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Abstract Let K be a compact Hausdorff space, Y be a Banach space, C(K) be the real Banach spaces of all
continuous functions on K endowed with the supremum norm and C.(K)={f € C(K):
f(k) >0 for all k € K} be the positive cone of C(K). In this note, We show that for every standard isometry
F:C.(K) — Y, there exists a bounded linear operator T : span[F(C, (K))] — C(K) with ||T|| = 1 such that

TF = Idc, (k).

This result can be regarded as a generalization of Figiel’s theorem on the positive cones of continuous
functions spaces. Furthermore, if 7*(C(K)") is w*-1-complemented in span[F(C(K))], then there exists a
linear isometry U : C(K) — span[F(C, (K))] such that TU = Id¢ (k). Making use of this result, we show that
if F(C4(K)) contains a closed reproducing wedge of Y, then F = Ul¢ ()
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1 Introduction

If K is a compact Hausdorff space, we denote by C(K) be the real Banach spaces of all continuous functions on
K endowed with the supremum norm, and C (K) = {f € C(K) : f(k) >0 for all k € K} be the positive cone
of C(K). Let (My,d,) and (M, d,) be metric spaces. A mapping F : M| — M, is called an isometry provided

dr(F(u), F(v)) = d,(u,v), forall u,v € M.

Suppose X and Y are two Banach spaces with 0 € M} C X and O € M, C Y. The isometry F' : M| — M, is
called standard if F(0) = 0. In this paper, we study the properties of isometries defined on C (K), instead of
the whole space C(K).

The celebrated Mazur-Ulam theorem [15] states that every surjective standard isometry between real
Banach spaces is necessarily linear. The surjectivity hypothesis is essential in general, but can be dropped if
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the target space is strictly convex [2]. Figiel [10] extended Mazur-Ulam theorem by showing the following
stability result for any standard isometry between two Banach spaces.

Theorem 1.1 (Figiel) Let F : X — Y be a standard isometry, then there exists a unique bounded linear
operator T : spanF(X) — X with ||T|| = 1 such that

TF = Idy.

Godefroy and Kalton [11] studied the relationship between isometries and linear isometries and showed the
following deep theorem, which resolved a long-standing open problem whether the existence of an isometry
implies the existence of a linear isometry: If X is separable and there is an isometry F : X — Y, then ¥
contains a linearly isometric copy of X; and for every nonseparable weakly compactly generated space X,
there exists a Banach space Y so that it contains an isometry copy of X, but X is not isomorphic to any
subspace of Y. The properties of isometries and perturbation isometries between the two Banach spaces X
and Y, either X or Y is a continuous functions space, has been studied by many authors. Let K;, K, be two
compact Hausdorff spaces, for any standard isometry F : C(K;) — C(K,), Holsztyniski [12] showed that
there exists a nonempty closed subset S C K, such that the mapping F(-)|s : C(K;) — C(S) is a linear
isometry. The above result was rediscovered by Lovblom [13] in a particular case of metrizable compact
spaces K; and K;. Drewnowski [9], showed that Holsztynski’s result is still true if we substitute the space
C(K,) by arbitrary Banach space X. For more background on this topic, we refer to [5, 14, 16, 17] and
references therein.

There are many situations in which one has to deal with a wedge ( or cone) of a Banach space, instead of
the whole space (see, [1, 4, 6-8]). For example, every norm semigroup of a Banach space is a wedge. Let
K be a compact Hausdorff space, ¥ be a Banach space, C(K) be the real Banach spaces of all continuous
functions on K endowed with the supremum norm. In view of the Figiel’s Theorem (Theorem 1.1) and the
above comments, the following questions deserve consideration.

Problem 1 Let F: C.(K) — Y be a standard isometry. Does there exists a bounded linear operator
T :span[F(C+(K))] — C(K) of norm one such that

TF = ld¢, ()" (1.1)

Problem 2 Does the existence of a standard isometry F : C(K) — Y implies the existence of a linear
isometry U : C(K) — span[F(C.(K))]?

