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Abstract Let G be a finite graph, simple, undirected and has no isolated vertex. A dominating set D of G is
said a pitchfork dominating set (pds) if every v in it dominates at most k and at least j vertices out of D, for
any non-negative integers j and k. The pitchfork domination number (pdn) of G, denoted by cpf ðGÞ is the
order of a minimum pds in G. In this paper, the inverse pitchfork domination is introduced, the definition is
used for j ¼ 1 and k ¼ 2. Several bounds are determined that are associated with size, order, maximum
degree and minimum degree of a graph. Also, this type of domination on some known graphs is calculated,
like: path, cycle, complete, complete bipartite and wheel graph. The essential conditions for any graph
having an inverse pitchfork domination are discussed.
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AMS Subject Classification 05C69

1 Introduction

Let G ¼ ðV ;EÞ be a graph of size m ¼ jEj and order n ¼ jV j without isolated vertex. deg(v) of any vertex v,
is the number of edges incident on it. An isolated vertex is a vertex of degree 0. A pendant vertex is a vertex
of degree 1 which is adjacent to a support vertex. DðGÞ and dðGÞ are the maximum and minimum degrees
respectively of all vertices of G graph. NðwÞ ¼ fr 2 V jwr 2 Eg is the open neighborhood of a vertex w.

While, the closed neighborhood is N½w� ¼ fwg [ NðwÞ. The complement graph G is defined for a simple

graph G as a graph with the same set of vertices V(G) where any two vertices incident on an edge in G if and
only if there is no edge between them in G. See [1, 2] for details of graph theoretic terminology. In graph
theory, the study of dominating sets has a large area. For a detailed domination’s survey, see [3, 4]. A subset
D of V is said a dominating set, if every vertex out it is adjacent to a one or more vertices in D. A dominating
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set D is said a minimal, if there is no proper dominating subset from it. cðGÞ is the order of a minimum
dominating set. Ore [5] introduced the expressions dominating set and domination number. There are many
different sorts of domination because their important an applications. Some definitions are putting a con-
ditions on G[D], for example see [6–11]. Others setting a conditions on G½V � D �, for example see [12–15].
Some definitions included both conditions on G[D] and G½V � D�, for example see [16–19].

Al-Harere and Abdlhusein defined in [7] the pitchfork domination as a new parameter. In a graph G, a
dominating set D said a pitchfork dominating set (pds) if every v in it dominates at most k and at least j
vertices out of it, for any non-negative integers j and k. The pitchfork domination number (pdn) of G,
denoted by cpf ðGÞ is the order of a minimum (pds) in G. They studied some bounds and properties of special
case for j ¼ 1 and k ¼ 2, and discussed the order and some conditions of a graph which have pitchfork
domination. They applied this kind of domination on some known graphs and on some new modified graphs
that they constructed. Here, a new dominating type is introduced ‘‘inverse pitchfork domination’’. The order

of a minimum inverse (pds) is denoted by c�1
pf ðGÞ. This new type of domination has a great benefits for any

kind of networks that needs such characteristics since it is depending on the number of dominated vertices.

Several bounds on c�1
pf ðGÞ are obtained for j ¼ 1 and k ¼ 2 and study more properties. The inverse pitchfork

domination number for path, cycle, complete, complete bipartite, wheel are studied here. Important question
are discussed: Does any graph with a pitchfork dominating set have an inverse pitchfork dominating set?
What are the conditions for it?

2 Inverse pitchfork domination

For any graph G with a pitchfork dominating set D, the problem of finding another pitchfork dominating set
of G is studied. This type of dominating set denoted by D�1 and named inverse pitchfork dominating set,

where D \ D�1 ¼ /.

Definition 2.1 Let D � VðGÞ be a minimum pds in G. If V � D contains a pds, then it is called an inverse

pds of G with respect to D and denoted by D�1.

Definition 2.2 A subset D�1 � V � D is said minimal inverse pds if there is no proper pds in it. An inverse

pds is minimum if its cardinality is smallest over all inverse pitchfork dominating sets, denoted by c�1
pf �set.

