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Abstract In this paper, we prove some supercongruence relations for truncated hypergeometric series. As
particular cases, we confirm certain recent conjectural supercongruences.
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1 Introduction and statement of results

For a complex number a and a non negative integer n, let (a), denote the rising factorial defined by
(a)g:=1 and (a),:=a(a+1)---(a+n—1)forn>1.

With these notations, for complex numbers g;, b; and 4, with none of the b; being negative integers or zero,
the classical hypergeometric series . F, is defined as

ap, daip, ey ar S (ao)k e (ar)k
1 F, Al = T R
- |: bla ) b :| ;(bl)k(bf)kk'

which converges for |A|<1. When we truncate the above sum at k =m, it is known as a truncated
hypergeometric series, and we use the following subscript notation to denote a truncated hypergeometric
series

/'Lk

) ) Tty r u s \dr ik
r+lFr|:aO Zl Z /1] _ ZM_'
15 T r m : r .

Hypergeometric series satisfy many summation and transformation formulas [1, 15]. Hypergeometric series
are of fundamental importance in many research areas including algebraic varieties, differential equations,
and modular forms.
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For Re(z) > 0, the gamma function I'(z) is defined by
I(z) = / e dr.
0

The functional equation zI'(z) = I'(1 + z) gives the continuation of I'(z) to a meromorphic function defined
for all complex numbers z. Throughout the paper, let p be an odd prime. For n € N, the p-adic gamma
function is defined as

L =" I J

0<j<npti
Extend I', to all x € Z,, by setting

I',(x) =limT,(n),

where n runs through any sequence of positive integers which p-adically approaches x and I',(0) = 1. The
Selberg-Chowla formula predicts that any period of an elliptic curve with complex multiplication is an
algebraic multiple of a quotient of gamma values [14]. In recent years, there has been a focus on p-adic
analog of these complex periods computed from the hypergeometric series and gamma function, and such
expressions often yield supercongruences for truncated hypergeometric series in terms of gamma functions.
Supercongruences are congruences those hold true for higher powers of primes, and are stronger than those
predicted by commutative formal group theory.
In [12], Ramanujan listed 17 infinite series representations of % of the form

> Ao =2,

k=0

where A(k) is an expression in the form of classical hypergeometric series ,;1F,. All of these Ramanujan-
type formulas for % are related to elliptic curves with complex multiplication. Van Hamme [17] developed p-
adic analogue of some of these series, known as Ramanujan-type supercongruences, which related truncated
hypergeometric series to the values of p-adic gamma function. Several methods have been employed to
prove such types of congruences. Van Hamme [17] himself proved three of these supercongruences
including

5 ), 3: —,(3)" ifp=1(modd);, . , H.2
k_0< 2k = 0’4 ifpzS(mod4);( od p?). (H.2)

Using Gaussian hypergeometric series, properties of p-adic Gamma functions, and certain strange
combinatorial identities, McCarthy and Osburn [10] proved [17, (A.2)] given by

1\ (—2;, if p=1(mod4);
: 0, if p =3 (mod4);

p—1
7

k=0

Long [8] used certain hypergeometric identities and evaluations to prove [17, (B.2)], which was already
proved by Mortenson [9] using a technical evaluation of a quotient of Gamma functions and by Zudilin [18]
using the WZ-method designed by Wilf and Zeilberger [11]. Following this, Long and Ramakrishna [7]
have used a more general method relating classical hypergeometric series and p-adic Gamma functions to
strengthen and extend [17, (D.2)] and [17, (H.2)] to additional primes. Employing the method used by Long
in [8], Swisher [16] proved [17, (C.2), (E.2), (F.2), (G.2) and (L.2)] extending [17, (E.2), (F.2), and (G.2)] to
results for additional primes, and showed that [17, (C.2) and (G.2)] hold in modulo p4. In fact, she proved
that if p > 5, then

- B\, LOnE
D Bk+ 1) 5t ) = p—ZLE (mod pt)if p=1 (mod4). (G2)
=0 k! 0,(3)

She further extended [17, (A.2)] to higher powers of primes than that expected by Van Hamme. Extending
the Ramanujan-type supercongruences due to Van Hamme, Swisher [16] listed a number of generalized Van
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Hamme type supercongruence conjectures supported by computational evidence computed using SageMath.
Motivated by these, we here prove the following supercongruences on truncated hypergeometric series.

Theorem 1.1 Let p > 5 be a prime such that p = 3 (mod 4). For any positive integer r, we have

-

"’{'(4]{ 1)(=1)* (%)]5( p? (mod p**), if 7 is even and s = 3;
+ - o5 = r+
k=0 k15 _p2161 Fp(i)“ (modprn%)7 i ris odd ands — 1.

For r =2 and s = 3, Theorem 1.1 provides a supercongruence similar to a particular case of the third
congruence of [16, (A.3)] modulo p® given by

¥
(4k + 1)(—1)kﬂ = p* (mod p®).
k=0

In [6, Thorem 1.3], Liu deduced a supercongruence for truncated hypergeometric series extending the case
p =3 (mod 4) of [17, (A.2)] to modulo p* using the software package Sigma developed by Schneider [13].
He further conjectured that the same congruence holds in modulo p3. The following particular case with
r =1 of Theorem 1.1 readily confirms the supercongruence conjecture of Liu.

Corollary 1.2 ( [6, Conjecture 1.2]) For primes p > 5 with p = 3 (mod 4), we have

o 1) P 4
> (4k 4+ 1)(—1) %"R G) (mod p).

Related to Theorem 1.1, we conjecture the following supercongruence based on numerical evidence.

Conjecture 1 Let p > 5 be a prime such that p = 3 (mod 4). For any positive even integer r, we have

%

-1 5

2 (4k + 1)(—1)* (;')Sk_p” (mod p™™).

~
Il
=}

Theorem 1.3 Let { > 2 be an integer and p>5 a prime number such that p = —1 (mod¥{). If r is a
positive integer, then

- (=1)Ip* (mod p"*?), if ris even and t = 1;
1
2£k n 1 (Z) — ( 1),453+1+1p1,+1 W r, (1*%)2 (modpr+3)
=0 SRIC)

if risodd and r=¢— 1.

