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Abstract In this paper, we give sufficient conditions for the globally exponential stability of p-mean
piecewise pseudo almost periodic mild solutions of a class of impulsive partial stochastic differential
equations with infinite delay in Hilbert spaces. Our working tools are based on the fixed-point theorem for
condensing maps combined with theory of operator semigroups and the stochastic analysis techniques. To
illustrate our main result, we study the globally exponential stability of the neutral stochastic model arising
in physical systems with infinite delay.
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1 Introduction

Pseudo almost periodic functions and pseudo almost periodic solutions of deterministic differential equa-
tions had been extensively investigated; see [1-3] and references therein. In the real world, stochastic
perturbation is unavoidable and omnipresent. Therefore, we must include the stochastic effects into the
investigation of differential systems. Some works have been done on the pseudo almost periodicity for these
equations (see [4—7] and the references therein). In particular, Bezandry and Diagana [8], Diop et al. [9]
studied the existence of p-mean pseudo almost periodic mild solutions to partial stochastic differential
equations in Hilbert spaces.

The theory of impulsive differential equations has been an object of increasing interest because of its
wide applicability in biology, medicine, and in many other fields [10]. Therefore, it seems interesting to
study the existence and stability of piecewise pseudo almost periodic solutions to abstract impulsive dif-
ferential equations; see [11-14]. However, besides impulse effects and delays, stochastic effects likewise
exist in real systems. In recent years, the authors in [15, 16] investigated the existence and stability of
square-mean piecewise almost periodic solutions for nonlinear impulsive stochastic differential equations.
Yan and Lu [17] established the existence and exponential stability of p-mean pseudo almost periodic
solutions for impulsive nonautonomous partial stochastic evolution equations. In this paper, we study the
existence and globally exponential stability of p-mean piecewise pseudo almost periodic mild solutions to
the following impulsive partial stochastic differential equations with infinite delay:
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dlx(r) — h(t,x)] = [Ax(t) + g(t,x)dt + f(t,x)dW(1), tE€R, t#8, i€Z, (1.1)
Ax(ty) = x(}) = x(67) = L(x(1), i €Z. (1.2)

where A is the infinitesimal generator of an exponentially stable semigroup of linear operators on a Banach
space 17(P,H); the coefficients h,g: R x B — [P(P,H) and f:R x B — L[P(P,L9) are appropriate
functions, B is a abstract phase space defined in the next section. Also, the history x; : (—o0,0] — L/ (P, H),
defined by x,(6) = x(¢ + 0) for each 6 € (—o0,0]. W(¢) is a two-sided standard one-dimensional Brownian
motion defined on the filtered probability space (Q,F, P, F,), where F, = a{W(s) — W(t);s,7<t}. The
functions 7;, #; satisfy suitable conditions which will be established later. The notations x(z;"), x(#;") represent
the right-hand side and the left-hand side limits of x(-) at 7;, respectively.

Compared with the earlier related results [15-17], there are at least three essential differences: (i) We
introduce a new concept of p-mean piecewise pseudo almost periodicity for stochastic processes with
infinite delay, which, in turn generalizes all the above-mentioned concepts. (ii) We obtain the existence of p-
mean piecewise pseudo almost periodic solutions of the system (1.1)-(1.2) by using a fixed-point theorem
for condensing maps, theory of operator semigroups, the stochastic analysis theory and new composition
theorems (Lemma 2.5) for p-mean pseudo almost periodic functions with infinite delay. (iii) We establish
the globally exponential stability of the system (1.1)—(1.2) under the assumption that the nonlinear functions
satisfy a linear growth condition (Theorem 4.1). In addition, by using the behavior of delays functional, we
do not require some inequality control conditions such that it is effective for impulsive systems.

2 Preliminaries

We assume that (H, || - ||), (I, || - ||i) are real separable Hilbert spaces and (Q, F, P, F;) is supposed to be
a filtered complete probability space.

Define L?(P,H), for p > 1, to be the space of all H-valued random variables V such that E || V ||P=
Jo | V||P dP <oco. Then LP(P,H) is a Banach space when it is equipped with its natural norm || - ||,

defined by || V [l,= (Jo E || V I dP)"? <o for each V € 17 (P, H).

Let L(IK,H) be the space of all linear bounded operators from K into H, equipped with the usual
operator norm || - ||k 4); in particular, this is simply denoted by L(H) when I = H.

LY(K,H) denotes the space of all Q-Hilbert-Schmidt operators from K to H with the norm || ¢ [|7,=
Tr(yQy*) < oo for any y € L(IK, H). ?

Let T be the set consisting of all real sequences {7;},., such that y = inf;cz(f;y1 — ;) > 0, lim; oo t; =
oo and lim;_,_ t; = —o0.

For {t;},., € T, let PC(R,L’(P,H)) be the space consisting of all bounded piecewise continuous
processes f : R — (P, H) such that f(-) is continuous at ¢ for any ¢ ¢ {t;},., and f(#;) = f(z;") for all
icZ.

Let PC(R x L(P,K),LP(PP,H)) be the space formed by all piecewise continuous processes f :
R x (P, K) — L”(P,H) such that for any x € L/(P,K), f(-,x) € PC(R,L*(P,H)) and for any ¢ €
R,f(z,-) is continuous at x € L7 (P, K).

We denote by AP7r(R,L’(P,H)) and AP7(R x L7(P, K),LP(P,H)) the collection of all the p-mean
piecewise almost periodic functions.

Obviously, the space AP7(R,L”(P,H)) endowed with the sup norm defined by || f ||co= (sup,cg E ||

F (@) ||p)l/p for any f € APr(R, L (P, H)) is a Banach space.

Definition 2.1 ([10]). For {t;},., € T, {tlj =tiyj — 1;},j € Z, is said to be equipotentially almost periodic
if for every sequence of integer numbers {o/ }, there exist a subsequence {«,} and a sequence {;} such that
limy, oo |fisy, — 1 — f] =0 for all i € Z.

Throughout the rest of this paper, we always assume that {t/} are equipotentially almost periodic.

Let UPC(R, (P, H)) be the space of all stochastic functions f € PC(R, L” ([P, H)) such that f satisfies
the condition (ii) of Definition 2.6 in [17].

Denote by AP(Z, [P (P, H))) the set of p-mean almost periodic sequences, PAP(Z,L? (P, H)) the set of
p-mean pseudo almost periodic sequences (see [17]).
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Globally exponential stability of a partial stochastic differential equation... 243

Lemma 2.1 (Compare with [10]). Assume that f € APr(R,LP(P,H)), the sequence {xi};c; €
AP(Z,17(P,H)), and {t]},j € Z, are equipotentially almost periodic. Then, for each ¢ > 0, there exist
relatively dense sets Q. of R and Q. of Z such that

@) E|fit+71)—f@)|IP <eforallt e R, |t —1;| >¢,1€ Quand i € Z.
() E | xipg—xi |V <eforallgeQ,andicZ.
(i) E||x!—1|]P <e forallfor all g, 1 € Q. and i € 7.

We need to introduce the new spaces of functions defined for each ¢ > 0 by

im (s EN70)17) =0},

790 \ felt—q.]