In this paper, we first show an affirmative answer for the Problem 1. We then prove that such a linear
isometry U : C(K) — span|[F(C, (K))] exists when T*(C(K)") is w*-1-complemented in span[F(C, (K))]".
As an application of this result, we show that if F(C(K)) contains a closed reproducing wedge of Y, then
F=U| C.(K)-

All symbols and notations in this paper are standard. We use X to denote a Banach space and X* its dual.
By (resp. Sx) stands for the closed unit ball (resp. the unit sphere) of X. B(X, Y) denotes for the space of all
bounded linear operators from X to Y. For a subspace M C X, M* presents the annihilator of M, i.e.,
M+ = {x* € X* : (x*,x) = Ofor all x € M}. If M C X*, then *M, the pre-annihilator of M is defined as
‘M= {xeX: (x*,x) = Ofor all x* € M}. Given T € B(X,Y), T*:Y* — X* stands for the conjugate
operator of 7. For a subset A C X, span(A) (resp. Span(A)) stands for the subspace linearly generated by A
(resp. closed subspace linearly generated by A ). We use 0|| - || to denote the subdifferential mapping of the
norm || - ||. For a compact Hausdorff space K, C(K) represents the real Banach space of all continuous
functions on K endowed with the supremum norm.

2 Main results

Let X, Y be two Banach space, Figile’s theorem asserts that every standard isometry F : X — Y admits a
linear left inverse of norm one. In this note, we devote to investigate the stability of a standard isometry
F:C.(K)— Y, where K is a compact Hausdorff space and Y is an arbitrary Banach space. To begin with,
we recall the following useful result from [6, Theorem 4.1] in the case of isometry mapping.

Lemma 2.1 [6] Let Y be a Banach space, and F : C.(K) — Y be a standard isometry. Then for every
x* € C(K)" there exists a ¢ € Y* with ||x*|| = ||} such that
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(x*,u) = (¢, F(u)), forall ue C.(K). (2.1)

Theorem 2.2 Let Y be a Banach space, and F : C(K) — Y be a standard isometry. Then there exists a
bounded linear operator T : span[F(C.(K))] — C(K) with ||T|| = 1 such that

Proof For every x* € C(K)", let
Q(x*) = {¢ € span[F(C.(K))| satisfies(2.1)}. (2.3)

According to Lemma 2.1, Q is nonempty. In what follows, we show that Q : C(K)" — span[F(C,(K))]" is a
w*-w* continuous linear isometry.
For ¢, ¢, € Q(x*), it follows from (2.1) that

(@1, F(u)) = (&' u) = (s, F(u)), (2.4)

for all u € C;(K). This means that ¢, = ¢, on span[F(C,(K))], and Q is single-valued. (2.1) also implies
that Q is homogenous. Next, we show Q is additive. It follows again from (2.1), for x}, x; € C(K )", we have

(0 + g, 1) = (Q(x)) + Qx;), F(w)), forall u e Cy(K); (2.5)
and
(X7 +x5,u) = (Q(x] +x5),F(u)), forall u e Cy(K). (2.6)
(2.5) and (2.6) together imply that
(Q(x}) +Q(3)) — Q(x; +53), F(w)) = 0, for all u € C, (K). (2.7)

Consequently, Q(x] +x3) = Q(x]) + Q(x}). Thus, linearity of Q follows from homogeneity and additivity
that we have just proven. Note that Q preserves norms, Q is a linear isometry. By the Krein-Smulian
theorem, it suffices to prove that Q is bounded w*-w* continuous, or, equivalently, it is bounded w*-w*
continuous on the unit ball B+ of C(K)". Given a net {x}},.x C Bck) w*-converges to x*, by (2.1), we
obtain

(x;,u) = (Q(x;), F(u)) for all u € C,(K). (2.8)
For any w*-cluster point ¢ of {Q(x})},cas
(x*,u) = (¢, F(u)) for all u € C, (K). (2.9)