Theorem 1.3 with £ = 4, r = 2 confirms a particular case of the second supercongruence conjecture of [16,
(G.3)] modulo p° given by

”N

- (l)
(8k + 1) ¥k = _p3 (mod p°).
k=0

In [8, Theorem 1.1], Long gave a proof of the Van Hamme type supercongruence

,

2 1\4
(4k + 1) (k—) = p" (mod p"3)

B

=~
(=}

for p = 3 (mod 4). It is noticed by Guo [3] that her proof is valid only for r = 1. Later, the correct proof for
the case r > 1 is given by Guo and Wang [4] using a method similar to WZ method. We here use
hypergeometric series identities and evaluations to give a proof of [8, Theorem 1.1] for r > 1 in the
following theorem.
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Theorem 1.4 Let p > 3 be a prime and r > 1 a positive integer. Then
STRICA

(4k + 1) 157 = p" (modp™™3).
= !

o

Theorem 1.5 Let r be positive integer. For any prime p > 5 with p = 3 (mod4), we have
pril 3 r r . .
22: (%)k _ { p’ (mod p**7), if ris even;

K p;l L, (%)4 (modp**"), if ris odd.

K3

k=0

Putting » = 2 in Theorem 1.5, we obtain

N}

p—1 1)
/57 = p? (mod p°)

= W

=~
(=]

confirming a particular case of the third congruence of [16, (H.3)]. In the similar way, the case r = 1 of
Theorem 1.5 given by

i} 3
7 (l) 2 1 4
2k p 3
extends the case p =3 (mod 4) of [17, (H.2)] to modulo p?, which is already proved by Long and
Ramakrishna [7, Theorem 3].

2 Preliminaries

Throughout the paper, let f,[(a),] denote the product of p-factors present in the rising factorial (a),. Let Z,,,
Qp, and u, denote the ring of p-adic integers, the field of p-adic numbers, and the p-adic valuation on Q,,
respectively. The following lemma provides some elementary properties of gamma function.

Lemma 2.1 [2, Section 11.6] Let p be an odd prime and x € Z,. Then
i) T,(1)= -1

iy Dy o if up(x) = 0;
L =1, if uy(x) > 0;

(i) T,(0),(1 —x) = (—=1)“™, where ao(x) € {1,2,...,p} satisfies ap(x) = x (mod p).

Let C, denote the completion of the algebraic closure of @, with v, being the extension of u, to C,, and
®)

Gi(a) = rr”p(gl)) € Z,, where 1"1(,") (x) denote the k-th derivative of I',(x). Following Long and Ramakrishna

[7], one can extend I, for a € @ with v,(a) >0 and x € C, with v,(x) > (5 + ;1) by setting

- Gi(a) k

X
| Y
— K

[p(a+x) = Ty(a)

and hence
Fp(a+1+x): {—(a—i—x), if vo(a+x)=0; 2.1
I'p(a+x) -1, if v,(a+x) > 0.
With these notations, we here deduce a relation of p-adic gamma function with rising factorial in the
following lemma.
Lemma 2.2 Let p be an odd prime and n € N. Suppose a € Q with v,(a) >0 and x € C, with

vp(x) > (11) + p%l) Then
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I'y(a+x+n)

(Cl +x)n = (_l)nfp [(a +x)n] rp(a +x)

Proof We have
Dplatx+n)  Tplatx+n) Tpla+x+n—1) Ty(a+x+2) Iat+x+1)
Ip(a+x) Ia+x+n—1) Tyla+x+n—-2) T,(a+x+1) T,la+x)
=" [ @+x+)),

0 <j<npt(a+x+j)

where the last equality holds because of (2.1). O
The following theorem provides a p-adic approximation to I',-quotients.

Theorem 2.3 [7, Theorem 14] Forp>5,r € N,a € Z,, m € C,, satisfying v,(m) >0 and r € {0, 1,2} we
have

Lyla+mp") _ z’: Gi(a)

= (t+1)r )
I'y(a) c= K

(mp")" (mod p'

Lemma 2.4 [5, Lemma 2.3] Let p be an odd prime and { a primitive n-th root of unity for some positive
integer n. Suppose that k and r are positive integers. Assume that a,b,d € QN Z, andc € QN Z; such that

vpla+1i),v,(c+i)<r—1foreach 0<i<k— 1. vap(( )e) — Vvp((c);) >0, then
(a4 blp _(a); ;
g o diy), (@) (mod p").

Moreover for an indeterminate x,
n—l
a+blix), "
H i € Ll
0 (c+d'x),

We now recall some formulas of hypergeometric series those will be used to deduce the supercongruences
of our results.

Lemma 2.5 ([1, Theorem 3.4.6])

+1 a c d e f
6f's a1 | —1
§ I+a—c l4+a—d 1+a—e l+a—f
_F(1+a—e)r(l+a—f)F<1+a—c—d e f |1>
TT+al(l+a—e—f)" 7 l+a—c 1+a-—d '
Lemma 2.6 ([1, Theorem 3.5.5 (ii)]) Ifa+b =1 and e +f = 2c + 1, then
F<a b C|1>_ nl'(e)T(f)
U e ) T e e
Lemma 2.7 ([1, Corollary 3.4.3)) If m is a positive integer, then

a, §$+1, c, d, —m
sFy 4 |1
2 a—c+1, a—-d+1, a+m+1 ”

_(a+l)m(a—c—d+1)m
_(a—c—i—l)m(a—d—i-l)m

Lemma 2.8 [1, Theorem 3.4.5]
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+1 b c d e f
a 1
2

a

7F6< l+a—b l+a—c l+a—-d l+a—e l+a—f
T(4a-dT(1+a—e)l(1+a—f)T(1+a—d—e—f)
TT(+al(lt+a—e—f)T(1+a—d—e)T(1+a—d—f)

a—b—c+1 d e f
- 4F3 |1
a—b+1 a—c+1 d+e—a+f

provided the series on the right side terminates and the one of the left converges.

The Clausen formula [1, pp. 116] for classical hypergeometric series is given by

2¢ 2b a+b a b 2
36 LX) = [2F) Clx (2.2)
2a + 2b a+b+2 a+b+§

provided both sides converge. Again for Re(c — a — b) > 0, we have the Gauss summation formula as

a b _T(e)['(c —a—b)
2Fl< c |1>_F(c—a)r(c—b)'

(2.3)

Thus (2.2) and (2.3) together yield

3F2(2a 2a2f2b aiZi;| ) EE?EEC);(?:ZT (24)

Finally, we deduce some recurrence relations for certain rising factorials in the following lemmas. These
recurrence relations play a vital role in proving our main results and will be used repeatedly in the proof of
our main theorems. We use relations of rising factorial and p-adic gamma function to obtain the results.