The inverse pitchfork domination number denoted by c�1
pf ðGÞ is the cardinality of a c�1

pf �set.

Observation 2.3 Let G be a graph having an inverse pitchfork dominating set. Then, we have:

1. c�1
pf ðGÞ� 1.

2. c�1
pf ðGÞ ¼ 1 if and only if G 2 fK2, K3g.

3. c�1
pf ðGÞ� cpf ðGÞ.

Note 2.4 For any graph G having order n and pdn cpf , if cpf ðGÞ[ n
2
, then G has no inverse pitchfork

domination.

Proposition 2.5 For any graph G with a minimum pds D, if v 2 V � D is dominated by more than two
vertices from D, then v 62 D�1.

Proof Let v 2 V � D be dominated by three vertices t1; t2 and t3 from D. If v 2 D�1 then it will dominate

t1; t2 and t3 and since D \ D�1 ¼ / this implies a contradiction. Thus, v 62 D�1. h

Observation 2.6 For any minimum pds D in G. If every v 2 V � D is dominated by more than two vertices
from D, then G has no inverse pitchfork domination.

Proposition 2.7 For any minimum pds D in a graph G, if v 2 V � D is dominated by more than two
vertices in D and it is an isolated vertex in G½V � D�, then G has no inverse pitchfork domination.

Proof Since v is dominated by at least three vertices t1; t2 and t3, then v 62 D�1 according to Proposition

2.5. If G has D�1, the three vertices t1; t2; t3 62 D�1 and since v is not adjacent to any u in V � D, then v isn’t

dominated by D�1. Therefore, G has no inverse pitchfork domination. h

Proposition 2.8 For any graph G and any minimum pds D, if G½V � D� is a null graph and there is a
vertex v 2 V � D that it is dominated by more than two vertices in D, then G without inverse pds.

123

282 M. A. Abdlhusein, M. N. Al-Harere



Proof Similar to proof of Proposition 2.7. h

Proposition 2.9 For any graph G and any minimum inverse pitchfork dominating set D�1, if there exist a
vertex u 2 D dominates only one vertex v from V � D, then v 2 D�1.

Proof Since u dominates only v, then u is not adjacent to another vertex of V � D. Therefore, if v 62 D�1,

then there is no vertex belong to D�1 that dominate u which is a contradiction, since D�1 is a c�1
pf �set.

Hence, v must belong to D�1. h

Proposition 2.10 For any graph G and any minimum inverse pitchfork dominating set D�1 , if v is an
isolated vertex in G½V � D� and it is dominated by at most two vertices from D, then v 2 D�1.

Proof If v 62 D�1, then 6 9 u 2 D�1 which dominates vertex v which is a contradiction since D�1 is a c�1
pf -

set. h

Proposition 2.11 For any graph G with set D�1 is c�1
pf �set, if v 2 V � D and is adjacent to a vertex u in

V � D which is dominated by exactly two vertices one of them dominates only u, then v 2 D�1.

Proof Let u is dominated by w1 and w2 of D where w1 dominates only u in V � D. Thus, u 2 D�1 by

Proposition 2.9. If v not in D�1, then u dominates three vertices which is a contradiction. Therefore,

v 2 D�1. h

Theorem 2.12 For any graph G and any minimum pitchfork dominating set D, if 8 v 2 V � D, v is
dominated by only two or one vertices in D, then G has an inverse pitchfork dominating set.

Proof Since every v 2 V � D is dominated by two or one vertices from D, then G is dominated by some or
all vertices of V � D. Hence, G has an inverse pitchfork dominating set. h

Proposition 2.13 For any graph G and any minimum pitchfork dominating set having a support vertex
which is adjacent to three or more pendent vertices, then G has no inverse pitchfork domination.

