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Abstract In this paper, we give sufficient conditions for the globally exponential stability of p-mean
piecewise pseudo almost periodic mild solutions of a class of impulsive partial stochastic differential
equations with infinite delay in Hilbert spaces. Our working tools are based on the fixed-point theorem for
condensing maps combined with theory of operator semigroups and the stochastic analysis techniques. To
illustrate our main result, we study the globally exponential stability of the neutral stochastic model arising
in physical systems with infinite delay.

Keywords Impulsive partial stochastic differential equations � Globally exponential stability �
P-mean piecewise pseudo almost periodic functions � Infinite delay � Fixed point

Mathematics Subject Classification 34A37 � 60H10 � 35B15 � 34F05

1 Introduction

Pseudo almost periodic functions and pseudo almost periodic solutions of deterministic differential equa-
tions had been extensively investigated; see [1–3] and references therein. In the real world, stochastic
perturbation is unavoidable and omnipresent. Therefore, we must include the stochastic effects into the
investigation of differential systems. Some works have been done on the pseudo almost periodicity for these
equations (see [4–7] and the references therein). In particular, Bezandry and Diagana [8], Diop et al. [9]
studied the existence of p-mean pseudo almost periodic mild solutions to partial stochastic differential
equations in Hilbert spaces.

The theory of impulsive differential equations has been an object of increasing interest because of its
wide applicability in biology, medicine, and in many other fields [10]. Therefore, it seems interesting to
study the existence and stability of piecewise pseudo almost periodic solutions to abstract impulsive dif-
ferential equations; see [11–14]. However, besides impulse effects and delays, stochastic effects likewise
exist in real systems. In recent years, the authors in [15, 16] investigated the existence and stability of
square-mean piecewise almost periodic solutions for nonlinear impulsive stochastic differential equations.
Yan and Lu [17] established the existence and exponential stability of p-mean pseudo almost periodic
solutions for impulsive nonautonomous partial stochastic evolution equations. In this paper, we study the
existence and globally exponential stability of p-mean piecewise pseudo almost periodic mild solutions to
the following impulsive partial stochastic differential equations with infinite delay:
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d½xðtÞ � hðt; xtÞ� ¼ ½AxðtÞ þ gðt; xtÞ�dt þ f ðt; xtÞdWðtÞ; t 2 R; t 6¼ ti; i 2 Z; ð1:1Þ
DxðtiÞ ¼ xðtþi Þ � xðt�i Þ ¼ IiðxðtiÞÞ; i 2 Z; ð1:2Þ

where A is the infinitesimal generator of an exponentially stable semigroup of linear operators on a Banach
space LpðP;HÞ; the coefficients h; g : R� B ! LpðP;HÞ and f : R� B ! LpðP;L0

2Þ are appropriate
functions, B is a abstract phase space defined in the next section. Also, the history xt : ð�1; 0� ! LpðP;HÞ;
defined by xtðhÞ ¼ xðt þ hÞ for each h 2 ð�1; 0�: W(t) is a two-sided standard one-dimensional Brownian
motion defined on the filtered probability space ðX;F ;P;F tÞ; where F t ¼ rfWðsÞ �WðsÞ; s; s� tg: The
functions Ii; ti satisfy suitable conditions which will be established later. The notations xðtþi Þ; xðt�i Þ represent
the right-hand side and the left-hand side limits of xð�Þ at ti; respectively.

Compared with the earlier related results [15–17], there are at least three essential differences: (i) We
introduce a new concept of p-mean piecewise pseudo almost periodicity for stochastic processes with
infinite delay, which, in turn generalizes all the above-mentioned concepts. (ii) We obtain the existence of p-
mean piecewise pseudo almost periodic solutions of the system (1.1)–(1.2) by using a fixed-point theorem
for condensing maps, theory of operator semigroups, the stochastic analysis theory and new composition
theorems (Lemma 2.5) for p-mean pseudo almost periodic functions with infinite delay. (iii) We establish
the globally exponential stability of the system (1.1)–(1.2) under the assumption that the nonlinear functions
satisfy a linear growth condition (Theorem 4.1). In addition, by using the behavior of delays functional, we
do not require some inequality control conditions such that it is effective for impulsive systems.

2 Preliminaries

We assume that ðH; k � kÞ; ðK; k � kKÞ are real separable Hilbert spaces and ðX;F ;P;F tÞ is supposed to be
a filtered complete probability space.

Define LpðP;HÞ; for p� 1; to be the space of all H-valued random variables V such that E k V kp¼R
X k V kp dP\1: Then LpðP;HÞ is a Banach space when it is equipped with its natural norm k � kp

defined by k V kp¼ ð
R

X E k V kp dPÞ1=p\1 for each V 2 LpðP;HÞ:
Let LðK;HÞ be the space of all linear bounded operators from K into H; equipped with the usual

operator norm k � kLðK;HÞ; in particular, this is simply denoted by LðHÞ when K ¼ H:
L0

2ðK;HÞ denotes the space of all Q-Hilbert-Schmidt operators from K to H with the norm k w k2
L0

2

¼
TrðwQw�Þ\1 for any w 2 LðK;HÞ:

Let T be the set consisting of all real sequences ftigi2Z such that c ¼ infi2Zðtiþ1 � tiÞ[ 0; limi!1 ti ¼
1 and limi!�1 ti ¼ �1:

For ftigi2Z 2 T; let PCðR; LpðP;HÞÞ be the space consisting of all bounded piecewise continuous
processes f : R! LpðP;HÞ such that f ð�Þ is continuous at t for any t 62 ftigi2Z and f ðtiÞ ¼ f ðt�i Þ for all
i 2 Z:

Let PCðR� LpðP;KÞ; LpðP;HÞÞ be the space formed by all piecewise continuous processes f :
R� LpðP;KÞ ! LpðP;HÞ such that for any x 2 LpðP;KÞ; f ð�; xÞ 2 PCðR; LpðP;HÞÞ and for any t 2
R; f ðt; �Þ is continuous at x 2 LpðP;KÞ:

We denote by APTðR; LpðP;HÞÞ and APTðR� LpðP;KÞ; LpðP;HÞÞ the collection of all the p-mean
piecewise almost periodic functions.

Obviously, the space APTðR;LpðP;HÞÞ endowed with the sup norm defined by k f k1¼ ðsupt2R E k
f ðtÞ kpÞ1=p

for any f 2 APTðR;LpðP;HÞÞ is a Banach space.

Definition 2.1 ([10]). For ftigi2Z 2 T; ft j
i ¼ tiþj � tig; j 2 Z; is said to be equipotentially almost periodic

if for every sequence of integer numbers fa0ng; there exist a subsequence fang and a sequence f~tig such that

limn!1 jtiþan
� ti � ~tij ¼ 0 for all i 2 Z:

Throughout the rest of this paper, we always assume that ft j
i g are equipotentially almost periodic.

Let UPCðR;LpðP;HÞÞ be the space of all stochastic functions f 2 PCðR;LpðP;HÞÞ such that f satisfies
the condition (ii) of Definition 2.6 in [17].

Denote by APðZ;LpðP;HÞÞÞ the set of p-mean almost periodic sequences, PAPðZ;LpðP;HÞÞ the set of
p-mean pseudo almost periodic sequences (see [17]).
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Lemma 2.1 (Compare with [10]). Assume that f 2 APTðR;LpðP;HÞÞ; the sequence fxigi2Z 2
APðZ; LpðP;HÞÞ; and ft j

i g; j 2 Z; are equipotentially almost periodic. Then, for each e [ 0; there exist
relatively dense sets Xe of R and Xe of Z such that

(i) E k f ðt þ sÞ � f ðtÞ kp \e for all t 2 R; jt � tij[ e; s 2 Xeand i 2 Z:
(ii) E k xiþ ~q � xi kp \e for all ~q 2 Xe and i 2 Z:

(iii) E k x ~q
i � s kp \e for allfor all ~q; s 2 Xe and i 2 Z:

We need to introduce the new spaces of functions defined for each q [ 0 by

PC0
TðR;LpðP;HÞ; qÞ ¼

�

f 2 PCðR;LpðP;HÞÞ : lim
t!1

�

sup
h2½t�q;t�

E k f ðhÞ kp

�

¼ 0

�

;

PAP0
TðR;LpðP;HÞ; qÞ ¼

�

f 2 PCðR;LpðP;HÞÞ : lim
r!1

1

2r

Z r

�r

�

sup
h2½t�q;t�

E k f ðhÞ kp

�

dt ¼ 0

�

;

PAP0
TðR� LpðP;KÞ; LpðP;HÞ; qÞ

¼
�

f 2 PCðR� LpðP;KÞ;LpðP;HÞÞ : lim
r!1

1

2r

Z r

�r

�

sup
h2½t�q;t�

E k f ðh; xÞ kp

�

dt ¼ 0

uniformly with respect to x 2 K;where K is an arbitrary compact subset of LpðP;KÞ
�

;

where in both cases the limit (as r !1) is uniform in compact subset of LpðP;KÞ:
Now, we recall the definition of fading memory space (phase space) B axiomatically presented in [18].

Let B denote the vector space of functions xt : ð�1; 0� ! LpðP;HÞ defined as xtðsÞ ¼ xðt þ sÞ for s 2 R�;
endowed with a seminorm denoted by k � kB : A Banach space ðB; k � kBÞ which consists of such functions
u : ð�1; 0� ! LpðP;HÞ is called a fading memory space, if it satisfies the following axioms due to Hale
and Kato (see e.g., in [18]).