Lemma 2.9 Let ¢ > 0 be an integer with ¢ = 1 (mod 4) and p be a prime with p = 3 (mod 4). If r is any
even positive integer. Then

p(g“ “) Ly ny

E 2

(@) s
(- 2) TS ()

- L’(rf”]w"’z)*“) 3 (e—2)p" La(c—2)p—1
= _p<—4 r, (22 1, ()

r—2 A 7 —
(1-%) e = LO-9) 1,(1-5)
7

Proof (a) Using Lemma 2.2, we have

3—cp" w1 Tp(3) <3 - cp’)
=(-1)" . .
( 4 > 6/7’4—1 ( ) Fp (374Cp' ) f]‘j 4 L‘p;—l

The p-factors present in (3_4”” r)p_q are
T

(b)

Therefore,
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3—c¢p” ay 1 cp”
)= TG
4 e k=0 4 4
_ ol 1 —cp!
_p 4 pr 141
T

B pLT’r;l+l rp(%) f (1 _ Cpr1>
(71)47':*1“ rp(lfcf”') P 4 cp’;‘+l ’

. e .
Again, (1 & )CPHH contains the p-factors

4
* 3 cp’_1 cpr_2—5
k+-|p— 0<k<s 20—~
(R

1—Cpr71 _ 4 3 Cpr71
(), ] T (2%

and hence

Il
S
3,
5
L
7N
%)
|
&~ |0
B
T
o
N———
L

Combining all these together, we deduce the required result.
(b) In view of Lemma 2.2, we have

. rp (3+(c;2)p’) .
p cp -1 p
1> — (- ,ﬁ,l(l) ]
( 2 2l Fp(l—%) 2 @1

Clearly, the p-factors present in (l — %) g1 are

r r—1
p ' -3
- — 1<k ——— 5.

Thus

Note that the p-factors in (1 -2 5 )L_]),,L} are

and hence

r—1 — r—1 2 r—2
14 P [ p
1- = kp — =p ¢ 1- .
f‘p l( 2 > cp’;l 3‘| /(:H] < p 2 ) p ( 2 > rp”;—l

We now combine all these to obtain the desired result. [l
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,

Lemma 2.10 Let ¢ > 0 be an integer with ¢ = 3 (mod 4) and p be a prime with p =3 (mod 4). Ifh € C,
such that v,(h) > ]lj—i—lﬁ — 1 and r > 1 is an odd positive integer such that (3 + % +1i) and (3+ hf: + 1)

are nonzero for all 0 <i< %, then
(14 h4') p« Wl T ((3+<h+4c—2>p') r, (1+<h+c4—2>p'*')
) T TG (%)
o) G+ e et Ly Z)I b T (1 4 ey (1 4 (res 2)p )
(Z""hPTM)W (_1)%+1 Fp(%""%)rp (i+h%4>

Proof (a) In view of Lemma 2.2, we have

3+(h+c=2)p"
1 (=2 41 rp( o )p) 1 hp
350 ) O T P 3T )|
(L'—Z)p +1 Fp (z _|_ ) (0—22‘/) +1

4

Clearly, the p- factors present in (1 +"2") sy el are

AV (c—2)p' ' =5
k+—= h— | 0<k< ————>.

(c=2p" =5

1 hp' T 1 p
ﬁ[(f 4)“2),,@1]— 11 {(”5)1””‘1
) -
2t (1 hp'!
= 4 —_
P <2+ 4 )Q

(e=2pp" 11 1+ (htec=2)p
p ¢ Iy (%)

o1 ,,
(-1 = lrp(%‘khpzx»

1 hprfl
2 4 (=2t ’

where the last equality follows from Lemma 2.2. Note that (% + hp% 211

{<k+%>p+hp;l) |0<k W},

2 -
1 hpr—l 4 1 hpr—l
(E 4 ><c2>p;11] B ]g) { <k - 5)17 * 4

_ a1 N hp™=2
=P 2 4 ) eap2n’
T

Combining all these together, we deduce the required result.
(b) It is easy to see that the p-factors present in (3 + M) o and (1422 = are
Y p p 37T g )2 7 T ) 2143
r

1 14 (c—2)p ' —1
k+-— lo<p<c A2
{< +4>"’Jr g | 0=k= 4

Thus

contains the p-factors

IN

and hence

b

and
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(c—2)p2 - 3},

(

)

L(1+7)

176
ks nl o<k <
g)P T IERES 4
respectively. Following the steps of the proof of (a), we obtain
htc—2)p"
3 n hp” _(E o 41 F,,(l +1 E r )f 3 n hp"
4 4 (2t o r, (% P1\4 4 (2t
e ey
- (=2 +1 3+hp" A .
(- L) 4 e
p(‘fz)(”r;]”rizbrl Fp (1 + (h+c;2)p’> Fp (1 + (h+c:12)pr—1)
- (=2 +p™1) 3+hpr I4hp—1
(- (e ()
3 h r—2
)
4 4 (c=2)p" 241
4
Hence the result follows. O
Lemma 2.11 Let {>2 be an integer and p be an odd prime with p = —1 (mod ¢). If h € C, such that
vp(h) > ]l)—l—p—il — 1 and r > 1 is a positive integer, then
(e 220 L0 (1427)
a4) 1 = o I I
G+ Dz 1)f(’%) C-T,(1+9),(1 -4
(2 (=2)+(—h)p" 24(—mp" !
s )] e s YA e e R S P
P i T R S TS |
(1 _ l+;tpr)¢ p(pr71+g"*2—2> r, ((lfg)pr) r, ((lfh)zpr 1) .
(pr+p—1-2) r (l*hp’)l— (17;1,;'*1) ’ -
(-1 =z — ‘r\2 P 2
o (1 +h7)fﬂ'+l p(/(p'*u;"*%fz) r, ((271)+£(h+t)p') FP(H(h;z)p'*‘)
¢ r—2 ’ = 1" 4p" =)t r r—1
(1+22),., =) na+2r,(1+22)
' 1, if r is even;
In the above results, we take t = 01, if ris odd:
Proof (a) Using Lemma 2.2, we have
w1 [ (1 —|—£) 1
T _r £ —
), )

-+1
£+

(E+1)..=

tp =t — (0 — 1)}7

The p-factors present in (é + 1),pr_,1 are
[
-1
{<k+—>p|0§k§ ;

4

and hence

@ Springer




On some supercongruence conjectures... 177

! )
1 : -1
L), - (5
<£ L k=0 ¢

Again, (1 —1),-1., contains the following p-factors
l

1 p2—1
k+-\plo<k<® _—-
{(srg)rroses B

yielding

2401 ‘ 1
= £ k
! ( w)
P 2+1 11
é zp’ 2_

Combining all these together, we obtain the desired result.
(b) We first consider that ¢ > 2. Following the proof of (a), we have

