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Abstract Semi Equivelar maps are generalizations of Archimedean solids to surfaces other than 2-sphere.
Semi Equivelar Maps were introduced by Upadhyay et. al. in 2014. They also studied semi equivelar maps
on the surface of Euler characteristics v ¼ �1. In this article we classify all the semi equivelar maps on this
surface with upto 12 vertices. We show that there are exactly four such maps. We also prove that there are at
least 10 semi equivelar maps on this surface. We compute their Automorphism groups and show that none
of these maps are vertex transitive.
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AMS classification 52B70 � 52C20 � 57M20 � 57N05

1 Introduction

Semi equivelar maps are generalizations of the maps on surfaces of Archemedian solids to the maps on
surfaces other than the 2-sphere. It is observed that not much study has been made of maps on this surface
except for the study of weakly neighbourly polyhedral maps (see [9]) and some semi equivelar maps (see [1]
and [2]). In this article we attempt to give a classification of semi equivelar maps on this surface with at most
12 vertices and study their automorphism group.

Recall that a surface is a closed 2-dimensional manifold without boundary. A Polyhedral complex is a
finite collection X of convex polytopes, in Euclidean space En such that the following two conditions are
satisfied for X : first, if r 2 X and s is a face of r, then s 2 X and second, if r1 and r2 2 X then r1 \ r2 is a
face of r1 and r2. The dimension d of X is the maximum of the dimensions of the elements in X. We also call
X a polyhedral d-complex. In this article the objects of our study are polyhedral 2-complexes. For a 2-
dimensional polyhedral complex X, the elements of dimension 0, 1 an 2 are called vertex, edges and faces.
Let v be a vertex of X. Then star of v, denoted by st(v), is a polyhedral complex fr 2 X : fvg� rg and the
link of a vertex v in X, denoted by lk(v) is the polyhedral complex fr 2 ClðstðvÞÞ : r \ fvg ¼ /g, where
Cl(A) denote closure of A. If the link of each vertex in X is topologically a circle then X is also called a
combinatorial 2-manifold. The set Aut(X) for a polyhedral complex X is a collection of all the automorphism
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of X which forms a group under composition of maps and is called the group of automorphisms of X. If
Aut(X) acts transitively on V(X) (the set of vertices of X) then X is said to be vertex transitive. For other
definitions and terminologies related to the topic, we refer to [4–8].

For a polyhedral complex X with v 2 VðXÞ, let NðvÞ ¼ fu 2 VðXÞ : 9r 2 X such that u; v 2 rg. For all
i� 0, we define the graph GiðXÞ as follows: VðGiðXÞÞ ¼ VðEGðXÞÞ and ½u; v� 2 EGðGiðXÞÞ if
jNðuÞ \ NðvÞj ¼ i. Clearly, if X and Y are isomorphic, then GiðXÞ and GiðYÞ are isomorphic for all i� 0. The
Face sequence (see figure 1) of a vertex v in a X is a finite cyclically ordered sequence ðan1

1 ; a
n2

2 ; :::; a
nm
m Þ of

powers of positive integers a1; :::; am� 3 and n1; :::; nm� 1, such that through the vertex v, n1 numbers of
Ca1

, n2 numbers of Ca2
, ... , nm numbers of Cam

are incident in the given cyclic order where Ci is a cycle of
length i. A polyhedral complex X is called Semi-Equivelar Map if the face sequence of each vertex of X is
same. We write Semi-Equivelar Map as SEM. A SEM with face sequence ðan1

1 ; a
n2

2 ; :::; a
nm
m Þ is also called

SEM of type ðan1

1 ; a
n2

2 ; :::; a
nm
m Þ. For more details, see [2]. Due to computational constraints we confine our

study in this article to the case when jVðXÞj � 12. For v ¼ 0 a study of maps is made in [3]. Here we study
the existence of maps in non-orientable surface of genus 3 (i.e. Euler characteristics -1) and discuss some of
their properties. Throughout this article, let M denote a SEM on the surface of Euler characteristics -1. In the
present article we show :

Theorem 1.1 There is no SEM on the surface of Euler characteristics -1 with vertices less than or equal to
10.

For n ¼ 11, a SEM is not possible on the non-orientable surface of genus 3 and for n ¼ 12 all the possible

face sequences are ð35; 4Þ, ð3; 4; 62Þ, (3, 6, 4, 6), ð43; 6Þ, ð33; 4; 6Þ, ð4; 3; 6; 32Þ, ð4; 33; 6Þ, ð32; 43Þ,
ð3; 4; 3; 42Þ. The SEM of type ð35; 4Þ has been classified in [2] and A. Tiwary, A. Upadhyay in [1] discuss
the types of semi-equivelar maps on double torus that are also available on the surface of Euler characteristic
�1. It has been shown that :

Proposition 1.1 There are exactly three non-isomorphic SEM of typeð35; 4Þ on the surface of Euler
characteristics -1 [2].

Proposition 1.2 There are at least nine non-isomorphic semi-equivelar maps on the surface of Euler
characteristic -1. None of these maps are vertex transitive ([2, 1]).

In this article we also show that :

Theorem 1.2 There are exactly four non isomorphic SEM on the surface of Euler characteristics -1 with
at most 12 vertices.

Theorem 1.3 There are at least ten non isomorphic SEM on the surface of Euler characteristics -1. None
of these maps are vertex transitive.

