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Abstract Let X denote the class of functions f analytic in the open unit disc D, normalized by the condition
f ð0Þ ¼ f 0ð0Þ � 1 ¼ 0 and satisfying the inequality

zf 0ðzÞ � f ðzÞj j\ 1

2
ðz 2 DÞ:

The class X was introduced recently by Peng and Zhong (Acta Math Sci 37B(1):69–78, 2017). Also let U
denote the class of functions f analytic and normalized in D and satisfying the condition

z

f ðzÞ

� �2

f 0ðzÞ � 1

�����
�����\1 ðz 2 DÞ:

In this article, we obtain some further results for the class X including, an extremal function and more
examples of X, inclusion relation between X and U, the radius of starlikeness, convexity and close–to–
convexity and sufficient condition for function f to be in X. Furthermore, along with the settlement of the
coefficient problem and the Fekete–Szegö problem for the elements of X, the Toeplitz matrices for X are
also discussed in this article.

Keywords Univalent � Starlike � Convex � Close–to–convex � Fekete–Szegö problem �
Coefficient estimates � Toeplitz determinant

Mathematics Subject Classification 30C45

1 Introduction

Let A denote the family of functions f of the form
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f ðzÞ ¼ zþ
X1
n¼2

anzn ðz 2 DÞ; ð1:1Þ

which are analytic and normalized by the condition f ð0Þ ¼ f 0ð0Þ � 1 ¼ 0 in the open unit disc D :¼ fz 2
C : jzj\1g and S denote its subclass of univalent functions. We say that the function f 2 A is starlike in D if
f ðDÞ is a set that starlike with respect to the origin. In other words, the straight line joining any point in f ðDÞ
to the origin lies in f ðDÞ. This means that tz0 2 f ðDÞ when z0 2 f ðDÞ and 0� t� 1. We denote this set of
functions by S�. The well–known analytic description of starlike functions in terms of functions with
positive real part states that f 2 S� if, and only, if

Re
zf 0ðzÞ
f ðzÞ

� �
[ 0 ðz 2 DÞ:

We say that a set K is convex if the line segment joining any two points in K lies in K. This means that
tz0 þ ð1� tÞz1 2 K where z0; z1 2 K and 0� t� 1. A function f 2 A is called convex if f ðDÞ is a convex set.
The set of convex functions in D is denoted by K. Analytically, f 2 K if, and only, if

Re 1þ zf 00ðzÞ
f 0ðzÞ

� �
[ 0 ðz 2 DÞ:

The classes S� and K were introduced by Robertson, see [17]. We have K � S� � S, see [3]. A function
f 2 A is said to be close–to–convex function, if there exists a convex function g such that

Re
f 0ðzÞ
g0ðzÞ

� �
[ 0 ðz 2 DÞ:

By the Noshiro–Warschawski theorem [3, Theorem 2.16], every close–to–convex function is univalent.
Also, this theorem is one of the important criterion for univalence. Let U denote the class of all functions
f 2 A satisfying the following inequality

z

f ðzÞ

� �2

f 0ðzÞ � 1

�����
�����\1 ðz 2 DÞ:

It is well–known that U � S, see [1]. It’s worth mentioning that the Koebe function kðzÞ ¼ z=ð1� zÞ2
belongs to the class U although functions in U are not necessarily starlike in D, see [4, 14]. For more details
about the class U one can refer to [6, 10–13, 15].

Lately, Peng and Zhong [16], introduced and discussed a new subclass of analytic functions as follows

X :¼ f 2 A : zf 0ðzÞ � f ðzÞj j\ 1

2
; z 2 D

� �
:

The class X is a subclass of the starlike functions [16, Theorem 3.1]. The main motive for defining the class
X is the relationship between the class X and the class U, see for more details [16]. Also, they have
investigated some properties for the class X, such as

• growth and distortion theorem;
• X is a subset of the starlike functions;
• the radius of convexity;
• if f ; g 2 X, then f � g 2 X, where ‘‘*’’ is the well–known Hadamard product;
• X is a closed convex subset of A;
• and properties support point and extreme point of X.