PCYR, L (P,H),q) = {f € PC(R,I” (P, H))

PAPY.(R, ¥ (P,H),q) = {f € PC(R,L”(P,H)) : lim 1 r < sup E || f(0) ||1’>dt = 0},

r=o02r J_, 0clt—q.1]

PAPY.(R x I (P, K), L (P, H), q)

_ {f € PC(R x 1(P, 1K), 1(P,H)) : lim — [ ( sup E || £(0,%) ||p>dt —0

r—o2r J_, 0€(t—q,]

uniformly with respect to x € K, where K is an arbitrary compact subset of L7 (P, ) },

where in both cases the limit (as r — o) is uniform in compact subset of L(P, ).

Now, we recall the definition of fading memory space (phase space) I3 axiomatically presented in [18].
Let B denote the vector space of functions x; : (—oc, 0] — L”(P, H) defined as x,(s) = x(¢ + 5) for s € R,
endowed with a seminorm denoted by || - ||z . A Banach space (B, || - ||z) which consists of such functions
@ : (—00,0] — LP(P,H) is called a fading memory space, if it satisfies the following axioms due to Hale
and Kato (see e.g., in [18]).

(A) If x: (—o00,0+b] — LP(P,H) with b > 0,0 € R is continuous on [0,0 + b] and x, € B, then for
every ¢ € [o,d + b] the following conditions hold:

(i) xisinB;
) [ x(0) | <H || % ||; N N
(i) || x |lp <K(t—a)sup{|| x(s) ||: 6 <s<t}+M(t —0) || x; |3, where H>0 is a constant;
K,M : [0,00) — [l,00), K is continuous and M is locally bounded, and H,K,M are
independent of x(-).

(B) For the function x(-) in (A), the function x, is a B-valued function on [, o + b].

(C) The space B is complete.

(D) 1If {{"},., is a sequence of continuous functions with compact support defined from (—oc,0] into
L7(P, H), which converges to & uniformly on compact subsets of (—oo,0] and if {"},_ is a cauchy
sequence in BB, then £ € B and &" — ¢ in B.

ney

Remark 2.1 ([19]). By axiom (D), there exists a constant }C > 0 such that || £ ||z </KCsupy-q || £(0) || for
every ¢ € B bounded continuous. Moreover, if B is a fading memory, we assume that

max{K (t),M(t)} <Ko for ¢>0. Further, it should be mentioned that the phase B is a uniform fading

memory space if and only if axiom (D) holds, the function K(t) is bounded and lim, . ,M(f) =0 .
The next result is a consequence of the phase space axioms.

Lemma 2.2 Let x: R — L[P(P,H) be an F;-adapted measurable process such that F ;-adapted process
Xo = ¢ € [P(Q, B) for s > g, then

| xs I8 SMGE || ¢ |5 +KssupE || x(s) |,
seR

where K, = sup,.p K(s) and M, = sup,. M(s).

Similar to [2], one has the following result.
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Lemma 2.3 The spaces PAP(R,L”(P,H),q) and PAPY.(R x L/ (P, K),L?(P,H),q) endowed with the
uniform convergence topology are Banach spaces.

Definition 2.2 A function f € PC(R, L7 (P, H)) is said to be p-mean piecewise pseudo almost periodic if it
can be decomposed as f = fi + f», where f; € APr(R,L?(P,H)) and f> € PAPY(R, L (P, H), q).

Denote by PAPr (R, L?(P,H), q) the set of all such functions.

PAP7(R,L”(P,H), q) is a Banach space with the sup norm || - || -

Similar to [1], one has the following result.
Remark 2.2

(i) PAPY.(R,LP(P,H),q) is a translation invariant set of PC(R, L’ (P, H))).
(ii) PCY(R, L (P, H), q) C PAP)(R, L7 (P, ). q).

Lemma 24 Let {f,},.n, C PAPY(R,LP(P,H),q) be a sequence of functions. If f, converges uniformly to
f, then f € PAPY(R, L (P,H),q).

One can refer to Lemma 2.5 in [3] for the proof of Lemma 2.4.

Definition 2.3 A function f € PC(R x L (P, K), L? (P, H)) is said to be p-mean piecewise pseudo almost
periodic if it can be decomposed as f =f; +f», where f € APr(R x LP(P,K),[”(P,H)) and
f» € PAPY(R x (P, K), L (P,H), ).

Denote by PAPr(R x L7 (P, K), L?(P,H), g) the set of all such functions.
We need the following composition of p-mean pseudo almost periodic processes.

Lemma 2.5 Assume f € PAP7(R x IP(P,K)),P(P,H), q). Assume that the following conditions hold:

(i) {f(t,x):1€ R,x € K} is bounded for every bounded subset K C L' (P, ).
(ii) f(¢,-) is uniformly continuous in each bounded subset of L' (P, <) uniformly in t € R.

If ¢(-) € PAPr(R,P(P,K), q) such that R(¢) C LP(P,K), then f(-, ¢(-)) € PAPr(R,LP(P,H), q).

Corollary 2.1 Ler f € PAPr(R x IP(P,K),[P(P,H),q). Assume further that there exists a number
Ly > 0 satisfying

Ef(t,x) =f(,9) " SLE | x—ylP
forallte Rix,y e P(P,K). If ¢(-) € PAPr(R, (P, K), q) then f(-, ¢(-)) € PAPr(R, P (P, H), q).

Lemma 2.6 Assume the sequence of vector-valued functions {I;},., is pseudo almost periodic, i.e., for any
x € P(P,K),{li(x),i € Z} is a pseudo almost periodic sequence. Suppose {I;(x) :i € Z,x € K} is boun-
ded for every bounded subset K C LP (P, K), I;(x) is uniformly continuous in x € LF (P, ) uniformly in € Z.
If ¢ € PAPr(R,LP(P,H),q) N UPC(R,LP(P,H)) such that R(¢) C LP(P,K), then L;(¢(t;)) is pseudo
almost periodic.

One can refer to Theorems 3.1, 3.4 in [11] for the proof of Lemmas 2.5 and 2.6.
Next, we introduce a useful compactness criterion on PC(R, (P, H),q). Let h: R — R" be a con-

tinuous function such that A(¢) > 1 for all r € R and h(¢) — oo as |f| — co. Define

PCYR,I’(P,H),q) = {fePC(R,L”(IP’,H)): lim < sup w) :0}
[t]—00 0€(t—q,1] h(@)
E[f(@)]

@~ 10) ), it is a Banach space.

Lemma 2.7 A ser B C PCE(R,LP (P,H), q) is relatively compact if and only if it satisfies the following
conditions:

endowed with the norm || f ||;= sup,cg(Supge,—

() |t1|i—r>r;c(sup0€[t_q”] E‘%’;Hp) = 0 uniformly for f € B.

(i) B(t) = {f(¢) : f € B} is relatively compact in [P (P, H) for every t € R.
(ili)  The set B is equicontinuous on each interval (f;,t;11)(i € Z).

One can refer to Lemma 4.2 in [11] for the proof of Lemma 2.7.
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To prove our result, we also need the following stochastic integral inequality.

Lemma 2.8 Let ®: R — L(P, LY) be a measurable stochastic process. Then for any p>2 and t € R,

‘/;cp(r)dw(r) pgc,,(E/; Il () 117, d1>p/2, @.1)

where C, = [I@ (p%l)p—z]p/z.

Proof For any s<t<t, t,s € R, we get that 0<7—s<t— s, and

/std)(r)dW(r) = /Ot_S(D(‘E — §)dW(z — 5).

E

Setp=t—s,6=1—s and

Z(p) = /OPQ(C)dW(c), p > 0.