(A) If x : ð�1; rþ b� ! LpðP;HÞ with b [ 0; r 2 R is continuous on ½r; rþ b� and xr 2 B; then for
every t 2 ½r;rþ b� the following conditions hold:

(i) xt is in B;
(ii) k xðtÞ k � ~H k xt kB;

(iii) k xt kB � ~Kðt � rÞ supfk xðsÞ k: r� s� tg þ ~Mðt � rÞ k xr kB; where ~H� 0 is a constant;
~K; ~M : ½0;1Þ ! ½1;1Þ; ~K is continuous and ~M is locally bounded, and ~H; ~K; ~M are

independent of xð�Þ:
(B) For the function xð�Þ in (A), the function xt is a B-valued function on ½r;rþ b�:
(C) The space B is complete.
(D) If fnngn2N

is a sequence of continuous functions with compact support defined from ð�1; 0� into
LpðP;HÞ; which converges to n uniformly on compact subsets of ð�1; 0� and if fnngn2N

is a cauchy

sequence in B; then n 2 B and nn ! n in B:

Remark 2.1 ([19]). By axiom (D), there exists a constant K[ 0 such that k n kB �K suph� 0 k nðhÞ k for
every n 2 B bounded continuous. Moreover, if B is a fading memory, we assume that

maxf ~KðtÞ; ~MðtÞg�K0 for t� 0: Further, it should be mentioned that the phase B is a uniform fading

memory space if and only if axiom (D) holds, the function ~KðtÞ is bounded and limt!1 ~MðtÞ ¼ 0 .
The next result is a consequence of the phase space axioms.

Lemma 2.2 Let x : R! LpðP;HÞ be an F t-adapted measurable process such that F r-adapted process
xr ¼ u 2 LpðX;BÞ for s [ r; then

k xs kB �MrE k u kB þKr sup
s2R

E k xðsÞ k;

where Kr ¼ sups2R ~KðsÞ and Mr ¼ sups2R ~MðsÞ:
Similar to [2], one has the following result.
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Lemma 2.3 The spaces PAP0
TðR;LpðP;HÞ; qÞ and PAP0

TðR� LpðP;KÞ; LpðP;HÞ; qÞ endowed with the
uniform convergence topology are Banach spaces.

Definition 2.2 A function f 2 PCðR;LpðP;HÞÞ is said to be p-mean piecewise pseudo almost periodic if it

can be decomposed as f ¼ f1 þ f2; where f1 2 APTðR;LpðP;HÞÞ and f2 2 PAP0
TðR;LpðP;HÞ; qÞ:

Denote by PAPTðR; LpðP;HÞ; qÞ the set of all such functions.
PAPTðR; LpðP;HÞ; qÞ is a Banach space with the sup norm k � k1 :

Similar to [1], one has the following result.

Remark 2.2

(i) PAP0
TðR;LpðP;HÞ; qÞ is a translation invariant set of PCðR; LpðP;HÞÞÞ:

(ii) PC0
TðR;LpðP;HÞ; qÞ 	 PAP0

TðR;LpðP;HÞ; qÞ:

Lemma 2.4 Let ffngn2N 	 PAP0
TðR;LpðP;HÞ; qÞ be a sequence of functions. If fn converges uniformly to

f, then f 2 PAP0
TðR;LpðP;HÞ; qÞ:

One can refer to Lemma 2.5 in [3] for the proof of Lemma 2.4.

Definition 2.3 A function f 2 PCðR� LpðP;KÞ;LpðP;HÞÞ is said to be p-mean piecewise pseudo almost
periodic if it can be decomposed as f ¼ f1 þ f2; where f1 2 APTðR� LpðP;KÞ;LpðP;HÞÞ and

f2 2 PAP0
TðR� LpðP;KÞ; LpðP;HÞ; qÞ:

Denote by PAPTðR� LpðP;KÞ; LpðP;HÞ; qÞ the set of all such functions.
We need the following composition of p-mean pseudo almost periodic processes.

Lemma 2.5 Assume f 2 PAPTðR� LpðP;KÞÞ;LpðP;HÞ; qÞ: Assume that the following conditions hold:

(i) ff ðt; xÞ : t 2 R; x 2 Kg is bounded for every bounded subset K 	 LpðP;KÞ:
(ii) f ðt; �Þ is uniformly continuous in each bounded subset of LpðP;KÞ uniformly in t 2 R:

If /ð�Þ 2 PAPTðR; LpðP;KÞ; qÞ such that Rð/Þ 	 LpðP;KÞ; then f ð�;/ð�ÞÞ 2 PAPTðR; LpðP;HÞ; qÞ:

Corollary 2.1 Let f 2 PAPTðR� LpðP;KÞ;LpðP;HÞ; qÞ: Assume further that there exists a number
Lf [ 0 satisfying

E k f ðt; xÞ � f ðt; yÞ kp � Lf E k x� y kp

for all t 2 R; x; y 2 LpðP;KÞ: If /ð�Þ 2 PAPTðR;LpðP;KÞ; qÞ then f ð�;/ð�ÞÞ 2 PAPTðR; LpðP;HÞ; qÞ:
Lemma 2.6 Assume the sequence of vector-valued functions fIigi2Z is pseudo almost periodic, i.e., for any
x 2 LpðP;KÞ; fIiðxÞ; i 2 Zg is a pseudo almost periodic sequence. Suppose fIiðxÞ : i 2 Z; x 2 Kg is boun-
ded for every bounded subset K 	 LpðP;KÞ; IiðxÞ is uniformly continuous in x 2 LpðP;KÞ uniformly in 2 Z:
If / 2 PAPTðR;LpðP;HÞ; qÞ \ UPCðR;LpðP;HÞÞ such that Rð/Þ 	 LpðP;KÞ; then Iið/ðtiÞÞ is pseudo
almost periodic.

One can refer to Theorems 3.1, 3.4 in [11] for the proof of Lemmas 2.5 and 2.6.
Next, we introduce a useful compactness criterion on PCðR; LpðP;HÞ; qÞ: Let ~h : R! Rþ be a con-

tinuous function such that ~hðtÞ� 1 for all t 2 R and ~hðtÞ ! 1 as jtj ! 1: Define

PC0
~h
ðR;LpðP;HÞ; qÞ ¼

�

f 2 PCðR; LpðP;HÞÞ : lim
jtj!1

�

sup
h2½t�q;t�

E k f ðhÞ kp

~hðhÞ

�

¼ 0

�

endowed with the norm k f k ~h¼ supt2Rðsuph2½t�q;t�
Ekf ðhÞkp

~hðhÞ Þ; it is a Banach space.

Lemma 2.7 A set B 
 PC0
~h
ðR; LpðP;HÞ; qÞ is relatively compact if and only if it satisfies the following

conditions:

(i) lim
jtj!1
ðsuph2½t�q;t�

Ekf ðtÞkp

~hðtÞ Þ ¼ 0 uniformly for f 2 B:

(ii) BðtÞ ¼ ff ðtÞ : f 2 Bg is relatively compact in LpðP;HÞ for every t 2 R:
(iii) The set B is equicontinuous on each interval ðti; tiþ1Þði 2 ZÞ:
One can refer to Lemma 4.2 in [11] for the proof of Lemma 2.7.
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To prove our result, we also need the following stochastic integral inequality.

Lemma 2.8 Let U : R! LpðP; L0
2Þ be a measurable stochastic process. Then for any p� 2 and t 2 R;

E

w
w
w
w

Z t

�1
UðsÞdWðsÞ

w
w
w
w

p

�Cp

�

E

Z t

�1
k UðsÞ k2

L0
2

ds

�p=2

; ð2:1Þ

where Cp ¼ ½pðp�1Þ
2
ð p

p�1
Þp�2�p=2:

Proof For any s\s\t; t; s 2 R; we get that 0\s� s\t � s; and
Z t

s

UðsÞdWðsÞ ¼
Z t�s

0

Uðs� sÞdWðs� sÞ:

Set q ¼ t � s; 1 ¼ s� s and

ZðqÞ ¼
Z q

0

Uð1ÞdWð1Þ; q [ 0:

Then, by the proof of Theorem 4.36 in [20], we have

E k ZðqÞ kp �Cp

�

E

Z q

0

k Uð1Þ k2
L0

2
d1

�p=2

;

which implies that

E

w
w
w
w

Z t

s

UðsÞdWðsÞ
w
w
w
w

p

�Cp

�

E

Z t

s

k UðsÞ k2
L0

2
ds

�p=2

: ð2:2Þ

Taking the limit on both sides of (2.2) as s! �1; we conclude that (2.1) holds. h

Lemma 2.9 ([21]). Let D be a convex, bounded and closed subset of a Banach space X and let W : D! D
be a condensing map. Then, W has a fixed-point in D.

3 Existence

In this section, we investigate the existence of p-mean piecewise pseudo almost periodic mild solution for
the system (1.1)–(1.2). We begin by introducing the followings concepts of mild solutions.