Peng and Zhong estimated the coefficients of function f of the form (1.1) belonging to the class X, but there

was no mention of the proof and its accuracy. In this article we give sharp estimates for the coefficients of

functions f belonging to the class X.
Very recently, also Obradović and Peng (see [9]) studied the class X and obtained two sharp sufficient

conditions for the function f to be in the class X as follows:

• if jf 00ðzÞj � 1, then f 2 X;
• if jz2f 00ðzÞ þ zf 0ðzÞ � f ðzÞj � 3=2, then f 2 X.
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Following, we give another sufficient condition for functions f to be in the class X.
The function f 2 A is subordinate to the function g 2 A, written as f ðzÞ � gðzÞ or f � g, if there exists

an analytic function w, known as a Schwarz function, with wð0Þ ¼ 0 and jwðzÞj � jzj, such that f ðzÞ ¼
gðwðzÞÞ for all z 2 D. Moreover, if g 2 S, then we have the following equivalence (c.f. [8])

f ðzÞ � gðzÞ , f ð0Þ ¼ gð0Þ and f ðDÞ � gðDÞ:

The structure of the paper is the following. In Section 2 we give an extremal function for the class X and
solve an open question related to the inclusion relation between X and U, partially. In Section 3 some radius
problems for the function f 2 X are obtained. In Section 4 we present two conditions for functions f to be in
the class X. In Section 5 we study the coefficients of the function f of the form (1.1) belonging to the class X.
Finally, in Section 6, the Fekete-Szegö problem and Toeplitz matrices are investigated.

2 Extremal function and inclusion relation

First, we give an example for the class X which is an extremal function for several problems.

Example 2.1 Let

ef nðzÞ :¼ zþ 1

2ðn� 1Þ z
n ðn ¼ 2; 3; . . .; z 2 DÞ: ð2:1Þ

It is clear that ef n 2 A and

zef 0nðzÞ � ef nðzÞ ¼
1

2
zn ðn ¼ 2; 3; . . .; z 2 DÞ:

Since z 2 D, thus jzef 0nðzÞ � ef nðzÞj ¼ jzn=2j\1=2 and consequently ef n 2 X. We remark that the function ef n

is univalent in D for n ¼ 2; 3; . . .. The function ef n is an extremal function for several problems such as,
coefficient estimates, the radius of convexity and starlikeness in the class X as will be seen later.

Whether U � X or X � U is an open question for us. The following Example 2.2 shows that X � U and
U 6� X.

Example 2.2 Let ef n ðn ¼ 2; 3; . . .Þ be defined by (2.1). Then by Example 2.1 we have ef n 2 X for

n ¼ 2; 3; . . .. In particular, if we take n ¼ 2, then the bounded analytic function ef 2 ¼ zþ z2=2 belongs to U,

see [10, p. 175]. Also, the function ef 3 ¼ zþ z3=4 belongs to U, too. Because

z

ef 3ðzÞ

 !2

ef 03ðzÞ ¼ 1þ 3z2=4

ð1þ z2=4Þ2

and for all z 2 D we have

0� z

ef 3ðzÞ

 !2

ef 03ðzÞ � 1

������
������ ¼

1þ 3z2=4

ð1þ z2=4Þ2
� 1

�����
�����\0:56\1: ð2:2Þ

Now we consider the function f1 as follows

z

f1ðzÞ
¼ 1þ 1

2
zþ 1

2
z3 ðz 2 DÞ:

It is easy to see that z=f1ðzÞ 6¼ 0 in D and

z

f1ðzÞ

� �2

f 01ðzÞ � 1 ¼ �z3:

Since z 2 D, thus f1 belongs to U. A simple calculation gives us
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zf 01ðzÞ � f1ðzÞ ¼ �
z2 þ 3z4

2þ zþ z3
ðz 2 DÞ:

Now, if we take z0 ¼ �2=3 2 D, then

jz0f 01ðz0Þ � f1ðz0Þj ¼ �
z2

0 þ 3z4
0

2þ z0 þ z3
0

����
���� ¼ 1 [ 1=2:

This shows that f1 62 X. Therefore U 6� X.

3 Radius problems

Peng and Zhong [16, Theorem 3.4] showed that the radius of convexity for the class X is 1/2. Here, by use
of the function (2.1), we show that the result of Peng and Zhong is sharp.