Then, by the proof of Theorem 4.36 in [20], we have

p ) p/2
Iz 1 <6 [ 106 yas)

which implies that

’ <C, (E / t I () |17 dr)p/z. (2.2)

Taking the limit on both sides of (2.2) as s — —oo, we conclude that (2.1) holds. O

| [owawt

Lemma 2.9 ([21]). Let D be a convex, bounded and closed subset of a Banach space X and letY : D — D
be a condensing map. Then, ¥ has a fixed-point in D.

3 Existence

In this section, we investigate the existence of p-mean piecewise pseudo almost periodic mild solution for
the system (1.1)—(1.2). We begin by introducing the followings concepts of mild solutions.

Definition 3.1 An F, -progressively measurable process x : R — LP(IP, H) is called a mild solution of the
system (1.1)—(1.2), if x, = ¢ € B, the function s — AT (¢ — s)h(s,x,) is integrable on R, and for every
teRt>0,0#£1,i€”Z,

x(t) = T(t — o)[p(c) — h(o, @)] + h(t,x;) + /IAT(I — s)h(s,x;)ds

g

+ /t T(t— s5)g(s,xs)ds + /t T(t — 5)f (s,x5)dW(s) + Z T(t—t)(x(1;)).

o<t;<t
Additionally, we make the following hypotheses:

(H1) A is the infinitesimal generator of an exponentially stable Co-semigroup (7(1)),~, on L(P,H); that
is, there exist M, 5 > 0 such that || T(¢) | <Me%, t>0. Moreover, T(f) is compact for ¢ > 0.

(H2) The function s — AT (¢t — s) defined from (—o0, ] into L(L" (P, H)) is strongly measurable and there
exists a nondecreasing function Hy : [0,00) — [0,00) and v > 0 with s — e "Hy(s) € L'([0, 00))
such that L, = sup,cp [y ¢ ""Ho(s)ds < + oo, and

| AT (1 —s) || <e"“Hy(t—s), t >s.

(H3) There exists a constant L, > 0 such that the function 2 € PAPy(R x B,L(P,H), g), and
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E H h(t7lpl) _h(t7 l//2) Hp SLh || l//1 - l//2 ||p7 te Rﬂpulﬁz € B’
E| r(t ) I” <La(ll¥ I +1), t€RY€B.

(H4) The functions g € PAPr(R x B, L7 (P,H),q), f € PAPr(R x B,L7(P,L9),q), and g(t,-), f(t,-) are
uniformly continuous in each bounded subset of B uniformly in 7 € R; The functions [; €
PAP(Z,L?(P,H)), and [;(x) is uniformly continuous in x € L”(P, H) uniformly in i € Z.

(H5) There exist an integrable function m : R — [0,00) and a continuous nondecreasing function © :
[0,00) — (0, 00) such that

E |l g(t,x) [P +E [ f(1:%) g <m(@n)O(] x [I5), (1,x) € R x B.

(H6) There exist continuous nondecreasing functions @; : [0,00) — (0,00),i € Z, such that
E|5(x) P <O(E | x|P"), xeL’(P,H).

To study the system (1.1)—(1.2) we need the following results.

Lemma 3.1 Assume that (HI) and (H2) hold. If h € PAPr(R, L (P, H), q) and if A is the function defined
by

At) = /_l AT (t — s)h(s)ds

o]

for each t € R, then A € PAPr(R,LP(P,H), q).

Proof Since h € PAPr(R,IP(P,H),q), there exist h; € APr(R,L’(P,H)) and hy, € PAP}(R,
I?(P,H),q), such that 4 = hy + hy. Then A(¢) can be decomposed as

t

Ar) = /t AT(t — s)h(s)ds + / AT(t — s)hy(s)ds := Ay (1) + A2 (2).

oo —00

Next we show that A;(f) € APr(R,LP(P,H)) and A,(t) € PAP}(R,L”(P,H),q). Thus, the following
verification procedure is divided into three steps.

Step 1. Ay € UPC(R, I’ (P, H)).

Let?,t" € (t;,6i41),i € Z,¢" <¢'. By (H1), for any ¢ > 0, there exists 0 < < i such that 0<¢ — 1" <¢,
we have

IT( ") =1 <-=,
2h;

where i1y = 27"1(L,)"~" || hy ||Z, . Using Holder’s inequality, we have
E|l M) = M (") |17

"

! r—1
< UT( =) —1]|P ( / e Hy (¢ —s)ds)
—00

,//
X </ e TIE | by (s) || ds>
—00
3 , p—1 I3 ,
+2r~! (/ eI Hy (1 — s)ds) (/ eCE | hi(s) | ds>
t" t"

1
<P T =) = 1|7 (L)' —supE || hu(s) |7
V seR
+ 27N L) = ") supE || B (s) |7
seR

1 Ve €
<2 N YT gy 1P =2 N Y | Ry | =
(Ly) VII [ o, (L) | I o
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Consequently, A; € UPC(R,L’(P,H)).

Step 2. Ay € APr(R, L7 (P,H)).

Let t; <t <t;;. For ¢ > 0, let Q, be a relatively dense set of R formed by e-periods of %;. For t € Q. and
0<n< min{e,y/2}, we have

EfA(t+1) = M(o) |7

p—1 t
eI Hy(t — 5)ds ) </ e UIE || hy(s 4 1) — hi(s) |7 ds)
—00

(L,
< =) Ho(t — s)ds )pl
Py

t/+l n

e UIE || hy(s 4 t) — hi(s) |P ds

ti+n fjt1
+Z/ TEIE || hy(s 4 1) — Ry (s ||”ds+2/
j=—00 vl j=—o00 Y tit1—1
t
X E || hi(s+71)—h(s) || ds+/ VIR || hy(s + 1) — hi(s) ||P ds}

(el (555)

Since hy € APr(R,L7(P,H)), one has E || hy(t + 1) — hi (1) ||P <eforallt € [t; +n,t;1 —nl,j € Z,j<i,
and 1 —s>t—t;+t; — (g —n) >t —t; + p(i — 1 — j) + n. Then,

~ i—1 tiy1—1
M <e E / ’Sd< E eVttt
j=—00 V1

i )——<>o
£ ( €
<t —i=j=1) < :

oy Z ¢ (1l —e)’

Jj=—00
ti+n
Jp <20 lsupE|| hi(s) |7 Z/ V(t=s)
j=—00 /1

i—1
<Py |7, we™ D e )
j=—00
i—1

§21"1 || hy ||p ge"Me"(1=1) Z e V(=)

[e%e) =
2 i e
- l—ev '

Similarly, one has 23 §M18, 24 §M28, where Ml,Mz are some positive constants. Therefore, we get that
E || ®(t+ 1) — ®() ||P <Nie for a positive constant N;. Hence, A; € AP7(R, [P (P, H)).

Step 3. Ay € PAPY.(R, L (P, H), q).

In fact, for r > 0, one has
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i/ sup E || A2(0) ||P dt

2r ), 9€[t i

sup EH/ AT (s)hy(0 — s)ds d

2}’ —r O€ft—

1 r p—1
< — (/ “YHy(s)ds ) / e sup E | hy(0—s) || dsdt
2r ), 0 0 0€(t—p.1]

l r
<@y 'y [ s Ellm©-s) |
I J—r 0c[t—p.1)

Since hy € PAPY(R,LP(P,H),q), it follows that hy(- —s) € PAP}(R,LP(P,H),q) for each s € R by
Remark 2.1, hence

sup EH/ AT(0 — s)hy(s)ds dt—>0 as r — 0o

—r O€(t—p,1|

for all s € R. Using Lebesgue’s dominated convergence theorem, we have A, € PAPY(R, 17(P,H), q).
This completes the proof. O

Similar to the proof of Lemma 3.1, one has the following result.