To prove the above theorems, we make use of following lemmas :

Lemma 1.1 There dose not exist a SEM of typeð3; 4; 62Þ, (3, 6, 4, 6), ð43; 6Þ, ð33; 4; 6Þ, ð4; 3; 6; 32Þ,
ð4; 33; 6Þ, ð32; 43Þ on the surface of Euler characteristics -1 with 12 vertices.

Lemma 1.2 If there is a SEM of type ð3; 4; 3; 42Þ with 12 vertices on the surface of Euler characteristic �1
then it is isomorphic to KNO½ð3;4;3;42Þ�, given in figure 2.
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Figure 1 Some examples of face sequence
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We also show that :

Lemma 1.3 AutðKNO½ð3;4;3;;42Þ�Þ ¼ hai ffi Z6, wherea ¼ ð0; 3; 1; 7; 2; 6Þð4; 11; 8; 9; 10; 5Þ.

2 Proof of results

Based on Theorem 1.1, Proposition 1.1, Lemma 1.2 and Lemma 1.1, the Theorem 1.2 has been proved and
based on Proposition 1.2, Lemma 1.1 and Lemma 1.3, Theorem 1.3 has been proved.

Proof of Lemma 1.3 Let f 2 AutðKNO½ð3;4;3;42Þ�Þ, then f ð0Þ 2 VðKNO½ð3;4;3;42Þ�Þ. If f ð0Þ ¼ 0, then from lk(0)

we get f ð7Þ ¼ 7; f ð3Þ ¼ 3 and then from lk(7) we get f ð2Þ ¼ 2, therefore f ¼ Id ¼ a6. If f ð0Þ ¼ 1, then
from lk(0) & lk(1) we get f ð3Þ ¼ 7; f ð7Þ ¼ 6. This implies f ð2Þ ¼ 0 and then from lk(0), lk(2), lk(6), lk(7),

we get f ¼ ð0; 1; 2Þð3; 7; 6Þð4; 8; 10Þð5; 11; 9Þ ¼ a2. If f ð0Þ ¼ 2 then from lk(0) & lk(2), we get
f ð3Þ ¼ 6; f ð7Þ ¼ 3. Further, from lk(3), lk(7), we get f ð2Þ ¼ 1. Therefore, from lk(0), lk(1), lk(2), and lk(6),

we have f ¼ ð0; 2; 1Þð3; 6; 7Þð4; 10; 8Þð5; 9; 11Þ ¼ a4. If f ð0Þ ¼ 3 then from lk(0) and lk(3), we get f ð3Þ ¼
1; f ð7Þ ¼ 2 and from lk(2) and lk(7), we have f ð2Þ ¼ 6. Therefore from lk(0), lk(1), lk(2), lk(3) and lk(6) we
get f ¼ a. If f ð0Þ ¼ 4 then from lk(0), lk(4), we get f ð3Þ ¼ 2; f ð7Þ ¼ 9 and f ð1Þ 2 f5; 11g, but from
lk(2), lk(3), we get f ð1Þ ¼ 6, which is a contradiction. If f ð0Þ ¼ 5 then from lk(0), lk(5), we get f ð3Þ ¼
7; f ð7Þ ¼ 8 and f ð1Þ 2 f4; 10g, but from lk(3), lk(7), f ð1Þ ¼ 2, which is a contradiction. If f ð0Þ ¼ 6, then
from lk(0), lk(6), we get f ð3Þ ¼ 0; f ð7Þ ¼ 1. Then from lk(7) and lk(1) we get f ð2Þ ¼ 7. Therefore from

lk(0), lk(2), lk(3), lk(6), lk(7) we get f ¼ ð0; 6; 2; 7; 1; 3Þð4; 5; 10; 9; 8; 11Þ ¼ a5. If f ð0Þ ¼ 7, then from lk(0)
and lk(7), we get f ð3Þ ¼ 2; f ð7Þ ¼ 0; f ð2Þ ¼ 3. Therefore from lk(0), lk(2), lk(3), lk(7), we get

f ¼ ð0; 7Þð1; 6Þð2; 3Þð4; 9Þð5; 8Þð10; 11Þ ¼ a3. If f ð0Þ ¼ 8, then from lk(0) and lk(8), we get
f ð3Þ ¼ 0; f ð7Þ ¼ 5; f ð1Þ 2 f9; 11g, but form lk(0), lk(3) we see that f ð1Þ ¼ 3. This is a contradiction. If
f ð0Þ ¼ 9 then from lk(0) and lk(9), we get f ð3Þ ¼ 3; f ð7Þ ¼ 4 and f ð1Þ 2 f8; 10g. But from lk(3) we get
f ð1Þ ¼ 1, which is not possible. If f ð0Þ ¼ 10, then from lk(0) and lk(10), we get f ð3Þ ¼ 1 and f ð1Þ 2 f5; 9g.
But from lk(1) and lk(3), we have f ð1Þ ¼ 7 which is a contradiction. If f ð0Þ ¼ 11, then from lk(0) and lk(11),
we get f ð3Þ ¼ 6; f ð1Þ 2 f4; 8g. Now from lk(3) and lk(6) we get f ð1Þ ¼ 0, which is a contradiction.
Therefore AutðKNO½ð3;4;3;42Þ�Þ ¼ hai ffi Z6. This proves the lemma. h

Proof of Theorem 1.1 For v� 9, there is no possible face sequence for M. If n ¼ 10 all the possible face

sequences for M are ð33; 52Þ, ð3; 5; 32; 5Þ, ð42; 52Þ, (4, 5, 4, 5), ð3; 52; 6Þ, (3, 5, 3, 6), ð3; 6; 52Þ. We have the
following two situations :

0

1 2

6
3

11

10 9

8

7

3

4

5

7

8

4 511

3

5

8

7

0

KNO[(3,4,3,42)]

Figure 2 Non-orientable map of type ð3; 4; 3; 42Þ
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If the face sequence is of type ð33; 52Þ, let us consider lkð0Þ ¼ C10ð1; 2; 3; 4; ½4; 5; 6; 7�, [7, 8, 9, 1]). Then
lkð7Þ ¼ C10ð8; a; b; 6; ½6; 5; 4; 0�; ½0; 1; 9; ; 8�Þ where it is easy to see that a; b 2 f2; 3g. Then for any a and b,
both lk(a) and lk(b) have 4 3-gons, which is a contradiction.

