Indian J Pure Appl Math (2021) 52:274-280
https://doi.org/10.1007/s13226-021-00077-w

ORIGINAL RESEARCH

The spectrum of some generalized graphs related
to cycle

Deena C. Scaria - G. Indulal

Received: 10 August 2019/ Accepted: 29 April 2020/ Published online: 14 June 2021
© The Indian National Science Academy 2021

Abstract In this paper we define some generalised graphs related to the cycle C, namely
M(n, k), T(n, k, t) , N(n, k, t), D(n, k, t, m), C(n, k, t), PC(n, k, f) and CC(n, k, t) , obtain their adjacency
spectrum and thus adding them to the classes of graphs whose spectrum is completely known.
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1 Introduction

Let G = (V(G),E(G)) be a simple graph with an adjacency matrix A. The multiset of eigenvalues of
A constitute the spectrum of G. The computation of various graph polynomials and the associated spectra
have been the topic of many investigations in the recent years.

Some operations on a given graph which uses the adjacency relation between vertices or edges can be
used to define new structure from the given graph. The adjacency spectrum of these type of newly con-
structed graphs can be described in terms of the eigenvalues of the parent graphs. Several graph operations
such as join, cartesian product and lexicographic product were used to construct new graphs and researchers
obtained the spectrum of the new graph in terms of the root graphs. Several such operations can be found in
literature and for some of them see [1]. For some recent works along these lines see [4—8] and the references
cited therein.

This work is motivated from a work on the spectrum of the generalized peterson graph [2] in which the
authors describe the spectrum of the generalized peterson graph in terms of the eigenvalues of a cycle.

In this paper we propose the following definitions of graphs which are all new in literature.

Definition 1 The graph M(n, k) has vertices,respectively, edges given by
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V(M(n,k)) = {u;,vi,0 <i<n—1}
SIS

EM(n,k)) = {uvi, uivir1, viviie|0
where the subscripts are expressed as integers modulo n > 4 and k< 4.
Definition 2 The graph T(n, k, t) has vertices,respectively, edges given by
V(T(n,k)) = {uj,vi,0 < i< n— 1},

<i<
<i<n-1}

E(T(n,k)) = {uvi, wivis1, uittir, viviir|0
where the subscripts are expressed as integers modulo n > 4 and k, 1< 4.
Definition 3 The graph N(n, k, t) has vertices,respectively, edges given by
V(N(n,k)) = {u;,vi,0<i<n—1}
E(N(n,k)) = {uiviyr, vivigel0 < i < m — 1}
where the subscripts are expressed as integers modulo n > 4 and ¢,k < g
Definition 4 The graph D(n, k, t, m) has vertices,respectively, edges given by
V(D(n,k)) = {u;,vi,0 <i<n—1}
E(D(n,k)) = {uittisr, 4iVipm, vivix|0 < i <n—1}
where the subscripts are expressed as integers modulo n > 4 and t,m, k < g
Definition 5 The graph C(n, k, f) has vertices,respectively, edges given by
V(C(n,k,t)) = {u,vi,0<i<n—1}
E(C(n,k, 1)) = {uittiri, uivi, vivie |0 < i < n— 1}
where the subscripts are expressed as integers modulo n > 4 and ¢,k < g
Definition 6 The graph PC(n, k, t) has vertices,respectively, edges given by
V(PC(n,k,t)) = {u;,v;,0<i<n—1}
E(PC(n,k,t)) = {uivj,uivi,viv,-+k|0 <ij<n— 1}
where j & {i +n —t,i + t} and the subscripts are expressed as integers modulo n > 4 and t,k < g
Definition 7 The graph CC(n, k, ) has vertices,respectively, edges given by
V(CC(n,k)) = {ui,vi,0<i<n—1}
E(CC(n,k)) = {uiuj,uivi,viv,-+k|0 <iLj<n— 1}
where j & {i +n —t,i + t} and the subscripts are expressed as integers modulo n > 4 and 1,k < g

Note that when k = 1, M(n, k) is the middle graph of C, , when t =k =1, T(n, k, ?) is the total graph of
C, , N(n, k, t) is the neighborhood corona of C, with K| , when k =t =m =1, D(n, k, t, m) is the double
graph of C,, , PC(n, k, 1) is the partial complement of the subdivision graph of a cycle [3] when # is even and
when k =t = 1 and CC(n, k, t) is the cartesian product of C,, with Kj. It is interesting to observe that when
k=2andr=1, C(n, k, 1) is the generalized petegson graph.