Lemma 3.2 Assume that (HI) holds. If g € PAPy(R,L7(P,H),q) and if G is the function defined by

G(t) == /_l T(t—s)g(s)ds

o]

for each t € R, then G € PAPr(R,L’(P,H), q).
Lemma 3.3  Assume that (HI) holds. If f € PAPr(R,LP(P,L9),q) and if F is the function defined by

F(t) = [ T = $)f(s)dw(s)

[o.¢]

for each t € R, then F € PAPr(R,LP(P,H),q).

Proof Since f € PAPr(R,L7(P,LY)), there exist fi € AP7(R,L7(P,L))) and f> € PAPY(R, L7(P,L9), q),
such that f = f; +f>. Then F(f) can be decomposed as

t t
F(t) = / T(t — s)f1(s)dW(s) +/ T(t — $)f2(s)dW(s) := Fy1(r) + Fa(1).
Next we show that Fy(t) € APr(R,LP(P,H)) and F»(t) € PAPY(R,L’(P,H),q). Thus, the following
verification procedure is divided into three steps.
Step 1. F € UPC(R,L”(P, H)).
Let 7,t" € (t;,ti1),i € Z,#"<t'. By (HI), for any &> 0, there exists 0<{<(;% )/2(" Y such that
0<t — "<&, we have for p > 2,

B
|7 =) 1] <%,
2fy
where f; = 22-'MPC, || f ||, ( )(p 202 & 9 Using Holder’s inequality and Lemma 2.8, we have
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E|F () —F(") P

/' o p/2
<G lE [ e Te ) 1 PIAG) Iy

oo

! » p/2
+ 2P—1MPCP |:E/ g 20(1=s) ||f1 (s) ||ig ds]
t/’

/"

p=2
< 'mre, | T( —¢") 1P < / e_n]_)zé(’”_“)ds>l

t”
([ e® i) swpE 1091

p=2 7

t’ = t
+ 2P1M17Cp</ e 550 (f s)ds> p </
t” l//

~ p—2
_ o3¢ ( pd \ 7 po
< or=lpw P Z2° v
<z, 15k 2 (25) "5
1 o\ P21 20-2)/p
MG, | i |1 [(—) ]
14 o0 2f1

725(t V)ds> supE ||f1( ) HLO

<-+4+-=c¢
2+2

For p = 2. Let & > 0, there exists 0 < ¢ < ;& such that 0 <#' — 7 <&, we have that || T(¢' — ") — I [|* < fi
where £, = 2M? || f; |, . Similar to the above discussion, one has

E| Fi(f) = F(") |?

25 S(l o
<o | £ | 22 / e gs) pomr | fi I (=) <E4t=
26\ 2] 2 2

Consequently, F; € UPC(R, LP(P, H)).

Step 2. F1 € AP7(R, LP(P, H)).

Let #; <t <t;1. For ¢ > 0, let Q, be a relatively dense set of R formed by e-periods of f. For T € Q. and
0<n< min{e,y/2}, we have

E| Fi(t+7) = Fi(1) |

t i p/2
<M [E / e PN fils +7) —£ils) g dS]
p=

t 2 5(is) 72 i—1 tit1—n
§CM"</ o d) {z/ eBEIE | fils + 1)
! —00 j=—o00 Y tith

— fi(s) [ ds

— tj+i1 S(t—s v —5o(t—s)
—1—2 t E || fils +1) — L{,ds—i—z 7ez

Jj=—00 1l Jj=—00 Y lj+1—1

XE | fi(s+7) = fils) Iy ds + / eHIE | fils +7) —Ais) IE, ds]

o, SR
= C,M"’ (/ e_ﬁé(’_s)ds> < ij).

Since f; € APr(R,LP(P, L)), one has E || fi(t+1) — fi(t) |y <& for all ¢ € [t;+n,t11 —n) and j €
Z,j<i. Then, ?
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- i—1 Lir1—n
5 3 TS SPe
1

j=—o0 Y1+ P ==

28 Z 725})07]71) < 2¢

- 517,:00 ~op(l—e )’
1 t/+l+'7
C2<2P supE||f1 Z/ 2(i=5)
? j=—o0

Szp_l SupE ||f1 (S) Hpo 6626'13_%61 ) Z e_ib =)

seR j=—00

_2 AN e

1 —e 57

Slmllarly, one has C3 <M3‘s C4 <M4a where M3,M4 are some positive constants. Therefore, we get that
E | Fi(t+71)— Fi(t) |[P <N, for a positive constant N,. For p = 2, we have

E | Fi(t+7) = Fi(n) |?

i—l liv1—1 .
SMz[ 3 / eRIE | fils + 1) = fils) 3 ds
j=—00 "l

i+n

i—1 ti+n
Y /, e PIE || fi(s + 1) = fils) [IFy ds

Jj=—o0 vlj

i—1 tj+l
+ 3 [ EIE fis ) - A6) [y ds

Jj=—o00 Y Iji+1—1

t
+ [P il 1) - ) Iy d
1,

i

Similarly, we get that E | Fi(t+1)—Fi(t)||> <Ns¢ for a positive constant N;. Hence,
F, € APL(R, 17 (P, H)).

Step 3. F2 € PAPY(R, L’ (P, H), q).

In fact, for r > 0, one has for p > 2,

r

sup E || F2(0) [P dr

Z 7r9€[— 1]
p
=— sup EH/ (60— s5)dW(s) || dt
—r 0€ft—q.1]
1 p/?
<Gy [ s [ / A0 b @
I J—r 0€g[t—q.,) 0 2

00 = 00 r
, 1
<MpCp</ P ',,zofds) ! / e*%‘s“dsz— sup E || f2(0—s) ||p dt.
0 0 r'J—r0e[t—q.

For p =2, we have

@ Springer



Globally exponential stability of a partial stochastic differential equation... 251

2
dt

1
2r rees[zuI;zEH/ 0= s)fe(s)aW(s)

1
§M2</ —%Sds) / sup [ (0 5) [ dr
0 2r )., 0elt—q,1]

Since f> € PAPY(R,LF(P,L9),q), it follows that fo(- —s) € PAP}(R,LP(P,L),q) for each s € R by
Remark 2.1, hence

P
dt —0 asr— oo

L pEH/ (0 — S)o(s)dW(s)

—r 0€[t—q,1|

for all s € R. Using Lebesgue’s dominated convergence theorem, we have F, € PAPY(R, L’ (P, H), q). This
completes the proof. O

Lemma 3.4 Assume that (HI) holds. If y; € PAP(Z,LP(P,H)),i € Z and if }; is the function defined by

1= Tt

<t
for each t € R, then R; € PAPr(R,[P(P,H), q).
Proof Since y; € PAP(Z,17(P,H)), there exist y,; € AP(Z,LP(P,H)) and y,; € PAPy(Z, L’ (P, H)),
such that y; =y, ; + 7, ;. Hence,

1) = Z T(t— 1)y, + Z T(t —ti)y2; = i(2) + Moy (1)

i<t <t

Next we show that I1;;(r) € APr(R, L (P, H)) and I1,,(z) € PAP}(R,L?(P,H),q). Thus, the following
verification procedure is divided into three steps.
Step 1. TI;; € UPC(R, L7 (P, H)).
Let ¢,¢" € (t;,t;41),i € Z,¢" <t'. By (H1), for any ¢ > 0, we have
1— —oy\P
I76 -y -1 < 20
I

where 7, = M || y,; ||%, . Using Holder’s inequality, we have
E || Iy(t) = T(e") 1P

p—1
<M T =) =T | ( > e‘s"”"") ( ST e E ||y | )

<t <t"

1 —e Y s\
<tz ( Y et >> e

71 f<t'

<E&.