Proof Let G be a graph with a c�1
pf �set D�1. Assume that t is a support vertex in G that is adjacent with

three pendents. Then, these pendent vertices belong to D. So t 62 D�1 according to Proposition 2.5. If

t 2 D�1, it dominates three vertices. Therefore, the three pendent vertices are not dominated. Hence, G has
no inverse pitchfork domination. h

Theorem 2.14 For any G graph with a pdn cpf ðGÞ and an inverse pdn c�1
pf ðGÞ. Then, cpf ðGÞ þ c�1

pf ðGÞ ¼ n
if one of the following conditions holds:

1- cpf ðGÞ ¼ n
2
.

2- G½V � D� is a null graph.
3- For any two vertices v1; v2 2 V � D then ND½v1� \ ND½v2� ¼ /.

Proof Suppose that one condition holds to prove that D�1 ¼ V � D.

1- Since c�1
pf ðGÞ� cpf ðGÞ and cpf ðGÞ ¼ n

2
, then c�1

pf ðGÞ ¼ cpf ðGÞ ¼ n
2
. Hence, D�1 ¼ V � D.

2- By Proposition 2.10, v 2 D�1 for all v 2 V � D since G has an inverse pitchfork dominating set, then
every vertex in V � D is dominated by one or two vertices from D and has no neighbor in V � D.

3- By Proposition 2.9, v 2 D�1 for all v 2 V � D.

h

Theorem 2.15 [7] Let G be a graph with size m having a pdn cpf ðGÞ, then:

cpf ðGÞ�m� n

2

� �
þ c2

pf ðGÞ þ ð2� nÞ cpf ðGÞ

Theorem 2.16 For any graph G ¼ ðn;mÞ with an inverse pitchfork domination number c�1
pf ðGÞ and

c�1
pf �set D�1. If D�1 ¼ V � D, then:

c�1
pf ðGÞ�m� 1

2
½ ðcpf ðGÞÞ2 þ ðc�1

pf ðGÞÞ
2 þ 3 cpf ðGÞ � c�1

pf ðGÞ �

Proof Since D�1 ¼ V � D, then VðGÞ ¼ D [ D�1, then there are two cases:
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Case 1: Let G[D] and G½D�1� are two null subgraphs, let G has a minimum number of edges. There exist a

one edge (at least) between every vertex in D�1 and D. Then the number of an edges between D�1 and D
equal jD�1j ¼ c�1

pf ðGÞ. Thus, c�1
pf ðGÞ�m.

Case 2: Let G[D] and G½D�1� are two complete graphs. Let m1 and m2 refer to number of edges inside G[D]

and G½D�1� respectively. There exist two edges (at most) between every vertex in D and D�1, so the number

of edges between D�1 and D equal 2jDj ¼ 2cpf ðGÞ ¼ m3. Thus, the number of edges in graph G equal:

m ¼ m1 þ m2 þ m3 ¼ cpf

2

� �
þ c�1

pf

2

� �
þ 2 cpf . Hence, m� 1

2
½ ðcpf ðGÞÞ2 þ ðc�1

pf ðGÞÞ
2 þ 3 cpf ðGÞ � c�1

pf ðGÞ �.
h

In above theorem, since D�1 ¼ V � D, then c�1
pf ðGÞ ¼ n� cpf ðGÞ. Hence, if we set this identity, we get the

same upper bound of Theorem 2.15. The upper bound of the above theorem is sharping when G ¼ K4. Also,

we can give an example in which D�1 6¼ V � D and does’t satisfy the above theorem, such graph is G ¼ C3.