Example 3.1 The function ef n shows that the members of the class X are convex in the open disc jzj\r
where r\1=2. Thus the result of Theorem 3.4 of [16] is sharp.

Proof Let ef n be given by (2.1). With a simple calculation, we get

1þ zef 00nðzÞef 0nðzÞ
¼ 1þ n

2

zn�1

1þ n
2ðn�1Þ z

n�1
ðn ¼ 2; 3; . . .Þ:

Using the analytic definition of convexity, the radius r of convexity is the largest number 0\r\1 for which

min
jzj¼r

Re 1þ zef 00nðzÞef 0nðzÞ
( )

� 0:

Now, for every r 2 ð0; 1Þ, we have

Re 1þ zef 00nðzÞef 0nðzÞ
( )

¼ Re 1þ n

2

zn�1

1þ n
2ðn�1Þ z

n�1

( )

� 1� n

2

zn�1

1þ n
2ðn�1Þ z

n�1

�����
�����

� 1� n

2

jzjn�1

1� n
2ðn�1Þ jzj

n�1

¼ 1� n

2

rn�1

1� n
2ðn�1Þ r

n�1
¼: /ðrÞ ðjzj ¼ r\1Þ:

It is easy to see that /ðrÞ[ 0 if and only if

r\
2ðn� 1Þ

n2

� � 1
n�1

¼: r0 ðn ¼ 2; 3; . . .Þ:

We note that if we put n ¼ 2, then r0 becomes 1/2 and if n!1, then r0 ! 1. This is the end of proof. h

In the next result, with other proof we show that X � S�.
Lemma 3.1 Every function f 2 X is a starlike univalent function in the open unit disc D.

Proof By [16, Eq. (3.4)], f belongs to the class X if, and only if,

f ðzÞ ¼ zþ 1

2
z

Z z

0

uðfÞdf; ð3:1Þ

where u 2 A and juðzÞj � 1 (z 2 D). Now from (3.1), we have
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zf 0ðzÞ
f ðzÞ ¼ 1þ 1

2

z2uðzÞ
zþ 1

2
z2
R 1

0
uðztÞdt

ð0� t� 1Þ:

Therefore by the analytic definition of starlikeness, we get

min
jzj¼r

Re
zf 0ðzÞ
f ðzÞ

� �
� 1� 1

2

z2uðzÞ
zþ 1

2
z2
R 1

0
uðztÞdt

�����
�����

[ 1� r

2� r
ðjzj ¼ r\1Þ:

It is easy to see that 1� r
2�r [ 0 when 0\r\1 and concluding the proof. h

In the sequel, we will show that the class X is a subclass of close–to–convex functions.

Lemma 3.2 Every function f 2 A which belongs to the class X is close–to–convex in D.

Proof Let the function f 2 A belongs to the class X. Then by (3.1), we get

f 0ðzÞ ¼ 1þ 1

2
zuðzÞ þ 1

2
z

Z 1

0

uðztÞdt ð0� t� 1Þ:

Since juðzÞj � 1, we have

Reff 0ðzÞg ¼ Re 1þ 1

2
zuðzÞ þ 1

2
z

Z 1

0

uðztÞdt

� �

� 1� 1

2
zuðzÞ þ 1

2
z

Z 1

0

uðztÞdt

����
����

� 1� r ðjzj ¼ r\1Þ:

The last inequality is non–negative if r\1 and concluding the proof. h

4 Conditions for functions f to be in X

First, we give a sufficient condition for functions f of the form (1.1) to be in the class X. We remark that
since X is a subclass of the close–to–convex univalent functions, the following lemma also is a sufficient
condition for univalence.

Lemma 4.1 Let f 2 A. If

f ðzÞ
z

� �0����
����\ 1

2
ðz 2 D; z 6¼ 0Þ; ð4:1Þ

then f 2 X. The number 1/2 is the best possible.