If the face sequences are of types ð3; 5; 32; 5Þ; ð42; 52Þ; ð4; 5; 4; 5Þ; ð3; 52; 6Þ; ð3; 5; 3; 6Þ or ð3; 6; 52Þ then to
complete the links of any vertex, we require more than 10 vertices, which is not possible.

This proves the Theorem. h

Proof of Lemma 1.1 To prove the Lemma we consider the following situations :
When the face sequence is ð3; 4; 62Þ: Let lkð0Þ ¼ C11ð½2; 3; 4�; ½4; 5; 6; 7; 8�; ½8; 9; 10; 11; 1�Þ. Then

lkð8Þ ¼ C11ð½a; b; 7�; ½7; 6; 5; 4; 0�; ½0; 1; 11; 10; 9�Þ, where a 2 f2; 3g. For any such a, the face sequence will
not be possible in lk(a).

When the face sequence is (3, 6, 4, 6) : To complete link of a vertex, 11 vertices will be required, which
is not possible.

When the face sequence is ð43; 6Þ: Let lkð0Þ ¼ C11ð½1; 2; 3; 4; 5�; ½5; 6; 7�; ½7; 8; 9�; ½9; 10; 1�Þ. There are
only two 6-gon, one is [0, 1, 2, 3, 4, 5] and vertices of other are 6, 7, 8, 9, 10, 11. Therefore, either of 6, 8 or
9 will occur two times in lk(7). Which is not allowed.

When the face sequence is ð33; 4; 6Þ: Let lkð0Þ ¼ C10ð1; 2; 3; ½4; 5; 6�; ½6; 7; 8; 9; 1�Þ. There are only two
6-gon, one is [0, 1, 9, 8, 7] and vertices of other are 2,3,4,5,10,11. Therefore, vertices 4 or 2 will occur two
times in lk(3).

When the face sequence is ð4; 3; 6; 32Þ: Let lkð0Þ ¼ C10ð½1; 2; 3�; ½4; 5; 6; 7; 8�; 9Þ. There are only two
6-gon, one of which is [0, 4, 5, 6, 7, 8] and vertices of other 6-gon are 1,2,3,9,10,11, considering lk(1) we
see that this is not possible.

When the face sequence is ð4; 33; 6Þ: Let lkð0Þ ¼ C10ð½1; 2; 3�; 4; 5; ½6; 7; 8; 9; 1�Þ. Again, there are only
two 6-gon, one of which is [0, 6, 7, 8, 9, 1] and vertices of other 6-gon are 2,3,4,5,10,11, considering lk(3)
we see that this is not possible.

When the face sequence is ð32; 43Þ: Let lkð0Þ ¼ C8ð1; 2; ½3; 4; 5�; ½5; 6; 7�; ½7; 8; 1�Þ. For the face sequence,
[3, 2, a] is a face, where a 2 f1; 6; 7; 8; 9; 10; 11g, which implies vertex 2 shares three 3-gons, which is not
allowed. This completes the proof. h

Proof of Lemma 1.2 Let K be a semi equivelar map of type ð3; 4; 3; 42Þ on the surface of v ¼ �1. Let the
vertex set of K be VðKÞ ¼ f0; 1; 2; 3; 4; 5; 6; 7; 8; 9; 10; 11g. We express lk(v) by the notation lkðvÞ ¼
C8ð½v1; v2; v3�; ½v4; v5; v6�; ½v6; v7; v8�Þ where ½v; v8; v1�; ½v; v3; v4� are 3-gonal faces and ½v; v1; v2; v3�,
½v; v4; v5; v6�, ½v; v6; v7; v8� are 4-gonal faces.

Let lkð0Þ ¼ C8ð½2; 3; 4�; ½5; 6; 7�; ½7; 8; 1�Þ. Then lkð7Þ ¼ C8ð½a; b; c�; ½8; 1; 0�; ½0; 5; 6�Þ. If � denotes
isomorphism then the possible value of (a, b, c) are: (2,4,3)�(3,2,4), (2,3,9)� (9,3,4), (2,4,9)�(3,9,4),
(2,9,3)�(9,2,4), (2,9,4)�(2,10,4), (2,9,10)� (9,10,4), (3,2,9)�(9,4,3), (3,4,9), (3,9,2)�(9,4,2),
(3,9,10)�(9,4,10), (4,2,3), (4,3,2), (4,3,9), (4,9,2), (4,9,3)�(4,2,9), (4,9,10), (9,2,3), (9,2,10)�(9,10,3),
(9,3,2), (9,3,10), (9,10,2), (9,10,11).

