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Abstract A number of families of quaternion and octonion number sequence such as (Fibonacci quaternion,
Fibonacci octonion and so forth) have been studied by several authors in many different ways. Besides,
several formulas and identities involving these number sequences have been presented. The aim of this
paper is to consider the octonions with components including quantum integers. We called these type of
octonions the q�Fibonacci octonions and the q�Lucas octonions respectively. Furthermore, we give Binet
formulas, exponential generating functions, summation formulas, Catalan identities, Cassini identities and
d’Ocagne identities, respectively.
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1 Introduction

W.R.Hamilton defined the four dimensional quaternion algebra in 1843. After the Hamilton, J.T. Graves
discovered the octonions in 1843. He called his discovery octoves. Rather than Graves’s definition, A.
Cayley also defined octonions in 1845. For more details related to octonions, we refer to Baez’s paper [4].
Quaternions and octonions have played an important role in various areas such as computer sciences,
physics, differential geometry and quantum physics (see for details [5, 10, 11], see also the closely-related
earlier works cited therein).

The real quaternion algebra

H ¼ q ¼ q0 þ q1iþ q2jþ q3k : qs 2 R; s ¼ 0; 1; 2; 3f g

is a 4-dimensional R-vector space with basis 1 ’ e0; i ’ e1; j ’ e2; k ’ e3f g satisfying multiplication
rules listed in the following table (Table 1)

The real octonion algebra denoted by O is an 8-dimensional real linear space with basis

O¼ e0 ¼ 1; e1 ¼ i; e2 ¼ j; e3 ¼ k; e4 ¼ e; e5 ¼ ie; e6 ¼ je; e7 ¼ kef g;
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satisfying multiplication rules listed in Table 2.
A various of new results on Fibonacci or Fibonacci-like quaternion and octonion numbers can be found

in several papers, [6, 7, 12–14, 27, 28]. The beginning of the topic of number sequences in division algebra
can be found back to the papers by Horadam in [15] and by Iyer in [20, 21]. Horadam [15], defined the
quaternions with the classic Fibonacci and Lucas number components as

QFn ¼ Fn þ Fnþ1e1 þ Fnþ2e2 þ Fnþ3e3;

and

QLn ¼ Ln þ Lnþ1e1 þ Lnþ2e2 þ Lnþ3e3;

respectively, where Fn and Ln are the n-th classic Fibonacci and Lucas numbers respectively. Several
generalizations of the well-known quaternion numbers as the Fibonacci and Lucas quaternions, Pell and
Pell-Lucas quaternions, Jacobshtal and Jacobshtal-Lucas quaternions, and so on have been studied by
several researchers. For more detailed information, please refer to the closely related to the paper
[8, 16, 21, 25, 29–31].

With the aid of the above papers, Akkus and Kizilaslan [1], defined a more general quaternion sequence
by receiving components from complex sequences. Then, they gave some properties and identities related to
these quaternions. Then, in [26], Kızılateş defined and examined another generalization of hybrid numbers
which called the q� Fibonacci hybrid numbers and q�Lucas hybrid numbers.

On the other hand, in [24], Keçilioğlu and Akkus introduced the Fibonacci octonions and the Lucas
octonions as follows:

Qn ¼
X7

s¼0

Fnþses;

and

Tn ¼
X7

s¼0

Lnþses;

respectively, where Fn and Ln are the n-th classic Fibonacci and Lucas numbers and for 0� s� 7; es satisfy
the multiplication rules established in Table 2.

In the existing literature on the subject, one can find a fairly large number of papers relating octonions
with special number sequences to algebra, number theory, and other areas (see, for details,
[2, 7, 9, 23, 30, 32]; see also the closely-related earlier works cited therein).

Motivated by some of the above-cited recent works, we define two families of the octonions with
components including q�integers. These two families of the octonions are called as the q�Fibonacci

Table 1 The multiplication table for the basis of H

� 1 e1 e2 e3

1 1 e1 e2 e3

e1 e1 �1 e3 �e2

e2 e2 �e3 �1 e1

e3 e3 e2 �e1 �1

Table 2 The multiplication table for the basis of O

� 1 e1 e2 e3 e4 e5 e6 e7

1 1 e1 e2 e3 e4 e5 e6 e7

e1 e1 �1 e3 �e2 e5 �e4 �e7 e6

e2 e2 �e3 �1 e1 e6 e7 �e4 �e5

e3 e3 e2 �e1 �1 e7 �e6 e5 �e4

e4 e4 �e5 �e6 �e7 �1 e1 e2 e3

e5 e5 e4 �e7 e6 �e1 �1 �e3 e2

e6 e6 e7 e4 �e5 �e2 e3 �1 �e1

e7 e7 �e6 e5 e4 �e3 �e2 e1 �1
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octonions and the q�Lucas octonions, respectively. We give the special cases of the q�Fibonacci octonions
and q�Lucas octonions studied by many researchers previously. We obtain various results for q�Fibonacci
octonions and q�Lucas octonions included Binet formulas, exponential generating functions, summation
formulas, Catalan identities, Cassini identities and d’Ocagne identities, respectively.

