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Abstract A number of families of quaternion and octonion number sequence such as (Fibonacci quaternion,
Fibonacci octonion and so forth) have been studied by several authors in many different ways. Besides,
several formulas and identities involving these number sequences have been presented. The aim of this
paper is to consider the octonions with components including quantum integers. We called these type of
octonions the g—Fibonacci octonions and the g—Lucas octonions respectively. Furthermore, we give Binet
formulas, exponential generating functions, summation formulas, Catalan identities, Cassini identities and
d’Ocagne identities, respectively.
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1 Introduction

W.R.Hamilton defined the four dimensional quaternion algebra in 1843. After the Hamilton, J.T. Graves
discovered the octonions in 1843. He called his discovery octoves. Rather than Graves’s definition, A.
Cayley also defined octonions in 1845. For more details related to octonions, we refer to Baez’s paper [4].
Quaternions and octonions have played an important role in various areas such as computer sciences,
physics, differential geometry and quantum physics (see for details [5, 10, 11], see also the closely-related
earlier works cited therein).

The real quaternion algebra

H={q=qo+qii+qj+qk:q €R, s=0,1,2,3}

is a 4-dimensional R-vector space with basis {1 ~ ey, i ~ e, j ~ e, k ~ e;} satisfying multiplication
rules listed in the following table (Table 1)
The real octonion algebra denoted by O is an 8-dimensional real linear space with basis

®:{eO: 11 €] :i7 e2:j7 €3 :ka € =e, €5 :ie7 e6:je7 €7 :ke}7
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Table 1 The multiplication table for the basis of H

X 1 e e es

1 1 e e [
€] €] —1 €3 —€
€ € —€3 -1 €]
€3 €3 € —€; —1

satisfying multiplication rules listed in Table 2.

A various of new results on Fibonacci or Fibonacci-like quaternion and octonion numbers can be found
in several papers, [6, 7, 12-14, 27, 28]. The beginning of the topic of number sequences in division algebra
can be found back to the papers by Horadam in [15] and by Iyer in [20, 21]. Horadam [15], defined the
quaternions with the classic Fibonacci and Lucas number components as

QF, =F,+F,.1e; +F,2e;, + F, 3e;3,
and
OL, =L, + L, 1e; + L2 + L, 3€3,

respectively, where F, and L, are the n-th classic Fibonacci and Lucas numbers respectively. Several
generalizations of the well-known quaternion numbers as the Fibonacci and Lucas quaternions, Pell and
Pell-Lucas quaternions, Jacobshtal and Jacobshtal-Lucas quaternions, and so on have been studied by
several researchers. For more detailed information, please refer to the closely related to the paper
[8, 16, 21, 25, 29-31].

With the aid of the above papers, Akkus and Kizilaslan [1], defined a more general quaternion sequence
by receiving components from complex sequences. Then, they gave some properties and identities related to
these quaternions. Then, in [26], Kizilates defined and examined another generalization of hybrid numbers
which called the g— Fibonacci hybrid numbers and g—Lucas hybrid numbers.

On the other hand, in [24], Kecilioglu and Akkus introduced the Fibonacci octonions and the Lucas
octonions as follows:

7
Qn = § F11+ses>
s=0

and

7
T, = § Ln+xes7
s=0

respectively, where F,, and L, are the n-th classic Fibonacci and Lucas numbers and for 0 <s <7, e, satisfy
the multiplication rules established in Table 2.

In the existing literature on the subject, one can find a fairly large number of papers relating octonions
with special number sequences to algebra, number theory, and other areas (see, for details,
[2, 7,9, 23, 30, 32]; see also the closely-related earlier works cited therein).

Motivated by some of the above-cited recent works, we define two families of the octonions with
components including g—integers. These two families of the octonions are called as the g—Fibonacci

Table 2 The multiplication table for the basis of O

X 1 €] € €3 €y €5 €6 €7

1 1 € € €3 €4 [ €s €7
e e -1 e; —e) es —ey —ey eg
() € —e3 —1 €] €g €7 —€4 —€5
e; [ e —ey —1 e; —eq €s —ey
ey ey —es —eq —ey —1 e e e;
€5 €5 €y —e7 €s —€] —1 —e3 €
eg [ e; ey —es —e) €3 —1 —e
€7 €7 —€6 €5 €y —e3 —€ € —1
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octonions and the g—Lucas octonions, respectively. We give the special cases of the g—Fibonacci octonions
and g—Lucas octonions studied by many researchers previously. We obtain various results for g—Fibonacci
octonions and g—Lucas octonions included Binet formulas, exponential generating functions, summation
formulas, Catalan identities, Cassini identities and d’Ocagne identities, respectively.