Let A ¼ f(2,3,9), (2,9,10), (3,9,10), (4,3,9), (4,9,10), (3,2,9), (3,4,9), (9,2,3), (9,2,10), (9,3,2), (9,3,10),
(9,10,2), (9,10,11)g, B ¼ f(2,4,3), (2,9,3), (2,9,4), (3,4,2), (4,2,3), (2,4,9), (3,9,2), (4,3,2), (4,9,2) (4,9,3)g
Claim 1. There are no semi-equivelar maps on the surface of Euler characteristic �1 for the values
ða; b; cÞ 2 B with 12 vertices.

Proof The proof of claim is based on simple observation that in the map two adjacent vertices of a 4-gon
cannot appear as two non adjacent vertices in another 4-gon. h

Thus we need to consider the cases when (a, b, c) lie in A.
When ða; b; cÞ ¼ ð2; 3; 9Þ then lkð2Þ ¼ C8ð½6; a1; 1�; ½0; 4; 3�; ½3; 9; 7�Þ which implies lkð6Þ ¼

C8ð½2; 1; a1�; ½a2; a3; 5�; ½5; 0; 7�Þ and lkð1Þ ¼ C8ð½2; 6; a1�; ½a4; a5; 8�; ½8; 7; 0�Þ. From here we see that a1 ¼ 10
and a2 2 f8; 9; 11g. Now if a2 ¼ 8 then after completing lk(8), we get a3 ¼ 1 that means
Cð1; 8; 10Þ 2 lkð6Þ, is a contradiction. If a2 ¼ 9 then after completing lk(9), we get a3 ¼ 3 which implies
face sequence will not follow in lk(3). Therefore a2 ¼ 11 and a5 ¼ 11 as 11 62 lkð0Þ; lkð2Þ; lkð7Þ and
a3 2 f3; 9g. If a3 ¼ 3 then lkð3Þ ¼ C8ð½5; 6; 11�; ½4; 0; 2�; ½2; 7; 9�Þ, lkð5Þ ¼ C8ð½4; a5; 9�; ½3; 11; 6�; ½6; 7; 0�Þ
and lkð4Þ ¼ C8ð½0; 2; 3�; ½11; a6; a5�; ½a5; 9; 5�Þ which implies a5 62 V . If a3 ¼ 9 then lkð9Þ ¼
C8ð½7; 2; 3�; ½11; 6; 5�; ½5; a5; 8�Þ which implies face sequence will not follow in lk(5). Therefore
ða; b; cÞ 6¼ ð2; 3; 9Þ.

When ða; b; cÞ = (2,9,10), then lkð2Þ ¼ C8ð½1; a1; 12�; ½a3; a4; 3�; ½3; 4; 0�Þ, i.e. there are edges between
2,3 and 2,1 in other two 4-gon in lk(2), but there is no such edge in [2,9,10,7], which contradict.
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When ða; b; cÞ = (3,9,10) then lkð3Þ ¼ C8ð½7; 10; 9�; ½4; 0; 2�; ½2; a1; 6�Þ or lkð3Þ ¼ C8ð½7; 10; 9�;
½2; 0; 4�; ½4; a1; 6�Þ.
Case 1. If lkð3Þ ¼ C8ð½7; 10; 9�; ½4; 0; 2�; ½2; a1; 6�Þ then a1 2 f8; 11g, but for a1 ¼ 8, after completing
lk(8), we see that face sequence will not follow in lk(2), therefore a1 ¼ 11. Now lkð4Þ ¼
C8ð½0; 2; 3�; ½9; a2; a3�; ½a3; a4; 5�Þ which implies a3 2 f1; 11g. a3 ¼ 1 implies one of a2; a4 have bo be 2,
which is not possible, therefore a3 ¼ 11. Now either lkð11Þ ¼ C8ð½6; 3; 2�; ½a2; 9; 4�; ½4; 5; a4�Þ or
lkð11Þ ¼ C8ð½2; 3; 6�; ½a2; 9; 4�; ½4; 5; a4�Þ. If lkð11Þ ¼ C8ð½6; 3; 2�; ½a2; 9; 4�; ½4; 5; a4�Þ then lkð2Þ ¼
C8ð½1; a5; a2�; ½11; 6; 3�; ½3; 4; 0�Þ which implies a2 ¼ 10 and then Cð3; 7; 10; 11; 4Þ 2 lkð9Þ, make contra-
diction. If lkð11Þ ¼ C8ð½2; 3; 6�; ½a2; 9; 4�; ½4; 5; a4�Þ then lkð2Þ ¼ C8ð½1; a5; a4�; ½11; 6; 3�; ½3; 4; 0�Þ which
implies a4 ¼ 10 and then lk(10) will not possible.

Case 2. If lkð3Þ ¼ C8ð½7; 10; 9�; ½2; 0; 4�; ½4; a1; 6�Þ then lkð2Þ ¼ C8ð½0; 4; 3�; ½9; b1; b2�; ½b2; b3; 1�Þ which
implies b2 2 f5; 11g, but for b2 ¼ 5, one of b1; b3 has to be 4, which is not possible, therefore b2 ¼ 11 and
then b1 2 f5; 6; 8g, and ½11; b1�; ½11; b3� are adjacent edges of a 3-gon and a 4-gon. Now if b1 ¼ 5, then
lkð5Þ ¼ C8ð½0; 7; 6�; ½11; 2; 9�; ½9; b4; 4�Þ which implies lkð4Þ ¼ C8ð½b4; 9; 5�; ½0; 2; 3�; ½3; 6; a1�Þ and
lkð9Þ ¼ C8ð½10; 7; 3�; ½2; 11; 5�; ½5; 4; b4�Þ. Now we see that b4 2 f1; 8g, therefore if a1 6¼ 11, then
jvlkð11Þj � 7, where jvlkðuÞj is number of vertex in lk(u), is a contradiction, therefore a1 ¼ 11. Now lkð11Þ ¼
C8ð½4; 3; 6�; ½5; 9; 2�; ½2; b5; b4�Þ and then lkðb4Þ ¼ C8ð½4; 5; 9�; ½10; b6; b5�; ½b5; 2; 11�Þ which is not possible
for any b4 2 f1; 8g. For any b1 2 f6; 8g, after completing lkðb1Þ, face sequence will not follow in lk(11).