Consequently, IT;; € UPC(R, L7 (P, H)).

Step 2. 11, ; € APr(R, L7 (P, H)).

Let t; <t <t;y. For ¢ > 0, let Q, be a relatively dense set of R formed by ¢-periods of F. For 7 € Q. and
0<n< min{e,y/2}. By Lemma 2.1, there exists relative dense sets of real numbers Q, and integers Q,, for
every T € Q,, there exists at least one number g € Q; such that [t/ —t|<g,i€ Z and E || y; ;5 — 7, I’
<é&,q € Q,i € Z. Then,
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E | Tyt + 1) — My(e) 1P

r—1 .
<M'E K > e—5<f—’f>> < > e g — II”H
1<t

<t

. 4
<MP(Ze0<”f>) Ellpiseg— s I?

<t
< MPe
- (1 _ e—(sy)P '
Hence, I1,; € AP7(R, L7(P, H)).

Step 3. I,; € PAPY(R,L7(P,H), q).
For a given i € Z, define the function v(r) by v(t) = T(t — t;)7,;,t; <t <t;y1, then

lim sup E | v(0) ||” < lim MPe 70" supE || y,, ||P= 0.
170 get—q,1] =00 ieZ

Thus v € PCY(R, L7 (P,H),q) C PAP(R,L”(P,H),q). Define v; : R — L”(P,H) by
vi(t) =Tt = tij)y2iyy i<t <tiz1,j € N.
So v; € PAPY(R, L (P, H), q). Moreover,

sup E || v;(0) ||P < MPe P~ sup E
Oelt—q.1] icZ

V2. II”
<MPe PP SUp E || 9y |1
icZ '

Therefore, the series Z;’io v; is uniformly convergent on R. By Lemma 2.3, one has

o0
S Tt —t)p, =Y vi(t) € PAPYR, (P, H), q),
i<t Jj=0

that is

r

P
sup E dt -0 asr— oo.

; —r O€lt—q,1]

Z T0— fi)“/z,i

i<t

Using Lebesgue’s dominated convergence theorem, we have I1,; € PAPY.(R, L’ (P, H), g) This completes
the proof. O

Lemma 3.5 Ifx € PAP7(R,L’(P,H),q), then t — x, belongs to PAPr(R, B, q).

One can refer to Lemma 3.5 in [2] for the proof of Lemma 3.5.
Now, we establish the existence theorem of p-mean piecewise pseudo almost periodic mild solutions to
the system (1.1)—(1.2).

Theorem 3.1 Assume that assumptions (HI)—(H6) are satisfied. Then the system (1.1)—(1.2) has a mild
solution x € PAPr(R, L (P, H), q) provided that

p=2
1 1 -2\ 7
- -1 P
107715 (1 + (Ly)P S +M‘”<FL8+M”CP<P—5> Lf)
o(r 1 0;(r*
X ]irgrlior;f ’(: ) + MP (A —ey ?gglirr*rliogf r(*r )] <1 (3.2)

for p > 2 and
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1 1 1 00
1 o;(r
+5M> ——— sup lim inf AU (3.3)
(1 —e %) ez r"—oo  1*

for p =2, where Ly = sup,c [*__ e 0 "m(s)ds, Ly = sup,c [ e 2 m(s)ds.

Proof Let Y = PAPy(R,L(P,H),q) NUPC(R,L’(P,H)). Consider the operator ¥:Y —
PC(R,L7(P, H)) defined by
t

(Px)(#) = h(t,x;) + / AT (t — s)h(s,x;)ds + / T(t — s)g(s,xs)ds

—00 —00

t

+ /_ r T(t = 8)f (s, x)dW(s) + > T(t — ) (x(t:)).

00 <t

It is easy to see that the nonlinear operator ¥ is well defined and continuous. Moreover, for x(-) € Y, by
(H3), (H4) and Lemmas 2.5, 2.6, we deduce that A(-,x.),g(-,x.),f(-,x.) € PAP7(R,?(P,H),q) and
Li(x(t;)) € PAP(Z,LP(P,H)). Similarly as the proof of Lemmas 3.1-3.5, one has Wx € Y. For the sake of
convenience, we break the proof into several steps

Step 1. Let B, = {x € Y :|| x ||?, <r} for each r > 0. We prove that there exists a number r such that
¥(B,) C B,.

For each r > 0, B, is clearly a bounded closed subset in Y. For the convexity of B,, we consider two
distinct functions x(¢),x,(f) € B, and a real number 0 <A< 1, let x(¢) = Ax;(t) + (1 — A)x2(¢),7 € R. By
PAP7(R, L (P,H), q) is a Banach space, we get that x € PAP7(R, L?(P,H), g). On the other hand, for any
e>0,and ¢, 1" € (t;,t;11),i € Z,¢" <t such that E || x;(¢') — x;(¢") || < 5 ,j = 1,2. Then,

E || x(t') = x(¢") [I" <227 [2E || 21 () = xa (¢") |17
+ (1= DE || x2(f) = x2(t") "] <.

Consequently, x € UPC(R,L?(P,H)), and x eV, | x |7 <[A]x1 [|oo +(1 =2) || x2 ||}’ <r. Thus
x(t) € B,. Now we claim that there exists » > 0 such that ®(B,) C B,. In fact, if this is not true, then for
each r > 0 there exists x” € B, and " € R such that r<E || (x")(¢") ||? . For x € B,, from Remark 2.1 and
Lemma 2.2, it follows that

x5 <277 K51 @ Il +7) =1 (3.4)

Then, by (H1)-(H6), Holder’s inequality and Lemma 2.8, we have for p > 2,
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r<E || (¥x) (@) |

<5 e ) I+ [

—00

p
X (/ e IE || (s, D) [P ds)
—00
I ‘ p—1 [ ‘
+5p_1Mp</ e_‘)(’r_s)ds) </ e PUIE || g(s,x!) |17 ds>

i

) p/2
+5p—1cpMp <E/ o~ 20("=9) ||f(s,x§) ||ig ds>

+ SPIM”EK > e5<”’f>>p_l < > e L (1)) ||p>]

<t <t

"

p—1
eI H (7 — s)ds)

I

<5l g+ 5wy

—00

ew(,r,s)Lh(” X! ||1,; +1)ds)

1 r ,
+ 5‘”71M1’F </ e ol ﬂ)m(s)G)(H x5 ||%)ds)

p=2

t o 7 t e
+5P1M”cp</ ¢ wﬂ)ds) (/ P m(s)O (| |15)ds

1 .
+5T ———— ( > (E || X (1) |P>)
(1 —e ’) <t

!
<SP+ 1)+ (L) L+ 1)