This implies ¢ = Q(x*). Consequently, w*-lim, Q(x}) = Q(x*), and w*-continuity of Q follows. Let T :
span[F(C4(K))] — C(K) be the pre-conjugate operator of Q, then ||T|| = 1. For any u € C,(K), choose
x* € 0| TF(u) — ul|, we have

ITF (u) — ul| =(x*, TF (u) — u)
=" TF(u) — (%, u)
=(T"(x"), F(u)) — (", u)
=(Q(x"), F(u)) = (", u)
=0.
Therefore, TF = Idc k), and we complete the proof. U

Theorem 2.2 implies that every standard isometry F from C, (K) to a Banach space Y is stable, i.e., F admits
a linear left inverse of norm one. In what follows, we show that 7*(C(K)") is always 1-complemented in
span[F(C, (K))]". We first recall the following definition of (left) mean of a semigroup and some related
results, which can be found in Benyamini and Lindenstrauss’ book [3] (pp.417-418).

Definition 2.3 Let G be a semigroup. A left-invariant mean on G is a linear functional y on £, (G) such
that:

M) wu(l) =1,
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(i) w(f) >0 for every f >0,
(iii) Vf €l(G),Vg € G, u(fy) = u(f), where f, is the left-translation of f by g; i.e., f,(h) = f(gh),
Vh e G.

Analogously, we can define right-invariant mean of G. An invariant mean is a linear functional on ¢, (G)
which is both left-invariant and right-invariant.

Clearly, an invariant mean of a semigroup G is just an index-translation invariant positive functional of
norm one on 44 (G).

Note that (i) and (ii) are equivalent to u(1) = ||| = 1.

Lemma 2.4 [3, Theorem C.1.] Every Abelian semigroup G (in particular, C.(K)) has an invariant mean.

Recall that a closed subspace M of a Banach space Z is said to be a-complemented in Z provided that there is
a closed subspace N C Z with M NN = {0} so that M + N = Z, and the projection P : Z — M alone N
satisfies ||P|| <o

Theorem 2.5 Let Y, T, F:C.(K) — Y be as in Theorem 2.2, then T*(C(K)") is 1-complemented in
span[F(C (K))]".

Proof Note that C,(K) ia an Abelian Group with respect to vector addition of C(K). By Lemma 2.4, there
exists an invariant mean u on C.(K). Since F:C,(K) — Y is a standard isometry, for any fixed
uc C+ (K),

L,(z) =F(u+z)— F(z) for all z € C.(K) (2.10)
defines a bounded mapping L, : C,(K) — Y. For every ¢ € span[F(C.(K))]", and any z € C,(K), we have
(¢, Lu(2))| =I(¢, F(u+ 2z) — F(2))|
SF(u+z) = F2) - (|4
=lull - [I#]l-

Therefore, for any fixed u € Ci(K), ($,Li) = ((¢,Lu(2))).cc k)= (¢ F(u+2) = F(2)).cc.x) €
l(C4(K)). We also denote the invariant mean by . or . (-) to emphasize that the mean is taken with

respect to the variable z. We define the mapping R : span[F(C (K))]" — R®) for ¢ € span[F(C, (K))]*
as follows:

(R, u) =p1.({¢,
Lu>) ::uz((<¢)’F(u+Z) 7F(Z)>)zec+(1())’ (211)
for all u € CL(K).
For any f € C(K), we define that u(k) = max{f(k),0} and v(k) = max{—f(k),0} so that u,v € C.(K) and
f=u—v. Put
(R¢p.f) = (Rp,u) — (R, v), (2.12)
then R : span|F(C, (K))]" — RC®) is well-defined. In what follows, we show that R : span[F(C (K))]" —