Therefore ða; b; cÞ 6¼ ð3; 9; 10Þ.
When ða; b; cÞ 2 {(4,3,9), (4,9,10)}, then constructing lk(4) is not possible. Similarly When ða; b; cÞ 2

{(9,3,2), (9,10,2)} then constructing lk(2) is not possible.
When ða; b; cÞ = (9,2,10) then lkð2Þ ¼ C8ð½0; 4; 3�; ½9; 7; 10�; ½10; a1; 1�Þ or lkð2Þ ¼ C8ð½0; 4; 3�;

½10; 7; 9�; ½9; a1; 1�Þ.
Case 3. If lkð2Þ ¼ C8ð½0; 4; 3�; ½9; 7; 10�; ½10; a1; 1�Þ then a1 2 f5; 6; 11g. If a1 ¼ 5 then 0; 2; 7 62 Vðlkð11ÞÞ
where V(lk(u)) is the set of vertex of lk(u), therefore lkð5Þ ¼ C8ð½0; 7; 6�; ½10; 2; 1�; ½1; a2; 4�Þ, lkð1Þ ¼
C8ð½8; 7; 0�; ½2; 10; 5�; ½5; 4; a2�Þ and lkð8Þ ¼ C8ð½1; 0; 7�; ½10; b1; b2�; ½b2; b3; 11�Þ. From here, we see that b2 ¼
3 and then b3 ¼ 9. As [9,10] is a non-edge in a 4-gon and [2,3,9] is a face, therefore lkð3Þ ¼
C8ð½2; 0; 4�; ½b1; 10; 8�; ½8; 11; 9�Þ which implies b1 ¼ 6 but then it will not be possible to construct lk(6). If
a1 ¼ 6 then lkð6Þ ¼ C8ð½7; 0; 5�; ½10; 2; 1�; ½1; 11; 9�Þ, lkð1Þ ¼ C8ð½8; 7; 0�; ½2; 10; 6�; ½6; 9; 11�Þ and lkð8Þ ¼
C8ð½1; 0; 7�; ½10; b1; b2�; ½b2; b3; 11�Þ which implies b2 2 f3; 4g. But for any such b2 completing lkðb2Þ will
not possible. Finally, if a1 ¼ 11 then lkð9Þ ¼ C8ð½7; 10; 2�; ½3; b1; b2�; ½b2; b3; 6�Þ. This implies b2 2 f8; 11g.
If b2 ¼ 8 then one of b1; b3 will be 10, which is not possible. Therefore b2 ¼ 11. Now considering lk(10), we
get ½10; 11; c1� as a face, where c1 2 fb1; b3g. If c1 ¼ b1, then b1 ¼ 5 then constructing lk(5) will not be
possible. Further if c1 ¼ b3 then b3 ¼ 4, then constructing lk(4) will not be possible.

Case 4. If lkð2Þ ¼ C8ð½0; 4; 3�; ½10; 7; 9�; ½9; a1; 1�Þ then lkð10Þ ¼ C8ð½2; 9; 7�; ½8; b1; b2�; ½b2; b3; 3�Þ. This
implies b2 2 f5; 6; 11g. If b2 ¼ 6 then one of b1; b3 will be 9, which is not possible. If b2 ¼ 5 then b1 ¼ 4
and lkð5Þ ¼ C8ð½6; 7; 0�; ½4; 8; 10�; ½10; 3; b3�Þ, then b3 ¼ 11 as otherwise jvlkð11Þj � 7, leads to a contradiction.

Now lkð6Þ ¼ C8ð½5; 0; 7�; ½9; c1; c2�; ½c2; c3; 11�Þ which implies c2 62 V . If b2 ¼ 11 then b1 2 f4; 5; 6g and
b3 2 f1; 5; 6g. If b3 ¼ 1 then a1 ¼ 11 and lkð1Þ ¼ C8ð½0; 7; 8�; ½3; 10; 11�; ½11; 9; 2�Þ, lkð3Þ ¼
C8ð½10; 11; 1�; ½8; b4; 4�; ½4; 0; 2�Þ and lkð8Þ ¼ C8ð½1; 0; 7�; ½10; b5; b4�; ½b4; 4; 3�Þ which implies b4 ¼ 6 i.e.
[4,5,6] will be a face, which is not possible. If b3 ¼ 5 then lkð5Þ ¼ C8ð½0; 7; 6�; ½3; 10; 11�; ½11; b4; 4�Þ and
lkð3Þ ¼ C8ð½10; 11; 5�; ½6; b5; 4�; ½4; 0; 2�Þ which implies b5 2 f1; 8g. Then b5 ¼ 1 implies a1 ¼ 6 and then
after completing lk(6), lk(1), we get jvlkð11Þj � 7, which is a contradiction. Now b5 ¼ 8 implies b1 ¼ 4 and

then after completing lk(8), completing lk(6) will not possible. Therefore b3 6¼ 5. If b3 ¼ 6 then lkð6Þ ¼
C8ð½7; 0; 5�; ½11; 10; 3�; ½3; b4; 9�Þ and lkð3Þ ¼ C8ð½4; 0; 2�; ½10; 11; 6�; ½6; 9; b4�Þ which implies b4 2 f1; 8g, but
for any such b4, completing lkðb4Þ will not possible.

