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Abstract In this paper, we consider the title simultaneous Pell equations, where a >2,b > 1 are positive
integers and p is an odd prime. Particularly, we give all the solutions when 2 <a <1000 and 1 <5 < 1000.
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1 Introduction

A system of simultaneous Pellian equations is a system of Diophantine equations of the form
ax> —by? =6y, cx’ —dy* = 0s, (1.1)

where a,b,c,d,d1,0, are nonzero integers, and ged(ab,d1) = ged(ed, 6,) = 1. Tt is well-known that if
doy # bo,, then the system (1.1) has at most finitely many solutions in positive integers (see [6] or [7]).

In 1969, Baker and Davenport [2] used the theory of linear forms in logarithms of algebraic numbers to
solve equations (1.1) in the particular case (a, b, c,d, d1,5,) = (1,3,8,1,—2,7). Since then, many systems
of simultaneous Pell equations have been studied (see for examples [1-5, 8, 10], and their references).
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In this paper, we consider the following system of simultaneous Pellian equations
2 22 2
x~ — (a*b°*+a = 1
{ g ; ) ) (1.2)
Y =pz = 4b°,

where a > 2 and b > 1 are positive integers and p is an odd prime number. From the previous papers in the
literature, this is the first time that a system with two parameters a and b is considered. We will prove the
following theorem.

Theorem 1.1 The system (1.2) has solutions if a, b and p satisfy

P2
T3

where .= +1 and f,g € N. Further, if equalities (1.3) are satisfied, then equation (1.2) has only the

ab* , [P —pgt =2, (1.3)

solution

(x,y,2) = (8a’b*+8ab* + 1,4b(2ab*£1), 2bfg).

As consequence, we get also the following result.

(1.4)

Corollary 1.1 All solutions of (1.2), for 2 <a <1000 and 1 < b <1000, in the case + are given by Table 1
and in the case — are given by Table 2 and Table3.

Our proof of Theorem 1.1 is mainly based on an elementary method related to the results that we will recall
or prove in Section 2. For the results in Table 1, Table 2, and Table 3, the computations are done according to

Theorem 1.1, particularly by using the conditions (1.3) and the solutions given by equation (1.4).

2 Some Lemmas

First, we will give some useful lemmas about the solutions of the Pell equation

X - (azbzzl:a)y2 =1. (2.1)
Table 1 Solutions for —
a b p X y <
3 1 11 49 20 6
3 13 2027 2052337 52676 1170
7 1 3 337 52 30
21 1 83 3361 164 18
43 1 19 14449 340 78
57 1 227 25537 452 30
57 301 20657027 213356361582337 12435529652 2736090
61 361 3533147 505566641007841 22958388484 12214074
91 1 3 65521 724 418
111 1 443 97681 884 42
127 13 9539 3685111249 2232100 22854
133 1 59 140449 1060 138
217 13 1811 10758978049 3813940 89622
241 1 107 462721 1924 186
273 1 1091 594049 2180 66
381 1 1523 1158241 3044 78
507 1 2027 2052337 4052 90
721 589 111168907 500520297284253121 1178612750836 111783954
741 61 11029043 60819883718881 1345543124 405162
813 1 3251 5281249 6500 114
871 1 43 6062161 6964 1062
939 7 184043 16935728881 2576588 6006
993 1 11 7880449 7940 2394
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Table 2 Solutions for +

a b V4 y <

2 1 11 49 20 6
2 35 9803 48039601 686140 6930
5 2 83 3361 328 36
6 1 3 337 52 30
10 3 3 65521 2172 1254
14 2 227 25537 904 60
15 4 107 462721 7696 744
17 4 1091 594049 8720 264
20 1 83 3361 164 18
29 910 96059603 4613723568199201 174828475640 17837820
33 2 59 140449 2120 276
33 92 124139 624123781249 205574000 583464
35 6 3 12710881 60504 34932
42 1 19 14449 340 78
42 26 12619 6449072449 5905640 52572
50 7 9803 48039601 137228 1386
51 350 2776667 312250099980001 17493001400 10497900
56 1 227 25537 452 30
60 2 107 462721 3848 372
62 4 11 7880449 31760 9576
68 2 1091 594049 4360 132
77 20 123203 7589366401 4928080 14040
90 1 3 65521 724 418
95 2 1523 1158241 6088 156
98 5 9803 48039601 98020 990
105 164 1255147 63803445363841 3705193616 3307224
110 1 443 97681 884 42
116 455 96059603 4613723568199201 87414237820 8918910
122 11 59051 1743451249 1299100 5346
132 1 59 140449 1060 138
132 46 124139 624123781249 102787000 291732
140 3 3 12710881 30252 17466
155 10 62003 1922124001 1240040 4980
161 464 138650627 9611998045095937 128667780928 10927200
168 13 12619 6449072449 2952820 26286
195 14 16987 11686452961 4280696 32844
203 2 3251 5281249 13000 228
204 175 2776667 312250099980001 8746500700 5248950
221 56 2772227 3842618497537 310489312 186480
222 5 2467 246464401 222020 4470
240 1 107 462721 1924 186
248 2 11 7880449 15880 4788
254 8 65027 2114190337 1040416 4080
257 16 263171 34629224449 8421440 16416
269 410 180875603 16357991699431201 148317993640 11028180
272 1 1091 594049 2180 66
308 10 123203 7589366401 2464040 7020
315 2 3 12710881 20168 11644
380 1 1523 1158241 3044 78

Lemma 2.1 The fundamental solution of Pell equation (2.1) is (x1,y;):=(2ab*+1,2b). So, all positive

integer solutions (x, y) of (2.1) are given by

ot + o

X=X,

forn=1,23 ...