C(K)" is a bounded linear operator with [|R|| <1, and R o T* = Idc ).
Fix any ¢ € span[F(C;(K))|", let fi = u; — vi,f» = up — vo € C(K), where uy, vy, uz,v2 € C;(K). Then
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(Rp.fi +£2) = (R, (w1 +uz) = (
= 1:({¢s Luy 1)) — 1 ({, Lvy 41,))
= 1 (((, Fur + uz + 2) = F(2)))cc. (1)

1 (({@ F(vi +v2 +2) = F(2))) e, (1)
= (1 (({@, F(ur +uz + 2) = F(uz 4 2))) e, (x))
(

Vi +12))

Z

+ 1 ({9, F(u2 +2) = F(2))) cec.(x)))
— (1 (({, FO1 +v2 +2) = F(n2 +2))) e, x))
+ (s F(v2 +2) = F(2))) e, (x)
= (1 (((¢, F(u1 +2) = F(2))) ec, (x))
+ 1 ({9, F(uz +2) = F(2))) cec.x))
— (1 (({@, F(v1 +2) = F(2)))ec, (1))
+ 1 (({¢, F(v2 +2) = F(2))) ec. 1))
= (1. ({¢, Luy)) + 1. ({¢, Luy)

)
= (((¢s L)) + 1.((, L))
= (1 ({¢, Luy)) = 1.((, L))
+ (1 (¢, L)) — 11({; L,)))
= (R, fi) + (R, f2).
Therefore, R¢ is additive. It follows from additivity of R¢,
(R, Af) = 2(R¢,f), for all rational number A. (2.13)

Note that || =1 and F is an isometry. For all fi=u; —vi,op=u—v, € C(K) with
ur,vi,up,va € Cy(K), we have

[(Re.fi) — (R, 1)
=[((R$p,um1) = (Rp,v1)) — (R, u2) — (Rep,v2))]
= [((R$p,u1) + (RD,v2)) — (R, v1) + (R, u2))|
= [(R$p,u1 +v2) — (R, vi + u2)|
= (D, F(ur +v2 +2) = F(2))ec, () (2.14)
— 1 (((D, F(v1 + 12 + 2) = F(2)))ec, )]
= 1 (({¢, Fur +v2 +2) = F(vi + 12 +2))) e, )|
<l DI s +v2 +2) = F(vi + w2 + 2)]|
= 191l (w1 +v2) = (1 + )|l = |l —L2]l-
This implies that R¢ is continuous on C(K). (2.13) and (2.14) together imply that R¢ is linear and with

IRQ|| < ||} It remains to show that R is linear. Homogeneity of R follows from its definition. Given
¢, € span[F(C.(K))]" and f = u —v € C(K) with u,v € C(K), we have
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(R(d+¥).f) = (R(d+ V), u—v)
= R(¢+y),u) = (R +),v)
= w((+ ¥, L) — 1.((¢ + ¥, L))
= 1((d, L)) + 1 ((Y, Lu))
— (0, L) — 1. ((Y, L))
= (n.((¢, Lu)) — ({9, Ly)))
+ (1 (W, L)) = (W, L))
= (Ro.f) + (R.f).
Therefore, R is additive. According to (2.14), R :span[F(C.(K))]" — C(K)" is a linear operator with
IR|| <1. Given x* € C(K)" and f = u — v € C(K) with u,v € C;(K), we have
(RT*x* — x*,f) = (RT*x",u —v)
—{x*u—v)
= (RT"x",u) — (RT*"x*,v) — (x",u —v)
= 1 (((T"°x", Fu +2) = F(2))) cec, k)
— i ((T°X" F(v +2) = F(2))) cec. )
— (X" u—v)
= 1 (T Fu+2)) = (w4 2)) e, )
— ((T°X", F(2)) = (X" 2)).ec. (1)
— (T F(v +2)) — (" v +2)) e, i)
— ((T°X", F(2)) = (X", 2))cc. k)
=0-0=0.
Thus, RT*x* — x* = 0 for all x* € C(K)". Equivalently, RT* = Idc). Now we can obtain the desired

projection by P = T*R. Since T* is a linear isometry and ||[R|| <1, we have ||P|| = 1. This completes the
proof. O