2 Definitions and Preliminaries

In this section, we will give some definitions and notations related to our paper. For a,b,p,q € R, the
Horadam numbers W,, = W, (a, b;p, q) are defined by the following recurrence relation

Wn - anfl + an72a

with the initial values Wy = a and W; = b. Some special cases of the Horadam sequence W, (a, b;p, q) are
given as in Table 3.
It is well known that for n > 0, Horadam numbers can be expressed using Binet’s formula
n n
W, = Ao B'B )

o f
where A =b —aff, B=0b—ax, o and f are the roots of the x> — px — g = 0. We note that the above
numbers have been studied in the literature widely and extensively (see, for example, [17-19]). Now, we
talk about some notations related to g—calculus. The theory of the quantum (g—) calculus has been
extensively studied in many branches of mathematics as well as in other areas in physics, probability theory
and so on. For n € No and ¢ # 1, we give the g—integer [n],

1— qn
nl, =

1_q:1+q+q2+...+q”*1. (2.1)

By virtue of (2.1), for all m,n € Z, we can easily find that
m+nl, = [m], +q"[n],.

For more details related to the quantum (g—) calculus, we refer to [3, 22]. Now we give some basic
properties of the octonions. Let x and y be any octonions, i.e;

7
X = E kseh
s=0

and

7
y= Z lsesa
s=0
where the coefficients kg, [; € R.

Table 3 Special cases of the Horadam sequence

a b P q Sequence

0 1 1 1 Fibonacci sequence; F),

2 1 1 1 Lucas sequence; L,

0 1 2 1 Pell sequence; P,

2 2 2 1 Pell-Lucas sequence; PL,

0 1 k 1 k—Fibonacci sequence;
F k.n

2 1 1 k—Lucas sequence; Ly ,

0 1 1 2 Jacobsthal sequence; J,

2 1 2 Jacobsthal-Lucas
sequence; j,

0 1 2 k k—Pell sequence; Py,

2 2 2 k k—Pell-Lucas sequence;
P LkJ‘l
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(1) The sum and subtract of x and y are defined by
7

xky=> (k£ (2.2)

s=0

(2) Every x € O can be written as x = R, + I, and R, = kg and I, = ZZ:I
imaginary parts, respectively.
(3) The conjugate of octonion x is defined by

ke, are called the real and

X=R,—I.. (2.3)
(4) The norm of an octonion is defined by
7
er(x):fx:xf:Zkf. (2.4)
5s=0
(5) The inverse of x # 0 is given by
-1 _ X
T Nr2(x) (2.5)

For all x,y € O, the following equalities hold:

Nr(xy) = Nr*(x)Nr(y), (2.6)

and
(y) =y, (2.7)
x(xy) = 2y, (yx)x = yx*, (xy)x = x(yx) = xyx. (2.8)

3 g—Fibonacci Octonions and g—Lucas Octonions

In this section, we will define a new generalization of Fibonacci and Lucas octonions called g—Fibonacci
octonions and g—Lucas octonions respectively. We study some properties of these octonions. We give Binet
formulas, exponential generating functions and some other identities for the g—Fibonacci octonions and the
g—Lucas octonions.

Definition 3.1 The g—Fibonacci octonions and the g—Lucas octonions are defined by
Fo(o; q) Zoc"“ "n +s] €5 (3.1)

and

R+,

n+s
l’l a q o
5 n—l—s]

——e,. (3.2)

S=

Some special cases of g—Fibonacci octonions OF,(o; ¢) and g—Lucas octonions OL,(a; q) are given as in
Table 4.