Therefore ða; b; cÞ 6¼ ð9; 2; 10Þ.
When ða; b; cÞ = (9,3,10) then lkð3Þ ¼ C8ð½2; 0; 4�; ½a1; a2; 10�; ½10; 7; 9�Þ, lkð3Þ ¼ C8ð½2, 0; 4�; ½a1; a2; 9�;

½9; 7; 10�Þ, lkð3Þ ¼ C8ð½2; 0; 4�; ½9; 7; 10�; ½10; a1; a2�Þ or lkð3Þ ¼ C8ð½2; 0; 4�; ½10, 7; 9�; 9; a1; a2Þ.
Case 5. If lkð3Þ ¼ C8ð½2; 0; 4�; ½a1; a2; 10�; ½10; 7; 9�Þ then lkð2Þ ¼ C8ð½0; 4; 3�; ½9; b1; b2�; ½b2; b3; 1�Þ and
lkð4Þ ¼ C8ð½0; 2; 3�; ½a1; b4; b5�; ½b5; b6; 5�Þ. This implies b2 ¼ 11 and b5 ¼ 8. As [7, 8, 10] is a face, there-
fore one of b4 or b6 will be 10. But ½a1; 10� is a non-edge in a 4-gon. Therefore b6 ¼ 10. Now ½5; 10; a2� and
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½1; 8; b4� are faces. Therefore a1 ¼ 6 as if a1 ¼ 11 then one of b1 or b3 will be 3, which is not possible.
Therefore lkð6Þ ¼ C8ð½4; 8; 9�; ½7; 0; 5�; ½5; 10; 3�Þ and then jvlkð11Þj � 6, which is a contradiction.

Case 6. When lkð3Þ ¼ C8ð½2; 0; 4�; ½a1; a2; 9�; ½9; 7; 10�Þ then lkð2Þ ¼ C8ð½0; 4; 3�; ½10; b1; b2�; ½b2; b3; 1�Þ
and lkð4Þ ¼ C8ð½0; 2; 3�; ½a1; b4; b5�; ½b5; b6; 5�Þ which implies b2 2 f6; 11g and b5 2 f8; 11g. If b2 ¼ 6 then
b3 ¼ 9 and we get lkð9Þ ¼ C8ð½6; 2; 1�; ½a2; a1; 3�; ½3; 10; 7�Þ which implies a1 2 f8; 11g. When a1 ¼ 8, then
considering lk(8), we get a2 ¼ 10 and when a1 ¼ 11 then we get a2 ¼ 8; b5 ¼ 8, which is a contradictions. If
b2 ¼ 11 then b5 ¼ 8; a1 ¼ 11 and hence one of b1; b3 will be 3, which is a contradiction.

Case 7. When lkð3Þ ¼ C8ð½2; 0; 4�; ½9; 7; 10�; ½10; a1; a2�Þ then lkð4Þ ¼ C8ð½3; 2; 0�; ½5; b1; b2�; ½b2; b3; 9�Þ
and lkð2Þ ¼ C8ð½3; 4; 0�; ½1; b4; b5�; ½b5; b6; a2�Þ. This implies b2 2 f8; 11g and b5 2 f6; 11g. b2 ¼ 8 implies
b1 ¼ 10; b3 ¼ 11 i.e. lkð8Þ ¼ C8ð½1; 0; 7�; ½10; 5; 4�; ½4; 9; 11�Þ. Then lkð1Þ ¼ C8ð½8; 7; 0�; ½2; b5; b4�;
½b4; b7; 11�Þ. From here we see that b5 ¼ 6; b4 ¼ 5. Then the face sequence will not be available for lk(5).
b2 ¼ 11 implies b5 ¼ 6. Then one of b4; b6 will be 9. So lkð9Þ ¼ C8ð½7; 10; 3�; ½4; 11; b3�; ½b3; 2; 6�Þ where
b3 2 f1; a2g. If b3 ¼ a2 then a2 62 V and if b3 ¼ 1 then lkð1Þ ¼ C8ð½0; 7; 8�; ½11; 4; 9�; ½9; 6; 2�Þ and
lkð6Þ ¼ C8ð½5; 0; 7�; ½9; 1; 2�; ½2; a2; 6�Þ. This implies a2 ¼ 11 and b6 2 f8; 10g. b6 ¼ 8 implies number of 3-
gons incident with vertex 8 is three and b6 ¼ 10 implies lk(10) is not constructible.

Case 8. When lkð3Þ ¼ C8ð½2; 0; 4�; ½10; 7; 9�; ½9; a1; a2�Þ then lkð4Þ ¼ C8ð½0; 2; 3�; ½10; b1; b2�; ½b2; b3; 5�Þ
and lkð2Þ ¼ C8ð½3; 4; 0�; ½1; b4; b5�; ½b5; b6; a2�Þ. This implies b2 ¼ 11; b5 ¼ 6 and then b6 ¼ 9 as [6,7,9] is a
face. Now lkð9Þ ¼ C8ð½1; 2; 6�; ½7; 10; 3�; ½3; a2; a1�Þ, lkð6Þ ¼ C8ð½7; 0; 5�; ½b6; a2; 2�; ½2; 1; 9�Þ which implies
a2 2 f8; 11g. a2 ¼ 11 implies one of b1; b3 is 3, which is not possible, and a2 ¼ 8 implies lkð8Þ ¼
C8ð½10; 6; 2�; ½3; 9; 1�; ½1; 0; 7�Þ i.e. b6 ¼ 10; a1 ¼ 1 and then jvlkð11Þj � 7, is a contradiction.