Proof Let f 2 A satisfies the inequality (4.1). Since z 2 D and consequently jzj2\1, thus by the inequality
(4.1), we get

z2 f ðzÞ
z

� �0����
����\ 1

2
ðz 2 D; z 6¼ 0Þ:

Now the assertion follows from the following identity

z2 f ðzÞ
z

� �0
¼ zf 0ðzÞ � f ðzÞ ðz 2 D; z 6¼ 0Þ ð4:2Þ

and concluding f 2 X. For the sharpness, consider the function bf kðzÞ ¼ zþ kz2 where jkj\1=2 and z 2 D. A
simple calculation gives that
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bf kðzÞ
z

 !0
¼ k ðjkj\1=2; z 2 D; z 6¼ 0Þ:

Therefore bf k 2 X. It is easy to see that if k [ 1=2, then bf k 62 X. Also, since bf 0kðzÞ ¼ 1þ 2kz vanish at � 1
2k,

we conclude that bf k is not univalent in D when k[ 1=2. This is the end of proof. h

As an application of the Lemma 4.1 we give another example for the class X.

Example 4.1 Define fc;bðzÞ ¼ zþ cz2 þ bz3, where c and b are two complex numbers. If jcj þ 2jbj\1=2,

then fc;bðzÞ 2 X. In particular, the function ‘ðzÞ ¼ zþ z2=5þ z3=8 belongs to the X. We note that the
function ‘ is univalent in the unit disc D. The Figure 1(a) shows the image of D under the function ‘ðzÞ.
Applying Lemma 4.1, we present a sufficient condition for the function fnðzÞ ¼ zþ anzn (n ¼ 2; 3; . . .) to be
in the class X.

Example 4.2 Consider the function fnðzÞ ¼ zþ anzn where z 2 D. If

janj\
1

2ðn� 1Þ ðn ¼ 2; 3; . . .Þ; ð4:3Þ

then fn 2 X.

Proof Let fnðzÞ ¼ zþ anzn and the inequality (4.3) holds. From (4.3), we get

ðn� 1Þjanjjzjn�2\
1

2
ðz 2 D; n ¼ 2; 3; . . .Þ: ð4:4Þ

Since

fnðzÞ
z

� �0
¼ ðn� 1Þanzn�2 ðz 2 D; n ¼ 2; 3; . . .Þ; ð4:5Þ

the inequalities (4.4) and (4.5), imply that

fnðzÞ
z

� �0����
����\ 1

2
ðz 2 D; n ¼ 2; 3; . . .Þ:

Now the desired result follows from the Lemma 4.1. h

In the sequel, we recall from [8, p. 24], the function qMðzÞ given by

qMðzÞ ¼ M
Mzþ a

M þ az
ðz 2 DÞ; ð4:6Þ

where M [ 0, jaj\M. We have qMð0Þ ¼ a and qMðDÞ ¼ ff : jfj\Mg ¼: DM . By applying the function
(4.6) and by the subordination, we present a sufficient and necessary condition for functions f to be in the
class X.

Lemma 4.2 Let f 2 A. Then f 2 X if, and only if,

zf 0ðzÞ � f ðzÞ � q1=2ðzÞ ðz 2 DÞ; ð4:7Þ

where q1=2ðzÞ is defined by (4.6) when M ¼ 1=2 and a ¼ 0.

Proof If f 2 X, then by definition we have

jzf 0ðzÞ � f ðzÞj\ 1

2
ðz 2 DÞ: ð4:8Þ

Thus, by (4.8), zf 0ðzÞ � f ðzÞ lies in the open disc D1=2 and it is clear that q1=2ðDÞ ¼ D1=2. Because q1=2 is
univalent, thus by the subordination principle, we get (4.7). Indeed, since f ðzÞ ¼ zþ

P1
n¼2 anzn and

zf 0ðzÞ � f ðzÞ ¼
P1

n¼2ðn� 1Þanzn, we have a ¼ 0 in (4.6). This is the end of proof. h
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5 On coefficients

The first result of this section is the following.

Theorem 5.1 Let /ðzÞ ¼ 1þ
P1

n¼1 cnzn be an analytic function in D that satisfies the coefficient condition

X1
n¼1

njcnj\
1

2
: ð5:1Þ

Then the function f ðzÞ ¼ z/ðzÞ belongs to the class X.