{=2)+(t—h)p"
I_T tn'—l_ (_1) W‘fp I_T pr—1 ’
T p N

L

Since the p-factors present in (1 - #) p—1 are
N

< p! —K(f— 1)}’

we have

7
' 2 —h)p!
pl [1+1 Fp( +(t Z)I’ ) 1_ hpr_l
- — f 1yl '
7

141 1—hpr=! p
() T
l_hpr—]

Note that the p-factors in (——),—1,, are
ol
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_ r—1 r—2 _
{<k+€ l)p_hp |0§k§tp (f—i—l)}'

/ / /
Thus
1 — hpr! e =1\
—hp"™ ‘ - p"
I S _ K+ \p—
ﬁ) l( 14 )W‘H] IH) { ( * V4 )P / }
r = =

p" 2 (t+1) )

P21 L /-1 hpr7

rp"’[z—l l 1 + hpr_z
o p E w21 )
[4
As a result, we complete the proof.
We now consider the case ¢ = 2 which implies that t = 1 for all r. It is easy to see from Lemma 2.2 that

2 e e I A

. . (I—hp”
Since the p-factors in ( - )u are
2

1 hpr pr—1_3
k+=-)p—— | 0<k<

we have

2
r—1_ 1—h)p!
pp 2‘ 1 r‘p (( 2)17 ) 1 hpr_l
= f}) pr—1-1 ’

T ()

. _ r—1 .
Noting that (%)pﬂ,l contains the p-factors
2

1 hprfl pr7273
k+— — 0<k<
(5 o)
1 — hpr! g N\ !
—hp'™ B 1 _p’_

s (), ) - {3
! -
2

we obtain

Finally, combining all these together, we complete the prqof of the result. ,.7
(c) It is easy to see that the p-factors present in (1 + }%)u and {1 + h”T) 1oy Are
¢ e

r r—1 __ _ ¢
{(kp—&-h%) | ISkSW}

and
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{{(kar%) I L

0, if r=2,

respectively. Then, following the proof of (a) and (b), we deduce the result as required. O

3 Proof of Theorem 1.1, Theorem 1.3, and Theorem 1.4

In this section, we prove Theorem 1.1, Theorem 1.3, and Theorem 1.4 following the method of Long and
Ramakrishna [7]. In addition, we use some recurrence relations of certain rising factorials. We begin with
the following Lemmas.

Lemma 3.1 Let i # +1 be a fourth root of unity. For any odd prime p and positive integer r, we have

1—ip” 1+ip” 1-p” 14+p”
2 2 2 2
pr-1

1+2 1-2 142 1-Z

=k &)

=) (—1)(4k + 1)k—,5’<

=)
o
Y
N—
PN

2

B
|
w

(modp4+r)

where s =1 if p" =3 (mod 4) and s =3 if p" = 1 (mod 4).

Proof For any odd prime p, it is easy to see that v,((3),) — vp((l) ) >0 as a p-factor appears in (}), before
its appearance in (1), for all k. Noting (]_T”’) . =0 forall k>~ ; 2t we use Lemma 2.4 to obtain

L 5 1=p Ltip” 1-p L+p"
Alp") = F<[2 4 2_r z_r 2 2y
v 65( beg g reg oy >¢1
Pl . . o .
ey @k@k (57) (), (59 (),
in" in" i r
)k %)k(l+%)k 1_%/( 1+p7 k(l_%)k

- ) G (
:Z _ kﬂ# r2 k _ 2 k 2 Jk _
k=0 Di Z)k(lJrlT)k 1_17]( I+5 k(l_%)k
rprz—l (1)5
=Y (=) (4k + 1)=£ (modp*)
— kP
—1
2
% % 1 21x 1+2ixr l—zx’ 17;,(’
A(x") =6F o r r -1 3
(.X) 6 5( % 14 1_% 1<'>)c7 1 X )Spr]
sprz—l 1 5
we note from Lemma 2.4 that A(x") = ;a4jx € Z,[[x"]] with ao kzg(—l)k@k +1) % Again,
]_ —
1—sp”  5—sp” 1—sp"—ix" 1—sp"+ix" 1—sp"—x" 1—sp"+x"
B(x)=¢Fs| 2 4 72 ’ ? L=
S G P >&1
R S, sp"—ix sp’+ix sp’—x —sp"+x"
S O e, o (o
2 2 W1+5) (1=5),(1+5),(1-%),
'Wrzil (lfsp") (lfsp"fix') (lfsp'#ix') (lfxp'fx') (lfsp”rx')
— (—1)k(4k+1—spr)(1+spr+) 2 k 2 — k 2ixr k x% k xrz k’
k=0 (1)k(] +7>k( _T)k(] +7)k(] _7)k

and hence the coefficients of A(x") and B(x") modulo p” are same in Z,[[x*]]. From Lemma 2.5, we have
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r r

B(xr) _ F(l +%)r(1 _%) F <1+2Sp’

rErE)

as # is a negative integer. Thus we have p”|as completing the proof.

1—sp"—x" 1—sp"+x"
’ ix" ’ ix" | 1)]=0
144 w

1_2

O

Lemma 3.2 Let w # 1 be a cubic root of unity. Suppose £>2 is an integer and p an odd prime with

1
-1

11 L-p” 1—wip
7 a1 7 7
sky X -
1+%

p = —1 (mod ¢). If r is a positive integer and t = {

)

(modp

r 7
1y

if ris even;

if ris odd; "

1—w?tp”

l
o |1
1 + 7 =1
£

3+r).