Also note that the shift value & is such that k < — because of the trivial isomorphism between the graphs
when k is replaced by n — k. 2

The following figures illustrates the definitions.
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(d) D(8,2,1,1) (e) C(8,2,3) (f) PC(8,2,1)

(g) CC(8,2,3)

Definition 8 An n X n matrix is called circulant if it can be written in the form
by by by -+ by
by b1 by - b,
bp_1 b, b1 by by

by by by -+ b
and is denoted by circ(by, by, ..., b,).

In the above definitions let A(n, k) and B(n, k) respectively denote the subgraphs induced by the edges
A={uuy,i=0,1,2,...,n—1} and B={vivit,i =0,1,2,....n — 1}. Then the adjacency matrix of
A(n, k) is the adjacency matrix of the cycle C, which is the circulant C, with the first row

.............. an that o n, 1S the circulant wit the st row
010 0 0 1 d th f B(n, k) is the circul Ct with the fi
k (k+l)lhposilion n—2k—1 (n_k+l)lhposili0n
—_— A~ e =~
0 ... 0 0 .. 0 0 ... 0

@ Springer



The spectrum of some generalized... 277

Lemma 1 [1] The spectrum of the circulant matrix with first row lay,az, ....,a,) is the collection of
S
W
>
numbers a, + a,® + a30* + ... + a,""" with an eigenvector ® = : where @ = cos (%) +
o

isin(%) is an n™ root of unity for each j =0,1,2,...n— 1.

Corollary 1 1, = 2cos (?) and p; = 2 cos (2’;—’]‘) are respectively the eigenvalues of the circulants C, and
S
W
>
C’; with the same eigenvector ® = : foreachj=0,1,2,...n—1.
_wn71 -

The considerations in the subsequent sections are based on the applications of the following lemma.

Lemma 2 [1] Let G be an r— regular graph with an adjacency matrix A and an incidence matrix R. Then
RRT = A + I so that for any eigenvector v of A with an eigenvalue J. , RRTv = (1. + 2)v.

2 The Spectrum of M(n, k)

Theorem 1 The eigenvalues of M(n, k) are all roots of the quadratic equation
& —pwo—(4+2)=0
where J; = 2cos <@) and p; =2 cos <@>,O <i<n—1 are the eigenvalues of C, and Cfl
respectively. n n
Proof By a proper ordering of vertices of M(n, k), an adjacency matrix of it A(M(n, k)) can be written as
Ct R
A = | 12 0

where R is the vertex - edge incidence matrix of C,. Let X; be an eigenvector of C, with an eigenvalue

) 2mj . , . .
Aj = 2cos (—]) Then as per the above note, X; is an eigenvector of C with an eigenvalue W=
n

2 cos (T) Now we claim that ®;, = [ RTX,
using A(M(n,k))®s = 0,05, we get the equations

] is an eigenvector of A(M(n, k)) with an eigenvalue J;. Now

S+ A +2 =05
0; =9;
and solving these yield the desired quadratic with J; as solution for each j =0,1,2...,n — 1.

Corollary 2 The eigenvalues of M(n, k) are given by

ik P\ 2 i
os<i> :t\/(COS(i>> +2(cos<ﬂ> +1> ,0<i<n—1
n n n

Note: The spectral radius of M(n, k) is 1 + /5 which is obtained by putting j = 0 in the above corollory.
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3 Bounds on the eigenvalues of M(n, 2)

We have completely obtained the spectrum of M(n, k) and also the spectral radius and nothing is known
about the ordering of other eigenvalues in general. In this section we obtain bounds on the eigenvalues of
M(n, 2) using the techniques of calculus. From Theorem 1, we immediately have the following theorem
using cos 20 = 2cos? 0 — 1.