Theorem 3.2 The Binet formulas for the q—Fibonacci octonions OF,(x;q) and q—Lucas octonions
OL,(x; q) are

Table 4 Special cases for g—Lucas octonions and g—Fibonacci octonions

o q g—Fibonacci octonions g—Lucas octonions

ﬁ ;—2' Fibonacci octonion; OF, Lucas octonion; OL,

1 —|— ) 2 ;—2' Pell octonion; OP, Pell-Lucas octonion; OPL,
kiviitd ;—2' k—Fibonacci octonion; OFy, k—Lucas octonion; OLy ,

2 ’7' Jacobsthal octonion; OJ, Jacobsthal-Lucas octonion; Oy,
1++V1+k “k k—Pell octonion; OPy, k—Pell-Lucas octonion; OPLy,
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o~

) — "o — (aq)" B 33
OF,(1:) =" 7 F (33)

and
OL,(x; q) = "o + (ocq)"ﬁ, (3.4)

where 5 = 1+ o€ + o€, + -+ a'e; and f =1+ (ag)e; + (ag)’es + - + (aq)e;.
Proof By virtue of (3.1) and (2.1), we find that

s=0
1—4g" 1 — n+1 1— n+7
' — L e a1 L e T,
o —og o—og o —og
2% — (oq)"
(1 —q)
In a similar way, equality (3.4) can be derived. O

Theorem 3.3 The exponential generating functions for the q—Fibonacci octonions and gq— Lucas octo-
nions are

00 Vi =~ ot _ p(ag)t
Z@[Fn(a;q)—':%, (35)
— n! a(l —gq)
and
00 M N
D Ol (x;q), 5 =T + pe" (3.6)
n!
n=0
Proof By virtue of Binet formula for the g—Fibonacci octonions, we have
= N (aq)"ﬁ "
OFu(q) =) \——+— |5
; n! ; o(l —gq) n!
AN o G S 7
a(l—q) = nl a(l —q) per
e — Ee(aq)r
(1 —q)
The result (3.6) can be similarly obtained. O
Theorem 3.4 For n, k>0, we have
" /n i A%@)[FH;{(oc;q) if n is even,
Z( .)(—“26]) OFzisk(9) =4 . ; (3.7)
—\1i AT OL,«(0;q) if n is odd,
" /n i A%@)[L,Hk(oc;q) if n is even,
Z( ) (~29)" Oloa(zma) = { . e, (3.8)
o \ i A2 OF, i (o;q) if nis odd,

where A = (o — aq)*, and

> )10 OFsatoi) = () OF,alii ) (3.9

i—0 \ !
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n <7><—1>i(—aZQ)"i®[in+k(oc; q) = (—a[z]q)"®[tn+k(oc; q)- (3.10)

i—0 \ !

Proof We only prove the equality (3.7). The results (3.8), (3.9) and (3.10) can be similarly obtained. By
virtue of Binet formula (3.5), we have

iizlo (rll ) (_Oﬁzq)ﬂf@[inJrk(Oﬁ q) = g <'ll> (_azq)nia2i+kZ(I _O‘CqITHkB
— (o —o?q)"dta
—a—“q{_(“zqz—azq)”(aq)kﬁ} (3.11)
_ (oc\/Z)”ak& — (_“Qﬂ)”(qu)kﬁ
o — g )

If n is even in (3.11), we get

n

$(0)crar oo

i=0

(“\/K)n“ka — (2gVAY'(2q)" B

o —og

—\/K” oc”*k& — (O(L])n+k/ﬁ\
«(1—q)
=A'OF, (o q).

If nis odd in (3.11), we get

Eni (n > (—o2q)" " OF s 4(; q) =

i—0 \ !

(“\/Z)n“ka + (agvV/A)" (2g) B

o —og

—VA" @5+ ()" D)
=ATOL, (o).
So the proof is completed. O
Theorem 3.5 For n>0, we have
al n i 5 \n—i
> ;| oq) (=) OFi(x;9) = OF2(x:q), (3.12)
i=0
and
~(n i 5 \n—i
> ;) (et aq) (—o?q)" "OLi(% q) = Ola(x ). (3.13)
i=0

Proof Using the Binet formula for the the g—Fibonacci octonions (3.3), we have
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n (n
i=0

(% + og) (—o2q)" " OF (25 )

(”) o+ ag)’ 24)n_i7ai& ~a)'p

\_/

Il
M:

i=0 O{'(l - q)
&) (o +ag) (—oPq)" ol
= > 1_ 2
: <n> o+ 0g) (—o2q)" (o) B
= (1 —q)
(e?(1 +q) —o’q)"a
(1 —q)
 (#q(1 +q) — 2*q)"B
(1 —q)
= ®[F2n(a; Q)
The result (3.13) can be similarly obtained. O

