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Abstract In [6], we introduced the concept of escaping set in general setting for a topological space and
extended the notion of w-limit set and escaping set for the general semigroup generated by continuous self
maps. In this paper we continue with extending the other notions of recurrence for the generalized semi-
group analogous to their counterpart in the classical theory of dynamics. We discuss the concept of periodic
point, nonwandering point and chain recurrent point in the more general setting and establish the correlation
between them. We shall also extend the Poincaré recurrence theorem in this setting.
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1 Introduction

This paper is in continuation with our earlier paper [6], where we extended the classical concepts of w-limit
points and recurrent points of abstract dynamics to the dynamics of an arbitrary semigroup. Hinkkanen and
Martin [5] pioneered the notion of semigroup to extend the theory of complex dynamics and in fact, this
work propelled us towards this study. Our aim here is to see how far the various notions of recurrence
applies in this general setting.

The classical concept of a periodic point is based on the group property of integers or real numbers with
addition, where a point is self traced under the dynamics of a map at some regular ‘period’. In the general
setting of a semigroup one can not expect such an intrinsic behavior. However, we have extended the
concept following the nature of a point to be self traced under the dynamics of some map. We have termed
such a point as an orbit point. We also formulate the classical Poincaré recurrence theorem in the setting of a
semigroup having countably many generators. Moreover, we shall show that if the semigroup G has finitely
many generators and yu is probability measure, on the Borel g-algebra of subsets of a second count-
able Hausdorff space X, that is G-invariant then almost every point of X is recurrent under G.

Further, we extend the notion of a nonwandering point and chain recurrent point. The situation in the
general setting is not at all straightforward. In contrast to the classical theory, a recurrent point need not be
nonwandering and a nonwandering point need not be chain recurrent. For this, we have strengthen the notion
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of recurrent point and nonwandering point. We have established the notion of a strongly nonwandering
point, though it is equivalent with the nonwandering point in the abstract dynamics. We will show that a
strongly nonwandering point is chain recurrent. Also, we will show that an orbit point need not be chain
recurrent and hence not a strongly nonwandering point.

In the classical theory, a topological dynamical system or a flow is a triple (X, T, ®) consisting of a
topological space X (the phase space) with a group or a semigroup 7 (the phase group) and a continuous
mapping @ : X x T — X such that

(i) @°(x) = P(x,e) = x for each x € X, e € T, is the identity element, if any, and
(i) @(x,15) = O(D(x,1),s) for all 1,5 € T.

Generally, T is either the additive group of reals (R, +) or integers (Z,+) or the set of positive integers
(N, 4). Also if T = Z or R, the map @' is invertible (hence a homeomorphism) for each # and (@) ' = .
In that case ®° is the identity map on X.

A continuous semigroup is a set of (non-identity) continuous self maps, of a topological space X, which
are closed under the composition. A semigroup G is said to be generated by a family {g,}, of continuous
self maps of a topological space X if every element of G can be expressed as compositions of iterations of
the elements of {g,},. We denote this by G = (g,),. The phase space X is assumed to be Hausdorff and first
countable.

Given a semigroup G and x € X, the set Og(x) := {g(x) : g € G} U {x} is called the orbit of x under G.
A subspace Y C X is said to be invariant under G if g(y) € Y forallg € Gandy € Y. If G = (g,), then for
Y to be invariant it is sufficient that g(y) € Y for all g € {g,}, and y € Y.

In [6], we have introduced the notion of topological conjugacy of dynamics of two semigroups on two
topological spaces as follows: ~

Let G = (gi);c, be a semigroup of continuous self maps of X and G = (g;),., be a semigroup of
continuous self maps of Y. Two dynamical systems (X, G) and (Y, (~}) are said to be topologically conjugate
if there exists a homeomorphism p : X — Y such that p o g; = g; o p for each i € A. Note that for g € G, we
have, g = g; o...0g; for some g; € {gi};,. If p: X — Y is a topological conjugacy then

pog=pPog0...08;,
:gilo...og[”op
=80op

for g € G.

For general reference to standard terms and basic facts from the classical theory of dynamics we follow
Alongi and Nelson’s book [1].

Here we would like to mention that, when finishing the paper we found two different works [7] and [3],
where authors study the dynamical properties of the action of a semigroup. In [7], author has used different
definition for w-limit points and established results with different approach. While in [3] authors have
studied the action of a finitely generated semigroup.

