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Abstract Let K be a compact Hausdorff space, Y be a Banach space, C(K) be the real Banach spaces of all
continuous functions on K endowed with the supremum norm and CþðKÞ ¼ ff 2 CðKÞ :
f ðkÞ� 0 for all k 2 Kg be the positive cone of C(K). In this note, We show that for every standard isometry
F : CþðKÞ ! Y , there exists a bounded linear operator T : span½FðCþðKÞÞ� ! CðKÞ with kTk ¼ 1 such that

TF ¼ IdCþðKÞ:

This result can be regarded as a generalization of Figiel’s theorem on the positive cones of continuous
functions spaces. Furthermore, if T�ðCðKÞ�Þ is w�-1-complemented in span½FðCþðKÞÞ��, then there exists a
linear isometry U : CðKÞ ! span½FðCþðKÞÞ� such that TU ¼ IdCðKÞ. Making use of this result, we show that

if FðCþðKÞÞ contains a closed reproducing wedge of Y, then F ¼ UjCþðKÞ.
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1 Introduction

If K is a compact Hausdorff space, we denote by C(K) be the real Banach spaces of all continuous functions on
K endowed with the supremum norm, and CþðKÞ ¼ ff 2 CðKÞ : f ðkÞ� 0 for all k 2 Kg be the positive cone
of C(K). Let ðM1; d1Þ and ðM2; d2Þ be metric spaces. A mapping F : M1 ! M2 is called an isometry provided

d2ðFðuÞ;FðvÞÞ ¼ d1ðu; vÞ; for all u; v 2 M1:

Suppose X and Y are two Banach spaces with 0 2 M1 � X and 0 2 M2 � Y . The isometry F : M1 ! M2 is
called standard if Fð0Þ ¼ 0. In this paper, we study the properties of isometries defined on CþðKÞ, instead of
the whole space C(K).

The celebrated Mazur-Ulam theorem [15] states that every surjective standard isometry between real
Banach spaces is necessarily linear. The surjectivity hypothesis is essential in general, but can be dropped if
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the target space is strictly convex [2]. Figiel [10] extended Mazur-Ulam theorem by showing the following
stability result for any standard isometry between two Banach spaces.

Theorem 1.1 (Figiel) Let F : X ! Y be a standard isometry, then there exists a unique bounded linear
operator T : spanFðXÞ ! X with kTk ¼ 1 such that

TF ¼ IdX:

Godefroy and Kalton [11] studied the relationship between isometries and linear isometries and showed the
following deep theorem, which resolved a long-standing open problem whether the existence of an isometry
implies the existence of a linear isometry: If X is separable and there is an isometry F : X ! Y , then Y
contains a linearly isometric copy of X; and for every nonseparable weakly compactly generated space X,
there exists a Banach space Y so that it contains an isometry copy of X, but X is not isomorphic to any
subspace of Y. The properties of isometries and perturbation isometries between the two Banach spaces X
and Y, either X or Y is a continuous functions space, has been studied by many authors. Let K1;K2 be two
compact Hausdorff spaces, for any standard isometry F : CðK1Þ ! CðK2Þ, Holsztyński [12] showed that
there exists a nonempty closed subset S � K2 such that the mapping Fð�ÞjS : CðK1Þ ! CðSÞ is a linear
isometry. The above result was rediscovered by Lövblom [13] in a particular case of metrizable compact
spaces K1 and K2. Drewnowski [9], showed that Holsztyński’s result is still true if we substitute the space
CðK1Þ by arbitrary Banach space X. For more background on this topic, we refer to [5, 14, 16, 17] and
references therein.

There are many situations in which one has to deal with a wedge ( or cone) of a Banach space, instead of
the whole space (see, [1, 4, 6–8]). For example, every norm semigroup of a Banach space is a wedge. Let
K be a compact Hausdorff space, Y be a Banach space, C(K) be the real Banach spaces of all continuous
functions on K endowed with the supremum norm. In view of the Figiel’s Theorem (Theorem 1.1) and the
above comments, the following questions deserve consideration.