Definition 3.1 An F t -progressively measurable process x : R! LpðP;HÞ is called a mild solution of the
system (1.1)–(1.2), if xr ¼ u 2 B; the function s! ATðt � sÞhðs; xsÞ is integrable on R; and for every
t 2 R; t [ r; r 6¼ ti; i 2 Z;

xðtÞ ¼ Tðt � rÞ½uðrÞ � hðr;uÞ� þ hðt; xtÞ þ
Z t

r
ATðt � sÞhðs; xsÞds

þ
Z t

r
Tðt � sÞgðs; xsÞdsþ

Z t

r
Tðt � sÞf ðs; xsÞdWðsÞ þ

X

r\ti\t

Tðt � tiÞIiðxðtiÞÞ:

Additionally, we make the following hypotheses:

(H1) A is the infinitesimal generator of an exponentially stable C0-semigroup ðTðtÞÞt� 0 on LpðP;HÞ; that

is, there exist M; d[ 0 such that k TðtÞ k �Me�dt; t� 0: Moreover, T(t) is compact for t [ 0:
(H2) The function s! ATðt � sÞ defined from ð�1; t� into LðLpðP;HÞÞ is strongly measurable and there

exists a nondecreasing function H0 : ½0;1Þ ! ½0;1Þ and m[ 0 with s! e�msH0ðsÞ 2 L1ð½0;1ÞÞ
such that Lm ¼ supt2R

R t
0

e�msH0ðsÞds\þ1; and

k ATðt � sÞ k � e�mðt�sÞH0ðt � sÞ; t [ s:

(H3) There exists a constant Lh [ 0 such that the function h 2 PAPTðR� B; LpðP;HÞ; qÞ; and
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E k hðt;w1Þ � hðt;w2Þ kp � Lh k w1 � w2 k
p
B; t 2 R;w1;w2 2 B;

E k hðt;wÞ kp � Lhðk w kp
B þ1Þ; t 2 R;w 2 B:

(H4) The functions g 2 PAPTðR� B;LpðP;HÞ; qÞ; f 2 PAPTðR� B;LpðP; L0
2Þ; qÞ; and gðt; �Þ; f ðt; �Þ are

uniformly continuous in each bounded subset of B uniformly in t 2 R; The functions Ii 2
PAPðZ; LpðP;HÞÞ; and IiðxÞ is uniformly continuous in x 2 LpðP;HÞ uniformly in i 2 Z:

(H5) There exist an integrable function m : R! ½0;1Þ and a continuous nondecreasing function H :
½0;1Þ ! ð0;1Þ such that

E k gðt; xÞ kp þE k f ðt; xÞ kp

L0
2

�mðtÞHðk x kp
BÞ; ðt; xÞ 2 R� B:

(H6) There exist continuous nondecreasing functions ~Hi : ½0;1Þ ! ð0;1Þ; i 2 Z; such that

E k IiðxÞ kp � ~HiðE k x kpÞ; x 2 LpðP;HÞ:

To study the system (1.1)–(1.2) we need the following results.

Lemma 3.1 Assume that (H1) and (H2) hold. If h 2 PAPTðR;LpðP;HÞ; qÞ and if K is the function defined
by

KðtÞ :¼
Z t

�1
ATðt � sÞhðsÞds

for each t 2 R; then K 2 PAPTðR;LpðP;HÞ; qÞ:
Proof Since h 2 PAPTðR;LpðP;HÞ; qÞ; there exist h1 2 APTðR;LpðP;HÞÞ and h2 2 PAP0

TðR;
LpðP;HÞ; qÞ; such that h ¼ h1 þ h2: Then KðtÞ can be decomposed as

KðtÞ ¼
Z t

�1
ATðt � sÞh1ðsÞdsþ

Z t

�1
ATðt � sÞh2ðsÞds :¼ K1ðtÞ þ K2ðtÞ:

Next we show that K1ðtÞ 2 APTðR;LpðP;HÞÞ and K2ðtÞ 2 PAP0
TðR; LpðP;HÞ; qÞ: Thus, the following

verification procedure is divided into three steps.
Step 1. K1 2 UPCðR;LpðP;HÞÞ:
Let t0; t00 2 ðti; tiþ1Þ; i 2 Z; t00\t0: By (H1), for any e [ 0; there exists 0\n\ e

2 ~h1
such that 0\t0 � t00\n;

we have

k Tðt0 � t00Þ � I kp � me

2 ~h1

;

where ~h1 ¼ 2p�1ðLmÞp�1 k h1 kp
1 : Using Hölder’s inequality, we have

E k K1ðt0Þ � K1ðt00Þ kp

� 2p�1 k Tðt0 � t00Þ � I kp

�Z t00

�1
e�mðt00�sÞH0ðt00 � sÞds

�p�1

�
�Z t00

�1
e�mðt00�sÞE k h1ðsÞ kp ds

�

þ 2p�1

�Z t0

t00
e�mðt0�sÞH0ðt0 � sÞds

�p�1�Z t0

t00
e�mðt0�sÞE k h1ðsÞ kp ds

�

� 2p�1 k Tðt0 � t00Þ � I kp ðLmÞp�1 1

m
sup
s2R

E k h1ðsÞ kp

þ 2p�1ðLmÞp�1ðt0 � t00Þ sup
s2R

E k h1ðsÞ kp

\2p�1ðLmÞp�1 1

m
k h1 kp

1
me

2 ~h1

þ 2p�1ðLmÞp�1 k h1 kp
1

e

2 ~h1

\
e
2
þ e

2
¼ e:
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Consequently, K1 2 UPCðR;LpðP;HÞÞ:
Step 2. K1 2 APTðR;LpðP;HÞÞ:
Let ti\t� tiþ1: For e [ 0; let Xe be a relatively dense set of R formed by e-periods of h1: For s 2 Xe and

0\g\ minfe; c=2g; we have

E k K1ðt þ sÞ � K1ðtÞ kp

�
�Z t

�1
e�mðt�sÞH0ðt � sÞds

�p�1�Z t

�1
e�mðt�sÞE k h1ðsþ sÞ � h1ðsÞ kp ds

�

�
�Z t

�1
e�mðt�sÞH0ðt � sÞds

�p�1

� Xi�1

j¼�1

Z tjþ1�g

tjþg
e�mðt�sÞE k h1ðsþ sÞ � h1ðsÞ kp ds

þ
Xi�1

j¼�1

Z tjþg

tj

e�mðt�sÞE k h1ðsþ sÞ � h1ðsÞ kp dsþ
Xi�1

j¼�1

Z tjþ1

tjþ1�g
e�mðt�sÞ

� E k h1ðsþ sÞ � h1ðsÞ kp dsþ
Z t

ti

e�mðt�sÞE k h1ðsþ sÞ � h1ðsÞ kp ds

�

:¼
�Z t

�1
e�mðt�sÞH0ðt � sÞds

�p�1�X4

k¼1

~kk

�

:

Since h1 2 APTðR;LpðP;HÞÞ; one has E k h1ðt þ sÞ � h1ðtÞ kp \e for all t 2 ½tj þ g; tjþ1 � g�; j 2 Z; j� i;
and t � s� t � ti þ ti � ðtjþ1 � gÞ� t � ti þ cði� 1� jÞ þ g: Then,

~k1� e
Xi�1

j¼�1

Z tjþ1�g

tjþg
e�mðt�sÞds� e

m

Xi�1

j¼�1
e�mðt�tjþ1þgÞ

� e
m

Xi�1

j¼�1
e�mcði�j�1Þ � e

mð1� e�mcÞ ;

~k2� 2p�1 sup
s2R

E k h1ðsÞ kp
Xi�1

j¼�1

Z tjþg

tj

e�mðt�sÞds

� 2p�1 k h1 kp
1 eemg

Xi�1

j¼�1
e�mðt�tjÞ

� 2p�1 k h1 kp
1 eemge�mðt�tiÞ

Xi�1

j¼�1
e�mcði�jÞ

� 2p�1 k h1 kp
1 emc=2e

1� e�mc
:

Similarly, one has ~k3� ~M1e; ~k4� ~M2e; where ~M1; ~M2 are some positive constants. Therefore, we get that
E k U1ðt þ sÞ � U1ðtÞ kp � �N1e for a positive constant �N1: Hence, K1 2 APTðR;LpðP;HÞÞ:

Step 3. K2 2 PAP0
TðR;LpðP;HÞ; qÞ:

In fact, for r [ 0; one has
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1

2r

Z r

�r

sup
h2½t�p;t�

E k K2ðhÞ kp dt

¼ 1

2r

Z r

�r

sup
h2½t�p;t�

E

w
w
w
w

Z 1

0

ATðsÞh2ðh� sÞds

w
w
w
w

p

dt

� 1

2r

Z r

�r

�Z 1

0

e�msH0ðsÞds

�p�1 Z 1

0

e�ms sup
h2½t�p;t�

E k h2ðh� sÞ kp dsdt

�ðLmÞp�1 1

2r

Z r

�r

sup
h2½t�p;t�

E k h2ðh� sÞ kp dt:

Since h2 2 PAP0
TðR;LpðP;HÞ; qÞ; it follows that h2ð� � sÞ 2 PAP0

TðR;LpðP;HÞ; qÞ for each s 2 R by
Remark 2.1, hence

1

2r

Z r

�r

sup
h2½t�p;t�

E

w
w
w
w

Z h

�1
ATðh� sÞh2ðsÞds

w
w
w
w

p

dt ! 0 as r !1

for all s 2 R: Using Lebesgue’s dominated convergence theorem, we have K2 2 PAP0
TðR; LpðP;HÞ; qÞ:

This completes the proof. h

Similar to the proof of Lemma 3.1, one has the following result.

Lemma 3.2 Assume that (H1) holds. If g 2 PAPTðR; LpðP;HÞ; qÞ and if G is the function defined by

GðtÞ :¼
Z t

�1
Tðt � sÞgðsÞds

for each t 2 R; then G 2 PAPTðR;LpðP;HÞ; qÞ:
Lemma 3.3 Assume that (H1) holds. If f 2 PAPTðR;LpðP; L0

2Þ; qÞ and if F is the function defined by

FðtÞ :¼
Z t

�1
Tðt � sÞf ðsÞdWðsÞ

for each t 2 R; then F 2 PAPTðR; LpðP;HÞ; qÞ:
Proof Since f 2 PAPTðR;LpðP;L0

2ÞÞ; there exist f1 2 APTðR; LpðP;L0
2ÞÞ and f2 2 PAP0

TðR; LpðP;L0
2Þ; qÞ;

such that f ¼ f1 þ f2: Then F(t) can be decomposed as

FðtÞ ¼
Z t

�1
Tðt � sÞf1ðsÞdWðsÞ þ

Z t

�1
Tðt � sÞf2ðsÞdWðsÞ :¼ F1ðtÞ þ F2ðtÞ:

Next we show that F1ðtÞ 2 APTðR;LpðP;HÞÞ and F2ðtÞ 2 PAP0
TðR;LpðP;HÞ; qÞ: Thus, the following

verification procedure is divided into three steps.
Step 1. F 2 UPCðR;LpðP;HÞÞ:
Let t0; t00 2 ðti; tiþ1Þ; i 2 Z; t00\t0: By (H1), for any e [ 0; there exists 0\n\ð e