2 Definitions and Preliminaries

In this section, we will give some definitions and notations related to our paper. For a; b; p; q 2 R; the
Horadam numbers Wn ¼ Wnða; b; p; qÞ are defined by the following recurrence relation

Wn ¼ pWn�1 þ qWn�2;

with the initial values W0 ¼ a and W1 ¼ b: Some special cases of the Horadam sequence Wnða; b; p; qÞ are
given as in Table 3.

It is well known that for n� 0; Horadam numbers can be expressed using Binet’s formula

Wn ¼
Aan � Bbn

a� b
;

where A ¼ b� ab; B ¼ b� aa; a and b are the roots of the x2 � px� q ¼ 0. We note that the above
numbers have been studied in the literature widely and extensively (see, for example, [17–19]). Now, we
talk about some notations related to q�calculus. The theory of the quantum (q�) calculus has been
extensively studied in many branches of mathematics as well as in other areas in physics, probability theory
and so on. For n 2 N0 and q 6¼ 1, we give the q�integer ½n�q

½n�q ¼
1� qn

1� q
¼ 1þ qþ q2 þ :::þ qn�1: ð2:1Þ

By virtue of (2.1), for all m; n 2 Z; we can easily find that

½mþ n�q ¼ ½m�q þ qm½n�q:

For more details related to the quantum (q�) calculus, we refer to [3, 22]. Now we give some basic
properties of the octonions. Let x and y be any octonions, i.e;

x ¼
X7

s¼0

kses,

and

y ¼
X7

s¼0

lses;

where the coefficients ks; ls 2 R:

Table 3 Special cases of the Horadam sequence

a b p q Sequence

0 1 1 1 Fibonacci sequence; Fn

2 1 1 1 Lucas sequence; Ln

0 1 2 1 Pell sequence; Pn

2 2 2 1 Pell-Lucas sequence; PLn

0 1 k 1 k�Fibonacci sequence;
Fk;n

2 1 k 1 k�Lucas sequence; Lk;n

0 1 1 2 Jacobsthal sequence; Jn

2 1 1 2 Jacobsthal-Lucas
sequence; jn

0 1 2 k k�Pell sequence; Pk;n

2 2 2 k k�Pell-Lucas sequence;
PLk;n
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(1) The sum and subtract of x and y are defined by

x� y ¼
X7

s¼0

ðks � lsÞes: ð2:2Þ

(2) Every x 2 O can be written as x ¼ Rx þ Ix; and Rx ¼ k0 and Ix ¼
P7

s¼1 kses are called the real and
imaginary parts, respectively.

(3) The conjugate of octonion x is defined by

�x ¼ Rx � Ix: ð2:3Þ

(4) The norm of an octonion is defined by

Nr2ðxÞ ¼ �x:x ¼ x:�x ¼
X7

s¼0

k2
s : ð2:4Þ

(5) The inverse of x 6¼ 0 is given by

x�1 ¼ �x

Nr2ðxÞ : ð2:5Þ

For all x; y 2 O; the following equalities hold:

Nr2ðxyÞ ¼ Nr2ðxÞNr2ðyÞ; ð2:6Þ

and

ðxyÞ�1 ¼ y�1x�1; ð2:7Þ

xðxyÞ ¼ x2y, ðyxÞx ¼ yx2; ðxyÞx ¼ xðyxÞ ¼ xyx: ð2:8Þ

3 q�Fibonacci Octonions and q�Lucas Octonions

In this section, we will define a new generalization of Fibonacci and Lucas octonions called q�Fibonacci
octonions and q�Lucas octonions respectively. We study some properties of these octonions. We give Binet
formulas, exponential generating functions and some other identities for the q�Fibonacci octonions and the
q�Lucas octonions.