Theorem 2.17 For any graph G(n, m) with an inverse pitchfork domination number c�1
pf ðGÞ and set D�1 is

a c�1
pf �set. If D�1 6¼ V � D, then:

n� cpf �m� n� cpf � c�1
pf

2

� �
þ cpf

2

� �
þ c�1

pf

2

� �
þ 2c�1

pf þ cpf

Proof Since D�1 6¼ V � D, then let V � D ¼ D�1 [ T where D�1 \ T ¼ /, two cases are obtained:

Case 1: Assume that G½D �, G½D�1 � and G½ T � are null graphs. Since, D�1 is a pitchfork dominating set then

there is at least one edge from every vertex in D�1 to D [ T (say m1), then m1 ¼ c�1
pf ðGÞ. So that there is one

edge from every vertex in T to D (say m2). Therefore, m2 ¼ jT j ¼ n� cpf � c�1
pf . Hence,

m ¼ m1 þ m2 ¼ n� cpf ðGÞ. Then, in general m� n� cpf ðGÞ.

Case 2: Assume that G[D], G½D�1� and G[T] are complete subgraphs. Let m1; m2; m3 be the number of

edges of G[D], G½D�1� and G[T] which are equal to: cpf

2

� �
,

c�1
pf

2

� �
, and

n�cpf�c�1
pf

2

� �
respectively. Suppose that

there is at most two edges from every vertex in D�1 to both D and T such that the number of edges between

D�1 and D [ T is m4 ¼ 2 jD�1j ¼ 2 c�1
pf ðGÞ. So that, there is at most |D| edges from D to T since there is

exactly one edge from every vertex in D to T ( if there exists v 2 D , v dominates two vertices in T then v is

not dominated by D�1 since it has no neighbor in D�1). Then, the number of edges between set D and set T

say m5 equals to jDj ¼ cpf . Hence, m ¼ m1 þ m2 þ m3 þ m4 þ m5� n�cpf�c�1
pf

2

� �
þ

cpf

2

� �
þ c�1

pf

2

� �
þ 2c�1

pf þ cpf . h

Theorem 2.18 For any graph Gðn; mÞ and any minimum inverse pitchfork dominating set D�1. If D�1 6
¼ V � D and cpf ðGÞ ¼ c�1

pf ðGÞ, then c�1
pf ðGÞ� 1

3
ð2n� mÞ.

Proof Since VðGÞ ¼ D [ D�1 [ T and cpf ðGÞ ¼ c�1
pf ðGÞ, then jT j ¼ n� 2c�1

pf . Every vertex of T is

dominated by at least one vertex from D and one vertex from D�1. Then, there is |T| edges between D and T
also between D�1 and T. Since every t 2 D�1 is dominated by (at least) one vertex in D and every vertex in

D has one neighbor at least in D�1 . Since the number of edges between D and D�1 equals to

cpf ðGÞ ¼ c�1
pf ðGÞ. So, the minimum number of edges of G equals to 2 jTj þ c�1

pf . Hence,

c�1
pf ðGÞ� 1

3
ð2n� mÞ. h

Theorem 2.19 For any graph Gðn; mÞ and any minimum inverse pitchfork dominating set D�1. If
D�1 6¼ V � D, then:

1. There is no vertex v in D or D�1 such that jNðvÞ \ ðV � D� D�1Þj � 2.
2. For any v 2 D, if v has a neighbor in V � D� D�1, then it has another neighbor in D�1.
3. For any u 2 D�1, if u has a neighbor in V � D� D�1, then it has another neighbor in D.
4. Let T ¼ V � D� D�1, then jT j � jDj and jT j � jD�1j.

Proof
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1. Let v 2 D, then v dominates at most two vertices. So, jNðvÞ \ ðV � D� D�1Þjk2. If

jNðvÞ \ ðV � D� D�1Þj ¼ 2, then v dominates exactly two vertices from V � D� D�1. Therefore,

v has no neighbors in D�1 and v is not dominated by D�1 which is a contradiction since D�1 is a

c�1
pf �set. Hence, jNðvÞ \ ðV � D� D�1Þj 6¼ 2. In the same technique we can prove if v 2 D�1.

2. Since v has at most one neighbor in V � D� D�1 according to 1, then if v has no another neighbor in

D�1, does not be dominated by D�1 which is a contradiction, since D�1 is a c�1
pf �set.