N———

p=2
— 1 * — pP— 2\ 7 *
+ Sp lMpng(D(r ) + 5p 1MPC}, (p—5> Lf@(r )

1 ~
5PIMP———— sup ©;(r).
I e = e

For p =2, we have

1 1
r<E | (Px)(") P <SLy(rf +1) + SL‘,;Lh(r* +1) + SMZ?LgG(r*)

1 1 ~
+5M2—L®r* +5M278u O;(r).
267 ) (1— e=)? ieg )

Using (3.4), we have for p > 2,

1
r<2PUCh || o | +1077Ch [Lh(r* +1)+57(L,) ‘; W(r+1)

[

1 ~2
+M”FLg®(r*)+M”Cp<p > LO(r)

1|N

p

1 .
MP ———— sup O;(r*
My o)

For p =2, we have
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1
r* <2 || @ || +10K5 {Lh(r* +1) —&-L‘,;Lh(r* +1)

1 1 1 s
+M* = L,OF") +M>—LO(r) + 5M* ———sup ©,(r") |.
7 O 25700 (1— o) et )

Dividing both sides by r* and taking the lower limit, we have

1
1<107 'K {(1 + (L)' )L,

v
p—2
1 =\ o(r
+M”<FLg+Cp<pp—> Lf) liminf Er)
1 L (:)(r*)
M supliminf—
T ey St ]

for p > 2 and
o(r*)

r*

1 1 [
1 <10K%, {(1 + Lo )L+ M [ng + %Lf} lim inf

1 o;(r*
+5M* ———— suplim inf ﬂ]
(1- e"sy) ez oo FF
for p = 2, which contradict (3.2) and (3.3). Hence, there exists r > 0 such that ¥(B,) C B,.
In what follows, we aim to show that the operator ¥ has a fixed point on B,, which implies that (1.1)—
(1.2) has a mild solution. To this end, we decompose ¥ as ¥, + ¥, where

t

(W1x) (1) = h(t,x,) +/ AT (t — s)h(s,x,)ds, te€R,

—00
t

(Pox)(2) = /I T(t—s)g(s,xs)ds +/ T(t — s)f (s, x5)dW(s)

+ZT(t—ti)Ii(x(ti)), l7€ R.

We will verify that W, is a contraction while ¥, is a completely continuous operator.
Step 2. ¥, is a contraction.
For t € R, and x*,x** € B,. From (H2), (H3) and Remark 2.1 and Lemma 2.2, we have

E | (F1x")(2) = (1) (o) |I”

<L || xf = x| 42 (L) (/

—00

t

L | -3 I )

<KL, suﬂgE I x*(s) —x**(s) ||
s€

t
+ 4”_11C’07(Lv)p_1Lh</ e‘““‘”ds) supE || x*(s) — x™(s) ||

—00 seR
<Lo |l x" —x" 15 -

Taking supremum over ¢,
[Wx" = W™ [[5, < Lo (| &7 =2 [I% -

where Lo = 4" ' KAL,[1 + (L,)""'v™']. By (3.2), we see that Ly < 1. Hence, P, is a contractive operator
with constant L.

Step 3. ¥, is completely continuous on B,.

(1) > is continuous on B,.
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Let {x"} C B, with x") — x(n — oc) in Y, then there exists a bounded subset K C 17 (P, ) such that
R(x) C K,R(x") C K,n € N. By the assumption (H4)—(H6), for any ¢ > 0, there exists ng such that ||
xm — x IP., <& for n > ny. From axiom (A), it is easy to see that x! — x, uniformly for s € R as n — oo.
Then for n > ny, we have that E || g(s,x") — g(s,x,) | <e, E || f(s,x") —f(s,x,) H‘L’g <g¢ and E |
L;(x") — I(x) || <eforall t € R,i € Z. Then, by Holder’s inequality and Lemma 2.8, we have for p > 2,

E || (¥2x™)(1) = (¥2x)(1) |
t p—1 t .
s3p-‘Mﬁ( / e—5<f—f>ds) ( [ e | glsx) - gt I ds)

t p/2
+3-'c,mP (E/ e | £ (s, xM) = £ (s, x,) H%g ds)

o0

o p_l N
sy e[t} (e 40 w) - o) )]
1<t <t

' p ' ,
<3rpp (/ eé(’s>ds> &+ SP*ICPMP (/ e‘p'_lzé(’_s)ds) l
—00 —0oQ

t
X (/ egé(rf)ds>8 + 3 pmp 7(] 1(3" & <Zeé(”")>8
— — e

00 <t

p=2
1 p—2\7% 2 1
<Ml -+ C —) =+—— e
N LSPJF p( po ) P5+(1—e‘”’)”]8
For p = 2, we have

E || (W) (1) = (W2x) (1) ||* <3M> [% + 21—5 + (1_17)2] é.

Thus W, is continuous on B,.

(2) ¥2(B;) = {¥2x : x € B} is clearly bounded.

(3) ¥2(B;) = {W2x: x € B, } is equicontinuous.

Let 71,1, € (t,ti41),i € Z,71 <73, and x € B,. Then, by (H4)-(H6), Holder’s inequality and Lemma 2.8,
we have for p > 2,
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E || (Y2x)(r2) = (F2x) (1) |I”

T1 N p—1
<6 M| T(ta—1))— 1| </ e—&(rl—x)ds)

—0Q

7
([ e et 1 o)
() . p—1 () .
+ 6p1M”</ e‘)(fzs)ds) </ eO@E | gs,x) |P ds>
T] T

T1 . P/2
L6 MG, [E [ e T = ) = 1P ) ds}

o]

T2 p/2
+6p71MPCP {E/ o 20(r2—s) | £(s,x;) ||ig ds}

71

p—1
LM || T(ty =) — 1 | < > eémm)

<1

(e a1 )

<7

1
<O M| T(ta—1) 1| FLg(a(r*)

2 p—1 2
+6”_1M”</ e‘é(”_s)ds> </ e_é(”_s)m(S)ds>®(r*)

N
oGy 1 - ) -1 () Lolr)

p=2

1] - p T2 »
—|-6lepCp</ ep'_2(’<fzs)ds> [ (/ ei‘x”s)m(s)ds)@(r*)
71 T

1

+3P*1Mp H T(‘Ez — ‘L'l) -1 ”p mél(r)

For p =2, we have

E || (¥23)(12) = (¥2x)(1)) |

1 o
<6M* || T(va — 1) — 1 |? SLgGD(r*) +6M2</ eb(f2é)ds>

X (/ e_‘s(”_s)m(s)ds>®(r*) +6M* || T(ta — 1) — I ||* Li®(r")

T

T2
+ 6M2</ ez‘s(“”m(s)ds)@(r*)
1

2 2 3.
+3M° || T(ra — ) — 1| m@(”)
The right-hand side of the above inequality is independent of x € B, and tends to zero as 7, — 11, since the
compactness of 7(¢) for > 0 implies imply the continuity in the uniform operator topology. Thus, ¥ maps
B, into an equicontinuous family of functions.

4) (Y2(B, (1)) = {(¥2x)(2) : x € B,} is relatively compact for each ¢ € R.

For each t € R, and let ¢ be a real number satisfying 0 <e<1. For x € B,, we define
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t—¢ 11—

T(t—e—s5)g(s,x5)ds + / T(t — & — 5)f (s,x,)dW(s)

—0o0

)0 =10 [
+ Z (t—e—1) ((t,))}

= T(S)[(‘Pﬂ)(f —¢)].