When ða; b; cÞ = (9,10,11) then either lkð9Þ ¼ C8ð½6; a1; a2�; ½a3; a4; 10�; ½10; 11; 7�Þ or lkð9Þ ¼ C8ð½7; 11; 10�;
½a1; a2; a3�; ½a3; a4; 6�Þ.
Case 9. If lkð9Þ ¼ C8ð½6; a1; a2�; ½a3; a4; 10�; ½10; 11; 7�Þ then a1; a2 2 f1; 2; 3; 4; 8g. If ða1; a2Þ ¼ ð1; 2Þ
then lkð2Þ ¼ C8ð½9; 6; 1�; ½0; 4; 3�; ½3; b1; a3�Þ which implies a3 2 f5; 8g. a3 ¼ 5 implies b1 ¼ 6 and a3 ¼ 8
implies b1 ¼ 1, both of which are not possible. If ða1; a2Þ ¼ ð1; 3Þ then lkð1Þ ¼ C8ð½0; 7; 8�; ½3; 9; 6�;
½6; b1; 2�Þ, lkð3Þ ¼ C8ð½1; 6; 9�; ½2; 0; 4�; ½4; b2; 8�Þ and lkð2Þ ¼ C8ð½0; 4; 3�; ½9; b3; b1�; ½b1; 6; 1�Þ which implies
b1 62 V . If ða1; a2Þ ¼ ð1; 4Þ then after completing lk(1), it will not be possible to construct lk(4). If ða1; a2Þ ¼
ð1; 8Þ then lkð1Þ ¼ C8ð½2; b1; b2�; ½6; 9; 8�; ½8; 7; 0�Þ and lkð6Þ ¼ C8ð½9; 8; 1�; ½b2; b3; 5�; ½5; 0; 7�Þ which implies
b2 2 f10; 11g. b2 ¼ 10 implies a4 ¼ 6, which is not possible, so b2 ¼ 11. Then
lkð11Þ ¼ C8ð½8; b5; 1�; ½6; 5; 10�; ½10; 11; 7�Þ. This implies Cð1; 0; 7; 11Þ 2 lkð8Þ, a contradiction.

If ða1; a2Þ ¼ ð2; 1Þ then lkð1Þ ¼ C8ð½9; 6; 2�; ½0; 7; 8�; ½8; b1; a3�Þ which implies a3 2 f3; 4; 5g. a3 ¼ 3
implies either ½3; a4� or ½3; b1� will be adjacent edges of a 3-gon and a 4-gon. If ½3; a4� is the adjacent edge
then b1 ¼ 2 and if ½3; b1� is the adjacent edge then a4 ¼ 2, both of which are not possible. If a3 ¼ 4 then
after completing lk(4), face sequence will not be available for lk(3). If a3 ¼ 5, then after completing lk(5),
either Cð1; 9; 7; 0; 5Þ 2 lkð6Þ or Cð7; 0; 5; 9Þ 2 lkð6Þ, a contradiction.

If ða1; a2Þ ¼ ð2; 3Þ then lkð2Þ ¼ C8ð½b1; b2; 1�; ½0; 4; 3�; ½3; 9; 6�Þ and lkð3Þ ¼ C8ð½a3; b3; b4�,
[4, 0, 2], [2, 6, 9]). This implies a3 2 f1; 5; 8g. a3 ¼ 1 implies lkð1Þ ¼ C8ð½9; 10; 2�; ½0; 7; 8�; ½8, b3; 3�Þ i.e.
a4 ¼ 2 and b3 6¼ 11, therefore jvlkð11Þj � 7, a contradiction. If a3 ¼ 5, then after completing lk(5), b3 ¼ 6,

which is not possible. a3 ¼ 8 implies lkð8Þ ¼ C8ð½3; 5; 11�; ½7; 0; 1�; ½1; 10; 9�Þ which implies
Cð3; 2; 0; 5Þ 2 lkð4Þ, a contradiction. If ða1; a2Þ = (2, 8) then lkð8Þ ¼ C8ð½7; 0; 1�; ½9; 6; 2�; ½2; b1; 11�Þ and
considering lk(2), we get b1 ¼ 1, which is not allowed. If ða1; a2Þ ¼ ð3; 1Þ then lkð1Þ ¼
C8ð½0; 7; 8�; ½9; 6; 3�; ½3; b4; 2�Þ which implies Cð1; 0; 4; 3Þ 2 lkð2Þ. If ða1; a2Þ ¼ ð3; 2Þ then lkð2Þ ¼
C8ð½1; b1; a3�; ½9; 6; 3�; ½3; 4; 0�Þ which implies a3 2 f5; 8g. a3 ¼ 5 implies lkð5Þ ¼ C8ð½9; 10; 4�;
½0; 7; 6�; ½6; 1; 2�Þ and lkð6Þ ¼ C8ð½3; 2; 9�; ½7; 0; 5�; ½5; 2; 1�Þ, therefore jvlkð11Þj � 7, a contradiction. For

a3 ¼ 8, it will not be possible to construct lk(8). If ða1; a2Þ ¼ ð3; 4Þ then lkð4Þ ¼
C8ð½5; b1; a3�; ½9; 6; 3�; ½3; 2; 0�Þ which implies a3 2 f1; 8g. a3 ¼ 1 implies lkð1Þ ¼ C8ð½9; 10; 2�;
½0; 7; 8�; ½8; 5; 4�Þ and lkð2Þ ¼ C8ð½1; 9; 10�; ½b2; b3; 3�; ½3; 4; 0�Þ. Then face sequence will not be available
for lk(3). a3 ¼ 8 implies lkð8Þ ¼ C8ð½4; 5; 11�; ½7; 0; 1�; ½1; 10; 9�Þ and lkð1Þ ¼ C8ð½b2; b3; 2�; ½0; 7; 8�;
½8; 9; 10�Þ which implies b2 ¼ 6. Then after completing lk(6), we get Cð6; 7; 11; 10Þ 2 lkð9Þ, which is a
contradiction.