2 ~f1

Þp=2ðp�1Þ
such that

0\t0 � t00\n; we have for p [ 2;

k Tðt0 � t00Þ � I kp �
~d3e

2 ~f1

;

where ~f1 ¼ 2p�1MpCp k f1 kp
1;

~d3 ¼ ð pd
p�2
Þðp�2Þ=2 pd

2
: Using Hölder’s inequality and Lemma 2.8, we have
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E k F1ðt0Þ � F1ðt00Þ kp

� 2p�1MpCp

�

E

Z t00

�1
e�2dðt00�sÞ k Tðt0 � t00Þ � I k2k f1ðsÞ k2

L0
2

ds

�p=2

þ 2p�1MpCp

�

E

Z t0

t00
e�2dðt0�sÞ k f1ðsÞ k2

L0
2

ds

�p=2

� 2p�1MpCp k Tðt0 � t00Þ � I kp

�Z t00

�1
e�

p
p�2

dðt00�sÞds

�p�2
p

�
�Z t00

�1
e�

p
2
dðt00�sÞds

�

sup
s2R

E k f1ðsÞ kp

L0
2

þ 2p�1MpCp

�Z t0

t00
e�

p
p�2

dðt0�sÞds

�p�2
p
�Z t0

t00
e�

p
2
dðt0�sÞds

�

sup
s2R

E k f1ðsÞ kp

L0
2

� 2p�1MpCp k f1 kp
1

~d3e

2 ~f1

�
pd

p� 2

�p�2
p pd

2

þ 2p�1MpCp k f1 kp
1

��
e

2 ~f1

�p=2ðp�1Þ�2ðp�2Þ=p

\
e
2
þ e

2
¼ e:

For p ¼ 2: Let e [ 0; there exists 0\n\ e
2 ~f1

such that 0\t0 � t00\n; we have that k Tðt0 � t00Þ � I k2 � 2de
~f1
;

where ~f1 ¼ 2M2 k f1 k2
1 : Similar to the above discussion, one has

E k F1ðt0Þ � F1ðt00Þ k2

� 2M2 k f1 k2
1

2de

2 ~f1

�Z t00

�1
e�2dðt00�sÞds

�

þ 2Mp k f1 k2
1

�
e

2 ~f1

�

\
e
2
þ e

2
¼ e:

Consequently, F1 2 UPCðR; LpðP;HÞÞ:
Step 2. F1 2 APTðR;LpðP;HÞÞ:
Let ti\t� tiþ1: For e [ 0; let Xe be a relatively dense set of R formed by e-periods of f. For s 2 Xe and

0\g\ minfe; c=2g; we have

E k F1ðt þ sÞ � F1ðtÞ kp

�CpMp

�

E

Z t

�1
e�2dðt�sÞ k f1ðsþ sÞ � f1ðsÞ k2

L0
2

ds

�p=2

�CpMp

�Z t

�1
e�

p
p�2

dðt�sÞds

�p�2
p
� Xi�1

j¼�1

Z tjþ1�g

tjþg
e�

p
2
dðt�sÞE k f1ðsþ sÞ

� f1ðsÞ kp

L0
2

ds

þ
Xi�1

j¼�1

Z tjþg

tj

e�
p
2
dðt�sÞE k f1ðsþ sÞ � f1ðsÞ kp

L0
2

dsþ
Xi�1

j¼�1

Z tjþ1

tjþ1�g
e�

p
2
dðt�sÞ

� E k f1ðsþ sÞ � f1ðsÞ kp

L0
2

dsþ
Z t

ti

e�
p
2
dðt�sÞE k f1ðsþ sÞ � f1ðsÞ kp

L0
2

ds

�

:¼ CpMp

�Z t

�1
e�

p
p�2

dðt�sÞds

�p�2
p
�X4

k¼1

~fk

�

:

Since f1 2 APTðR;LpðP; L0
2ÞÞ; one has E k f1ðt þ sÞ � f1ðtÞ kp

L0
2

\e for all t 2 ½tj þ g; tjþ1 � g� and j 2
Z; j� i: Then,
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~f1� e
Xi�1

j¼�1

Z tjþ1�g

tjþg
e�

p
2
dðt�sÞds� 2

dp

Xi�1

j¼�1
e�

p
2
dðt�tjþ1þgÞ

� 2e
dp

Xi�1

j¼�1
e�

p
2
dcði�j�1Þ � 2e

dpð1� e�dcÞ ;

~f2� 2p�1 sup
s2R

E k f1ðsÞ kp

L0
2

Xi�1

j¼�1

Z tjþ1þg

tj

e�
p
2
dðt�sÞds

� 2p�1 sup
s2R

E k f1ðsÞ kp

L0
2

ee
p
2
dge�

p
2
dðt�tiÞ

Xi�1

j¼�1
e�

p
2
dcði�jÞ

� 2p�1 k f1 kp
1 edc=4e

1� e�
p
2
dc

:

Similarly, one has ~f3� ~M3e; ~f4� ~M4e; where ~M3; ~M4 are some positive constants. Therefore, we get that
E k F1ðt þ sÞ � F1ðtÞ kp � �N2e for a positive constant �N2: For p ¼ 2; we have

E k F1ðt þ sÞ � F1ðtÞ k2

�M2

� Xi�1

j¼�1

Z tjþ1�g

tjþg
e�2dðt�sÞE k f1ðsþ sÞ � f1ðsÞ k2

L0
2

ds

þ
Xi�1

j¼�1

Z tjþg

tj

e�2dðt�sÞE k f1ðsþ sÞ � f1ðsÞ k2
L0

2
ds

þ
Xi�1

j¼�1

Z tjþ1

tjþ1�g
e�2dðt�sÞE k f1ðsþ sÞ � f1ðsÞ k2

L0
2

ds

þ
Z t

ti

e�2dðt�sÞE k f1ðsþ sÞ � f1ðsÞ k2
L0

2
ds

�

:

Similarly, we get that E k F1ðt þ sÞ � F1ðtÞ k2 � �N3e for a positive constant �N3: Hence,
F1 2 APTðR; LpðP;HÞÞ:

Step 3. F2 2 PAP0
TðR; LpðP;HÞ; qÞ:

In fact, for r [ 0; one has for p [ 2;

1

2r

Z r

�r

sup
h2½t�q;t�

E k F2ðhÞ kp dt

¼ 1

2r

Z r

�r

sup
h2½t�q;t�

E

w
w
w
w

Z 1

0

TðsÞf2ðh� sÞdWðsÞ
w
w
w
w

p

dt

�Cp
1

2r

Z r

�r

sup
h2½t�q;t�

�

E

Z 1

0

e�2s k f2ðh� sÞ k2
L0

2
ds

�p=2

dt

�MpCp

�Z 1

0

e�
p�2

p dsds

�p�2
p
Z 1

0

e�
p
2
dsds

1

2r

Z r

�r

sup
h2½t�q;t�

E k f2ðh� sÞ kp

L0
2

dt:

For p ¼ 2; we have
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1

2r

Z r

�r

sup
h2½t�q;t�

E

w
w
w
w

Z h

�1
Tðh� sÞf2ðsÞdWðsÞ

w
w
w
w

2

dt

�M2

�Z 1

0

e�2dsds

�
1

2r

Z r

�r

sup
h2½t�q;t�

E k f2ðh� sÞ kp

L0
2

dt:

Since f2 2 PAP0
TðR; LpðP;L0

2Þ; qÞ; it follows that f2ð� � sÞ 2 PAP0
TðR;LpðP;L0

2Þ; qÞ for each s 2 R by
Remark 2.1, hence

1

2r

Z r

�r

sup
h2½t�q;t�

E

w
w
w
w

Z h

�1
Tðh� sÞf2ðsÞdWðsÞ

w
w
w
w

p

dt! 0 as r !1

for all s 2 R: Using Lebesgue’s dominated convergence theorem, we have F2 2 PAP0
TðR; LpðP;HÞ; qÞ: This

completes the proof. h

Lemma 3.4 Assume that (H1) holds. If ci 2 PAPðZ; LpðP;HÞÞ; i 2 Z and if ~ci is the function defined by

RiðtÞ :¼
X

ti\t

Tðt � tiÞci

for each t 2 R; then Ri 2 PAPTðR; LpðP;HÞ; qÞ:
Proof Since ci 2 PAPðZ;LpðP;HÞÞ; there exist c1;i 2 APðZ; LpðP;HÞÞ and c2;i 2 PAP0ðZ; LpðP;HÞÞ;
such that ci ¼ c1;i þ c2;i: Hence,

RiðtÞ ¼
X

ti\t

Tðt � tiÞc1;i þ
X

ti\t

Tðt � tiÞc2;i ¼: P1;iðtÞ þP2;iðtÞ:

Next we show that P1;iðtÞ 2 APTðR;LpðP;HÞÞ and P2;iðtÞ 2 PAP0
TðR; LpðP;HÞ; qÞ: Thus, the following

verification procedure is divided into three steps.
Step 1. P1;i 2 UPCðR;LpðP;HÞÞ:
Let t0; t00 2 ðti; tiþ1Þ; i 2 Z; t00\t0: By (H1), for any e [ 0; we have

k Tðt0 � t00Þ � I kp � ð1� e�dcÞpe
~c1

;

where ~c1 ¼ Mp k c1;i kp
1 : Using Hölder’s inequality, we have

E k P1;iðt0Þ �P1;iðt00Þ kp

�Mp k Tðt0 � t00Þ � I kp

�X

ti\t00
e�dðt00�tiÞ

�p�1�X

ti\t00
e�dðt00�tiÞE k c1;i kp

�

�Mp ð1� e�dcÞpe
~c1

�X

ti\t00
e�dðt00�tiÞ

�p

k c1;i kp
1

\e:

Consequently, P1;i 2 UPCðR;LpðP;HÞÞ:
Step 2. P1;i 2 APTðR;LpðP;HÞÞ:
Let ti\t� tiþ1: For e [ 0; let Xe be a relatively dense set of R formed by e-periods of F. For s 2 Xe and