@ Springer

and y=y,=

2vVa2b?+a

ot — o
,with o:=x| + y;Va?b*+a

(2.2)
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Table 3 Solutions for +

a b P X y Z

401 20 347 205826563201 25664080 1377720
410 2 6563 21529921 26248 324

420 82 1255147 63803445363841 1852596808 1653612
437 110 21150803 223678212621601 4653176440 1011780
438 7 9539 3685111249 1201900 12306
485 22 938963 440824818721 41314328 42636
506 1 2027 2052337 4052 90

528 23 124139 624123781249 51393500 145866
557 590 6409643 300751932182253601 915168826360 361480020
573 8 1811 10758978049 2347040 55152
582 4 4139 693781249 298000 4632
590 119 33419963 558446930040721 7953950956 1375878
620 5 62003 1922124001 620020 2490
644 232 138650627 9611998045095937 64333890464 5463600
663 2 131 56286049 42440 3708
674 13 455627 103797525937 11846276 17550
689 2 11027 60786337 44104 420

690 28 1987 2341106100481 121175152 2718408
725 182 96059603 4613723568199201 34965695128 3567564
755 22 1461683 1068257134561 64314008 53196
770 2 12323 75915841 49288 444

780 7 16987 11686452961 2140348 16422
791 4 50627 1281495937 405008 1800
812 1 3251 5281249 6500 114

842 29 2832491 4011499800049 164284420 97614
870 1 43 6062161 6964 1062
884 28 2772227 3842618497537 155244656 93240
906 5 10067 4104361201 906020 9030
915 2 1627 107194081 58568 1452
992 1 11 7880449 7940 2394

Lemma 2.2 We have

e - 4b(2ab*£1) if m is even,
g YmyYm+2) = 2b if m is odd.

Proof The sequence {y,,} satisfies the recurrence relation
Vmia = (16a°b*+16ab® + 2)y,uin — yu (m>0), (2.3)
where yg = 0, y; = 2b, y; = 4b(2ab*+1) and y; = 2b(16a*b*£16ab* + 3). Therefore, it follows that

ng(ylnayn1+2) = ng(ymfbym) = ng(ymf4aym72> =
B gcd(yg, y2) = ged(0,4b(2ab*>+1)) = 4b(2ab>£1)  if m is even,
ged(yy,y3) = ged(2b, 2b(16a’b*+16ab* + 3)) = 2b  if m is odd.

O

Now, we will recall and prove some useful results on the quartic Diophantine equation. The first result due
to Walsh [9].

Lemma 2.3 The equation

X*-Dr*=1, X,YeN (2.4)
has at most two solutions (X, Y). Further, if (2.4) has exactly two solutions, then either
D =2%.1785, (X,Y) = (169,2' %) and (6525617281,2*° -3107), 6 € {0,1} (2.5)
or
(ur,v1) = (25%,1%), (X,Y) = (2s%,¢) and (8s* — 1,2st), 5,1 € N, (2.6)

where (uy,vy) is the fundamental solution of the Pell equation X* — DY* = 1.
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Using Lemma 2.3, we have the following lemmas
Lemma 2.4 The Diophantine equation

X2 — 4b*(@*b*+a)Y* =1 (2.7)
has only one positive solution (2ab*41, 1) except when (a,b) = (85, 1) in the case — and (a,b) = (84, 1) or

(21, 2) in the case +. Otherwise the Diophantine equation (2.7) has two positive solutions (169, 1) and
(6525617281, 6214).

Proof Tt is easy to check that 4b* (a’b*+a) = 2% - 1785 implies that
(a,b,0) € {(85,1,1),(84,1,1),(21,2,1)}. Using Lemma 2.3, we get that the set of solutions of the Dio-
phantine equation (2.7) in the cases (a,b) € {(85,1),(84,1),(21,2)}. Assume now that
(a,b) & {(85,1),(84,1),(21,2)}. Since the fundamental solution of the Pell equation

X* — 4b* (P +a)Y* =1 (2.8)

is 2ab>+1 + 2bvVa?b?>+a, Lemma 2.3 implies that, in this case, the Diophantine equation 2.7 has only one
solution (2ab*+1,1). The lemma is proved. O

Lemma 2.5 The Diophantine equation
X% — 16b*(2ab?*+1)*(a?b*+a)Y* = 1 (2.9)
has only one positive solution (8a*b*+8ab®> + 1,1).