Theorem 3.6 For n>0, we have

>(5) ()" 0

i=0
4 (Ag + OC”[Z]Z)@[Fn(oc; q) if n is even, (3.14)
! (A%(U)U_,,((x;q) — " [2]7OF (o q)) if n is odd, 7
;) V'O (z54)
5 AZ + a2 ]Z)@U_,,(oz;q) if n is even, (3.15)
% (A%OF,(9) — " 2jOL,(25) ) if nis odd, ’
n n
21 + 1 ~oq)" ' OF (39)
3 <A% — 0‘"[2]:>®[Fn71(06; q) if n is even, (3.16)
1 (A";zlG)[Ln_] (2 ) + o' [2]' OF (% q)) if n is odd,
( " )(—a24)n_i®ﬂ4i+l(0€;Q)
2\ 2i+1
3 <A% - an[z];l)@”-nfl (5 q) if n is even, (3.17)

L (ATOF, (0) + 210U, () if mis odd,

Proof Firstly we prove the equality (3.14). By Theorem (3.4), we obtain
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( n) (~oq)" OF4(z:0)

1

(1) 0+ 1) (-0 Ora(ia)

3 (A% + a”[2]2)®[F,,(o<; q) if n is even,

1 (A%@[Ln(cx;q) — 2] OF, (% q)> if nis odd,

Equalities (3.15), (3.16) and (3.17) can be similarly obtained. So the proof is completed. Ol

Theorem 3.7 (Catalan Identities). Let n and r be arbitrary positive integers such that n>r. For the
q—Fibonacci octonions, we have
2n-2 n 1—4g" AAi —r=n
OF (2. 4)0Fy- (339) ~ OF(o.9) = -1 Wjﬁ‘ 1), (3.18)
—q

and for the q—Lucas octonions, we have
OLysr (2 ¢)OL,— (% g) — OLp(e q) = o2g" " (1 — q’)(%’ = q’ﬁ&)- (3.19)

Proof By using the Binet formula of the g—Fibonacci octonions, we have the left hand-side of the equality
(3.18),

OF i, ( q)OF,,—(2; ¢) — OF(x; )

_ (xrE— ()R (2 — (k)"
(1 —q) (1 -q)

(25— (2q)'B\
w(l—q) )~

After some elementary calculations, we get

2" (1 — q")(Bo — "3f)

OF s (3 q)OF (05 q) — OF (2 9) =

(1-49)°
The result (3.19) can be similarly obtained. O
Theorem 3.8 (Cassini Identities). For n > 1, we have
o212 n A&_ 71aA
0,10 0)0F, 1) ~ OF3(aiq) = L2 —02H), (3.20)
and
OLy+1(2:.9)OL,1(2:.9) — OL3 (o q) = o2g" (1 — q) (&3 - qﬁ&) (3:21)

Proof Since the Cassini identity is a special case of Catalan identity (for » = 1 ), the proof is trivial. []

Theorem 3.9 (d’Ocagne Identities). Let n be a nonnegative integer and m a natural number. If m > n + 1,
for the g—Fibonacci octonions, we have

aernfl na/\_ m By
OF (25 4)OF 1 (2: @) — OF 11 (x5 q)OF, (o g) = 2P — 4"F2) (3.22)

and for the q—Lucas octonions, we have
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OLy (2 9)OLy1 (% q) — OLyus (2.9)OLy (05 9) = o™+ (g — 1)(¢"8f — " f3). (3.23)
Proof By using the Binet formula of the g—Fibonacci octonions, we have
OF (o q)OF,41(2; q) — OF py1 (2 ) OF (245 )
"3 (ag)" B 1E — (ag)" B
 a(l—g) (1 - q)
"5 — (ag)"" B oG — (2q)" B
(1 —q) (1 —g)

After some calculations, we can easily see that

omtn=1 n(’x\/\_ m’\a
OF (0t ) OF 1 (4 ) — OF 1 (1 9)OF 5 (25.9) = ((q1 _ﬁq) q"fa)

The result (3.23) can be similarly obtained. ]

4 Conclusion

In our present investigation, we have introduced and studied systematically g—Fibonacci octonions and
g—Lucas octonions which are defined by means of the g—integer. We have derived several interesting
properties of these g— Fibonacci octonions and g—Lucas octonions such as Binet formulas, exponential
generating functions, summation formulas, Cassini identities, Catalan identities and d’Ocagne identities.
According to the special cases of o and ¢, all the results given in Section 3 are applicable to all Fibonacci-
type octonions and Lucas-type octonions mentioned in Table 4. Indeed, for the interested readers of this
work, results presented here have the potential to motivate further researches of the subject of the g—
Fibonacci octonions and g—Lucas sedenions with negative indices.
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