0\g\ minfe; c=2g: By Lemma 2.1, there exists relative dense sets of real numbers Xe and integers Qe; for

every s 2 Xe; there exists at least one number ~q 2 Qe such that jt ~q � sj\e; i 2 Z and E k c1;iþ ~q � c1;i kp

\e; ~q 2 Qe; i 2 Z: Then,
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E k P1;iðt þ sÞ �P1;iðtÞ kp

�MpE

��X

ti\t

e�dðt�tiÞ
�p�1�X

ti\t

e�dðt�tiÞ k c1;iþ ~q � c1;i kp

��

�Mp

�X

ti\t

e�dðt�tiÞ
�p

E k c1;iþ ~q � c1;i kp

� Mpe
ð1� e�dcÞp :

Hence, P1;i 2 APTðR;LpðP;HÞÞ:
Step 3. P2;i 2 PAP0

TðR;LpðP;HÞ; qÞ:
For a given i 2 Z; define the function v(t) by vðtÞ ¼ Tðt � tiÞc2;i; ti\t� tiþ1; then

lim
t!1

sup
h2½t�q;t�

E k vðhÞ kp� lim
t!1

Mpe�pdðt�tiÞ sup
i2Z

E k c2;i kp¼ 0:

Thus v 2 PC0
TðR;LpðP;HÞ; qÞ 	 PAP0

TðR; LpðP;HÞ; qÞ: Define vj : R! LpðP;HÞ by

vjðtÞ ¼ Tðt � ti�jÞc2;i�j; ti\t� tiþ1; j 2 N:

So vj 2 PAP0
TðR;LpðP;HÞ; qÞ: Moreover,

sup
h2½t�q;t�

E k vjðhÞ kp�Mpe�pdðt�ti�jÞ sup
i2Z

E k c2;i kp

�Mpe�pdðt�tiÞe�pdcj sup
i2Z

E k c2;i kp :

Therefore, the series
P1

j¼0 vj is uniformly convergent on R: By Lemma 2.3, one has

X

ti\t

Tðt � tiÞc2;i ¼
X1

j¼0

vjðtÞ 2 PAP0
TðR;LpðP;HÞ; qÞ;

that is

1

2r

Z r

�r

sup
h2½t�q;t�

E

w
w
w
w
X

ti\t

Tðh� tiÞc2;i

w
w
w
w

p

dt! 0 as r !1:

Using Lebesgue’s dominated convergence theorem, we have P2;i 2 PAP0
TðR;LpðP;HÞ; qÞ This completes

the proof. h

Lemma 3.5 If x 2 PAPTðR;LpðP;HÞ; qÞ; then t! xt belongs to PAPTðR;B; qÞ:
One can refer to Lemma 3.5 in [2] for the proof of Lemma 3.5.

Now, we establish the existence theorem of p-mean piecewise pseudo almost periodic mild solutions to
the system (1.1)–(1.2).

Theorem 3.1 Assume that assumptions (H1)–(H6) are satisfied. Then the system (1.1)–(1.2) has a mild
solution x 2 PAPTðR; LpðP;HÞ; qÞ provided that

10p�1Kp
0

�

ð1þ ðLmÞp�1 1

m
ÞLh þMp

�
1

dp�1
Lg þMpCp

�
p� 2

pd

�p�2
p

Lf

�

� lim inf
r�!1

Hðr�Þ
r�
þMp 1

ð1� e�dcÞp sup
i2Z

lim inf
r�!1

~Hiðr�Þ
r�

�

\1 ð3:2Þ

for p [ 2 and
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10Kp
0

�

ð1þ Lm
1

m
ÞLh þM2

�
1

d2
Lg þ

1

2d
Lf

�

lim inf
r�!1

Hðr�Þ
r�

þ 5M2 1

ð1� e�dcÞ2
sup
i2Z

lim inf
r�!1

~Hiðr�Þ
r�

�

\1 ð3:3Þ

for p ¼ 2; where Lg ¼ supt2R
R t

�1 e�dðt�sÞmðsÞds; Lf ¼ supt2R
R t

�1 e�
p
2
dðt�sÞmðsÞds:

Proof Let Y ¼ PAPTðR;LpðP;HÞ; qÞ \ UPCðR;LpðP;HÞÞ: Consider the operator W : Y!
PCðR; LpðP;HÞÞ defined by

ðWxÞðtÞ ¼ hðt; xtÞ þ
Z t

�1
ATðt � sÞhðs; xsÞdsþ

Z t

�1
Tðt � sÞgðs; xsÞds

þ
Z t

�1
Tðt � sÞf ðs; xsÞdWðsÞ þ

X

ti\t

Tðt � tiÞIiðxðtiÞÞ:

It is easy to see that the nonlinear operator W is well defined and continuous. Moreover, for xð�Þ 2 Y; by
(H3), (H4) and Lemmas 2.5, 2.6, we deduce that hð�; x�Þ; gð�; x�Þ; f ð�; x�Þ 2 PAPTðR; LpðP;HÞ; qÞ and
IiðxðtiÞÞ 2 PAPðZ;LpðP;HÞÞ: Similarly as the proof of Lemmas 3.1-3.5, one has Wx 2 Y: For the sake of
convenience, we break the proof into several steps

Step 1. Let Br ¼ fx 2 Y :k x kp
1 � rg for each r [ 0: We prove that there exists a number r such that

WðBrÞ 
 Br:
For each r [ 0; Br is clearly a bounded closed subset in Y: For the convexity of Br; we consider two

distinct functions x1ðtÞ; x2ðtÞ 2 Br; and a real number 0� k� 1; let xðtÞ ¼ kx1ðtÞ þ ð1� kÞx2ðtÞ; t 2 R: By
PAPTðR; LpðP;HÞ; qÞ is a Banach space, we get that x 2 PAPTðR;LpðP;HÞ; qÞ: On the other hand, for any
e [ 0; and t0; t00 2 ðti; tiþ1Þ; i 2 Z; t00\t0; such that E k xjðt0Þ � xjðt00Þ kp \ e

2p�1 ; j ¼ 1; 2: Then,

E k xðt0Þ � xðt00Þ kp� 2p�1½kE k x1ðt0Þ � x1ðt00Þ kp

þ ð1� kÞE k x2ðt0Þ � x2ðt00Þ kp�\e:

Consequently, x 2 UPCðR; LpðP;HÞÞ; and x 2 Y; k x kp
1 � ½k k x1 k1 þð1� kÞ k x2 k1�p� r: Thus

xðtÞ 2 Br: Now we claim that there exists r [ 0 such that UðBrÞ 
 Br: In fact, if this is not true, then for
each r [ 0 there exists xr 2 Br and tr 2 R such that r\E k ðWxrÞðtrÞ kp : For x 2 Br; from Remark 2.1 and
Lemma 2.2, it follows that

k xs kp
B � 2p�1Kp

0ðk u kp
B þrÞ :¼ r�: ð3:4Þ

Then, by (H1)–(H6), Hölder’s inequality and Lemma 2.8, we have for p [ 2;
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r\E k ðWxrÞðtrÞ kp

� 5p�1E k hðs; xr
sÞ kp þ5p�1

�Z tr

�1
e�mðtr�sÞH0ðtr � sÞds

�p�1

�
�Z tr

�1
e�mðtr�sÞE k hðs; xr

sÞ kp ds

�

þ 5p�1Mp

�Z tr

�1
e�dðtr�sÞds

�p�1�Z tr

�1
e�dðtr�sÞE k gðs; xr

sÞ kp ds

�

þ 5p�1CpMp

�

E

Z tr

�1
e�2dðtr�sÞ k f ðs; xr

sÞ k2
L0

2
ds

�p=2

þ 5p�1MpE

��X

ti\tr

e�dðtr�tiÞ
�p�1�X

ti\tr

e�dðtr�tiÞ k IiðxrðtiÞÞ kp

��

� 5p�1Lhðk xr
t k

p
B þ1Þ þ 5p�1ðLmÞp�1

�Z tr

�1
e�mðtr�sÞLhðk xr

s k
p
B þ1Þds

�

þ 5p�1Mp 1

dp�1

�Z tr

�1
e�dðtr�sÞmðsÞHðk xr

s k
p
BÞds

�

þ 5p�1MpCp

�Z tr

�1
e�

p
p�2

dðtr�sÞds

�p�2
p
�Z tr

�1
e�

p
2
dðtr�sÞmðsÞHðk xr

s k
p
BÞds

�

þ 5p�1Mp 1

ð1� e�dcÞp�1

�X

ti\tr

e�dðtr�tiÞ ~HiðE k xrðtiÞ kpÞ
�

� 5p�1Lhðr� þ 1Þ þ 5p�1ðLmÞp�1 1

m
Lhðr� þ 1Þ

þ 5p�1Mp 1

dp LgHðr�Þ þ 5p�1MpCp

�
p� 2

pd

�p�2
p

Lf Hðr�Þ

þ 5p�1Mp 1

ð1� e�dcÞp sup
i2Z

~HiðrÞ:

For p ¼ 2; we have

r\E k ðWxrÞðtrÞ kp � 5Lhðr� þ 1Þ þ 5Lm
1

m
Lhðr� þ 1Þ þ 5M2 1

d2
LgHðr�Þ

þ 5M2 1

2d
Lf Hðr�Þ þ 5M2 1

ð1� e�dcÞ2
sup
i2Z

~HiðrÞ:

Using (3.4), we have for p [ 2;

r�\2p�1Kp
0 k u kp

B þ10p�1Kp
0

�

Lhðr� þ 1Þ þ 5p�1ðLmÞp�1 1

m
Lhðr� þ 1Þ

þMp 1

dp�1
LgHðr�Þ þMpCp

�
p� 2

pd

�p�2
p

Lf Hðr�Þ

þMp 1

ð1� e�dcÞp sup
i2Z

~Hiðr�Þ
�

:

For p ¼ 2; we have
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r�\2Kp
0 k u kp

B þ10Kp
0

�

Lhðr� þ 1Þ þ Lm
1

m
Lhðr� þ 1Þ

þM2 1

d2
LgHðr�Þ þM2 1

2d
Lf Hðr�Þ þ 5M2 1

ð1� e�dcÞ2
sup
i2Z

~Hiðr�Þ
�

:

Dividing both sides by r� and taking the lower limit, we have

1\10p�1Kp
0

�

ð1þ ðLmÞp�1 1

m
ÞLh

þMp

�
1

dp�1
Lg þ Cp

�
p� 2

pd

�p�2
p

Lf

�

lim inf
r�!1

Hðr�Þ
r�

þMp 1

ð1� e�dcÞp sup
i2Z

lim inf
r�!1

~Hiðr�Þ
r�

�

for p [ 2 and

1\10Kp
0

�

ð1þ Lm
1

m
ÞLh þM2

�
1

d2
Lg þ

1

2d
Lf

�

lim inf
r�!1

Hðr�Þ
r�

þ 5M2 1

ð1� e�dcÞ2
sup
i2Z

lim inf
r�!1

~Hiðr�Þ
r�

�

for p ¼ 2; which contradict (3.2) and (3.3). Hence, there exists r [ 0 such that WðBrÞ 
 Br:
In what follows, we aim to show that the operator W has a fixed point on Br; which implies that (1.1)–

(1.2) has a mild solution. To this end, we decompose W as W1 þW2 where

ðW1xÞðtÞ ¼ hðt; xtÞ þ
Z t

�1
ATðt � sÞhðs; xsÞds; t 2 R;

ðW2xÞðtÞ ¼
Z t

�1
Tðt � sÞgðs; xsÞdsþ

Z t

�1
Tðt � sÞf ðs; xsÞdWðsÞ

þ
X

ti\t

Tðt � tiÞIiðxðtiÞÞ; t 2 R:

We will verify that W1 is a contraction while W2 is a completely continuous operator.
Step 2. W1 is a contraction.
For t 2 R; and x�; x�� 2 Br: From (H2), (H3) and Remark 2.1 and Lemma 2.2, we have

E k ðW1x�ÞðtÞ � ðW1x��ÞðtÞ kp

� 2p�1Lh k x�t � x��t k
p
B þ2p�1ðLmÞp�1

�Z t

�1
e�mðt�sÞLh k x�s � x��s k

p
B ds

�

� 4p�1Kp
0Lh sup

s2R
E k x�ðsÞ � x��ðsÞ kp

þ 4p�1Kp
0ðLmÞp�1Lh

�Z t

�1
e�mðt�sÞds

�

sup
s2R

E k x�ðsÞ � x��ðsÞ kp

� L0 k x� � x�� kp
1 :

Taking supremum over t,

k W1x� �W1x�� kp
1 � L0 k x� � x�� kp

1 :

where L0 ¼ 4p�1Kp
0Lh½1þ ðLmÞp�1m�1�: By (3.2), we see that L0\1: Hence, W1 is a contractive operator

with constant L0.
Step 3. W2 is completely continuous on Br:
(1) W2 is continuous on Br:
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Let fxðnÞg 
 Br with xðnÞ ! xðn!1Þ in Y; then there exists a bounded subset K 
 LpðP;KÞ such that

RðxÞ 
 K;RðxnÞ 
 K; n 2 N: By the assumption (H4)–(H6), for any e [ 0; there exists n0 such that k
xðnÞ � x kp

1 \e for n [ n0: From axiom (A), it is easy to see that xn
s ! xs uniformly for s 2 R as n!1:

Then for n [ n0; we have that E k gðs; xðnÞs Þ � gðs; xsÞ kp \e; E k f ðs; xðnÞs Þ � f ðs; xsÞ kp

L0
2

\e and E k
IiðxðnÞÞ � IiðxÞ kp \e for all t 2 R; i 2 Z: Then, by Hölder’s inequality and Lemma 2.8, we have for p [ 2;

E k ðW2xðnÞÞðtÞ � ðW2xÞðtÞ kp

� 3p�1Mp

�Z t

�1
e�dðt�sÞds

�p�1�Z t

�1
e�dðt�sÞE k gðs; xðnÞs Þ � gðs; xsÞ kp ds

�

þ 3p�1CpMp

�

E

Z t

�1
e�2dðt�sÞ k f ðs; xðnÞs Þ � f ðs; xsÞ k2

L0
2

ds

�p=2

þ 3p�1MpE

��X

ti\t

e�dðt�tiÞ
�p�1�X

ti\t

e�dðt�tiÞ k IiðxðnÞðtiÞÞ � IiðxðtiÞÞ kp

��

� 3p�1Mp

�Z t

�1
e�dðt�sÞds

�p

eþ 3p�1CpMp

�Z t

�1
e�

p
p�2

dðt�sÞds

�p�2
p

�
�Z t

�1
e�

p
2
dðt�sÞds

�

eþ 3p�1Mp 1

ð1� e�dcÞp�1

�X

ti\t

e�dðt�tiÞ
�

e

� 3p�1Mp

�
1

dp þ Cp

�
p� 2

pd

�p�2
2 2

pd
þ 1

ð1� e�dcÞp
�

e:

For p ¼ 2; we have

E k ðW2xðnÞÞðtÞ � ðW2xÞðtÞ k2 � 3M2

�
1

d2
þ 1

2d
þ 1

ð1� e�dcÞ2
�

e:

Thus W2 is continuous on Br:
(2) W2ðBrÞ ¼ fW2x : x 2 Brg is clearly bounded.
(3) W2ðBrÞ ¼ fW2x : x 2 Brg is equicontinuous.
Let s1; s2 2 ðti; tiþ1Þ; i 2 Z; s1\s2; and x 2 Br: Then, by (H4)–(H6), Hölder’s inequality and Lemma 2.8,

we have for p [ 2;
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E k ðW2xÞðs2Þ � ðW2xÞðs1Þ kp

� 6p�1Mp k Tðs2 � s1Þ � I kp

�Z s1

�1
e�dðs1�sÞds

�p�1

�Z s1

�1
e�dðs1�sÞE k gðs; xsÞ kp ds

�

þ 6p�1Mp

�Z s2

s1

e�dðs2�sÞds

�p�1�Z s2

s1

e�dðs2�sÞE k gðs; xsÞ kp ds

�

þ 6p�1MpCp

�

E

Z s1

�1
e�2dðs1�sÞ k Tðs2 � s1Þ � I k2k f ðs; xsÞ k2

L0
2

ds

�p=2

þ 6p�1MpCp

�

E

Z s2

s1

e�2dðs2�sÞ k f ðs; xsÞ k2
L0

2
ds

�p=2

þ 3p�1Mp k Tðs2 � s1Þ � I kp

�X

ti\s1

e�dðs1�tiÞ
�p�1

�X

ti\s1

e�dðs1�tiÞE k IiðxðtiÞÞ kp

�

� 6p�1Mp k Tðs2 � s1Þ � I kp 1

dp�1
LgHðr�Þ

þ 6p�1Mp

�Z s2

s1

e�dðs2�sÞds

�p�1�Z s2

s1

e�dðs2�sÞmðsÞds

�

Hðr�Þ

þ 6p�1MpCp k Tðs2 � s1Þ � I kp

�
p� 2

pd

�p�2
p

Lf Hðr�Þ

þ 6p�1MpCp

�Z s2

s1

e�
p

p�2
dðs2�sÞds

�p�2
p
�Z s2

s1

e�
p
2
dðs2�sÞmðsÞds

�

Hðr�Þ

þ 3p�1Mp k Tðs2 � s1Þ � I kp 1

ð1� e�dcÞp
~HiðrÞ:

For p ¼ 2; we have

E k ðW2xÞðs2Þ � ðW2xÞðs1ÞÞ k2

� 6M2 k Tðs2 � s1Þ � I k2 1

d
LgHðr�Þ þ 6M2

�Z s2

s1

e�dðs2�sÞds

�

�
�Z s2

s1

e�dðs2�sÞmðsÞds

�

Hðr�Þ þ 6M2 k Tðs2 � s1Þ � I k2 Lf Hðr�Þ

þ 6M2

�Z s2

s1

e�2dðs2�sÞmðsÞds

�

Hðr�Þ

þ 3M2 k Tðs2 � s1Þ � I k2 1

ð1� e�dcÞ2
~HiðrÞ:

The right-hand side of the above inequality is independent of x 2 Br and tends to zero as s2 ! s1; since the
compactness of T(t) for t [ 0 implies imply the continuity in the uniform operator topology. Thus, W maps
Br into an equicontinuous family of functions.