Proof For any ¢>2 and odd prime p = —1 (mod /), we clearly have v,((});) >v,((1);). Thus using

Lemma 2.4, we deduce

1 1 +1 1—1p” 1—wip” 1—wiep’
N 0 T h 7 ) 7
B(P ) =s5F4 1 1+ 1 4w 1 wip” !
20 T I+ 1+ vt

P " —wtp” 7W2 4
2, O, (),

1 " r r
= @ 009,00, (1+),
s DL mod
=D Q2+ 1) (mod p?)
k=0 '
Truncating at % [ L we consider

1 1—tx"
27—"_17 VR

1—wix"

o’ wix” wlx
1+ ) 1+ ) 1+ 7

1—w?ex"
¢ l

.
w1
[

It is easy to see from Lemma 2.4 that B(x") € Z,[[x*]] and B(x") :Zbgix3i for b3y € Z, with

"1

tp[ (l)4 i>0
by = ;(Zék + l)lfo. Note that
1 1 1 1 P 1—x" 1—wix" 1—w?ex” 1-"
H(Y) : = 1Fs ¢ uth lJrrw 7 3 ’v [2,-’ e 1
O R SR R RS S

B Z Gr1), 1 +5), (), (=), (=) (5,

= G (D) (145) (1 +25), (1 +25), (1 + ),
CE g, O, (),

k=0 (ﬁ)k (l)k(l + %)k(l + W?’)k(l + W2Zmr)k
= B(x")

Using Lemma 2.8, we have
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H(x'") = 1 L—tp" —w2tx” 1+tx’ L—1p"—twx"
T(1+ (1= =) p( - L) () - =)

' —tp” 1—wx” wlex” 1—1p”
b )
4k ' 2+tx€7t d 1ft r ' 1
TI’ 1-p 142 o

) . n

P14+ 2T (14+25) D (14 5T (22
(
1-

=0 (mod p"),

because of the fact that I'(1 + %) = "”7 F(’%) Thus B(x") = H(x") = 0 (mod p"), and consequently p”|b; for
all i, completing proof of the lemma. U

Proof of theorem 1.1 Let i # %1 be a fourth root of unity. We puta =1, ¢ = ”’ ,d = 1+”’ e = %”r and

f= % in Lemma 2.5 to obtain

(=)}
o
—
£l
= =
—
S
3
—
+
S
3
—
|
Ny
1

" 1+p’
: . -1
1+% 1-% 1+5 1-5& ]

reOre-g) (4 W
= 3 i 3F - - | 1 .
rEre L
From the relation /72'~*T'(2z) = I'(z)["(z +1), we deduce that

ip" ip" 1 ip 1 ip" ip”
{1 4+—|T(1-=)=T{(= (1 f-———|(1——.
() () =) ()G

Julk 1
Using this, and noting that “-22) = (3)y1 and re = (1 —5)y_., we obtain from Lemma 2.6 that
2 - 2

80 7 ra-g)
D ()
roro e i
Qe Al (1 +2)T 1_%)
— (1 _1,2)p 11—‘(% p4 1p) (3 p+zpr)l_,( + ) (3+p +,p) (3.2)
_ B @+ nr@—&)( )
0 T F O T (e
Case I: Let r be an even integer. It is easy to see that §$j> = <37(147">p )p,;], r;(*%;’j) = <37(14+i>pr>u,
Fl(-?li—t:')) (14" )p’ 1, and r(lﬂ—,,;)) (1- T),,r% .Asa re4sult, (3.2) yields ' !

LS TS R )

Repeated use of Lemma 2.11 (a) for £ = 2 gives

3 prt A rp(1+1§>rp<1+P2>
<_>P’21_( {

2/ _ 1),2(1 —%) u=1 2- FP (%) FP (%)

Similarly, repeatedly using Lemma 2.11 (c) for { =2, h=—1,¢{ =4 h =i, and £ = 4,h = —i, we have
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r ST 2 : WIOLYIE
<1 _p > = 14 P H qu(Z) p(Z) 2u—1 ’
p»; (_1)2(1—p>77 u=1 Fp(l _%)rp(l -F 2 )
) Hp2 ip*!
1+ip, e r, (3+(1I » )rp (1+(1+4)p )
4 )y =1l

G| (1427

and

_ph , l 2u ) 2u—1
(o), 2
et (i | (-2, (1- 77
respectively. Finally, repeated use of Lemma 2.11 (b) for /=4,h=1+iand £ =4 h = —(1 — i) yield

- r i e
p'—l_ (_1)1;((113:)) 11 Fp <% . (1+i)p2u)rp (‘]_1 B (1+l‘Z{)2u71)

and

—

(o) H P+ 3+ )
4 4 [% 1 1211f;: it (7 4 214) Fp (Z (1— lzfzu 1) ?

respectively. Putting all these together in (3.3), we obtain

r<1+P—;>r<1—%>3F2<% 4

rere Lo

r u u 3 1 1 ip
_ 2 {Fp<1+p—>l“p<1_p_>} 2 < Fp(2+ 4 rp(2+ 4
—i)p2u —j)p2u-1
L5 20 (- ) (- )
1
g

1+i
r, (- &,
r

Fp(l ’I’j“) p( >
34 (1—i)p2 1+(1—i)p2-!
Fp( +(1-i)p )Fp< +(1-i)p )

2 2
because of the facts that I,(3) = —1T,(}) and I',(})* = 1. Note that
el +8) b <§> < ) SF(1-D) = 1)
Lo 2Bl Sl W)

and hence

L+ 505 =1.

Using this and Theorem 2.3 in (3.4), we deduce that
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-G ()
) 1 3172

1+Z 1-%Z

2
=T (Y (g o
- ,_1<rp<2>“rp(i)“>( v

Finally Lemma 2.1 completes the proof of this case because of (3.1) and Lemma 3.1.

W iy
Case II: Let r be an odd integer. In this case, we have I_F(S%ﬁp)r) = <3 (14 ip )pm’

_iph -~ Do 3+(1+i)p" ; 3+( i)p" i A
r(} -f‘-) = (3 (14+ Jp )p,_ﬂ, e (é + Z)p 1, and I ) — (l — %)% Thus (3.2) gives
7

== ) e
ra+4ra-gy (3 F#
3\ (1 3F2 i 11
FOrQ) T

3 34+(—1)p" 3—(1+i)p" (35)
(z)p’_—l 4 P+l 4 pr+l
2 -

. l I)‘ll" 3+(1+i)p
(== (0Tl G D= ()P EG)

4

For r = 1, we note that (g)%: (—=1)7

i ptl [, (R i1 el T, (142) 1 Pl
b-De= (THEL (D)= DTG me ()= )
r”( 4) L L 4 ) IT

2

m%‘” Putting these in (3.5) and using Theorem 2.3 and Lemma 2.1, we complete the proof because
P37

of (3.1) and Lemma 3.1.

ince (3), = (—1y=0+8)p oy = (o) B0)
We now prove the case r > 1. Since (Z)F%lf( 1) OB and ( 2)p%lf( 1) I
repeatedly use Lemma 2.11 (a) and Lemma 2.11 (c) for # = —1 to obtain
p(1—p" 1 e U r— u
<3> pl e ﬁ L, (1 +p22+1) ﬁ Ly (1 "'%)

5. = 2(1p1) - 3 .