Since T(#)(t > 0) is compact, then the set V,(r) = {(W¥,.x)(¢) : x € B, } is relatively compact in LP(P, H)
for each r € R. Moreover, for every x € B,, we have for p > 2,

E | (Y2x)(1) = (Y20 (0) [I”

t . p-1 t
< 3"‘M"( / e‘“f”ds) ( / e E | g(s,x0) | ds)
t—é t—¢

t p/2
+3lc,m? <E / e 09| £ (s, x5) 17, dS)
t—&

+3P—1MPEK Z e—5<f—’f))pl< Z e 00 | 1(x(1;)) |P>}

t—e<t; <t t—e<t; <t

' p '
<3rpmp </ e_é(’_‘f)ds> (/ e_é(t_s)m(s)ds) O(r")
t—e t—e

=2

t e t »
+3p_]C,,Mp</ eppzé("v)ds> (/ e300 ”m(s)ds)@(r*)
1—é 1—é€

P ~
+3"1M”< Z e‘s(”">> sup ©;(r).

t—e<ti<t i€z
For p = 2, we have
E || ($2x)(1) = (P2,.0)(1) |I?

t 2 t
<3M? ( / e_é(’_s)ds> ( / e_é(t_s)m(s)ds) O(r")
t—é 1—é

. 2
+ 3M? (/ 625(’5)m(s)ds> O(r*) + 3M? ( Z e‘)(”">> sup ©;(r).
t—¢ i

t—e<ti<t i€z

Therefore, letting ¢ — 0, it follows that there are relatively compact sets V,(¢) arbitrarily close to V() =
{(¥2x)(t) : x € B,-}, and hence V(z) is also relatively compact in L7 ([P, H) for each r € R. Since {¥x :
XE€B,} C PC;){([R{,LP(IP, H),q), then {Wox : x € B,+} is a relatively compact set by Lemma 2.7, then ¥ is
a compact operator and we can conclude that ¥, is a completely continuous map.
Therefore, W = ¥; + ¥, is a condensing map from B, into B,. Consequently, by Lemma 2.9, we deduce
that ¥ has a fixed point x € B,, which is a mild solution of the system (2.1)—(2.2), that is
t

K0 = htox) + [ ATU= (s, x)ds + [ 7= s)glsn)ds

—00 —0o

t

+/t T(t — s)f (s,x)dW(s) + > T(t — t)L(x(t;)), t€R.

00 <t

Finally, to prove that x satisfies (3.1) for all t>s, all s € R. Fix 0,0 # t;,i € Z, we have for t > o,
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g o

Ho) = hox) + [ AT = shiss)ds+ [ 70— s)gls.x)as

a
+/ T(o — s)f(s,x)dW(s) + > T(o — t)Ii(x(t:)) = ¢(0).
—o0 <o
Since {T(¢) : t >0} is a Cy-semigroup, we have for all 7> g,
x(t) = h(t,x,) + / AT (t — s)h(s,x)ds + T(t —s)g(s,x;)ds

_|_/G T(t — s)f (s, x5)dW(s +ZT(I—E i(x(t))

00 ti<o

+ /ZAT(t — 8)h(s,x,)ds + /t T(t — 5)g(s,x5)ds
+ [T maw o) + 3 Tl i)

o<t <t

=T(t—o0)[p(a) — h(o,p)] + h(t,x) + /t T(t— 5)g(s,xs)ds

+ [ TSR + Y Tl )

o<t <t

Hence x € PAP7(R,L?(P,H), ¢) is an p-mean piecewise pseudo almost periodic mild solution to the system
(1.1)—(1.2). This completes the proof. O

4 Exponential stability
In this section, we present the exponential stability of a piecewise pseudo almost periodic solution of the
system (1.1)—(1.2). To do this, we also need the following assumptions:
(B1) There exist constants /; > 0,j = 1,2, such that
E|r@t ) I” <h Il (1Y) € (R, B),
E| gt ) 1P +EIf(6) Iy <L Az (1,9) € (R, B).

(B2) There exist constant ¢; > 0,1 € Z, such that
E|Lx) || <cE|x|P, xeLlP(P,H).

Theorem 4.1 Assume that assumptions of Theorem 3.1hold and, in addition, hypotheses (B1), (B2) are
satisfied. Then the piecewise pseudo almost periodic mild solution of the system (1.1)—-(1.2) is globally
exponentially stable.

Proof Let x(+) be a fixed point of ¥ in Y. By Theorem 3.1, any fixed point of ¥ is a mild solution of the
system (1.1)-(1.2). We now can choose a positive constant 5 such that 0 <f < min{v,%()

1
supc; <1,

6 'mr
(1 — e (1 — e~ (-1 ez

and
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E || x(1r) |7

5 t
<5 P E || h(t,x,) ||P +5P1eﬁfEH / AT (t — s)h(s, x;)ds

+ 57 1P E
+ 577 LePE

+ 57 1P E

p

T(t —s)g(s,x;)ds ’

i
/.

D T(t = )Ii(x(1))

T(t — s)f (s,x5)dW (s)

i<t

Now, we estimate the terms on the right-hand side of the above inequality. By (B1) and ¥J;, we have that
V1 <577 1ef! || x, ||y . For any x(z) € IP(P,H) and any ¢ > 0, there exists a 7; > 0 such that e/E ||
x(t — q) ||P <& fort > f;. Thus, we obtain that ¥; < 57~!/;e, which implies ¥; — 0 as t — co. As to ¥,, for
any x(¢) € LP(P,H), t € [—¢,00), we have

t p—1 t
s §5”_]eﬁ'</ e Hy (1 — s)ds) (/ eV || h(s, xy) ||P ds)
—0Q0 —00
t
<57 (L) ( / i A ds>~
—0

For any x(¢) € L’(P,H) and any ¢ > 0, there exists a 7, > 0 such that e/E || x(s — 0) ||? <& for s > .
Thus, we have

t
192 < 5P71(LV)P71 |:/ ef(vf[f)(tfs)lle[)’sE || X, ||% ds
5}

15}
-+ ef(vfﬂ)t/ e(vfmslleﬁxE || X5 Hll); dS:|
—00

1 g
<Lyt [ a0 [ e | s
—00
t 1

Since e~ """ — 0 as t — oo, then there exists 73 > f, such that for any ¢ >3,
VP P | x5 |55 ds <& — (LV)IF1

P=1(1 1= (B
: ( t> ¢ [oc Vﬁﬁ

Thus, for any ¢ >17;, we obtain that ¥, <e¢, which implies ¥, — 0 as r — co. As to 3, for any x(¢) €

L’(P,H), t € [~g,0), we have
p=1 1 .
e—a<r—s>ds> ( [ e s I ds)
—00

Y3 <5”_1M”em(/t
- —00
1 t
SSP_IMP—,I </ e—(ﬁ—ﬂ)(t—s)eﬁslz H X, H[Z3 ds).
o’ —0

Similar to the discussion of ¥J,, we obtain that ¥, — 0 as t — oco. As to V4, for any x(r) € 17 (P, H),
t € [—g,00), we have for p > 2,

118.
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t p/2
Dy <571 M e (E / e 20| £ (s, x,) 1% dS>
—00

' 22
<5P1CpM”eﬁ’(/ e_ﬂ%é(’_s)ds) 1 </ e P00 | x| ds)
—00 —00

p—2
—N\7 ! 5
<slc,mP <ppT> ! (/ e (TP=5) ], pPs I x| ds).