Theorem 2.5 show that for every standard isometry F : C, (K) — Y there exists a linear projection P = T*R
of norm one from span[F(C, (K))]" onto T*(C(K)"). Since R :span[F(C, (K))]" — C(K)" is not w*-w*
continuous in general, we can not assert that P is w*-w* continuous. In the following, we show that if there
exists a Banach space Y and a standard isometry F : C.(K) — Y such that T*(C(K)") is w*-1-comple-
mented in Span[F(C.(K))]", i.e. there is a w*-w* continuous linear projection P : span|[F(C.(K))]" —
T*(C(K)") of norm one, then there exists a linear isometry U : C(K) — span[F(C.(K))] such that TU =
IdC(K) and P=T"U".

Theorem 2.6 Let Y, T, F: C.(K) — Y be as in Theorem 2.2, if there is a w*-w* continuous linear
projection P : span[F(C.(K))|" — T*(C(K)") of norm one, then there exists a linear isometry U : C(K) —
span[F(C(K))] such that TU = ldcy and P = T*U*.

Proof Suppose that P :span[F(C.(K))]" — T*(C(K)") is a w*-w* continuous linear projection with
||P|| = 1. We define the following mapping

V: Co(K) — span[F(Cy(K))], (V(u), ¢) = (F(u), P(¢)) (2.15)

for all u € C,(K), ¢ € span[F(C4(K))]". Since P is w*-w* continuous, for any u € C,(K), (F(u),P(-)) :
span[F(C+(K))]" — R is a w*-continuous linear functional. This means that V(u) € span[F(C4(K))]. In
what follows, we show that V:C.(K) — span[F(C+(K))] is an additive isometry. For any
¢ € span|F(C.(K))]", there exists x* € C(K)" such that P(¢) = T*x*. Thus,
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V() +V(v),¢) = (F(u) + F(v), P(¢))
= (F(u) + F(v), T'x") = (", T(F(u) + F(v))) (2.16)
= WL TF@) + 0 TE(Y) = (&5 u+v),

and
(V(u+v),¢) = (F(u+v),P())
=(Flu+v), T"x*) = (x", TF(u+v)) (2.17)
=" u+v),

for all u, v € C(K), ¢ € span|[F(C(K))]". It follows from (2.16) and (2.17) that V is additive. For any
u,v € CL(K), ¢ € span|F(C.(K))]", we have

[(V(u) = V(v), ¢)]
= [(F(u) = F(v),P(¢))] (2.18)
<[|F @) = FO)IPlpll = llu = vI[[[Pll[¢]-
Since ||P|| = 1, this implies ||V (u) — V(v)|| <||lu — v||. Since T* is a linear isometry, choose x* € 0ju — v||,
then ||T*x*|| = ||x*|| = 1. Therefore,
1V (u) = V(v

> (V) = V(v), T'x")]
) P(T"X))| = [(F(u) = F(v), T"x")] (2.19)
(

|
= [(F(u) = F(v
) = FO)) = 6 u=v)| = [lu—vl.

= [ T(F (u
(2.18) and (2.19) together imply that V is an isometry. For any f € C(K), we define that u(k) =
max{f(k),0} and v(k) = max{—f(k),0} so that u,v € C(K) and f = u — v. Put
U: C(K) —span[F(C.(K))],
U(f) =V = V(v),
then U : C(K) — Y is well-defined. Since V(-) is additive, U is additive. In the following, we show that U is

an isometry. For any f, g € C(K), there exist u;, vy, up, v, € C;(K) such that f = u; — v, and g = uy — vs.
Thus,

(2.20)

1U(f) = U@l = 1(V(ur) = V(1)) = (V(u2) = V(v2))l
= [[(V(u1) + V(»2)) = (V(v1) + V(u)]|
= [[V(ur +v2) = V(v + uo)|
= [[(u1 +v2) — (i + 2|
= [[(u1 —v1) — (2 — 2|
= [If —gll.