2 =g, (_1)/ (z]mfp) )+ =0 L, 2) | 2 rp(z)
and

p(ir") - —
1 1 1—‘

1
1) 2n S0 Fp(l— 5

1 =1 -1
pr p TP —7 2 T (L) 3
(1 _2,)”:-1 - pP2(1-p1) H . 2P2u+1> I I (7
7
(

p+1 r (3 (1+i)p

(—
respectively. Noting that (1 +2),.= (=1)+ o
Lemma 2.10 (a) for h =i and h = —i to obtalk

U ) (Llw )
ip\ _ p T
<2+ 4)[),14_ —prtl) H

I,
=1 (1+ (1+i)p )
2

2u
u=1 ( +lp4)

-~y and (A —2) = (—1) 7 2757, we repeatedly use
D) r,(i-%)

I\)\'—‘
m
\/

and
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1 o p(l*r’ sl (3+(1 )pz"“)
1_ ﬂ) _ P H
)H»l n
<2 4 p,4+l 1) ]4:— u=0 ( — zp24“)

(]_,'_1121()
! Fp(é 4)

respectively.  Similarly  the  facts (% + ("741)” )M: (—1)¥%’f and <% — W)D:
(1) D) N

ry
N EET) ”’ together with repeated use of Lemma 2.10 (b) for A =i — 1 and h = —i — 1 gives

/\

’.:1~|‘

=

25

(]prl

1214+]

3 (i—1p\ i p4(1*r» et (1+”4)
Z + 4 17’_+I_Z p(1-p1) ol H 3 p2ut]
7 (_]) (1 > T2 u=0 74

2 (1, (1427
I ey

and

3 (i+ 1) i p{ A} r,(1-2)
(Z - 4 >p'_+l_Z {p(l*ﬁ"*l)ﬂ»ﬂ} g T (3 _ (i+1)p2“+')
4 (71) A(1—p) 2 P\4 4
ﬁ r,,(l i )
u=1 Fp (% — (1+1 )

respectively. We now put all these together in (3.5) and deduce that

roegro-g (1 ¥
3 ] 30 L 4,.|
rG)rQ) 1+% 1-%

2

B p2r+1ﬁ <r o (150 (1 =5, (14 25T, (1= 257
0

D=

4

1w (i S )
p2it! p2et! L » \ a
FP(H_ )1",,(% 4 ) i <1",,(1+p2 F,,(l— 2)1“,,(1_1’4) (3.6)
Ly <%+%) L, (% (i_IZfzm) =1 T, (%Jr (z+1zf;zu+1)

p2r+1 1 4 i3
-

because of Theorem 2.3 and Lemma 2.1. From (3.1), (3.6), and Lemma 3.1 we complete the proof of the
theorem. O]

Proof of theorem 1.3 For a cubic primitive root of unity w = exp(z’”) # 1, consider the hypergeometric

series
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e\\'—

1 1—1p 1—wip 1—w?tp”
20 + 17 [ [ l | 1
" ,21 r °

ﬁ, 1+ B 1+%7 1+Wlp "

B(p") = 5F4<

. 1— r 1—w2p" r_1 .
Putting a = §,¢ = 3%, d ==, and m =~ in Lemma 2.7, we have

Lip’
G D (1= )
- wip" 2l :
(1)1 +2) s
0
Case I: Let r be even. In this case, we use Lemma 2.11 (a) repeatedly to obtain

Ly o )
A

¢ —1)%]’:] f'rﬁ(l_'_%)rp(l_%)

Again, repeated use of Lemma 2.11 (b) for 7 = 1 yields

ey ")Iﬁ L(1-315,0)
/ F’;l pl(l y)~ ( 1+P7’)1" (1—172";1)

(3.7)

l P l

Similarly, repeatedly using Lemma 2.11 (c) for 4 = @ and @?, we deduce

, 1 —w2pY 22—
<1 wp’> le"m) 52 Fp(é lzwp )rp(l = )
Ce oy s |1 (12T, (1422

and

r r (—1—wp¥ 1—wp¥~!
14 w2p" _ p ﬁ Fp( Tr >FP< 3 )
v :

l —E i | (1) T (142 [

~

respectively. Putting all these together in (3.7), and then using Theorem 2.3 and Lemma 2.1, we have

[ pn0-ane Vi () ()
wAeaana oy 15, (f*lzp”)rp(“ff*‘)

i

0 (1221, (1421, (14221, (14 2222)
e e e
=(—1)p* (mod p**¥).
Finélly using Lemma 3.2, we complete the prqof of this case. 1 B 2 1 (142) (-1
ase II: Leti r bze an odd integer. Note | tha(t ) wz(z—i- 1)?— (—=1)7 FEO R
(- 5)= 07 il e (e, = B s (1), =

7

- {—1)—wip
(—l)pz : % Thus the result for the case r = 1 follows from (3.7) and Lemma 3.2 using Theorem 2.3
+

and Lemma 2.1. For r > 1, following the proof of Case I, we have
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,,,(1 )

_T 2u+1 2u
(o), - el e )
+

7 (_1) f(lp u:l

L,(1+
_(=1)-p ”('1”;] g (142520 2 (1, (1+2
T r

MH e

1
tp( —p 2 2

<1_1+tp’> 7 ﬁ (1=, () (1_1+’P>
¢ U,r[ 1 (_1)7 - ( 1+tp2“+1)1—~p (lftpz“) / -1

=
—~
p—
|
o=
~—

2
l
l p’ p
é

l - (_1) [(I

= l

I 7 ¢

fﬂ(' g ot =1
_e-np ) L0-9) yp) D6
11y =,

p2(1=p" 1) i 14p2u+l
g.(_l) (i=p) +”f u=0 1“,, I—HPT u=1

. fp(' - 1>7g Tl (Z 1—w tpz"“) (17w2tp2">
wip (1-p) Ly l wip
(1 Y/ >1r1 = p2(1—p"1) 1H th2u+1 wipt (1 + /¢ )zp—l
T (=) T T I\ 1+ 1+ =7 7
(‘ P' Do =1 € 1— w2 2ut =1 1—w?ip
o 2 (1-p" 1 2u+l 2 ’
(_1) l(l ) +u7 u=0 p Wp u=1 Fp(l =+ WZ )

and
(1 f’r l) 1 r=1 (—1— wtp”“rl 1—wip™
wltp” -5 2 ( )Fp( 7 ) w2tp
<1 + )lﬂ’ 1 = z[) l —p'= l _ H W2tp2u+l w2tp2“ (1 + é >tl
vy e | T (122 T (1422 it
1 rp (lfw[ztpz“)