Problem 1 Let F : CþðKÞ ! Y be a standard isometry. Does there exists a bounded linear operator
T : span½FðCþðKÞÞ� ! CðKÞ of norm one such that

TF ¼ IdCþðKÞ? ð1:1Þ

Problem 2 Does the existence of a standard isometry F : CþðKÞ ! Y implies the existence of a linear
isometry U : CðKÞ ! span½FðCþðKÞÞ�?
In this paper, we first show an affirmative answer for the Problem 1. We then prove that such a linear
isometry U : CðKÞ ! span½FðCþðKÞÞ� exists when T�ðCðKÞ�Þ is w�-1-complemented in span½FðCþðKÞÞ��.
As an application of this result, we show that if FðCþðKÞÞ contains a closed reproducing wedge of Y, then
F ¼ UjCþðKÞ.

All symbols and notations in this paper are standard. We use X to denote a Banach space and X� its dual.
BX (resp. SX) stands for the closed unit ball (resp. the unit sphere) of X. B(X, Y) denotes for the space of all

bounded linear operators from X to Y. For a subspace M � X, M? presents the annihilator of M, i.e.,

M? ¼ fx� 2 X� : hx�; xi ¼ 0for all x 2 Mg. If M � X�, then ?M, the pre-annihilator of M is defined as
?M ¼ fx 2 X : hx�; xi ¼ 0for all x� 2 Mg. Given T 2 BðX;YÞ, T� : Y� ! X� stands for the conjugate
operator of T. For a subset A � X, spanðAÞ (resp. spanðAÞ) stands for the subspace linearly generated by A
(resp. closed subspace linearly generated by A ). We use ok � k to denote the subdifferential mapping of the
norm k � k. For a compact Hausdorff space K, C(K) represents the real Banach space of all continuous
functions on K endowed with the supremum norm.

2 Main results

Let X, Y be two Banach space, Figile’s theorem asserts that every standard isometry F : X ! Y admits a
linear left inverse of norm one. In this note, we devote to investigate the stability of a standard isometry
F : CþðKÞ ! Y , where K is a compact Hausdorff space and Y is an arbitrary Banach space. To begin with,
we recall the following useful result from [6, Theorem 4.1] in the case of isometry mapping.

Lemma 2.1 [6] Let Y be a Banach space, and F : CþðKÞ ! Y be a standard isometry. Then for every
x� 2 CðKÞ� there exists a / 2 Y� with kx�k ¼ k/k such that
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hx�; ui ¼ h/;FðuÞi; for all u 2 CþðKÞ: ð2:1Þ

Theorem 2.2 Let Y be a Banach space, and F : CþðKÞ ! Y be a standard isometry. Then there exists a
bounded linear operator T : span½FðCþðKÞÞ� ! CðKÞ with kTk ¼ 1 such that

TF ¼ IdCþðKÞ: ð2:2Þ

Proof For every x� 2 CðKÞ�, let

Qðx�Þ ¼ f/ 2 span½FðCþðKÞÞ��satisfiesð2:1Þg: ð2:3Þ

According to Lemma 2.1, Q is nonempty. In what follows, we show that Q : CðKÞ� ! span½FðCþðKÞÞ�� is a
w�-w� continuous linear isometry.

For /1; /2 2 Qðx�Þ, it follows from (2.1) that

h/1;FðuÞi ¼ hx�; ui ¼ h/2;FðuÞi; ð2:4Þ

for all u 2 CþðKÞ. This means that /1 ¼ /2 on span½FðCþðKÞÞ�, and Q is single-valued. (2.1) also implies
that Q is homogenous. Next, we show Q is additive. It follows again from (2.1), for x�1; x�2 2 CðKÞ�, we have

hx�1 þ x�2; ui ¼ hQðx�1Þ þ Qðx�2Þ;FðuÞi; for all u 2 CþðKÞ; ð2:5Þ

and

hx�1 þ x�2; ui ¼ hQðx�1 þ x�2Þ;FðuÞi; for all u 2 CþðKÞ: ð2:6Þ

(2.5) and (2.6) together imply that

hðQðx�1Þ þ Qðx�2ÞÞ � Qðx�1 þ x�2Þ;FðuÞi ¼ 0; for all u 2 CþðKÞ: ð2:7Þ

Consequently, Qðx�1 þ x�2Þ ¼ Qðx�1Þ þ Qðx�2Þ. Thus, linearity of Q follows from homogeneity and additivity
that we have just proven. Note that Q preserves norms, Q is a linear isometry. By the Krein-Smulian
theorem, it suffices to prove that Q is bounded w�-w� continuous, or, equivalently, it is bounded w�-w�

continuous on the unit ball BCðKÞ� of CðKÞ�. Given a net fx�aga2K � BCðKÞ� w�-converges to x�, by (2.1), we

obtain

hx�a; ui ¼ hQðx�aÞ;FðuÞi for all u 2 CþðKÞ: ð2:8Þ

For any w�-cluster point / of fQðx�aÞga2K,

hx�; ui ¼ h/;FðuÞi for all u 2 CþðKÞ: ð2:9Þ

This implies / ¼ Qðx�Þ. Consequently, w�-lima Qðx�aÞ ¼ Qðx�Þ, and w�-continuity of Q follows. Let T :
span½FðCþðKÞÞ� ! CðKÞ be the pre-conjugate operator of Q, then kTk ¼ 1. For any u 2 CþðKÞ, choose
x� 2 okTFðuÞ � uk, we have

kTFðuÞ � uk ¼hx�;TFðuÞ � ui
¼hx�;TFðuÞi � hx�; ui
¼hT�ðx�Þ;FðuÞi � hx�; ui
¼hQðx�Þ;FðuÞi � hx�; ui
¼0:

Therefore, TF ¼ IdCþðKÞ, and we complete the proof. h

Theorem 2.2 implies that every standard isometry F from CþðKÞ to a Banach space Y is stable, i.e., F admits
a linear left inverse of norm one. In what follows, we show that T�ðCðKÞ�Þ is always 1-complemented in
span½FðCþðKÞÞ��. We first recall the following definition of (left) mean of a semigroup and some related
results, which can be found in Benyamini and Lindenstrauss’ book [3] (pp.417-418).

Definition 2.3 Let G be a semigroup. A left-invariant mean on G is a linear functional l on ‘1ðGÞ such
that:

(i) lð1Þ ¼ 1,
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(ii) lðf Þ� 0 for every f � 0,
(iii) 8f 2 l1ðGÞ;8g 2 G, lðfgÞ ¼ lðf Þ, where fg is the left-translation of f by g; i.e., fgðhÞ ¼ f ðghÞ,

8h 2 G.

Analogously, we can define right-invariant mean of G. An invariant mean is a linear functional on ‘1ðGÞ
which is both left-invariant and right-invariant.

Clearly, an invariant mean of a semigroup G is just an index-translation invariant positive functional of
norm one on ‘1ðGÞ.

Note that (i) and (ii) are equivalent to lð1Þ ¼ klk ¼ 1.

Lemma 2.4 [3, Theorem C.1.] Every Abelian semigroup G (in particular, CþðKÞ) has an invariant mean.

Recall that a closed subspace M of a Banach space Z is said to be a-complemented in Z provided that there is
a closed subspace N � Z with M \ N ¼ f0g so that M þ N ¼ Z, and the projection P : Z ! M alone N
satisfies kPk� a.

Theorem 2.5 Let Y, T, F : CþðKÞ ! Y be as in Theorem 2.2, then T�ðCðKÞ�Þ is 1-complemented in
span½FðCþðKÞÞ��.
Proof Note that CþðKÞ ia an Abelian Group with respect to vector addition of C(K). By Lemma 2.4, there
exists an invariant mean l on CþðKÞ. Since F : CþðKÞ ! Y is a standard isometry, for any fixed
u 2 CþðKÞ,

LuðzÞ ¼ Fðuþ zÞ � FðzÞ for all z 2 CþðKÞ ð2:10Þ

defines a bounded mapping Lu : CþðKÞ ! Y . For every / 2 span½FðCþðKÞÞ��, and any z 2 CþðKÞ, we have

jh/; LuðzÞij ¼jh/;Fðuþ zÞ � FðzÞij
� kFðuþ zÞ � FðzÞk � k/k
¼kuk � k/k:

Therefore, for any fixed u 2 CþðKÞ, h/;Lui ¼ ðh/;LuðzÞiÞz2CþðKÞ ¼ ðh/;Fðuþ zÞ � FðzÞiÞz2CþðKÞ 2
‘1ðCþðKÞÞ. We also denote the invariant mean by lz or lzð�Þ to emphasize that the mean is taken with

respect to the variable z. We define the mapping R : span½FðCþðKÞÞ�� ! RCþðKÞ for / 2 span½FðCþðKÞÞ��
as follows:

hR/; ui ¼lzðh/;
LuiÞ ¼lzððh/;Fðuþ zÞ � FðzÞiÞz2CþðKÞÞ;

for all u 2 CþðKÞ:
ð2:11Þ

For any f 2 CðKÞ, we define that uðkÞ ¼ maxff ðkÞ; 0g and vðkÞ ¼ maxf�f ðkÞ; 0g so that u; v 2 CþðKÞ and
f ¼ u� v. Put

hR/; f i ¼ hR/; ui � hR/; vi; ð2:12Þ

then R : span½FðCþðKÞÞ�� ! RCðKÞ is well-defined. In what follows, we show that R : span½FðCþðKÞÞ�� !
CðKÞ� is a bounded linear operator with kRk� 1, and R 	 T� ¼ IdCðKÞ� :

Fix any / 2 span½FðCþðKÞÞ��, let f1 ¼ u1 � v1; f2 ¼ u2 � v2 2 CðKÞ, where u1; v1; u2; v2 2 CþðKÞ. Then
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hR/; f1 þ f2i ¼ hR/; ðu1 þ u2Þ � ðv1 þ v2Þi
¼ lzðh/;Lu1þu2

iÞ � lzðh/; Lv1þv2
iÞ

¼ lzððh/;Fðu1 þ u2 þ zÞ � FðzÞiÞz2CþðKÞÞ
� lzððh/;Fðv1 þ v2 þ zÞ � FðzÞiÞz2CþðKÞÞ
¼ ðlzððh/;Fðu1 þ u2 þ zÞ � Fðu2 þ zÞiÞz2CþðKÞÞ
þ lzððh/;Fðu2 þ zÞ � FðzÞiÞz2CþðKÞÞÞ
� ðlzððh/;Fðv1 þ v2 þ zÞ � Fðv2 þ zÞiÞz2CþðKÞÞ
þ lzððh/;Fðv2 þ zÞ � FðzÞiÞz2CþðKÞÞÞ
¼ ðlzððh/;Fðu1 þ zÞ � FðzÞiÞz2CþðKÞÞ
þ lzððh/;Fðu2 þ zÞ � FðzÞiÞz2CþðKÞÞÞ
� ðlzððh/;Fðv1 þ zÞ � FðzÞiÞz2CþðKÞÞ
þ lzððh/;Fðv2 þ zÞ � FðzÞiÞz2CþðKÞÞÞ
¼ ðlzðh/;Lu1

iÞ þ lzðh/; Lu2
iÞÞ

� ðlzðh/;Lv1
iÞ þ lzðh/;Lv2

iÞÞ
¼ ðlzðh/;Lu1

iÞ � lzðh/; Lv1
iÞÞ

þ ðlzðh/;Lu2
iÞ � lzðh/; Lv2

iÞÞ
¼ hR/; f1i þ hR/; f2i:

Therefore, R/ is additive. It follows from additivity of R/,

hR/; kf i ¼ khR/; f i; for all rational number k: ð2:13Þ

Note that klzk ¼ 1 and F is an isometry. For all f1 ¼ u1 � v1; f2 ¼ u2 � v2 2 CðKÞ with
u1; v1; u2; v2 2 CþðKÞ, we have

jhR/; f1i � hR/; f2ij
¼jðhR/; u1i � hR/; v1iÞ � ðhR/; u2i � hR/; v2iÞj
¼ jðhR/; u1i þ hR/; v2iÞ � ðhR/; v1i þ hR/; u2iÞj
¼ jhR/; u1 þ v2i � hR/; v1 þ u2ij
¼ jlzððh/;Fðu1 þ v2 þ zÞ � FðzÞiÞz2CþðKÞÞ
� lzððh/;Fðv1 þ u2 þ zÞ � FðzÞiÞz2CþðKÞÞj
¼ jlzððh/;Fðu1 þ v2 þ zÞ � Fðv1 þ u2 þ zÞiÞz2CþðKÞÞj
� klzkk/kkFðu1 þ v2 þ zÞ � Fðv1 þ u2 þ zÞk
¼ k/kkðu1 þ v2Þ � ðv1 þ u2Þk ¼ k/kkf1 � f2k:

ð2:14Þ

This implies that R/ is continuous on C(K). (2.13) and (2.14) together imply that R/ is linear and with

kR/k�k/k. It remains to show that R is linear. Homogeneity of R follows from its definition. Given
/;w 2 span½FðCþðKÞÞ�� and f ¼ u� v 2 CðKÞ with u; v 2 CþðKÞ, we have
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hRð/þ wÞ; f i ¼ hRð/þ wÞ; u� vi
¼ hRð/þ wÞ; ui � hRð/þ wÞ; vi
¼ lzðh/þ w;LuiÞ � lzðh/þ w; LviÞ
¼ lzðh/; LuiÞ þ lzðhw;LuiÞ
� lzðh/; LviÞ � lzðhw;LviÞ
¼ ðlzðh/; LuiÞ � lzðh/;LviÞÞ
þ ðlzðhw;LuiÞ � lzðhw; LviÞÞ
¼ hR/; f i þ hRw; f i:

Therefore, R is additive. According to (2.14), R : span½FðCþðKÞÞ�� ! CðKÞ� is a linear operator with

kRk� 1. Given x� 2 CðKÞ� and f ¼ u� v 2 CðKÞ with u; v 2 CþðKÞ, we have

hRT�x� � x�; f i ¼ hRT�x�; u� vi
� hx�; u� vi
¼ hRT�x�; ui � hRT�x�; vi � hx�; u� vi
¼ lzððhT�x�;Fðuþ zÞ � FðzÞiÞz2CþðKÞÞ
� lzððhT�x�;Fðvþ zÞ � FðzÞiÞz2CþðKÞÞ
� hx�; u� vi
¼ lzððhT�x�;Fðuþ zÞi � hx�; uþ ziÞz2CþðKÞ

� ðhT�x�;FðzÞi � hx�; ziÞz2CþðKÞÞ
� lzððhT�x�;Fðvþ zÞi � hx�; vþ ziÞz2CþðKÞ

� ðhT�x�;FðzÞi � hx�; ziÞz2CþðKÞÞ
¼ 0� 0 ¼ 0:

Thus, RT�x� � x� ¼ 0 for all x� 2 CðKÞ�. Equivalently, RT� ¼ IdCðKÞ� : Now we can obtain the desired

projection by P ¼ T�R. Since T� is a linear isometry and kRk� 1, we have kPk ¼ 1: This completes the
proof. h

Theorem 2.5 show that for every standard isometry F : CþðKÞ ! Y there exists a linear projection P ¼ T�R
of norm one from span½FðCþðKÞÞ�� onto T�ðCðKÞ�Þ. Since R : span½FðCþðKÞÞ�� ! CðKÞ� is not w�-w�

continuous in general, we can not assert that P is w�-w� continuous. In the following, we show that if there
exists a Banach space Y and a standard isometry F : CþðKÞ ! Y such that T�ðCðKÞ�Þ is w�-1-comple-
mented in span½FðCþðKÞÞ��, i.e. there is a w�-w� continuous linear projection P : span½FðCþðKÞÞ�� !
T�ðCðKÞ�Þ of norm one, then there exists a linear isometry U : CðKÞ ! span½FðCþðKÞÞ� such that TU ¼
IdCðKÞ and P ¼ T�U�.

Theorem 2.6 Let Y, T, F : CþðKÞ ! Y be as in Theorem 2.2, if there is a w�-w� continuous linear
projection P : span½FðCþðKÞÞ�� ! T�ðCðKÞ�Þ of norm one, then there exists a linear isometry U : CðKÞ !
span½FðCþðKÞÞ� such that TU ¼ IdCðKÞ and P ¼ T�U�.

Proof Suppose that P : span½FðCþðKÞÞ�� ! T�ðCðKÞ�Þ is a w�-w� continuous linear projection with
kPk ¼ 1: We define the following mapping

V : CþðKÞ ! span½FðCþðKÞÞ�; hVðuÞ;/i 
 hFðuÞ;Pð/Þi ð2:15Þ

for all u 2 CþðKÞ, / 2 span½FðCþðKÞÞ��. Since P is w�-w� continuous, for any u 2 CþðKÞ, hFðuÞ;Pð�Þi :
span½FðCþðKÞÞ�� ! R is a w�-continuous linear functional. This means that VðuÞ 2 span½FðCþðKÞÞ�. In
what follows, we show that V : CþðKÞ ! span½FðCþðKÞÞ� is an additive isometry. For any
/ 2 span½FðCþðKÞÞ��, there exists x� 2 CðKÞ� such that Pð/Þ ¼ T�x�. Thus,
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hVðuÞ þ VðvÞ;/i ¼ hFðuÞ þ FðvÞ;Pð/Þi
¼ hFðuÞ þ FðvÞ;T�x�i ¼ hx�;TðFðuÞ þ FðvÞÞi
¼ hx�;TFðuÞi þ hx�; TFðvÞi ¼ hx�; uþ vi;