Proof Let f be given by f ðzÞ ¼ z/ðzÞ where /ðzÞ ¼ 1þ
P1

n¼1 cnzn. We have

f ðzÞ
z
¼ /ðzÞ ¼ 1þ

X1
n¼1

cnzn: ð5:2Þ

Now by differentiating the above relation (5.2) and multiplying by z2, we get

z2 f ðzÞ
z

� �0
¼
X1
n¼1

ncnznþ1:

Therefore using the coefficient condition (5.1) and the identity (4.2), we deduce that

jzf 0ðzÞ � f ðzÞj ¼ z2 f ðzÞ
z

� �0����
���� ¼

X1
n¼1

ncnznþ1

�����
�����\
X1
n¼1

njcnj\
1

2

and concluding the proof. h

- 0.5 0.0 0.5 1.0
- 1.0

- 0.5

0.0

0.5

1.0

(a)

- 1.0 - 0.5 0.0 0.5

- 1.0

- 0.5

0.0

0.5

1.0

(b)

Fig. 1 (a): The image of D under the function ‘ðzÞ ¼ zþ z2=5þ z3=8 (b): The image of D under the function
/1ðzÞ ¼ z� z2=5� z3=8

123

Further results for a subclass of univalent functions 211



Theorem 5.1 allows us to find many examples that belong to X. For example, consider

/1ðzÞ ¼ 1� z=5� z2=8. We have c1 ¼ �1=5, c2 ¼ �1=8 and c3 ¼ c4 ¼ � � � ¼ 0. Thus the coefficients of

/1 satisfy the condition (5.1) and we conclude that the univalent function f ðzÞ ¼ z/1ðzÞ ¼ z� z2=5� z3=8
belongs to the class X. The Figure 1(b) shows the image of D under the function /1ðzÞ.

Peng and Zhong [16, Corollary 3.12] said that (without proof and sharpness) the inequality (5.3) (below)
holds for the coefficients of functions f belonging to the class X. Here, by use of the Lemma 4.2 we present a
simple proof for (5.3). We remark that the inequality (5.3) is sharp.

The following lemma due to Rogosinski [18, 2.3 Theorem X] helps to estimate of coefficients.

Lemma 5.1 Let qðzÞ ¼
P1

n¼1 Qnzn be analytic and univalent in D such that maps D onto a convex domain.
If pðzÞ ¼

P1
n¼1 Pnzn is analytic in D and satisfies the subordination pðzÞ � qðzÞ, then jPnj � jQ1j where

n ¼ 1; 2; . . ..

Theorem 5.2 Let f ðzÞ ¼ zþ
P1

n¼2 anzn 2 A be in the class X. Then

janj �
1

2ðn� 1Þ ðn� 2Þ: ð5:3Þ

The result is sharp.

Proof Let f be of the form (1.1) belongs to the class X. Then by Lemma 4.2, we have

zf 0ðzÞ � f ðzÞ ¼
X1
n¼2

ðn� 1Þanzn � 1

2
z ¼: q1=2ðzÞ ðz 2 DÞ: ð5:4Þ

Since q1=2 is convex univalent, thus applying the Lemma 5.1 we get

jðn� 1Þanj �
1

2
ðn� 2Þ:

Therefore the inequality (5.3) holds. It is easy to see that the result is sharp for the function ef n, where ef n is
defined in (2.1). This completes the proof. h

6 Fekete–Szegö problem and Teoplitz matrices

In recent years, the problem of finding sharp upper bounds for the Fekete–Szegö coefficient functional
associated with the k–th root transform has been studied by many scholars (see for example [2, 5, 19]). For a
univalent function f of the form (1.1), the k–th root transform is defined by

FkðzÞ :¼ ðf ðzkÞÞ1=k ¼ zþ
X1
n¼1

bknþ1zknþ1 ðz 2 DÞ: ð6:1Þ

A simple calculation gives that, for f given by (1.1),

ðf ðzkÞÞ1=k ¼ zþ 1

k
a2zkþ1 þ 1

k
a3 �

1

2

k � 1

k2
a2

2

� �
z2kþ1 þ � � � : ð6:2Þ

Equating the coefficients of (6.1) and (6.2), we have

bkþ1 ¼
1

k
a2 and b2kþ1 ¼

1

k
a3 �

1

2

k � 1

k2
a2

2: ð6:3Þ

In the sequel, we obtain this problem for the class X. Further we denote by P the well–known class of
analytic functions p with pð0Þ ¼ 1 and RefpðzÞg[ 0 where z 2 D. Functions in P are called Carathéodory
functions. The following lemma due to Keogh and Merkes [7] will be useful in this section.