3. Similar to part 2.
4. Since jDj � dn

3
e and jD�1j � dn

3
e, then jT j � dn

3
e.

h

Definition 2.20 The vertex v of a graph G is said as cpf�required vertex if it lies in every cpf�set of G.

Proposition 2.21 Let G be a graph having an inverse pitchfork dominating set such that c�1
pf ðGÞ ¼ cpf ðGÞ.

Then, G has no cpf�required vertex.

Proof Assume that D�1 is a c�1
pf �set of a graph G and let t is a cpf�required vertex. Then, t belongs to

every cpf�set, since D�1 is a c�1
pf �set and c�1

pf ðGÞ ¼ cpf ðGÞ. Then, D�1 is a cpf�set and t 2 D�1, so

t 2 D \ D�1 which is a contradiction since D \ D�1 ¼ /. Hence, G has no cpf�required vertex. h

Notice that, if c�1
pf ðGÞ[ cpf ðGÞ, then G may has cpf�required vertex.

3 Inverse pitchfork domination for some graphs

In this section, determining of the existence of an inverse pitchfork domination in some known graphs are
discussed and c�1

pf ðGÞ is evaluated. Also, studying the cases in which the pitchfork domination number and
its inverse are equal. And determine when their addition equal to the order of a graph.

Observation 3.1 [7] For Pn and Cn, we have:

1. cpf ðPnÞ ¼ cðPnÞ ¼ dn3e.
2. cpf ðCnÞ ¼ cðCnÞ ¼ dn3e.

Theorem 3.2 For any integer n� 2, the path Pn has an inverse pitchfork domination. Furthermore,

c�1
pf ðPnÞ ¼

n
3
þ 1 if n � 0 ðmod 3 Þ
dn

3
e if n � 1; 2 ðmod 3 Þ

(

where c�1
pf ðP2Þ ¼ 1.

Proof We label the Pn vertices as: v1; v2; � � � ; vn and let D be a set, chosen as follows:

D ¼
fv3i�1; i ¼ 1; 2; . . .; dn

3
eg if n � 0; 2 ðmod 3Þ

fv3i�1; i ¼ 1; 2; . . .; dn
3
e � 1g [ fvng if n � 1 ðmod 3Þ

(

Then, D is a cpf�set, since it dominates all the vertices of Pn and jDj ¼ dn
3
e. Let D�1 be a set such that

D \ D�1 ¼ /:

D�1 ¼
fv3i�2; i ¼ 1; 2; . . .; dn

3
eg [ fvng if n � 0 ðmod 3Þ

fv3i�2; i ¼ 1; 2; . . .; dn
3
e � 1g [ fvn�1g if n � 1 ðmod 3Þ

fv3i�2; i ¼ 1; 2; . . .; dn
3
eg if n � 2 ðmod 3Þ

8><
>:

Then, D�1 is c�1
pf �set. Hence, c�1

pf ðPnÞ ¼ jD�1j which is equal the required identity.
Now, to prove D�1 is a minimum pds, assume that ~D � D�1 so that j ~Dj\jD�1j. Thus, there is one vertex

or more belong to V � ~D which aren’t dominated by ~D. Therefore, ~D isn’t minimum while D�1 is a
minimum. h

Corollary 3.3 For any integer n� 2 and the path Pn, we have:

123

New parameter of inverse domination in graphs 285



1. c�1
pf ðPnÞ ¼ cpf ðPnÞ if and only if n � 1; 2 ðmod 3Þ.

2. c�1
pf ðPnÞ ¼ cpf ðPnÞ þ 1 if and only if n � 0 ðmod 3Þ.

3. c�1
pf ðPnÞ þ cpf ðPnÞ ¼ n if and only if n ¼ 3; 4.

4. c�1
pf ðPnÞ þ cpf ðPnÞ ¼ n� 1 if and only if n ¼ 5; 6; 7.

Proof From Observation 3.1 and Theorem 3.2. h

Theorem 3.4 For any integer n� 3, the cycle Cn has an inverse pitchfork domination. Furthermore,

c�1
pf ðCnÞ ¼ cpf ðCnÞ ¼ dn3e.