Proof Since 16b*(2ab*+1)*(a2b*+a) # 2% - 1785 for 6 € {0, 1} and the fundamental solution of the Pell
equation

X2 — 160*(2ab*+1)*(a*b*+a)Y? = 1 (2.10)

is (8a’b*+8ab* + 1,4b(2ab*£1)), Lemma 2.3 implies that the Diophantine equation 2.9 has only one
solution (8a?b*48ab?® + 1,1). This proves Lemma 2.5. O

3 The proof of Theorem 1.1

Let (x, y, z) be a solution of (1.2). By Lemma 2.1, we have
x=x, and y=y, (neN). (3.1
Further, since y > 2b, we have
n>1. (3.2)

On the other hand, using the fact that 05 = 1 and o« — & = 4bVa2b?>+a, Lemma 2.1 and the formula (3.1) we
obtain that

ot — o 2
y2_4b2 :yi_4b2 :4b2( , = ) —4b2(aca)"_]
33
4P (" — 1) (ot — ) (3.3)
- \2 = Yn—1Yn+1-
(o0 — @)
We substitute (3.3) into the second equation of (1.2) to obtain

it =2 (3.4)

For the proof, we will consider two cases according to the parity of n.
Case 1: even n. Thus, put n = 2k, where k is a positive integer. Therefore, equation (3.4) becomes

Yok—1Y2k+1 = PZQ- (3-5)

Since ged(yak—1,Yar+1) = 2b (see Lemma 2.2) and p is an odd prime, equation (3.5) implies that either
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Va1 = 2bpc®,  yuy1 = 2bd*, z=12bcd, (c,d €N), (3.6)
or
Va1 = 2bc*, Yo = 2bpd*, z=2bcd, (c,d € N). (3.7)
e When (3.6) holds, the first equation of (1.2) becomes
Xy — 40 (@b La)d* = 1. (3.8)

Thus, Lemma 2.4 implies that
Xokr1 = 169 = x; or xp1 = 6525617281 = x4 if (a,b) € {(85,1),(84,1),(21,2)}, (3.9)
or
Yoyl = 2ab’+1 =x; if (a,b) & {(85,1),(84,1),(21,2)}. (3.10)

But 2k + 1 > 3, so both cases (3.9) and (3.10) are impossible. Thus (3.5) doesn’t hold.
e When (3.7) holds, in this case, the first equation of (1.2) becomes

5y — 4b*(a*b*Ea)ct = 1. (3.11)
Thus, from Lemma 2.4, we deduce that
Xok—1 = 169 = x1 or xp_; = 6525617281 = x4 if (a,b) € {(85,1),(84,1),(21,2)}, (3.12)
or
X1 = 2ab’£1 if (a,b) ¢ {(85,1),(84,1),(21,2)}. (3.13)
In both cases (3.12) and (3.13), we get k = 1 and ¢ = 1. Hence, the second equality of (3.7) becomes
pd® = ;% = 16a%b*+16ab? + 3 = (4ab>+£3)(4ab*+1). (3.14)
Since p is an odd prime, we get from the above equation that
4ab®£2 + ) =f%, 4ab’£2 — A =pg*, d =fg, A= %1, f,g € N. (3.15)

Case 2: odd n. Thus, let n = 2k + 1, where k is a positive integer. Therefore, (3.4) can be rewritten as
Yayakia = pz- (3.16)

Since ged(ya, yori2) = 4b(2ab*£1) (see Lemma 2.2) and p is an odd prime, equation (3.16) implies that
either

you = 4b(2ab*£1)pc?,  yyqo = 4b(2ab*£1)d*, 7= 4b(2ab*£1)cd, (c,d € N), (3.17)
or
you = 4b(2ab*£1)c?,  yyuin = 4b(2ab’+1)pd*, 7= 4b(2ab*+1)cd, (c,d € N). (3.18)
e When (3.17) holds, the first equation of (1.2) becomes
iy — 167 (2ab*£1)* (@b +a)d* = 1. (3.19)
Thus, from Lemma 2.5, we have
Xoepr = 8a’b*£8ab”® + 1. (3.20)

As 2k + 2 >4, hence equation (3.20) is impossible. Thus, (3.5) doesn’t hold.
e When (3.18) holds, in this case, the first equation of (1.2) implies

K%, — 16b*(2ab*+1)* (a*b*+a)c* = 1. (3.21)

Thus, Lemma 2.5 again implies that
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X = 8a’b*+8ab* + 1. (3.22)
So, we get k =1 and ¢ = 1. Hence, the second equality of (3.18) becomes
Y4 214 2
d* = ————— = 2(8a’b*+8ab* + 1).
P = G ) (8a ab” + 1) (3.23)

Since p is an odd prime and 8a?b*+8ab® + 1 is odd, the above equation is impossible. This completes the
proof of Theorem 1.1.
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