Lemma 6.1 Let the function p(z) given by

pðzÞ ¼ 1þ p1zþ p2z2 þ � � � ;

be in the class P. Then, for any complex number l
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jp2 � lp2
1j � 2 maxf1; j2l� 1jg:

The result is sharp.

Theorem 6.1 Let the function f of the form (1.1) belongs to the class X. Then for any complex number l
and k 2 f1; 2; 3; . . .g, we have

b2kþ1 � lb2
kþ1

�� ��� 1

4k
max 1;

2lþ k � 1

2k

����
����

� �
; ð6:4Þ

where b2kþ1 and bkþ1 are defined in (6.3). The result is sharp.

Proof If f 2 X, then by Lemma 4.2 and definition of subordination there exits a Schwarz function w(z)
such that

zf 0ðzÞ � f ðzÞ ¼ 1

2
zwðzÞ ðz 2 DÞ: ð6:5Þ

If we define the function p as follows

pðzÞ ¼ 1þ wðzÞ
1� wðzÞ ¼ 1þ p1zþ p2z2 þ � � � ðz 2 DÞ; ð6:6Þ

thus p(z) is a analytic function in D and pð0Þ ¼ 1. A simple calculation gives us

wðzÞ ¼ 1

2
p1zþ 1

2
p2 �

1

2
p2

1

� �
z2 þ 1

2
p3 � p1p2 þ

1

4
p3

1

� �
z3 þ � � � ðz 2 DÞ: ð6:7Þ

From (6.5)–(6.7), equating coefficients gives, after simplification,

a2 ¼
1

4
p1; ð6:8Þ

2a3 ¼
1

4
p2 �

1

2
p2

1

� �
: ð6:9Þ

Replacing (6.8) and (6.9) into (6.3), we get

bkþ1 ¼
1

4k
p1 and b2kþ1 ¼

1

8k
p2 �

1

2
p2

1

� �
� 1

32

k � 1

k2
p2

1:

Thus

b2kþ1 � lb2
kþ1 ¼

1

8k
p2 �

1

2

3k þ 2l� 1

2k

� �
p2

1

� �
:

If we let l0 ¼ 1
2

3kþ2l�1
2k

� �
, then as an application of the Lemma 6.1, we get the desired inequality (6.4). h

Putting k ¼ 1 in the Theorem 6.1, we have.

Theorem 6.2 (Fekete–Szegö problem) Let f be of the form (1.1) belongs to the class X. Then we have the
following sharp inequality

a3 � la2
2

�� ��� 1

4
maxf1; jljg ðl 2 CÞ:

Since every function f belongs to the class X is univalent, and every univalent function has an inverse f�1,

which is defined by f�1ðf ðzÞÞ ¼ z (z 2 D) and

f ðf�1ðwÞÞ ¼ w ðjwj\r0; r0� 1=4Þ;

where

f�1ðwÞ ¼ w� a2w2 þ ð2a2
2 � a3Þw3 � ð5a3

2 � 5a2a3 þ a4Þw4 þ � � � ; ð6:10Þ

thus it is natural to consider the following result.
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Corollary 6.1 Let f 2 A be in the class X. Also let the function f�1ðwÞ ¼ wþ
P1

n¼2 bnwn be inverse of f.
Then we have the following sharp inequalities

jbij �
1

2
ði ¼ 2; 3Þ

and jb4j � 19=24.

Proof Relation (6.10) gives us

b2 ¼ �a2; b3 ¼ 2a2
2 � a3 and b4 ¼ �ð5a3

2 � 5a2a3 þ a4Þ:

Thus, by putting n ¼ 2 in (5.3) we can get

jb2j ¼ ja2j � 1=2:

For estimate of jb3j, it suffices in Theorem 6.2, we put l ¼ 2. Finally, since b4 ¼ 5a2ða3 � a2
2Þ � a4 by the

Fekete–Szegö problem (Theorem 6.2) for l ¼ 1, we get

jb4j ¼ j5a2ða3 � a2
2Þ � a4j

� 5ja2jja3 � a2
2j þ ja4j

� 5

2
	 1

4
þ 1

6
¼ 19

24

and concluding the proof. h

Following, we recall the symmetric Toeplitz determinant

TqðnÞ :¼

an anþ1 . . . anþq�1

anþ1 an . . . anþq�2

..