Proof Let us label the vertices of Cn as: u1; u2; � � � ; un. Suppose that D chosen as follows:

D ¼
fu3i�1; i ¼ 1; 2; . . .; dn

3
eg if n � 0; 2 ðmod 3Þ

fu3i�1; i ¼ 1; 2; . . .; dn
3
e � 1g [ fung if n � 1 ðmod 3Þ

(

Then, D dominates all vertices of Cn and every element in it, dominates two elements from V � D. Hence, D
is cpf�set of Cn and cpf ðCnÞ ¼ jDj ¼ dn3e.

Now, we choose D�1 according to D as follows:

D�1 ¼
fu3i�2; i ¼ 1; 2; . . .; dn

3
eg if n � 0; 2 ðmod 3Þ

fu3i�2; i ¼ 1; 2; . . .; dn
3
e � 1g [ fvn�1g if n � 1 ðmod 3Þ

(

Since every u 2 D�1 dominates exactly two vertices from V � D�1. Then, D�1 dominates all the vertices of

Cn. Hence, D�1 is an inverse pitchfork dominating set of Cn and c�1
pf ðCnÞ ¼ jD�1j ¼ dn

3
e.

Now, in similar proof of Theorem 3.2, D�1 is a minimum inverse pds. h

Corollary 3.5 For any integer n� 3 and the cycle Cn, we have:

1. c�1
pf ðCnÞ ¼ cpf ðCnÞ for all n.

2. c�1
pf ðCnÞ þ cpf ðCnÞ ¼ n if and only if n ¼ 4.

3. c�1
pf ðCnÞ þ cpf ðCnÞ ¼ n� 1 if and only if n ¼ 3; 5; 7.

Proof By Observation 3.1 and Theorem 3.4. h

Proposition 3.6 [7] Let G ¼ Kn the complete graph with n� 3 , then cpf ðKnÞ ¼ n� 2 .

Proposition 3.7 The complete graph Kn has an inverse pitchfork domination if and only if n ¼ 3; 4.
Furthermore, c�1

pf ðKnÞ ¼ cpf ðKnÞ ¼ n� 2.

Proof It is clear when n ¼ 3; 4, then Kn has an inverse pitchfork domination number equals to n� 2 by
similar technique of Proposition 3.6. But if n� 5, then Kn has no inverse pitchfork domination according to
Note 2.4, since cpf ðKnÞ[ n

2
. h

Corollary 3.8 For any integer n ¼ 3; 4 and the complete Kn, we have:

1. c�1
pf ðKnÞ ¼ cpf ðKnÞ if and only if n ¼ 3; 4.

2. c�1
pf ðKnÞ þ cpf ðKnÞ ¼ n if and only if n ¼ 4.

3. c�1
pf ðKnÞ þ cpf ðKnÞ ¼ n� 1 if and only if n ¼ 3.

Proof By Proposition 3.6 and Proposition 3.7. h

Theorem 3.9 [7] Let G be the wheel graph Wn where n� 3, then:

cpf ðWnÞ ¼
2dn

4
e � 1; if n � 1 ðmod 4Þ

2dn
4
e; otherwise

�

Theorem 3.10 For any integer n� 3, the wheel Wn has an inverse pitchfork domination, if and only if,
n � 0 ðmod 4Þ or n ¼ 3. Furthermore, c�1

pf ðWnÞ ¼ 2 dn
4
e.

Proof There are three cases according to the chosen of pitchfork dominating set D of Wn as follows:
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Case 1: If n ¼ 3, then D has only two consecutive vertices from Cn. Let D�1 ¼ V � D which contains the

remaining vertex of Cn and the vertex of K1. Then, D�1 is an inverse pds since every v in it dominates the

two consecutive vertices from D. Hence, c�1
pf ðW3Þ ¼ 2.