(4) ðW2ðBrðtÞÞ ¼ fðW2xÞðtÞ : x 2 Brg is relatively compact for each t 2 R:
For each t 2 R; and let e be a real number satisfying 0\e\1: For x 2 Br; we define
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ðW2;exÞðtÞ ¼ TðeÞ
� Z t�e

�1
Tðt � e� sÞgðs; xsÞdsþ

Z t�e

�1
Tðt � e� sÞf ðs; xsÞdWðsÞ

þ
X

ti\t�e

Tðt � e� tiÞIiðxðtiÞÞ
�

¼ TðeÞ½ðW2xÞðt � eÞ�:

Since TðtÞðt [ 0Þ is compact, then the set VeðtÞ ¼ fðW2;exÞðtÞ : x 2 Brg is relatively compact in LpðP;HÞ
for each t 2 R: Moreover, for every x 2 Br; we have for p [ 2;

E k ðW2xÞðtÞ � ðW2;exÞðtÞ kp

� 3p�1Mp

�Z t

t�e
e�dðt�sÞds

�p�1�Z t

t�e
e�dðt�sÞE k gðs; xsÞ kp ds

�

þ 3p�1CpMp

�

E

Z t

t�e
e�2dðt�sÞ k f ðs; xsÞ k2

L0
2

ds

�p=2

þ 3p�1MpE

�� X

t�e\ti\t

e�dðt�tiÞ
�p�1� X

t��\ti\t

e�dðt�tiÞ k IiðxðtiÞÞ kp

��

� 3p�1Mp

�Z t

t�e
e�dðt�sÞds

�p�Z t

t�e
e�dðt�sÞmðsÞds

�

Hðr�Þ

þ 3p�1CpMp

�Z t

t�e
e�

p
p�2

dðt�sÞds

�p�2
p
�Z t

t�e
e�

p
2
dðt�sÞmðsÞds

�

Hðr�Þ

þ 3p�1Mp

� X

t�e\ti\t

e�dðt�tiÞ
�p

sup
i2Z

~HiðrÞ:

For p ¼ 2; we have

E k ðW2xÞðtÞ � ðW2;exÞðtÞ k2

� 3M2

�Z t

t�e
e�dðt�sÞds

�2�Z t

t�e
e�dðt�sÞmðsÞds

�

Hðr�Þ

þ 3M2

�Z t

t�e
e�2dðt�sÞmðsÞds

�

Hðr�Þ þ 3M2

� X

t�e\ti\t

e�dðt�tiÞ
�2

sup
i2Z

~HiðrÞ:

Therefore, letting e! 0; it follows that there are relatively compact sets VeðtÞ arbitrarily close to VðtÞ ¼
fðW2xÞðtÞ : x 2 Br�g; and hence V(t) is also relatively compact in LpðP;HÞ for each t 2 R: Since fW2x :

x 2 Br�g 	 PC0
~h
ðR; LpðP;HÞ; qÞ; then fW2x : x 2 Br�g is a relatively compact set by Lemma 2.7, then W2 is

a compact operator and we can conclude that W2 is a completely continuous map.
Therefore,W ¼ W1 þW2 is a condensing map from Br into Br: Consequently, by Lemma 2.9, we deduce

that W has a fixed point x 2 Br; which is a mild solution of the system (2.1)–(2.2), that is

xðtÞ ¼ hðt; xtÞ þ
Z t

�1
ATðt � sÞhðs; xsÞdsþ

Z t

�1
Tðt � sÞgðs; xsÞds

þ
Z t

�1
Tðt � sÞf ðs; xsÞdWðsÞ þ

X

ti\t

Tðt � tiÞIiðxðtiÞÞ; t 2 R:

Finally, to prove that x satisfies (3.1) for all t� s; all s 2 R: Fix r;r 6¼ ti; i 2 Z; we have for t� r;
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xðrÞ ¼ hðr; xrÞ þ
Z r

�1
ATðr� sÞhðs; xsÞdsþ

Z r

�1
Tðr� sÞgðs; xsÞds

þ
Z r

�1
Tðr� sÞf ðs; xsÞdWðsÞ þ

X

ti\r

Tðr� tiÞIiðxðtiÞÞ ¼ uðrÞ:

Since fTðtÞ : t� 0g is a C0-semigroup, we have for all t� r;

xðtÞ ¼ hðt; xtÞ þ
Z r

�1
ATðt � sÞhðs; xsÞdsþ

Z r

�1
Tðt � sÞgðs; xsÞds

þ
Z r

�1
Tðt � sÞf ðs; xsÞdWðsÞ þ

X

ti\r

Tðt � tiÞIiðxðtiÞÞ

þ
Z t

r
ATðt � sÞhðs; xsÞdsþ

Z t

r
Tðt � sÞgðs; xsÞds

þ
Z t

r
Tðt � sÞf ðs; xsÞdWðsÞ þ

X

r\ti\t

Tðt � tiÞIiðxðtiÞÞ

¼ Tðt � rÞ½uðrÞ � hðr;uÞ� þ hðt; xtÞ þ
Z t

r
Tðt � sÞgðs; xsÞds

þ
Z t

r
Tðt � sÞf ðs; xsÞdWðsÞ þ

X

r\ti\t

Tðt � tiÞIiðxðtiÞÞ:

Hence x 2 PAPTðR;LpðP;HÞ; qÞ is an p-mean piecewise pseudo almost periodic mild solution to the system
(1.1)–(1.2). This completes the proof. h

4 Exponential stability

In this section, we present the exponential stability of a piecewise pseudo almost periodic solution of the
system (1.1)–(1.2). To do this, we also need the following assumptions:

(B1) There exist constants lj [ 0; j ¼ 1; 2; such that

E k hðt;wÞ kp � l1 k w kp
B; ðt;wÞ 2 ðR;BÞ;

E k gðt;wÞ kp þE k f ðt;wÞ kp

L0
2

� l2 k w kp
B; ðt;wÞ 2 ðR;BÞ:

(B2) There exist constant ci [ 0; i 2 Z; such that

E k IiðxÞ kp � ciE k x kp; x 2 LpðP;HÞ:

Theorem 4.1 Assume that assumptions of Theorem 3.1hold and, in addition, hypotheses (B1), (B2) are
satisfied. Then the piecewise pseudo almost periodic mild solution of the system (1.1)–(1.2) is globally
exponentially stable.

Proof Let xð�Þ be a fixed point of W in Y: By Theorem 3.1, any fixed point of W is a mild solution of the

system (1.1)–(1.2). We now can choose a positive constant b such that 0\b\ minfm; pd
2
g;

6p�1Mp 1

ð1� e�dcÞp�1ð1� e�ðd�bÞcÞ
sup
i2Z

ci\1;

and
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ebtE k xðtÞ kp

� 5p�1ebtE k hðt; xtÞ kp þ5p�1e
~btE

w
w
w
w

Z t

�1
ATðt � sÞhðs; xsÞds

w
w
w
w

p

þ 5p�1ebtE

w
w
w
w

Z t

�1
Tðt � sÞgðs; xsÞds

w
w
w
w

p

þ 5p�1ebtE

w
w
w
w

Z t

�1
Tðt � sÞf ðs; xsÞdWðsÞ

w
w
w
w

p

þ 5p�1ebtE

w
w
w
w
X

ti\t

Tðt � tiÞIiðxðtiÞÞ
w
w
w
w

p

:¼
X5

j¼1

#j:

Now, we estimate the terms on the right-hand side of the above inequality. By (B1) and #1; we have that

#1� 5p�1l1ebt k xt kp
B : For any xðtÞ 2 LpðP;HÞ and any e [ 0; there exists a ~t1 [ 0 such that ebtE k

xðt � qÞ kp \e for t [ ~t1: Thus, we obtain that #1� 5p�1l1e; which implies #1 ! 0 as t!1: As to #2; for
any xðtÞ 2 LpðP;HÞ; t 2 ½�q;1Þ; we have

#2� 5p�1ebt

�Z t

�1
e�mðt�sÞH0ðt � sÞds

�p�1�Z t

�1
e�mðt�sÞE k hðs; xsÞ kp ds

�

� 5p�1ðLmÞp�1

�Z t

�1
e�ðm�bÞðt�sÞl1ebs k xs kp

B ds

�

:

For any xðtÞ 2 LpðP;HÞ and any e [ 0; there exists a ~t2 [ 0 such that ebtE k xðs� hÞ kp \e for s [ ~t2:
Thus, we have

#2� 5p�1ðLmÞp�1

� Z t

~t2

e�ðm�bÞðt�sÞl1ebsE k xs kp
B ds

þ e�ðm�bÞt
Z ~t2

�1
eðm�bÞsl1ebsE k xs kp

B ds

�

� 5p�1ðLmÞp�1

�
1

m� b
l1eþ e�ðm�bÞt

Z ~t2

�1
eðm�bÞsl1ebs k xs kp

B ds

�

:

Since e�ðm�bÞt ! 0 as t!1; then there exists ~t3� ~t2 such that for any t� ~t3;

5p�1ðLmÞp�1e�ðm�bÞt
Z ~t2

�1
eðm�bÞsl1ebs k xs kp

B ds� e� ðLmÞp�1 1

m� b
l1e:

Thus, for any t� ~t3; we obtain that #2� e; which implies #2 ! 0 as t!1: As to #3; for any xðtÞ 2
LpðP;HÞ; t 2 ½�q;1Þ; we have

#3� 5p�1Mpebt

�Z t

�1
e�dðt�sÞds

�p�1�Z t

�1
e�dðt�sÞE k gðs; xsÞ kp ds

�

� 5p�1Mp 1

dp�1

�Z t

�1
e�ðd�bÞðt�sÞebsl2 k xs kp

B ds

�

:

Similar to the discussion of #2; we obtain that #2 ! 0 as t!1: As to #4; for any xðtÞ 2 LpðP;HÞ;
t 2 ½�q;1Þ; we have for p [ 2;
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#4� 5p�1CpMpebt

�

E

Z t

�1
e�2dðt�sÞ k f ðs; xsÞ k2

L0
2

ds

�p=2

� 5p�1CpMpebt

�Z t

�1
e�

p
p�2

dðt�sÞds

�p�2
p
�Z t

�1
e�

p
2
dðt�sÞl2 k xs kp

B ds

�

� 5p�1CpMp

�
p� 2

pd

�p�2
p
�Z t

�1
e�ð

pd
2
�bÞðt�sÞl2ebs k xs kp

B ds

�

:

Similar to the discussion of m2; we obtain that #4 ! 0 as t!1: For p ¼ 2; we have

#4� 5M2

�Z t

�1
e�ð2d�bÞðt�sÞl2ebs k xs k2

B ds

�

:

Similarly, we obtain that #4� e: By (B2) and Hölder’s inequality, we have

#5� 6p�1MpebtE

��X

ti\t

e�dðt�tiÞ
�p�1�X

ti\t

e�dðt�tiÞ k IiðxðtiÞÞ kp

��

� 6p�1Mp 1

ð1� e�dcÞp�1
ebt

�X

ti\t

e�dðt�tiÞ½ciE k xðtiÞ kp�
�

� 6p�1Mp 1

ð1� e�dcÞp�1ð1� e�ðd�bÞcÞ
½sup

i2Z
cie

bti E k xðtiÞ kp�:

Then there exists a ~h 2 ½�q;1Þ; such that for any t� ~h; we have

ebtE k xðtÞ kp� L� sup
t2R

ebtE k xðtÞ kp þð5p�1l1 þ 3Þe;

where L� ¼ 6p�1Mp 1

ð1�e�dcÞp�1ð1�e�ðd�bÞcÞ supi2Z ci\1: Thus we get that

sup
t2R

ebtE k xðtÞ kp � ð5
p�1l1 þ 3Þ
1� L�

e:

It follows that ebtE k xðtÞ kp � ð5
p�1l1þ3Þ
1�L� e; which is implies that ebtE k xðtÞ kp! 0 as t!1: So we con-

clude that the piecewise pseudo almost periodic mild solution of the system (1.1)–(1.2) is globally expo-
nentially stable. The proof is completed. h

Remark 4.1. If the functions h, g, f and Ii; i 2 Z; satisfy the Lipschitz conditions, then without assuming
ðTðtÞÞt [ 0 is a compact semigroup, the existence, uniqueness and exponential stability of p-mean piecewise
pseudo almost periodic mild solutions to the system (1.1)–(1.2) can be obtained by using Banach fixed point
theorem.