ð2:16Þ

and

hVðuþ vÞ;/i ¼ hFðuþ vÞ;Pð/Þi
¼ hFðuþ vÞ; T�x�i ¼ hx�; TFðuþ vÞi
¼ hx�; uþ vi;

ð2:17Þ

for all u; v 2 CþðKÞ, / 2 span½FðCþðKÞÞ��. It follows from (2.16) and (2.17) that V is additive. For any
u; v 2 CþðKÞ, / 2 span½FðCþðKÞÞ��, we have

jhVðuÞ � VðvÞ;/ij
¼ jhFðuÞ � FðvÞ;Pð/Þij
� kFðuÞ � FðvÞkkPkk/k ¼ ku� vkkPkk/k:

ð2:18Þ

Since kPk ¼ 1, this implies kVðuÞ � VðvÞk� ku� vk. Since T� is a linear isometry, choose x� 2 oku� vk,
then kT�x�k ¼ kx�k ¼ 1. Therefore,

kVðuÞ � VðvÞk� jhVðuÞ � VðvÞ;T�x�ij
¼ jhFðuÞ � FðvÞ;PðT�x�Þij ¼ jhFðuÞ � FðvÞ; T�x�ij
¼ jhx�;TðFðuÞ � FðvÞÞij ¼ jhx�; u� vij ¼ ku� vk:

ð2:19Þ

(2.18) and (2.19) together imply that V is an isometry. For any f 2 CðKÞ, we define that uðkÞ ¼
maxff ðkÞ; 0g and vðkÞ ¼ maxf�f ðkÞ; 0g so that u; v 2 CþðKÞ and f ¼ u� v. Put

U : CðKÞ !span½FðCþðKÞÞ�;
Uðf Þ ¼VðuÞ � VðvÞ;

ð2:20Þ

then U : CðKÞ ! Y is well-defined. Since Vð�Þ is additive, U is additive. In the following, we show that U is
an isometry. For any f ; g 2 CðKÞ, there exist u1; v1; u2; v2 2 CþðKÞ such that f ¼ u1 � v1 and g ¼ u2 � v2.
Thus,

kUðf Þ � UðgÞk ¼ kðVðu1Þ � Vðv1ÞÞ � ðVðu2Þ � Vðv2ÞÞk
¼ kðVðu1Þ þ Vðv2ÞÞ � ðVðv1Þ þ Vðu2Þk
¼ kVðu1 þ v2Þ � Vðv1 þ u2Þk
¼ kðu1 þ v2Þ � ðv1 þ u2Þk
¼ kðu1 � v1Þ � ðu2 � v2Þk
¼ kf � gk:

Therefore, U is an isometry. This and the additivity together imply that U is a linear isometry.
For any f ¼ u� v 2 CþðKÞ � CþðKÞ ¼ CðKÞ, choose x� 2 okTUðf Þ � fk, then

kTUðf Þ � fk ¼ hx�; TUðf Þ � f i
¼ hx�; TVðuÞ � ui � hx�;TVðvÞ � vi
¼ ðhVðuÞ; T�x�i � hx�; uiÞ � ðhVðvÞ; T�x�i � hx�; viÞ
¼ ðhFðuÞ;PðT�x�Þi � hx�; uiÞ � ðhFðvÞ;PðT�x�Þi � hx�; viÞ
¼ ðhFðuÞ;T�x�i � hx�; uiÞ � ðhFðvÞ; T�x�i � hx�; viÞ
¼ ðhx�; TFðuÞi � hx�; uiÞ � ðhx�;TFðvÞi � hx�; viÞ ¼ 0:

ð2:21Þ

Therefore, TU ¼ IdCðKÞ. Since T : span½FðCþðKÞÞ� ! CðKÞ is surjective, T�ðCðKÞ�Þ is w�-closed in
span½FðCþðKÞÞ��. This means that
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T�ðCðKÞ�Þ ¼½?ðT�ðCðKÞ�ÞÞ�?