L Fp(l N W2T2u>

’P(lfpril) r—1 r—1 [717th2"+] I
p | Do\ —F—

,],2 ( 1 pr—l

- )y e 2 2t
(—1) o T (T (1+5—) |

We put all these together in (3.7), and then simplify as in Case I to obtain

o (=12 -0 pF 2o 2\7f L(-) od
B =0 - n ) {FP(H%)FP(I_%}( 4P,

Thus we complete the proof of the theorem because of Lemma 2.1 and Lemma 3.2. U

!
—

Proof of theorem 1.4 Following the proof of Theorem 1.3, we see that

1-p" 1—wp” 1—w?p"
’ 2 0 2 0 2
I |1
pr-1

N A A
(1)
(1+ Wg")prT_,(l + W;”’)p,% '
Case I: Let r be an even integer. Using Lemma 2.11 (a) repeatedly, we obtain
3 g (T (145, (14257
<§> "%12 (— 1)')(<l = ul_[l 2-L,(35()

Again, repeated use of Lemma 2.11 (b) for 4 = 1 yields

1

B(p") :=sF4 <§7

Bl= Bln
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a=p")_r r

<1_p) U o r,(0)°
2 Je (| n () ()

2 2

Similarly, repeatedly using Lemma 2.11 (c) for 7 = o and »?, we deduce

r w2 n2u 7&2 2u—1
1), el

? _1)”2(:‘7”? =1 (1 (1 + WZZ") L, (1 + WpZ%)
and
szr p(zl(l’f;)),g 5 Fp (1 72/,72“) rp (lingLH])
1 + 2 e - L H w2p2u w2p2u—l
I (1) 2=l Fp<1+ £ )r‘p(1+ : )

respectively. Putting all these together in (3.8), we have

A O + e
B@)_P{m}ﬂ | << )> <1 wpzul))

u=1 | i=1

(mod p3+r)

where the last congruence follows from Theorem 2.3. Hence Lemma 3.2 completes the proof of the result.
Case II: Let r be an odd integer. Using Lemma 2.11 (a) repeatedly for £ = 2 we obtain

3 P 2 (1,(1+ 2590, (145 /3
().~ Szl T an G)..

_1) 20-p)  u=l

Again, repeated use of Lemma 2.11 (b) for £ =2,h = 1 yields

p(lfpriw r—1 r—1
T (1—p) 2

<1—pr> _op o7 H F,,(O)z <1_p)
ooy Mcanen |\ Ey ey ey A ey

p 2 p

Similarly, we use Lemma 2.11 (c) repeatedly for = 2,h = @ and £ = 2,h = w” to obtain

p(lfpf*])_u —1 1_W2p2u+l 1— szzu
( wp" _p 0-p) 2 2 Fp 5 l"p 3
2 [y
=

(1+7)
R G (= T () A

and

o s 2 (), ()
1+ = II
( >pf| 2l

sz
2 - p(1-p— _ w2putl w2pu + 2 )
- (,1) 2—p) 2 u=l1 l"p(l + p2 )1",,(1 “FTP) p%l

respectively. Putting all these together in (3.8), and then using the facts (%),H: (-~ e g
r\2

p— 1- nzp p— I—wp
(ﬂ)pq: (- 50 (14+),.= (—I)ITIFP( ) and <1 +@) = (—1)17] G )) we deduce that

2 /5 FIJ(T])’ 2 Fp(lJerp) 2 p% l"p(lJr%
B(p") =p" (mod p**").
Thus we complete the proof of the theorem because of Lemma 3.2. O
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4 Proof of Theorem 1.5

We here follow a method similar to but a little different from that used in [7] to prove [17, (H.2)]. We begin
with deducing some results similar to [7].
Lemma 4.1 Let k,r € N with k< 2! and M € Z. Define

1

App = - - .
@it + 1) (2 + 1)

0<ji <+ <jm <k—1

Set Ay,1 = Ay and By = Ay + Cy, where Cy is the sum of those terms of (—Mp’)m_zAk,m for 3<m<2r
whose denominator is divisible by at least p"~2". Then

1 —Mp” 1 ,
( 5 p> = <5) (1 _MprAk +M2p2er) (mod p2r+l+\p((%)k))
k k

and
(1= Mp"),= (1), (1 — MpE + M*p* F,)) (mod p* (D))
for some Ek, Fi € Z, whose expressions are similar to Ay, By above.

Proof Noting that the denominators of Ay, contain p-factors varies from zero to at most m(r — 1), we

have
1—Mp™\ (1 Mp"\ (3 Mp 2k—1 Mp"
2 ), 2 2)\2 2 2 2

1 ,
= (_) (1 _ MprAkJ +M2p2rAk’2 R (_Mpr)erk’zr) (mOd p2r+1+1,)((%)k)).
k

2

Thus combining the terms, we obtain the desired result. The proof of (1 — Mp"), result is also identical. [

Proposition 4.2 [7, Proposition 27] Set Ay and By as in Lemma 4.1. Set 3F(c):=

l—cp” 14+(c=2)p" 1-p”
3F2 2 2 2p’_ | 1]. Then

1—p 1-Z
3F2(c) —3F2(d)

3

=p¥ Z% (2¢* — 2d* — dc + 4d) By + (—c* + d* + 2¢ — 2d)A}) } (mod p* ).
=0 "

Proposition 4.3 Let ¢,d > 0 and p be a prime with p =3 (mod4). Then

c?—dc—2d?
r+2w {Gz (%) — G (%)2} (mod p3+r)’

ifc=d=1 (mod4) and ris even;
3F2(C) a 3F2(d) - (CZ—ZC—d2+2d) ( )

r+1
p 16

4 r
L, (3)" (mod p*),
if c =d =3(mod4) and ris odd.