Therefore, U is an isometry. This and the additivity together imply that U is a linear isometry.
Forany f =u —v € C(K) — C+(K) = C(K), choose x* € 0| TU(f) — f||, then

ITU(f) = fll = & TU () = f)
= TV() —u) = (5, TV(V) —v)

— (V) T — () — (V). T — (1)
— (F (), PT'5)) — () — (F(4), P(T"5")) — (")) 221)
— (F ), T — (6, 1)) — ((F (), T — (&)
— (e TF()) — () — (6", TF(9) — (1)) = O,

Therefore, TU = Idc k). Since T :span[F(C4(K))] — C(K) is surjective, T*(C(K)") is w*-closed in
span|F(C.(K))]". This means that
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T ew) = e o)
=(span[F(C.(K))]/~(T"(C(K)")))".
For any ¢ € span[F(C.(K))]", u € C4(K), we have
(T*U*(¢), F(u) + (T*(C(K)"))) = (T"U"($), F(u))
= (U™ (¢), TF(u)) = (U™ (), u) = (U(u), ¢) = (V(u), $) (2.23)
= (F(u), P(¢)) = (F(u) +* (T*(C(K)")), P($))
According to (2.22) and (2.23), we have P = T*U". O

Recall a wedge in a Banach space X is a convex set closed under multiplication by non-negative scalars. The
span of a wedge W is simply W — W. Wis said to be (respectively, almost) reproducing whenever W — W =
X (respectively, W — W is dense in X). A wedge W is said to be a cone if WN —W = 0.

Making use of Theorem 2.6, we show the following result.

Corollary 2.7 Let Y, T, F : C(K) — Y be as in Theorem 2.2. If F(C.(K)) contains a closed reproducing
wedge of Y, then there exists a linear isometry U : C(K) — span[F(C(K))] = Y such that TU = Idc ) and

F=Ulc,

Proof Note that if F(C.(K)) contains a closed reproducing wedge P of Y, then
P — P = span[F(C, (K))] = Y.

In what follows, we show the mapping 7* = Q : C(K)" — Y* is surjective. Suppose, to the contrary, that
T*(C(K)") is a proper subspace of Y*. w*-closedness of T(C(K)") in Y* implies that there exist ¥ €
Sy- \T*(C(K)") and y = e — g € Sy with e, g € P such that

(.y) =lyl =1, and (¢,y) =0,

2.24

for all ¢ € T*(C(K)"). (2.24)
Let e, = ne, g, = ng for all n € N. Since F(C,(K)) contains P, for the sequences (e,),cn> (8n)peny C P
llen—F(un)ll _ 0 and lim, lign—FOu)ll _ 0.

| denotes the subdifferential mapping of

there are two sequence (u),cns (Va)ueny € C+(K) so that lim,
Choose any x’ € 0||u, — vy, and let ¢, = T*(x}), where 0| -
the norm || - || of C(K). Then, we have

0= X"ty — V) = (o f (n) = f(vn))
= (X"t — va) = (P, (Fn) — F(va)) — (en — 8n))
2 |lun = vall = [(F(un) = F(va)) — (en — ga)|
= [1F(un) = Fvu)ll = |(F(un) — F(va)) — (en — gn)l
= llen = gull = 2| (F(un) — F(va)) — (en — gn)l
_ a1 2Pl ~ o)~ e~ g

(”F(“nzl— en” + ”F(Vnzl_ gnH))

>n(l -2 — 00.

This contradiction says that T*(C(K)") = Y*. Let P =Idy- : Y* — Y*, then P is a w*-w* continuous
projection with norm one. By Theorem 2.6, there exists a linear isometry U : C(K) — span[F(C.(K))]| =Y
such that TU = Idc(x). For every x* € C(K)", and for every u € C,(K), we have

(F(u) = Uu), T*(x")) =", TF(u) = TU (u))
=", u—uy=0.
Since T* is surjective, we have F = U |C . This completes the proof. U
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