2 Orbit points

In case of a flow (X, T, ®), a point p € X is called a fixed point if @' (p) = p for all € T. Analogous to this,
in the theory of transformation groups: a point p of a G-space X is called a fixed point if g(p) = p for all
g € G. Also p € X is called a periodic point of the flow if @ (p) = p for some positive 7 € T. Here, in case of
a generalized semigroup, we are defining a new characteristic of a point which is analogous to the periodic
point.

Definition 2.1 Let G be a semigroup on a topological space X. A point p € X is called an orbit point for G
if g(p) = p for some g € G. The set of all orbit points for G is denoted by Orb(G).

Note that the term orbit point is a characteristic of a point associated with its nature: to be self traced under
the dynamics of some map of the semigroup. Whereas, the orbit of a point is a set consisting of all the points
traced by it under the semigroup, including itself. Therefore, one must be careful while dealing with the two
terminologies.
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In [3], authors define the concept of a periodic point for a finitely generated semigroup as follows: a point
x € X is a periodic point with period n if x =g; o...0 g; (x), where g;; are generators of the semigroup
G. However, when the semigroup is not finitely generated, as in the case of a semiflow (action of non-
negative reals), the period need not be a natural number. In that case this definition can not be directly
extended. Thus, our definition of orbit point provides an extension to the more general case.

Now, we shall see various properties of set of orbit points in contrast with that for the set of periodic
points.

Remark 2.1 1f G is abelian then Orb(G) is an invariant subset of X. For p € Orb(G), there is some h € G
such that h(p) = p. Let g € {g,}, be any generator of G. Then

h(g(p)) = g(h(p)) = &(p)-
Thus g(p) € Orb(G) for all g € {g,},.
Remark 2.2 Let (X, G) and (Y, (~;) be two dynamical systems. If p: X — Y is a topological conjugacy

then p(Orb(G)) = Orb(G). As if p € Orb(G), that is, g(p) = p for some g € G, we have,
gopp) =poglp)=rp)

Thus, p(p) € Orb(G) and hence p(Orb(G)) C Orb(G). Also for p € Orb(G), since p~! is a conjugacy from
Y to X, we have, p € p(Orb(G)).

The following example shows that the orbit of an orbit point is not closed in general. Whereas the orbit of a
periodic point is closed (see [1]). Also one can see that in the following non-abelian semigroup the orbit
point is not invariant.

Example 2.1 LetX = Rand G = (g1,8), where g; = x* and g, = x* — 1. Then p = 1 is an orbit point of

(X, G). Also the sequence (g1(p),8281(p),818281(P), 818281(P), £18281(P)s- - -, £18281(P), - ) = (1,1/2,
1/4,1/8,...1/2" ...) is from O(p) and tends to 0. But 0 & O(p).

In [6], we have introduced the notion of w-limit point and recurrent point for the generalized semigroup as
follows:

Definition 2.2 A sequence of functions (f,,) in G = (g,), is said to be unbounded if n; — oo as k — oo
and each f;, consists of exactly n iterates of g, for fix g,, € {g,}, (the set of generators of semigroup G),
that is, fy, =h1 08y 0h2 0 gy 0hz0...0h, 0gy 0hy 11, Where each h; € G = G U {identity} and the
functions h; are independent of g,,.

Note that, if G is generated by finitely many generators then any sequence of distinct elements from G will
be unbounded for some generator of G. Recall that, in case of a discrete or continuous dynamical system

(X,T,®), any unbounded sequence corresponds to the iterates of ®' .

Definition 2.3 A point z € X is called an w— [limit point for a point x € X if for some unbounded sequence
(fi,) in G, fp, (x) — z as k — co. w(x) denotes the set of all w-limit points for x.

Definition 2.4 Let (X, G) be a topological dynamical system. A point x € X is called a recurrent point
with respect to G if x € w(x). The set of all recurrent points of (X, G) is denoted by Rec(G).

As in the classical case of a flow, one can see the following relationship among various subsets of X for the
generalized semigroup,

Fix(G) C Orb(G) C Rec(G).

Here, Fix(G) denotes the set of fixed points for the generalized semigroup, as defined above.

3 Recurrence theorem

In this section we shall prove the Poincaré recurrence theorem (see [2]) for a semigroup G = (g;),., Where
A is a countable set of indices so that G is countable. Further, we shall assume that there is a probability
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measure u defined on the Borel g-algebra of subsets of X. The measure u is said to be G-invariant if
w(g~'(B)) = u(B) for all g € G and B in the Borel o-algebra.