Proof Clearly Re(l —r el M) =1 >0, and hence (2.4) gives

2 7 7
2
r(-2)re
3Fa(c) = 3+§L2)p,2) 3)Cp,
P () resr)
. — g : (-5 1 ) _ 3-gry
Case I: If c =d = 1 (mod 4) and r is even, then TRy — (IJ?,)[FTI and Ty = (= ),,T4 As a result,
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From Lemma 2.2, we have

(3—0172) T LG y (1—019)
P e (Enes TN 4 e

and thus using Lemma 2.9 (a) repeatedly, we obtain

?(1-p2) B
2

(3 - CPr) _p U H Iy (i)z <3 - CP2>
4 e (71)% | T, (HP”) r,,<1*01’2”‘) 4 )y

4 4 7
ep(1—p"1 r
_p1(4l<lip> )Hl&[ r,0)° p (1 —cp>
(5 e | () () [N 4 )

Similarly,

. 2
p2 pcl);3 Fp (» 1 P ) Fp ( - ) »
! _7 anl: @ repd 2 fp (1 __>ﬂ ’
= (= g T
and hence repeated use of Lemma 2.11 (b) yields

67)2(]7,)r—2)

(1 pr> _p -(51) 12[ L, 7 )P = ) (1 p2>
2 ey e | n (-5 (-2 2) 2

ep(1-pr—1 . _ 2t _ 20—1
pp(:upm )7(%7%) ¢ (T, (3+(c42)l’ >FP<1+(C 42)17 ) ,

- p(1-p") _r H P2 Pl f}’ (1 _E)ﬂ :
(_1)4“’”) "=l rp(l _7>Fp(1 2 ) !

Combining all these together, we have

2 2 21 2
LT, (1 -5, (1 -5

0 W e e ()

because of the fact that f, [(1 ‘p)t,m} = (=1, [(1 —D)os %:| for ¢ = 4k + 1. From Theorem 2.3, we obtain

: 3 c—2,\" ’ c—2 , . (3\)° s

(4.1)

and
2

e I S AL GRS A Y
Hr,,(Z—Zpi 1) EFP(Z> {I—ZpG < ) +1—6p 2(!4)} (mod p?).

Putting these in (4.1), and then simplifying using [7, Corollry 6] for a = 41&’ we find that
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e T (-2 (-2 ot

where ¥ =1+ pG,(3) +p {G 3) —l—W(Gz@) — Gl(%)z)}. Therefore,

Falc) — ska(d) =pr? B4 162d2 . {G2 G) —a G‘f}

r

2 21 2—1\ Y 2
H{rp(l —p—>rp<1 P >} (mod p**7).
y 11 2 2

3 2t 20-1\ Y 2
Noting that H{FP (1 - p_) r, (1 P > } = 1 (mod p), we obtain the desired result in this case.

2 2
t . ,.
Case II: If c=d =3 (mod 4) and r is odd, then . (3£(€§)2>p,_) =T 1 — and E3 13 _ (3746P )21
Therefore, —a Viep'il T i
, 2
Fye) () e
3L CcC) = _—
(%) (('—2)1)r+]

(= )p+1 1",,(17—) (c2p+1 T, (3+(<;2)p)

. 3_
Noting  that  (*5%) et = (—1) Real [( L) . 24,,“} and (3 e2pr1= (—1) O
N [( ) zpﬂ}, we repeatedly use Lemma 2.10 (b) for 27 = —c and Lemma 2.10 (a) for 7 = 0 to obtain

2p(1=r"Y) =1 prt!

(3 —cp” p A0 M 2 l—‘P 1 - 2
4 il 2201 oy -2 3—cputl
2 (=1) @ rrt o | Dy (5 —

ﬁl FF(EP)) f”[(34cp)<a )]

and

("*Z)F(I*Vr D) 34-(c—2)p** l)

) S ]
) . (1=p""1) | (c—2)p1 H 1
2/ 2ip +1 )1 i Fp( )

( 1) 4(1 =) 2
% 1+ c 2)p
H{ ji] [( )(c p+l‘| ’
respectively. It is easy to see that f,[(3)c2pn] = —5 (4k + 2) [(3 L) (. 2,n] for ¢ = 4k + 3, and hence
2) =2 i ( [ 2

following the proof of Case I, we deduce that

r+1 (C — 1)2 1 ! 2+r
3F2(C) 14 Trp — (modp )

4

Hence the result follows. O

Proof of theorem 1.5 Using Lemma 4.1, we have

1=p"\ (1+p") (1 N o (1Y 2r+143v,((1),)
) =(2) p¥(2) a2 -28 »(3)).,
(37).(57),6), = (), () ot - 200 e

As a result,
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Lp” 1" 1 % % %
F 2 2 2|1 = F( 1>
32 - L0 | o
: (4.2)
v O
2r 2 2r+1
—p ;k—!;‘(Ak—sz) (mod p**1).
Case I: Let r be an even integer. Since Re(1 — 152 — 42} =1 > 0, we obtain from (2.4) that
17 7 1 7 1 2
() [ ror)
32 3\ (31
11 FEHT(ER)
(4.3)

(e ’
| W [

Repeatedly using Lemma 2.11 (b) for £ =4,h = 1, we have

(1-p"

(3—17’) P ﬁ r,()°
4 R | () ()

Similarly, repeated use of Lemma 2.11 (c) for £ = 4,h = 0 gives

" pi}l’;H ﬁ T, <3+4p2r> T, <1+er71>
pr-1 = -
(=1)3n 23 T,(1)°

Putting these expressions in (4.3), and then using Lemma 2.1 (iii), we deduce that

F % # % | 1 _ rﬁ rﬁ(%)zrﬁ(l)z
37 | 1 =p 11 l_‘p(3_,:‘pz, Fp(H_pZFI)F (3_1,21)1_, (1_p21—1)

2

because of the facts that

3 34 p2-l 3 p-l 2_ N »
H{r,,( )0\ =N(7) 11— %
3 ]+p2t ]_pthl 2 1 2r 3
H{r,,( ; >rp< . )} = FP(Z> (mod p?).

From Proposition 4.3 and Proposition 4.2, we together have
r42 3 3 2 34r
6p G 1)~ G 1 =3F5(5) — 3F2(9) (mod p™™")

"z] 1)3
P Z% {—96B; + 48A;} (mod p>*").
k=0 "

and
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These, together with (4.2) and (4.4), we complete the proof.
Case II: If r is an odd integer, then we use the following identity from [1, pp. 142]

-n a b (e —a) -n a d—>b
F. 1) = ——3F, 1].
32( d e| ) (e), 32( d a+1—n—e| >

forn=Ct a="" b=1d=1=e to obtain

2
I iy 1
sFaf 2 22011 =0
1 1 st
172,” pr—1 Pl ’
because of the fact that —; = (—1)7 =—1 for p=3 (mod 4). Note from Proposition 4.3 and
Proposition 4.2 that 5

513
p2r 2(13)3]( {_64Bk + 32A§} = 3F,(3) — 3F>(7) (mod p2+’)
k=0 "

N4
=-2""'T, (Z) (mod p**").
Thus we complete the proof of the theorem due to (4.2) and (4.4). ]
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