Definition 3.1 The q�Fibonacci octonions and the q�Lucas octonions are defined by

OFnða; qÞ ¼
X7

s¼0

anþs�1 nþ s½ �qes; ð3:1Þ

and

OLnða; qÞ ¼
X7

s¼0

anþs
2ðnþ sÞ½ �q

nþ s½ �q
es: ð3:2Þ

Some special cases of q�Fibonacci octonions OFnða; qÞ and q�Lucas octonions OLnða; qÞ are given as in
Table 4.

Theorem 3.2 The Binet formulas for the q�Fibonacci octonions OFnða; qÞ and q�Lucas octonions
OLnða; qÞ are

Table 4 Special cases for q�Lucas octonions and q�Fibonacci octonions

a q q�Fibonacci octonions q�Lucas octonions
1þ
ffiffi
5
p

2
�1
a2 Fibonacci octonion; OFn Lucas octonion; OLn

1þ
ffiffiffi
2
p �1

a2 Pell octonion; OPn Pell-Lucas octonion; OPLn
kþ
ffiffiffiffiffiffiffiffi
k2þ4
p

2
�1
a2 k�Fibonacci octonion; OFk;n k�Lucas octonion; OLk;n

2 �1
2

Jacobsthal octonion; OJn Jacobsthal-Lucas octonion; Ojn

1þ
ffiffiffiffiffiffiffiffiffiffiffi
1þ k
p �k

a2 k�Pell octonion; OPk;n k�Pell-Lucas octonion; OPLk;n
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OFnða; qÞ ¼ anba � ðaqÞnbb
að1� qÞ ; ð3:3Þ

and

OLnða; qÞ ¼ anba þ ðaqÞnbb; ð3:4Þ

where ba ¼ 1þ ae1 þ a2e2 þ � � � þ a7e7 and bb ¼ 1þ ðaqÞe1 þ ðaqÞ2e2 þ � � � þ ðaqÞ7e7:

Proof By virtue of (3.1) and (2.1), we find that

OFnða; qÞ ¼
X7

s¼0

anþs�1 nþ s½ �qes

¼an 1� qn

a� aq
e0 þ anþ1 1� qnþ1

a� aq
e1 þ � � � þ anþ7 1� qnþ7

a� aq
e7

¼ anba � ðaqÞnbb
að1� qÞ :

In a similar way, equality (3.4) can be derived. h

Theorem 3.3 The exponential generating functions for the q�Fibonacci octonions and q� Lucas octo-
nions are

X1

n¼0

OFnða; qÞ tn

n!
¼ baeat � bbe aqð Þt

að1� qÞ ; ð3:5Þ

and

X1

n¼0

OLnða; qÞ tn

n!
¼ baeat þ bbe aqð Þt: ð3:6Þ

Proof By virtue of Binet formula for the q�Fibonacci octonions, we have

X1

n¼0

OFnða; qÞ tn

n!
¼
X1

n¼0

anba � ðaqÞnbb
að1� qÞ

 !
tn

n!

¼ ba
að1� qÞ

X1

n¼0

atð Þn

n!
�

bb
að1� qÞ

X1

n¼0

aqtð Þn

n!

¼ baeat � bbe aqð Þt

að1� qÞ :

The result (3.6) can be similarly obtained. h

Theorem 3.4 For n; k� 0; we have

Xn

i¼0

n

i

� �
�a2q
� �n�i

OF2iþkða; qÞ ¼
D

n
2OFnþkða; qÞ if n is even,

D
n�1

2 OLnþkða; qÞ if n is odd,

(
; ð3:7Þ

Xn

i¼0

n

i

� �
�a2q
� �n�i

OL2iþkða; qÞ ¼
D

n
2OLnþkða; qÞ if n is even,

D
nþ1

2 OFnþkða; qÞ if n is odd,

(
; ð3:8Þ

where D ¼ ða� aqÞ2; and

Xn

i¼0

n

i

� �
�1ð Þi �a2q

� �n�i
OF2iþkða; qÞ ¼ �a 2½ �q

� �n

OFnþkða; qÞ; ð3:9Þ
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Xn

i¼0

n

i

� �
�1ð Þi �a2q

� �n�i
OL2iþkða; qÞ ¼ �a 2½ �q

� �n

OLnþkða; qÞ: ð3:10Þ

Proof We only prove the equality (3.7). The results (3.8), (3.9) and (3.10) can be similarly obtained. By
virtue of Binet formula (3.5), we have