5 An example

Consider following partial stochastic differential equations of the form

d

�

zðt; xÞ � ðsin t þ sin
ffiffiffiffi
2t
p
þ lðtÞÞ

Z 0

�1
e2s jzðt þ s; xÞj

1þ jzðt þ s; xÞj ds

�

¼ o2

ox2
zðt; xÞdt þ ðsin t þ sin

ffiffiffiffi
2t
p
þ lðtÞÞ

Z 0

�1
e2s sinðjzðt þ s; xÞjÞdsdt

þ ðsin t þ sin
ffiffiffiffi
2t
p
þ lðtÞÞ

Z 0

�1
e4s sinðjzðt þ s; xÞjÞdsdWðtÞ;

t 2 R; x 2 ½0;p�;

ð5:1Þ
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zðt; 0Þ ¼ zðt; pÞ ¼ 0; t 2 R; ð5:2Þ

Mzðti; xÞ ¼ bi sinðzðti; xÞÞ; i 2 Z; x 2 ½0;p�; ð5:3Þ

where W(t) is a two-sided standard one-dimensional Brownian motion defined on the filtered probability
space ðX;F ;P;F tÞ: In this system, l 2 UPCðR;RÞ defined by

lðtÞ ¼
0; for t\0;

e�t; for t� 0;

�

and bi 2 PAPðZ;RÞ; ti ¼ iþ 1
4
j sin iþ sin

ffiffiffi
2
p

ij; ft j
i g; i 2 Z; j 2 Z are equipotentially almost periodic and

c ¼ infi2Zðtiþ1 � tiÞ[ 2
5

[ 0 (refer to p.198 in [10]).

Let H ¼ L2ð½0; p�Þ with the norm k � k and define the operators A : DðAÞ 
 H! H by Ax ¼ x00 with
the domain DðAÞ :¼ fx 2 H : x;x0 are absolutely continuous, x00 2 H;xð0Þ ¼ xðpÞ ¼ 0g: It is well
known that A generates a strongly continuous semigroup Tð�Þ which is compact, analytic and self-adjoint,

and k TðtÞ k � e�t; t� 0: Furthermore, A has a discrete spectrum; the eigenvalues are �n2; n 2 N; with the

corresponding normalized eigenvectors znðxÞ ¼
ffiffi
2
p

q
sinðnxÞ: In addition, the following properties hold:

(a) fzn : n 2 Ng is an orthonormal basis for H:
(b) For x 2 H; TðtÞx ¼

P1
n¼1 e�n2thx; znizn and Ax ¼

P1
n¼1 n2hx; znizn; x 2 DðAÞ:

(c) It is possible to define the fractional power ð�AÞa; 0\a� 1 of A, as a closed linear operator over its

domain Dðð�AÞaÞ: More precisely, the operator ð�AÞa : Dðð�AÞaÞ 
 H! H is given by ð�AÞax ¼P1
n¼1 n2ahx; znixn; for all x 2 Dðð�AÞaÞ; where Dðð�AÞaÞ ¼ fxð�Þ 2 H :

P1
n¼1 n2ahx; znizn 2 Hg:

(d) If Ha denotes the space Dðð�AÞaÞ endowed with the graph norm k � ka, then Ha is a Banach space.
Moreover Ha ! Hb is continuous for 0\b� a� 1 and there exist some constants Ja; da [ 0 such that

k TðtÞ kLðHa;HÞ � Jae�da t

ta for t [ 0:

Let the phase space B be B ¼ S�c ¼ fw 2 Cðð�1; 0�;HÞ : limh!�1 e�chwðhÞ exists in Hg; where �c [ 0 and

set k w kB¼ sup�1\h� 0 e�ch k wðhÞ k;w 2 S�c: It is well known that S�c satisfies the axioms (A)–(D) with

~H ¼ 1; ~KðtÞ ¼ maxf1; e��ctg and ~MðtÞ ¼ e��ct (see [19], Theorem 1.3.7] for details).
Additionally, we choose 0\�c\2 and take uðhÞðxÞ ¼ uðh; xÞ 2 B; defining the maps h : R� B !

LpðP;HÞ; g : R� B ! LpðP;HÞ; f : R� B ! LpðP;HÞ; Ii : LpðP;HÞ ! LpðP;HÞ by

Gðt;uÞðxÞ ¼ ðsin t þ sin
ffiffiffi
2
p

t þ lðtÞÞ
Z 0

�1
e2s juðsÞðxÞj

1þ juðsÞðxÞj ds;

gðt;uÞðxÞ ¼ ðsin t þ sin
ffiffiffi
2
p

t þ lðtÞÞ
Z 0

�1
e2s sinðjuðsÞðxÞjÞds;

f ðt;uÞðxÞ ¼ ðsin t þ sin
ffiffiffi
2
p

t þ lðtÞÞ
Z 0

�1
e4s sinðjuðsÞðxÞjÞds;

IiðuÞðxÞ ¼ bi sin uðxÞ:

Using these definitions, we can represent the system (5.1)–(5.3) in the abstract form (1.1)–(1.2). Obviously,

½sin t þ sin 2p
ffiffiffi
2
p

t� is the almost periodic component and limr!1
1
2r

R r

�r lðtÞdt ¼ 0: It follows that h, g, f are

uniformly pseudo almost periodic of infinite class. Moreover, we have
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E k hðt;wÞ � hðt;w1Þ kp

� 3pE

��Z p

0

�Z 0

�1
e2s

�
jwðsÞðxÞj

1þ jwðsÞðxÞj �
jw1ðsÞðxÞj

1þ jw1ðsÞðxÞj

�

ds

�2

dx

�1=2�p

� 3pE

� Z 0

�1
eð2��cÞse�cs k wðsÞ � w1ðsÞ k ds

�p

� 3p

�Z 0

�1
eð2��cÞsds

�p

k w� w1 k
p
B

�
�

3

2� �c

�p

k w� w1 k
p
B;

and E k hðt;wÞ kp �ð 3
2��cÞ

p k w kp
B for all ðt;wÞ; ðt;w1Þ 2 R� B: Similarly, we have

E k gðt;wÞ kp þE k f ðt;wÞ kp

� 3pE

��Z p

0

�Z 0

�1
e2s sinðjwðsÞðxÞjÞds

�2

dx

�1=2�p

þ 3pE

��Z p

0

�Z 0

�1
e4s sinðjwðsÞðxÞjÞds

�2

dx

�1=2�p

� 3pE

� Z 0

�1
eð2��cÞse�cs k wðsÞ k ds

�p

þ 3pE

� Z 0

�1
eð4��cÞse~cs k wðsÞ k ds

�p

� 3p

��Z 0

�1
eð2��cÞsds

�p

þ
�Z 0

�1
eð4��cÞsds

�p�

k w kp
B

�
��

3

2� �c

�p

þ
�

3

4� �c

�p�

k w kp
B

for all ðt;wÞ 2 R� B: Further, bi 2 PAPðZ;RÞ implies that Ii 2 PAPðZ;LpðP;HÞÞ; i 2 Z; and E k IiðwÞ kp

� jbijp k w kp for all w 2 LpðP;HÞ; i 2 Z: Therefore, the assumptions (H1)–(H6), (B1) and (B2) are all

satisfied. Let’s take K0 ¼ M ¼ d ¼ 1; m ¼ d1; Lm ¼ supt2R
R t

0
J1e�d1s

s ds; Lh ¼ ð 3
2��cÞ

3; Lg ¼ ð 3
2��cÞ

3 þ ð 3
4��cÞ

3;

Lf ¼ 2
3
½ð 3

2��cÞ
3 þ ð 3

4��cÞ
3�; c ¼ 2

5
; HðsÞ ¼ s; ~HiðsÞ ¼ jbij3s; i 2 Z: It is easy to see that

102

�

ð1þ ðLmÞ2
1

d1

ÞLh þ Lg þ
�

9

2

�3=2�
1

3

�1=3

Lf þ
1

ð1� e�
2
5Þ3

sup
i2Z
jbij3

�

\1

for p ¼ 3; C3 ¼ ð92Þ
3=2; and

10

�

ð1þ Lm
1

d1

ÞLh þ Lg þ
1

2
Lf þ

1

ð1� e�
2
5Þ2

sup
i2Z
jbij2

�

\1

for p ¼ 2; whenever Lh; Lg; Lf and supi2Z jbijp are small enough. Now the conditions (3.2) and (3.3) in
Section 3 hold. Hence by Theorems 4.1, the system (5.1)–(5.3) has an exponentially stable p-mean
piecewise pseudo almost periodic mild solution.
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