Case 2: If n � 0 ðmod 4 Þ, then D has two consecutive vertices and leave the next two consecutive vertices

and so on from the cycle Cn. Let D�1 be a set that contains the remaining vertices of Cn. Thus, every v in

D�1 dominates the vertex of K1 and another one vertex of D. Therefore, D�1 is a c�1
pf �set dominates all Wn

vertices. Hence, c�1
pf ðWnÞ ¼ 2dn

4
e.

Case 3: If n�0 ðmod 4Þ and n 6¼ 3, then, the vertex of K1 say vnþ1 62 D�1 according to Proposition 2.5 since
it was dominated by more than two vertices of D. Therefore, there are subcases as follows:

Subcase i: If n � 1 ðmod 4Þ, suppose that D�1 ¼ ðV � DÞ=fvnþ1g is an inverse pitchfork dominating set

of Wn. Then, there is one vertex in D that isn’t dominated by D�1 which is a contradiction. Hence, Wn has no
inverse pitchfork domination.

Subcase ii: If n � 2 ðmod 4Þ, then Wn has no inverse pitchfork domination according to Note 2.4, since

cpf ðWnÞ[ nþ1
2

.

Subcase iii: If n � 3 ðmod 4Þ, suppose that D�1 ¼ ðV � DÞ=fvnþ1g is an inverse pitchfork dominating set

of Wn. Then, there is one vertex in D�1 that dominates three vertices ( two from D and the vertex vnþ1 ).
Which is a contradiction. Hence, Wn has no inverse pitchfork domination. h

Corollary 3.11 For any integer n � 0 ðmod 4 Þ or n ¼ 3 and the wheel Wn, we have:

1. c�1
pf ðWnÞ ¼ cpf ðWnÞ if and only if n � 0 ðmod 4Þ or n ¼ 3.

2. c�1
pf ðWnÞ þ cpf ðWnÞ ¼ n if and only if n ¼ 3.

3. c�1
pf ðWnÞ þ cpf ðWnÞ ¼ n� 1 if and only if n � 0 ðmod 4Þ.

Proof By Theorem 3.9 and Theorem 3.10. h

Theorem 3.12 [7] Let G ¼ Kt; r, then:

cpf ðKt; rÞ ¼
r; if t ¼ 2 ^ r\3 or t ¼ 1 ^ r [ 2

r � 1; if t ¼ 2; r� 3

r þ t � 4; if t; r [ 2 :

8><
>:

Theorem 3.13 The complete bipartite graph Kn;m has an inverse pitchfork domination if and only if
Kn;m � K1; 2;K2; 2;K2; 3;K2; 4;K3; 3;K3; 4 or K4; 4 such that:

c�1
pf ðKn;mÞ ¼

2 if n ¼ 2 ^ m\3

m� 1 if n ¼ 2 ^ m� 3

nþ m� 4 if n; m [ 2

8><
>:

Proof Let n1 and n2 are the disjoint sets contains all vertices of Kn;m where jn1j ¼ n and jn2j ¼ m, then the
proof when n;m� 4 is clear. Let m� 5, since D contains two vertices of set n1 and m� 2 vertices of set n2

by Theorem 3.12, then if D�1 contains the other two vertices of n1, it will dominate all m� 2 vertices in n2

that belong to D, but m� 2� 3 which is a contradiction. Hence, Kn;m has no inverse pitchfork domination
for m� 5. h

Corollary 3.14 For any integer n ¼ 2; 3; 4 and the complete bipartite Kn;m, we have:

1. c�1
pf ðKn;mÞ ¼ cpf ðKn;mÞ if and only if n; m ¼ 2; 3; 4.

2. c�1
pf ðKn;mÞ þ cpf ðKn;mÞ ¼ nþ m if and only if Kn;m ¼ K2; 2; K2; 4; K4; 4.

3. c�1
pf ðKn;mÞ þ cpf ðKn;mÞ ¼ nþ m� 1 if and only if Kn;m ¼ K2; 3; K3; 4.

Proof By Theorems 3.12 and 3.13. h
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