Xn

i¼0

n

i

� �
�a2q
� �n�i

OF2iþkða; qÞ ¼
Xn

i¼0

n

i

� �
�a2q
� �n�ia2iþkba � ðaqÞ2iþkbb

að1� qÞ

¼ 1

a� aq

a2 � a2qð Þnakba
� a2q2 � a2qð ÞnðaqÞkbb

( )

¼
a
ffiffiffiffi
D
p� �n

akba � ð�aq
ffiffiffiffi
D
p
ÞnðaqÞkbb

a� aq
:

ð3:11Þ

If n is even in (3.11), we get

Xn

i¼0

n

i

� �
�a2q
� �n�i

OF2iþkða; qÞ ¼
a
ffiffiffiffi
D
p� �n

akba � ðaq
ffiffiffiffi
D
p
ÞnðaqÞkbb

a� aq

¼
ffiffiffiffi
D
p n anþkba � ðaqÞnþkbb

að1� qÞ
¼D

n
2OFnþkða; qÞ:

If n is odd in (3.11), we get

Xn

i¼0

n

i

� �
�a2q
� �n�i

OF2iþkða; qÞ ¼
a
ffiffiffiffi
D
p� �n

akba þ ðaq
ffiffiffiffi
D
p
ÞnðaqÞkbb

a� aq

¼
ffiffiffiffi
D
p n�1

ðanþkba þ ðaqÞnþkbbÞ
¼D

n�1
2 OLnþkða; qÞ:

So the proof is completed. h

Theorem 3.5 For n� 0; we have

Xn

i¼0

n

i

� �
aþ aqð Þi �a2q

� �n�i
OFiða; qÞ ¼ OF2nða; qÞ; ð3:12Þ

and

Xn

i¼0

n

i

� �
aþ aqð Þi �a2q

� �n�i
OLiða; qÞ ¼ OL2nða; qÞ: ð3:13Þ

Proof Using the Binet formula for the the q�Fibonacci octonions (3.3), we have
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Xn

i¼0

n

i

� �
aþ aqð Þi �a2q

� �n�i
OFiða; qÞ

¼
Xn

i¼0

n

i

� �
aþ aqð Þi �a2q

� �n�iaiba � ðaqÞibb
að1� qÞ

¼
Xn

i¼0

n

i

� �
aþ aqð Þi �a2qð Þn�i

aiba
að1� qÞ

�
Xn

i¼0

n

i

� �
aþ aqð Þi �a2qð Þn�iðaqÞibb

að1� qÞ

¼ ða
2ð1þ qÞ � a2qÞnba

að1� qÞ

� ða
2qð1þ qÞ � a2qÞnbb

að1� qÞ
¼ OF2nða; qÞ:

The result (3.13) can be similarly obtained. h

Theorem 3.6 For n� 0; we have

Xn

i¼0

n

2i

� �
�a2q
� �n�i

OF4iða; qÞ

¼
1
2

D
n
2 þ an 2½ �nq

� �
OFnða; qÞ if n is even,

1
2

D
n�1

2 OLnða; qÞ � an 2½ �nqOFnða; qÞ
� �

if n is odd,

8
><

>:
;

ð3:14Þ

Xn

i¼0

n

2i

� �
�a2q
� �n�i

OL4iða; qÞ

¼
1
2

D
n
2 þ an 2½ �nq

� �
OLnða; qÞ if n is even,

1
2

D
nþ1

2 OFnða; qÞ � an 2½ �nqOLnða; qÞ
� �

if n is odd,

8
><

>:
;

ð3:15Þ

Xn

i¼0

n

2iþ 1

� �
�a2q
� �n�i

OF4iþ1ða; qÞ

¼
1
2

D
n
2 � an 2½ �nq

� �
OFn�1ða; qÞ if n is even,

1
2

D
n�1

2 OLn�1ða; qÞ þ an 2½ �nqOFn�1ða; qÞ
� �

if n is odd,

8
><

>:
;

ð3:16Þ

Xn

i¼0

n

2iþ 1

� �
�a2q
� �n�i

OL4iþ1ða; qÞ

¼
1
2

D
n
2 � an 2½ �nq

� �
OLn�1ða; qÞ if n is even,

1
2

D
nþ1

2 OFn�1ða; qÞ þ an 2½ �nqOLn�1ða; qÞ
� �

if n is odd,

8
><

>:
:

ð3:17Þ

Proof Firstly we prove the equality (3.14). By Theorem (3.4), we obtain
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Xn

i¼0

n

2i

� �
�a2q
� �n�i

OF4iða; qÞ

¼ 1

2

Xn

i¼0

n

i

� �
ð1þ ð�1ÞiÞ �a2q

� �n�i
OF2iða; qÞ

¼
1
2

D
n
2 þ an 2½ �nq

� �
OFnða; qÞ if n is even,

1
2

D
n�1

2 OLnða; qÞ � an 2½ �nqOFnða; qÞ
� �

if n is odd,

8
><

>:
:

Equalities (3.15), (3.16) and (3.17) can be similarly obtained. So the proof is completed. h

Theorem 3.7 (Catalan Identities). Let n and r be arbitrary positive integers such that n� r: For the
q�Fibonacci octonions, we have

OFnþrða; qÞOFn�rða; qÞ �OF2
nða; qÞ ¼ a2n�2qnð1� qrÞðbbba � q�rbabbÞ

ð1� qÞ2
; ð3:18Þ

and for the q�Lucas octonions, we have

OLnþrða; qÞOLn�rða; qÞ �OL2
nða; qÞ ¼ a2nqn�rð1� qrÞ babb � qrbbba

� �
: ð3:19Þ

Proof By using the Binet formula of the q�Fibonacci octonions, we have the left hand-side of the equality
(3.18),

OFnþrða; qÞOFn�rða; qÞ �OF2
nða; qÞ

¼ anþrba � ðaqÞnþrbb
að1� qÞ

 !
an�rba � ðaqÞn�rbb

að1� qÞ

 !

� anba � ðaqÞnbb
að1� qÞ

 !2

:

After some elementary calculations, we get

OFnþrða; qÞOFn�rða; qÞ �OF2
nða; qÞ ¼ a2n�2qnð1� qrÞðbbba � q�rbabbÞ

ð1� qÞ2
:

The result (3.19) can be similarly obtained. h

Theorem 3.8 (Cassini Identities). For n� 1; we have

OFnþ1ða; qÞOFn�1ða; qÞ �OF2
nða; qÞ ¼ a2n�2qnðbbba � q�1babbÞ

ð1� qÞ ; ð3:20Þ

and

OLnþ1ða; qÞOLn�1ða; qÞ �OL2
nða; qÞ ¼ a2nqn�1ð1� qÞ babb � qbbba

� �
: ð3:21Þ

Proof Since the Cassini identity is a special case of Catalan identity (for r ¼ 1 ), the proof is trivial. h

Theorem 3.9 (d’Ocagne Identities). Let n be a nonnegative integer and m a natural number. If m [ nþ 1;
for the q�Fibonacci octonions, we have

OFmða; qÞOFnþ1ða; qÞ �OFmþ1ða; qÞOFnða; qÞ ¼ amþn�1ðqnbabb � qmbbbaÞ
ð1� qÞ ; ð3:22Þ

and for the q�Lucas octonions, we have
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OLmða; qÞOLnþ1ða; qÞ �OLmþ1ða; qÞOLnða; qÞ ¼ amþnþ1ðq� 1Þðqnbabb � qmbbbaÞ: ð3:23Þ

Proof By using the Binet formula of the q�Fibonacci octonions, we have

OFmða; qÞOFnþ1ða; qÞ �OFmþ1ða; qÞOFnða; qÞ

¼ amba � ðaqÞmbb
að1� qÞ

anþ1ba � ðaqÞnþ1bb
að1� qÞ

� amþ1ba � ðaqÞmþ1bb
að1� qÞ

anba � ðaqÞnbb
að1� qÞ :

After some calculations, we can easily see that

OFmða; qÞOFnþ1ða; qÞ �OFmþ1ða; qÞOFnða; qÞ ¼ amþn�1ðqnbabb � qmbbbaÞ
ð1� qÞ :

The result (3.23) can be similarly obtained. h

4 Conclusion

In our present investigation, we have introduced and studied systematically q�Fibonacci octonions and
q�Lucas octonions which are defined by means of the q�integer. We have derived several interesting
properties of these q� Fibonacci octonions and q�Lucas octonions such as Binet formulas, exponential
generating functions, summation formulas, Cassini identities, Catalan identities and d’Ocagne identities.
According to the special cases of a and q, all the results given in Section 3 are applicable to all Fibonacci-
type octonions and Lucas-type octonions mentioned in Table 4. Indeed, for the interested readers of this
work, results presented here have the potential to motivate further researches of the subject of the q�
Fibonacci octonions and q�Lucas sedenions with negative indices.
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24. O. Kecilioglu and I. Akkus, The Fibonacci octonions, Adv. Appl. Clifford Algebras, 25 (2015), 151-158.
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