of the theorem because of Lemma 3.2. h
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4 Proof of Theorem 1.5

We here follow a method similar to but a little different from that used in [7] to prove [17, (H.2)]. We begin
with deducing some results similar to [7].

Lemma 4.1 Let k; r 2 N with k� pr�1
2

and M 2 Z. Define

Ak;m :¼
X

0� j1\���\jm � k�1

1

ð2j1 þ 1Þ � � � ð2jm þ 1Þ :

Set Ak;1 ¼ Ak and Bk ¼ Ak;2 þ Ck, where Ck is the sum of those terms of ð�MprÞm�2Ak;m for 3�m� 2r

whose denominator is divisible by at least pðm�2Þr. Then

1�Mpr

2

� �
k

� 1

2

� �
k

1�MprAk þM2p2rBk

� �
ðmod p2rþ1þmpð 1

2ð ÞkÞÞ

and

1�Mprð Þk� ð1Þk 1�MprEk þM2p2rFk

� �
ðmod p2rþ1þmpðð1ÞkÞÞ;

for some EK , Fk 2 Zp whose expressions are similar to Ak;Bk above.

Proof Noting that the denominators of Ak;m contain p-factors varies from zero to at most mðr � 1Þ, we
have

1�Mpr

2

� �
k

¼ 1

2
�Mpr

2

� �
3

2
�Mpr

2

� �
� � � 2k � 1

2
�Mpr

2

� �

� 1

2

� �
k

1�MprAk;1 þM2p2rAk;2 þ � � � þ ð�MprÞ2rAk;2r

� �
ðmod p2rþ1þmpð 1

2ð ÞkÞÞ:

Thus combining the terms, we obtain the desired result. The proof of 1�Mprð Þk result is also identical. h

Proposition 4.2 [7, Proposition 27] Set Ak and Bk as in Lemma 4.1. Set 3F2ðcÞ :¼

3F2

1�cpr

2

1þðc�2Þpr

2
1�pr

2

1� pr 1� pr

2

j 1
 !

: Then

3F2ðcÞ � 3F2ðdÞ

� p2r
Xpr�1

2

k¼0

1
2

� �3

k

k!3
2c2 � 2d2 � 4cþ 4d
� �

Bk þ �c2 þ d2 þ 2c� 2dÞA2
k

� �� �
ðmod p2rþ1Þ:

Proposition 4.3 Let c; d [ 0 and p be a prime with p � 3 ðmod 4Þ. Then

3F2ðcÞ � 3F2ðdÞ ¼

prþ2 2c2�4c�2d2þ4dð Þ
16

G2
3
4

� �
� G1

3
4

� �2
n o

ðmod p3þrÞ;
if c � d � 1 ðmod 4Þ and r is even;

prþ1 c2�2c�d2þ2dð Þ
16

Cp
1
4

� �4 ðmod p2þrÞ;
if c � d � 3ðmod 4Þ and r is odd.

8>>>>><
>>>>>:

Proof Clearly Re 1� pr

2
� 1�cpr

4
� 1þðc�2Þpr

4

� �
¼ 1

2
[ 0, and hence (2.4) gives

3F2ðcÞ ¼
C 1� pr

2

� �
C 1

2

� �
C 3þðc�2Þpr

4

� �
C 3�cpr

4

� �
8<
:

9=
;

2

Case I: If c � d � 1 (mod 4) and r is even, then
C 1�pr

2ð Þ
C 3þðc�2Þpr

4ð Þ ¼
1

ð1�pr

2
Þcpr�1

4

and
C 1

2ð Þ
C 3�cpr

4ð Þ ¼ ð
3�cpr

4
Þcpr�1

4

. As a result,
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3F2ðcÞ ¼
3�cpr

4

� �
cpr�1

4

1� pr

2

� �
cpr�1

4

( )2

:

From Lemma 2.2, we have

3� cp2

4

� �
cp2�1

4

¼ p
cpþ1

4

ð�1Þ
cp2þcp

4

Cp
1
2

� �2

Cp
3�cp2

4

� �
Cp

1�cp
4

� � fp
1� cp

4

� �
cpþ1

4

" #
;

and thus using Lemma 2.9 (a) repeatedly, we obtain

3� cpr

4

� �
cpr�1

4

¼ p
cp2 1�pr�2ð Þ

4ð1�pÞ

ð�1Þ
cp3 1�pr�2ð Þ

4ð1�pÞ

Yr
2

t¼2

Cp
1
2

� �2

Cp
3�cp2t

4

� �
Cp

1�cp2t�1

4

� �
8<
:

9=
;

3� cp2

4

� �
cp2�1

4

¼ p
cp 1�pr�1ð Þ

4ð1�pÞ þ
1
4

ð�1Þ
cp 1�prð Þ
4ð1�pÞ

Yr
2

t¼1

Cp
1
2

� �2

Cp
3�cp2t

4

� �
Cp

1�cp2t�1

4

� �
8<
:

9=
;fp

1� cp

4

� �
cpþ1

4

" #
:

Similarly,

1� p2

2

� �
cp2�1

4

¼ p
cp�3

4

ð�1Þ
cp2þcp�4

4

Cp
3þðc�2Þp2

4

� �
Cp

1þðc�2Þp
4

� �

Cp 1� p2

2

� �
Cp 1� p

2

� � fp 1� p

2

� �
cp�3

4

� �
;

and hence repeated use of Lemma 2.11 (b) yields

1� pr

2

� �
cpr�1

4

¼ p
cp2 1�pr�2ð Þ

4ð1�pÞ �
r
2
�1ð Þ

ð�1Þ
cp3 1�pr�2ð Þ

4ð1�pÞ �
r
2
�1ð Þ
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Combining all these together, we have
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ðmod p3Þ:

Putting these in (4.1), and then simplifying using [7, Corollry 6] for a ¼ 1
4
, we find that
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where Y ¼ 1þ pG1
3
4

� �
þ p2 G1ð34Þ þ

ð2c2�4cþ4Þ
16

ðG2ð34Þ � G1ð34Þ
2Þ

n o
. Therefore,

3F2ðcÞ � 3F2ðdÞ ¼prþ2 2c2 � 4c� 2d2 þ 4dð Þ
16

G2

3

4

� �
� G1

3

4

� �2
( )

Yr
2

t¼1

Cp 1� p2t

2

� �
Cp 1� p2t�1

2

� �
 
2

ðmod p3þrÞ:

Noting that
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Case II: If c � d � 3 (mod 4) and r is odd, then
C 1

2ð Þ
C 3þðc�2Þpr

4ð Þ ¼
1

ð1
2
Þðc�2Þprþ1

4

and
C 1�pr

2ð Þ
C 3�cpr

4ð Þ ¼ ð
3�cpr

4
Þðc�2Þprþ1

4

.
Therefore,

3F2ðcÞ ¼
3�cpr

4

� �
ðc�2Þprþ1

4

1
2

� �
ðc�2Þprþ1

4

8<
:

9=
;

2

:

Noting that 3�cp
4

� �
ðc�2Þpþ1

4

¼ ð�1Þ
ðc�2Þpþ1

4
Cp 1�p

2ð Þ
Cp

3�cp
4ð Þ

fp
3�cp

4

� �
ðc�2Þpþ1

4

h i
and 1

2

� �
ðc�2Þpþ1

4

¼ ð�1Þ
ðc�2Þpþ1

4
Cp

3þðc�2Þp
4ð Þ

Cp
1
2ð Þ

fp
1
2

� �
ðc�2Þpþ1

4

h i
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respectively. It is easy to see that fp½ 1
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following the proof of Case I, we deduce that
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Hence the result follows. h

Proof of theorem 1.5 Using Lemma 4.1, we have
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As a result,
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Case I: Let r be an even integer. Since Re 1� 1�pr
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Repeatedly using Lemma 2.11 (b) for ‘ ¼ 4; h ¼ 1, we have
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Similarly, repeated use of Lemma 2.11 (c) for ‘ ¼ 4; h ¼ 0 gives
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Putting these expressions in (4.3), and then using Lemma 2.1 (iii), we deduce that
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From Proposition 4.3 and Proposition 4.2, we together have

6prþ2 G2

3

4

� �
� G1

3

4

� �2
 !

� 3F2ð5Þ � 3F2ð9Þ ðmod p3þrÞ

� p2r
Xpr�1

2

k¼0

1
2

� �3

k

k!3
�96Bk þ 48A2

k

� �
ðmod p3þrÞ:

123

On some supercongruence conjectures... 191



These, together with (4.2) and (4.4), we complete the proof.
Case II: If r is an odd integer, then we use the following identity from [1, pp. 142]
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Thus we complete the proof of the theorem due to (4.2) and (4.4). h
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