Theorem 3.1 Let G be a semigroup generated by countably many continuous self maps of X and u be a
probability measure that is G-invariant. If A is a Borel set, then for y-a.e. x € A, there exists a g € G such
that g(x) € A. Consequently, for u-a.e. x € A, there exist infinitely many g € G such that g(x) € A.

Proof Since G is countable, the set

B:={x€A:g(x) €AV geG}
=An (e '(x\4)

geG

is a Borel set. Also for g € G we have,

BCBy:=AN([)g"(X\A)).

neN

is a Borel set. Then g~"(B,) N g " (B,) = 0 for distinct m,n € N. Thus,

S e (Be) = ull (e (B))
< u(X)
= 1.

Since p is a G-invariant measure, for every n € N, we have,
1(Bg) = u(g"(By)) =0,

and hence, u(B) < u(B,) = 0.
Moreover, for each h € G, the set

B(h):={x€A:goh(x) €AY ge G}

is a Borel set. Also, with the similar arguments as above, we can see that u(B(h)) =0 for each h € G.
Therefore, for p-a.e. x € A, there exist infinitely many g € G such that g(x) € A. ]

Following proposition is a nice application of the previous theorem, also called the topological analogue of
Poincaré recurrence theorem.

Proposition 3.2 Let G be a semigroup generated by finitely many continuous self maps of a second
countable space X and 1 be a probability measure that is G-invariant. Then almost every point is recurrent.

Proof Let {U;}cn be a countable basis of open subsets of X. By Theorem 3.1, for each i, the u measure of
U; is same as the measure of the set

U; := {x € U; : g(x) € U; for infinitely many g € G}.

Since G has finitely many generators, any sequence of distinct elements from G will be unbounded. Thus we
have, Rec(G) = U U; and hence has full measure in X. O
ieN

4 Nonwandering points

Next we shall define the concept of nonwandering points for the generalized semigroup.

Definition 4.1 Let G = (g,), be a semigroup on a topological space X. A point x € X is called a non-
wandering point for G if for each neighborhood U of x, g(U) N U # ) for some g € G* = G\ {g,},. In the
contrary case x will be called a wandering point for G. The set of all nonwandering points for G is denoted
by Q(G).
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Proposition 4.1 [f G is abelian then the set of all nonwandering points is an invariant subset of X.

Proof Let x € Q(G) and g € {g,},. Let U be a neighborhood of g(x). Since g is continuous, we have,
V =g 1(U) is a neighborhood of x.

Since x € Q(G), there exists ¢ € G* such that V N gV # (). This gives g(V) N gg(V) # 0. Since G is
abelian, we have, U N g(U) # (). Thus g(x) € Q(G) and hence Q(G) is an invariant subset of X. O

Proposition 4.2 The set of all nonwandering points is a closed subset of X.

Proof Let X € Q(G) and U be a neighborhood of x.
Since £ € Q(G), there exists some x € U NQ(G). Then x is a nonwandering point and this implies
g(U)NU # (O for some g € G*. Thus X € Q(G) and hence Q(G) is a closed subset of X. O

Proposition 4.3 Ler (X, G) and (Y, C~;) be two dynamical systems. If p : X — Y is a topological conjugacy
then p(Q(G)) = Q(G).
Proof Let x € Q(G). Let U be a neighborhood of p(x). Since p is continuous, we have, V = p~!(U) is a

neighborhood of x.

Since x € Q(G), there exists g € G* such that V N gV # (). This gives p(V) N pg(V) # 0. Since p is a
conjugacy, we have, U N g(U) # (0. Thus p(x) € Q(G) and hence p(Q(G)) C Q(G).

Conversely, let y € Q(G). Since p~!' is a conjugacy from Y to X, we have, y € p(Q(G)). Thus,
p(Q(G)) = Q(G). u

However, in Definition 2.2 if we assume, in addition, that the unbounded sequence satisfies the relation:
fnk+1 :hk Ofnka (1)
for each k € N and for some A; € G. Then one can conclude the following proposition.

Proposition 4.4 The set of all nonwandering points contains the w-limit set, obtained with the additional
assumption (1) above, for all x € X.

Proof Let y € w(x) and U be a neighborhood of y in X. Since y € w(x), there exists an unbounded
sequence (f,,) in G such that f;, (x) — y as k — oo. Then there exists some N € N such that f,, (x) € U for
each j > N. Since ny — oo as k — oo, there exists some m > N such that f, = gof,, for some g € G".
Therefore, f;,, (x) = g o f,, (x) € g(U).

Thus, f,, (x) € UNg(U) and hence y € Q(G). O

Corollary 4.5 The set of all nonwandering points contains the set of recurrent points, obtained with the
additional assumption (1) above.