. ..
. ..

. ..
.

anþq�1 anþq�2 . . . an

����������

����������
;

where n; q 2 f1; 2; 3; . . .g and a1 ¼ 1. Toeplitz matrices are one of the most well–studied and understood
classes of structured matrices. Also, they have many applications in all branches of pure and applied
mathematics (see for more details Ye and Lim [20, Section 2]). In the next result, we obtain sharp bounds

for the coefficient body TqðnÞ
�� ��, q ¼ 2; 3 and n ¼ 1; 2 where the entries of TqðnÞ are the coefficients of

functions f of form (1.1) that are in the class X.

Theorem 6.3 Let f be of the form (1.1) belongs to the class X. Then we have

(1) jT2ðnÞj � 1

4ðn�1Þ2 þ
1

4n2 (n� 2).
(2) jT3ð1Þj � 13

8
.

(3) jT3ð2Þj � 329
549

.

All the inequalities are sharp.

Proof (1) If f 2 X, then by Theorem 5.2 and by the definition of the symmetric Toeplitz determinant TqðnÞ
we have

jT2ðnÞj ¼ a2
n � a2

nþ1

�� ��� anj j2þ anþ1j j2� 1

4ðn� 1Þ2
þ 1

4n2
:

(2) It is clear that jT3ð1Þj ¼ 1� 2a2
2 þ 2a3a2

2 � a2
3

�� ��. Thus

jT3ð1Þj � 1þ 2ja2j2 þ ja3jj2a2
2 � a3j

� 1þ 2ð1=4Þ þ ð1=4Þð1=2Þ ¼ 13=8:

Note that the Fekete–Szegö problem is used, (see Theorem 6.2 with l ¼ 2).
(3) We have
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T3ð2Þ ¼
a2 a3 a4

a3 a2 a3

a4 a3 a2

�������

�������
:

Thus we get T3ð2Þ ¼ ða2 � a4Þða2
2 � 2a2

3 þ a2a4Þ. For any f 2 X, we have

ja2 � a4j � ja2j þ ja4j � 1=2þ 1=6 ¼ 2=3. Now, it is enough to obtain the maximum of ja2
2 � 2a2

3 þ a2a4j
when f 2 X. By (6.8), (6.9) and since

3a4 ¼
1

4
p3 � p1p2 þ

1

3
p3

1

� �
;

we get

a2
2 � 2a2

3 þ a2a4

�� �� ¼ 1

16
p2

1 �
1

8
p2 �

1

2
p2

1

� �2

þ 1

48
p1 p3 � p1p2 þ

1

3
p3

1

� ������
�����

� 1

16
jp1j2 þ

1

8
p2 �

1

2
p2

1

����
����
2

þ 1

48
jp1jjp3 � p1p2j þ

1

144
jp1j4

� 4

16
þ 4

8
þ ð2Þð2Þ

48
þ 16

144
¼ 329

366
:

Because jp3 � p1p2j � 2 and p2 � 1
2

p2
1

�� ��2� 4 (by Lemma 6.1). Thus jT3ð2Þj � 2
3
	 329

366
¼ 329

549
. Here, the proof

ends. h
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10. M. Obradović, and S. Ponnusamy, New criteria and distortion theorems for univalent functions, Compl. Var. Theory Appl.,

44(2001), 173–191.
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19. H. M. Srivastava, D. Răducanu, and P. Zaprawa, A certain subclass of analytic functions defined by means of differentiona

subordination, Filomat, 30(2016), 3743–3757.
20. K. Ye, and L. Lek–Heng, Every matrix is a product of Toeplitz matrices, Found. Comput. Math., 16(2016), 577–598.

123

Further results for a subclass of univalent functions 215



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 600
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.01667
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 600
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 2.03333
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 2250
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (sRGB IEC61966-2.1)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<


    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200036002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200036002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /ESP <>
    /ETI <>
    /FRA <>



    /HUN <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 6.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200036002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 6.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>


    /SKY <>

    /SUO <>
    /SVE <>
    /TUR <>

    /DEU <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


		2021-07-02T14:31:42+0530
	Preflight Ticket Signature