Similar to the discussion of v,, we obtain that 1, — 0 as t — oo. For p = 2, we have
t
94 < SMZ(/ e~ PRIl || xy |3 ds).

Similarly, we obtain that ¥4 <e. By (B2) and Holder’s inequality, we have

Os <6 'MPelE [( > e—5<’—’f>>pl < > e | Ii(x(1)) ||P>}

i<t <t
_ 1 (-1,
<@ IMPWE%ZE W eE | x(n) II”])
ti<t
1
<& 'mp [sup cie™E || x(1;) |I"].
icZ

(1 — e (1 — e (0-BD)
Then there exists a 0 € [—g, ), such that for any ¢ > 0, we have
PE || x(1) ||P <L*supePE || x() || +(5"7'1 + 3)e,
teR

where L* = 6"~ MP L sup;cz ci<1. Thus we get that

(17e*"'7")”71(lfe*(f"*ﬁ)?')
571+ 3
sup”E || x(1) || < Qa
teR 1-L
It follows that ePE || x(¢) ||P < (Sp;ll‘LjS) ¢, which is implies that e/E || x(¢) ||P— 0 as t — co. So we con-
clude that the piecewise pseudo almost periodic mild solution of the system (1.1)—(1.2) is globally expo-
nentially stable. The proof is completed.

Remark 4.1. If the functions %, g, fand I;,i € Z, satisfy the Lipschitz conditions, then without assuming
(T(1)), o is a compact semigroup, the existence, uniqueness and exponential stability of p-mean piecewise
pseudo almost periodic mild solutions to the system (1.1)—(1.2) can be obtained by using Banach fixed point
theorem.

5 An example

Consider following partial stochastic differential equations of the form
0

d|z(t,x) — (sint + sin V2t + (7)) [ ezs%“’s]

62 0
= oyt x)di + (sins + sin V37 4 (1) /_ P sinll(o-+ 5.9 s -
0

+ (sint + sin V27 4 u(r)) /_ e sin(|z(t + 5, x)|)dsdW (1),

teR,x€[0,x],
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z(1,0) = z(t,n) =0, t € R, (5.2)
Az(t;,x) = B;sin(z(t, %)), i € Z,x € [0, 7], (5.3)

where W(t) is a two-sided standard one-dimensional Brownian motion defined on the filtered probability
space (Q,F,P,F,). In this system, p € UPC(R, R) defined by

(1) = 0, fort<0,
= e, fort>0,

and f; € PAP(Z,R),t; = i + | sini + sin v/2il, {t/},i€ Z,j € 7 are equipotentially almost periodic and
y = infiez (ti1 — ;) > 2 > 0 (refer to p.198 in [10]).

Let H = L%([0, n]) with the norm || - || and define the operators A : D(A) C H — H by Aw = o with
the domain D(A) := {w € H : w, ® are absolutely continuous, ®” € H, ®(0) = w(x) =0}. It is well
known that A generates a strongly continuous semigroup 7(-) which is compact, analytic and self-adjoint,
and || T(¢) || <e™',t>0. Furthermore, A has a discrete spectrum; the eigenvalues are —n?, n € N, with the

corresponding normalized eigenvectors z,(x) = \/%sin(nx). In addition, the following properties hold:

(@ {zx:neN}isan orthonormalzbasis for H.

(b) ForoweH, T(t)wo =37 e {w,2,)2, and Aw = > 0% n*{w, 2,) 20, ® € D(A).

(c) Itis possible to define the fractional power (—A)”,0<a <1 of A, as a closed linear operator over its
domain D((—A)"). More precisely, the operator (—A)* : D((—A)*) C H — H is given by (—A)*w =
S n**{w, z,) wy, for all o € D((—A)*), where D((—A)*) = {w(:) € H : > n**(w, z,)z, € H}.

(d) If H, denotes the space D((—A)*) endowed with the graph norm | - ||,, then H,, is a Banach space.
Moreover H, — Hpg is continuous for 0 <8 <« < 1 and there exist some constants J,, d, > 0 such that
I T(0) e, < 252 for t> 0.

Let the phase space B be B =S; = {}) € C((—o0,0], H) : limg_,_, e%y(0) exists in H}, where 7 > 0 and

set || ¥ [lB=sup_occo<o€” || (0) ||, ¥ € S;. It is well known that S; satisfies the axioms (A)-(D) with

H=1,K(f) = max{l,e 7"} and M(t) = ™7 (see [19], Theorem 1.3.7] for details).

Additionally, we choose 0<y<2 and take ¢(0)(x) = ¢(0,x) € B, defining the maps h: R x B —

PP H),g:RxB—LF(P,H),f:RxB—L(PH),L:LP(P,H)— LP(P,H) by

0 s)(x
G(t, ¢)(x) = (sint + sin V21 4 u(r)) [ &% %d&

g(t,¢)(x) = (sint +sin V21 + p(r)) / e sin(|(s) (x)|)ds,

—00
0

F(t,@)(x) = (sint + sin V2t + (1)) / ¢ sin(lg(s) (x))ds,

1(9)(x) = By sin o). _

Using these definitions, we can represent the system (5.1)—(5.3) in the abstract form (1.1)—(1.2). Obviously,
[sint + sin 2n\/§t] is the almost periodic component and lim,_, % fir u(r)dr = 0. It follows that h, g, f are
uniformly pseudo almost periodic of infinite class. Moreover, we have
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E | h(t.) — h(r. 1) |
<vel(f7(/ [ lfni)(())('n]d)d) /]
el [ eyt - o]
v ([ i)y -u iy
3(23) 10— I

and E || h(t,¥) [|P < (5 7” | W |5 for all (¢,y), (1,4;) € R x B. Similarly, we have
E | gt ) " +E | £t 9) |17

<vel(['(/ G sin<|w<s><x>|>ds)2dx)I/T
4 SPEK/O(/(; ot sin(|lﬁ(s)(x)|)ds)2dx) I/T

0 P 0 . P
gspE[ [ e ds] +3PE[ | e ) | ds}

o0 o0

AL (Lo o
[ESEES o

for all (¢,4) € R x B. Further, f§; € PAP(Z,R) implies that I; € PAP(Z,LP(P,H)),i € Z, and E || Li({) ||’

<|B:fP || ¥ |IP for all € LP(IP> H),i € Z. Therefore, the assumptions (H1)-(H6), (B1) and (B2) are all
satisfied. Let’s take Ko =M =6 =1, v= 0y, L, = sup,cp f”“fo'vd L,= (—) L= (%) + ),

K 4—y.

Ly = —[(23y)3 + (43,}7)3], =%, 0(s) = 5,0:(s) = |Bi]’s,i € Z. 1t is easy to see that

X , 1 o\ 1\ /3 1 5
12| (14 (L) =)Ly + L, + ( = ) L —— Pl <1
arar e (3)(5) ]

for p =3, C3 = (2, and

1 1 1
10[(1 +Ly—)Ly+ Ly +-Lr +———sup |ﬂi|2:| <l
0 2 (1 —e5)" icz

for p =2, whenever L, L,,L; and sup,.; |f;|" are small enough. Now the conditions (3.2) and (3.3) in
Section 3 hold. Hence by Theorems 4.1, the system (5.1)—(5.3) has an exponentially stable p-mean
piecewise pseudo almost periodic mild solution.
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