Now, we shall strengthen the notion of nonwandering points to establish the other correlations from the
classical theory of dynamics.

Definition 4.2 Let G be a semigroup on a topological space X. A point x € X is called a strongly
nonwandering point for G if for each neighborhood U of x and each g € G, ho g(U) N U # () for some

heG=GU {identity}. The set of all strongly nonwandering points for G is denoted by Qg(G).

However, in the classical case of a continuous or discrete flow the Definition 4.1 and Definition 4.2 are
equivalent, see [1]. Clearly, every strongly nonwandering point is a nonwandering point. But in general the
other implication does not holds. This can be seen from the following example.

Example 4.1 Let X = R and G = (g1, g»), where g; = x> and g, = x*. Then p = —1 is an orbit point of
(X, G) and hence a nonwandering point. Now for the neighborhood U = (—00,0) of p, g1(U) = (0, 00) is

an invariant subset of X under G. Therefore, ho g (U) N U = {) for any h € G. Hence p is not a strongly
nonwandering point of G.

The proofs of following theorems follow with the similar arguments as in the previous case of nonwandering
points.

Proposition 4.6 If G is abelian then the set of all strongly nonwandering points is an invariant subset of X.

Proposition 4.7 The set of all strongly nonwandering points for G is a closed subset of X.
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Proposition 4.8 Let (X, G) and (Y, CN}) be two dynamical systems. If p : X — Y is a topological conjugacy
then p(Qs(G)) = Qs(G).

5 Chain recurrent points

In [4], Conley introduced the notion of chain recurrent points for the flow on a compact topological space.
Also for a general metric space authors have defined it as follows: on a flow (X, T, ®) for ¢t > 0, an (e, 7)-
chain from a to b means a finite sequence (a = xy,...,X,11 = b;1y,...,1,), where for every i, x; € X and
t; >t such that d(®"(x;),x;+1) <e for i = 1,...,n. This can be seen as

d(@"" o @' (x;), x;11) = d(DP (x;), xi11) <€.
We have written its counterpart for a generalized semigroup in the following definition.

Definition 5.1 Let G be a semigroup on a metric space (X, d). Let a,b € X, g € G and € > 0 be given. An
(€, &) -chain from a to b means a finite sequence (a = x1,...,X,+1 = b; g1, .., 8n), Where for every i, x; € X

and g; € G such that d(giog(x),xiy1)<efori=1,...,n.

Thus, the Definition 5.1 above generalizes the concept of a chain for flows in a canonical way. In [7], author
has introduced the notion of chain for the action of a semigroup. Although the definition is applicable in
obtaining the classical results, however, it depends on the choice of a family. The definition coincides with
the classical one only for a particular choice of family, not otherwise. However, our new definition is a direct
generalization of the classical definition.

Definition 5.2 Let G be a semigroup on a metric space (X, d). A pair of points a,b € X are called chain
equivalent points for G if for every € > 0 and g € G there exists an (¢, g)-chain from a to b and an (e, g)-
chain from b to a. The set of all chain equivalent points for G is denoted by CE(G).

Definition 5.3 Let G be a semigroup on a metric space (X, d). A point x € X is called a chain recurrent
point for G if for every e > 0 and g € G there exists an (e, g)-chain from x to itself. The set of all chain
recurrent points for G is denoted by CR(G).

Theorem 5.1 The set of all chain equivalent points for G is closed.

Proof Suppose that (a, b) is a limit point of CE(G). Let ¢ > 0 be given and some g € G. First we shall
construct an (¢, g)-chain from a to b.
Since g is continuous, there are d1,d, > 0 such that

d(x,a) <o, implies d(g(x),g(a)) <e
and

d(y,b) <9, implies d(g(y),g(b)) <e.

Take & = min{d,0,,€/2}. Since (a, b) is a limit point of CE(G), there exists a pair of chain equivalent
point (x, y) such that d(x,a) <o and d(y,b) <J. Then d(g(x), g(a)) <e and hence (a, g(x); identity) is an
(e, g)-chain from a to g(x).

Since (x,y) € CE(G), there exists an (¢/2, g?)-chain (x = xy,...,X,11 = y;&1,--.,8n) from x to y. Then
(g(X),XQ. -y Xn; 81,828 - - '7gn71g) is an (Ga g)-chain from g(x) to Xp.

Since

d(gng*(xn),b) <d(8ng*(x4),y) +d(v,b)

<6+6
22

:67

we have, (x,,b; g,g) is an (e, g)-chain from x, to b.