Theorem 2 The eigenvalues of M(n, 2) are

i i 2 i
2 cos? (ﬂ) -1+ \/<ZCos2 <ﬂ> - 1) +2 (cos <ﬂ> + 1)
n n n

To find the optimal bounds for the eigenvalues of M(n, 2) we consider the functions

frx) =2 -1+ \/(2x2 — 1) 42(x + 1)

in the interval —1 < x < 1. Now we search for the extreme values of f in the open interval (—1, 1) and also
on the boundary |x| = 1. For this we first take f; and decide its critical points in (—1, 1). For critical points

we have o (f+) = 0. From this we yield
x

1 1
3 2
2 —X——= 1
x4 2x" 4+ 2x 16 0 (1)
-2
Diminishing the roots by 3 gives the equation
5 85 2
y378y+@:0 Wherey:x+§ (2)

Now we obtain the roots of Equation(2) as follows.
Let y = zcos 6 be a solution to Equation(2). Then with this substitution we have

5 85
cos® 0 — —cos 0 +

~ 3
672 43273 0 (3)

Comparing this with the identity cos30 = 4 cos®* 0 —3cos 0 , we get

10 and 0 1cos71 ( —7 )
1= —— _ — —
3 3 8v10

Therefor the solutions to Equation( 1) are

V10 1 —17 2
X] = ——cCo0S8 <— cos™! <—>> — =~ 0.0906446
3 3 8v10 3

V10 <1{ 1<—17> }) 2
Xy =——cos|{=<scos” |—— | + 271 ——~ —1.6803
T3 3 810 3

v 10 1 o =17 2
=— - T —= 4 — ==~ —0.410348
X3 3 Ccos (3 {cos <8\/m) + n}) 3

Thus the only admissible critical points are x; and x3. By a similar argument we get the only admissible
critical points of f_ as x; and x3. The following table gives the values of £ and f_ at these critical points and
also at the boundary |x| = 1.

Admissible points Value of f, value of f_

x=1 1 ++/5 ~ 3.23607 1— /5~ —1.23607
x=-1 2 0

X =x 0.790889 —2.75802

X =Xx3 0.60924 —1.9357
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Fig. 1 M(n, 2)

The following figure sketches the values of f; and f_ in the interval [—1, 1] (Fig. 1).
Here the dotted curve is f; and the bottom curve is f_ which shows that in [—1, 1], > f_. Thus the

maximum value , 1 + v/5 ~ 3.23607 is attained at x = 1 for f, and minimum value ~ —2.75802 is attained

1 1 —17
at X=x = \/3_0005 (3005_1 < )) —3 ~ 0.0906446

8v10
> — 2.75802.

4 Spectrum of other generalized graphs

Thus /10: 1+\/5~2/112...2/12n_1

The following table gives the adjacency matrices of the graphs of definitions 2 - 7.

Graph Adjacency Matrix
T(n, k, 1) [ck R
LR C,]
e o
N, k, 1) ¢ 0]
[k m
D(n, k, 1, m) o }
—_—
Cn, k, 1) I
C,’j J-C,
PC(n, k, 1) J-c 0 }
cCn, k, 1) c !
B |7 J-I1-C

The following theorem describes the spectrum of the graphs defined through definitions 2 — 7 proof of
which are on similar lines as in case of the spectrum of M(n, k).
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Theorem 3 The table appended below gives the complete adjacency spectrum of the graphs in definitions
2 - 7 where J;=2cos(Z);p; = 2cos(2E);y, = 2cos(2L); 5; = 2cos(222) , j=0,1,2,...,n— 1, and

n n

n
1<m,t,k<—.
— 5 2
Graph Spectrum
T k0 vt E \/(Vj — 1) 42+ 8
2
N(n, k, 1) —
2 2
v+ A/ (s — 1) +40;
D(n, k 1, m) J J (;j /) J
2
Cln, k, 1) T H 2( i ./)
ﬂji‘\//vt]z+4y]2 ‘
PC(n, k, 1) f;jil,z,...,n—l
1+vn2—4n+5
2
R R A e ) R R RSP
=140 =
CC(n, k, 1) 2 /
n—1£+vn?—10n+29
2

5 Conclusion

Motivated from the definition of the generalized peterson graph we defined seven new classes of graphs
which are generalisations of some existing graphs and obtained their adjacency spectrum. The bounds and
ordering of the eigenvalues of the graphs of definitions 2 - 7 and their other graph properties are some
proposed possible research problems. We expect a detailed study on the domination number, chromatic
number, independence number, perfect 2-coloring, determination of the associated groups and character-
siation of cayley graphs from these generalized graphs similar to the studies on generalized peterson graph.
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