¼ðspan½FðCþðKÞÞ�=?ðT�ðCðKÞ�ÞÞÞ�:
ð2:22Þ

For any / 2 span½FðCþðKÞÞ��, u 2 CþðKÞ, we have

hT�U�ð/Þ;FðuÞ þ? ðT�ðCðKÞ�ÞÞi ¼ hT�U�ð/Þ;FðuÞi
¼ hU�ð/Þ; TFðuÞi ¼ hU�ð/Þ; ui ¼ hUðuÞ;/i ¼ hVðuÞ;/i
¼ hFðuÞ;Pð/Þi ¼ hFðuÞ þ? ðT�ðCðKÞ�ÞÞ;Pð/Þi:

ð2:23Þ

According to (2.22) and (2.23), we have P ¼ T�U�. h

Recall a wedge in a Banach space X is a convex set closed under multiplication by non-negative scalars. The
span of a wedge W is simply W �W . W is said to be (respectively, almost) reproducing whenever W �W ¼
X (respectively, W �W is dense in X). A wedge W is said to be a cone if W \ �W ¼ 0.

Making use of Theorem 2.6, we show the following result.

Corollary 2.7 Let Y, T, F : CþðKÞ ! Y be as in Theorem 2.2. If FðCþðKÞÞ contains a closed reproducing
wedge of Y, then there exists a linear isometry U : CðKÞ ! span½FðCþðKÞÞ� ¼ Y such that TU ¼ IdCðKÞ and
F ¼ UjCþðKÞ.

Proof Note that if FðCþðKÞÞ contains a closed reproducing wedge P of Y, then
P� P ¼ span½FðCþðKÞÞ� ¼ Y .

In what follows, we show the mapping T� ¼ Q : CðKÞ� ! Y� is surjective. Suppose, to the contrary, that
T�ðCðKÞ�Þ is a proper subspace of Y�. w�-closedness of TðCðKÞ�Þ in Y� implies that there exist w 2
SY� n T�ðCðKÞ�Þ and y ¼ e� g 2 SY with e; g 2 P such that

hw; yi ¼kyk ¼ 1; and h/; yi ¼ 0;

for all / 2 T�ðCðKÞ�Þ:
ð2:24Þ

Let en ¼ ne; gn ¼ ng for all n 2 N. Since FðCþðKÞÞ contains P, for the sequences ðenÞn2N; ðgnÞn2N � P,

there are two sequence ðunÞn2N; ðvnÞn2N � CþðKÞ so that limn
ken�FðunÞk

n ¼ 0 and limn
kgn�FðvnÞk

n ¼ 0.

Choose any x�n 2 okun � vnk, and let /n ¼ T�ðx�nÞ, where ok � k denotes the subdifferential mapping of
the norm k � k of C(K). Then, we have

0 ¼ hx�; un � vni � h/n; f ðunÞ � f ðvnÞi
¼ hx�; un � vni � h/n; ðFðunÞ � FðvnÞÞ � ðen � gnÞi
� kun � vnk � kðFðunÞ � FðvnÞÞ � ðen � gnÞk
¼ kFðunÞ � FðvnÞk � kðFðunÞ � FðvnÞÞ � ðen � gnÞk
� ken � gnk � 2kðFðunÞ � FðvnÞÞ � ðen � gnÞk

¼ nð1� 2
kðFðunÞ � FðvnÞÞ � ðen � gnÞk

n
Þ

� nð1� 2ðkFðunÞ � enk
n

þ kFðvnÞ � gnk
n

ÞÞ �! 1:

This contradiction says that T�ðCðKÞ�Þ ¼ Y�. Let P ¼ IdY� : Y� ! Y�, then P is a w�-w� continuous
projection with norm one. By Theorem 2.6, there exists a linear isometry U : CðKÞ ! span½FðCþðKÞÞ� ¼ Y
such that TU ¼ IdCðKÞ. For every x� 2 CðKÞ�, and for every u 2 CþðKÞ, we have

hFðuÞ � UðuÞ; T�ðx�Þi ¼hx�;TFðuÞ � TUðuÞi
¼hx�; u� ui ¼ 0:

Since T� is surjective, we have F ¼ UjCþðKÞ. This completes the proof. h
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