By transitivity via concatinating these (¢, g)-chains, there is an (e, g)-chain from a to b.

Also interchanging the role of a and b; and x and y, on the similar line we can produce an (e, g)-chain
from b to a. Therefore, the set of all chain equivalent points for G is closed. ]
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Theorem 5.2 The set of all chain recurrent points for G is a closed subset of X.

Proof Since X is a metric space the diagonal A = {(x,x) : x € X} is closed in X x X. Also by Theo-
rem 5.1, the set CE(G) is closed, therefore, the set AN CE(G) is a closed subset of A. Since the canonical
projection map 7 : X x X — X restricted to A is a homeomorphism, it follows that the set CR(G) =
m1|A(AN CE(G)) is a closed subset of X. O

Theorem 5.3 If G is abelian then the chain recurrent set CR (G) is invariant under G.

Proof Letx € CR(G) and g be any generator of G. Let € > 0 be given and some & € G. We shall construct
an (e, h)-chain from g(x) to itself and it will follow that g(x) € CR(G).

Since g is continuous, there exists a d € (0, ¢] such that if d(x,y) <o then d(g(x), g(y)) <e. Also x €
CR(G) implies there is a (J, g o h)-chain (x = xy,...,X,41 = x;hy,. .., h,) from x to itself. That is, for each
i=1,...,n, we have,

d(hiogoh(x;),xi11)<o<e.
In particular, since G is abelian, we have,
d(hyohog(x)),xz) =d(hyogoh(x),xz)
<0

<e.
Also by the continuity of g, we have,
d(hy o g o h(x,),x) <0 implies d(g o h, o g o h(x,),g(x)) <e.
Hence (g(x),x2, ..., %p, g(x);h1,haog,...,h,—10g,80h, 0g)is an (e h)-chain from g(x) to itself. O
Theorem 5.4 Let (X, G) and (Y, G) be two dynamical systems on the metric spaces (X, dx) and (Y, dy). If

a uniformly continuous homeomorphism p : X — Y is a topological conjugacy then p(CR(G)) = CR(G).

Proof Letx € CR(G). Let € > 0 be given and some g € G. First we shall construct an (e, g)-chain from
y = p(x) to itself. Let g € G be such that po g = g o p.

Since p:X — Y is uniformly continuous, there exists a d >0 such that if dx(x;,x;)<d then
dy(p(x1), p(x2)) <e, for x1,x, € X. Also x € CR(G) implies there is a (J,g)-chain (x =x1,..., %41 =
X; &1, .-, &) from x to itself. That is, for each i = 1,...,n, we have,

dyx(gio g(x;),xiv1) <0.
Foreachi=1,...,n+ 1, let y; = p(x;). Since dx(g; o g(x;),xi+1) <0, we have,
dy(g; 0 g(yi),yit1) = dy(p o gioglxi), plxir1)) <e.

Thus (p(x) = y1,-. ., yns1 = p(x): 21, . .-, &,) is an (€, §)-chain from p(x) to itself and hence p(x) € CR(G).

Therefore p(CR(G)) C CR(G).

Conversely, let y € CR(G). Since p~! is a conjugacy from Y to X, we have, y € p(CR(G)). Thus,
p(CR(G)) = CR(G). O
Remark 5.5 If G consists of uniformly continuous maps then the chain recurrent set CR(G) is invariant
under G without the assumption that G is abelian.

Proposition 5.6 The set of chain recurrent points on a metric space contains the set of strongly non-
wandering points.

Proof Let (X, d) be a metric space and x € Qg(G). Let g € G and € > 0 be given. Since g is continuous,
there exists a 0 € (0, €) such that d(g(x),g(y)) <e whenever d(x,y) <9.

Since x € Qg(G), there exists some h€ G such that hog*(B(x,8)) NB(x,8) # (), where
B(x,8) := {y :d(x,y)<d}. Therefore there exists y € B(x,5) such that ho g*(y) € B(x,d). Since
d(x,y) <& we have d(g(x),g(y)) <e. Also ho g*(y) € B(x, ) implies d(hg*(y),x) <d<e.

Thus, (x, g(v), x; identity, h) is an (e, g)-chain from x to itself and hence x € CR(G). O
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Remark 5.7 As compared to the classical theory of dynamics, the orbit point and hence a nonwandering
point need not be chain recurrent in the general setting of a semigroup. In Example 4.1, one can see that for
0<e<1 there does not exist any (e, g;)-chain from p = —1 to itself.
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