If ða1; a2Þ ¼ ð3; 8Þ then lkð8Þ ¼ C8ð½1; 0; 7�; ½11; b1; 3�; ½3; 6; 9�Þ which implies a3 ¼ 1 and then
lkð1Þ ¼ C8ð½8; 7; 0�; ½2; b2; a4�; ½a4; 10; 9�Þ. From here, we see that a4 ¼ 5, b2 ¼ 4, therefore
Cð0; 5; 1; 2Þ 2 lkð4Þ, a contradiction. If ða1; a2Þ ¼ ð4; 1Þ then lkð4Þ ¼ C8ð½8; 7; 0�; ½2; b1; 4�; ½4; 6; 9�Þ i.e.
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Cð1; 0; 4Þ 2 lkð2Þ, is a contradiction. If ða1; a2Þ ¼ ð4; 3Þ then lkð4Þ ¼ C8ð½b1; b2; 5�; ½0; 2; 3�; ½3; 9; 6�Þ and
lkð3Þ ¼ C8ð½a3; b3; b4�; ½2; 0; 4�; ½4; 6; 9�Þ which implies a3 2 f1; 5; 8g. a3 ¼ 1 implies lkð1Þ ¼
C8ð½9; 10; 2�; ½0; 7; 8�; ½8; b4; 3�Þ and lkð2Þ ¼ C8ð½0; 4; 3�; ½b4; 11; 10�; ½10; 9; 1�Þ which implies b4 ¼ 5. Then
constructing lk(5) will not be possible. If a3 ¼ 5 then a4 2 f4; 6g, leads to a contradiction. a3 ¼ 8 implies
lkð8Þ ¼ C8ð½3; 5; 11�; ½7; 0; 1�; ½1; 10; 9�Þ. Then constructing lk(5) will not be possible. If ða1; a2Þ ¼ ð4; 8Þ
then lkð8Þ ¼ C8ð½1; 0; 7�; ½11; 5; 4�; ½4; 6; 9�Þ i.e. a3 ¼ 1. Then lkð4Þ ¼ C8ð½3; 2; 0�; ½5; 11; 8�; ½8; 9; 6�Þ,
lkð6Þ ¼ C8ð½4; 8; 9�; ½7; 0; 5�; ½5; 10; 3�Þ(as 10 62 lkð0Þ; lkð4Þ; lkð8Þ), lkð5Þ ¼ C8ð½11; 8; 4�; ½0; 7; 6�; ½6; 3; 10�Þ,
lkð10Þ ¼ C8ð½5; 6; 3�; ½a4; 1; 9�; ½9; 7; 11�Þ, lkð3Þ ¼ C8ð½6; 5; 10�; ½a4; b1; 2�; ½2; 0; 4�Þ, then a4 62 V . Which is
not possible.

If ða1; a2Þ ¼ ð8; 1Þ then lkð1Þ ¼ C8ð½a3; b1; 2�; ½0; 7; 8�; ½8; 6; 9�Þ which implies a3 ¼ 5 and then con-
structing lk(5) will not be possible. If ða1; a2Þ ¼ ð8; 2Þ then after completing lk(2), we get
Cð7; 0; 2; 8Þ 2 lkð1Þ, a contradiction. If ða1; a2Þ ¼ ð8; 3Þ then either lkð8Þ ¼ C8ð½7; 0; 1�; ½3; 9; 6�;
½6; b1; 11�Þ or lkð8Þ ¼ C8ð½7; 0; 1�; ½6; 9; 3�; ½3; b1�; 11Þ. When lkð8Þ ¼ C8ð½7; 0; 1�; ½3; 9; 6�; ½6; b1; 11�Þ, com-
pleting lk(6), we get b1 ¼ 2. Then lk(2) can not be constructed. For lkð8Þ ¼ C8ð½7; 0; 1�; ½6; 9; 3�; ½3; b1�; 11Þ,
after completing lk(5), we get Cð6; 5; 11; 8Þ 2 lkð3Þ, a contradiction. If ða1; a2Þ ¼ ð8; 4Þ then
lkð4Þ ¼ C8ð½0; 2; 3�; ½9; 6; 8�, ½8; b1; 5�Þ i.e. a3 ¼ 3 and considering lk(8), we get b1 ¼ 11. Therefore
lkð8Þ ¼ C8ð½7; 0; 1�; ½6, 9, 4], [4, 5, 11]), lkð6Þ ¼ C8ð½9; 4; 8�; ½1; 10; 5�; ½5; 0; 7�Þ, lkð1Þ ¼ C8ð½8; 7; 0�;
½2; 11; 10�; ½10; 5; 6�Þ. This implies face sequence will not be available for lk(10).

Case 10. If lkð9Þ ¼ C8ð½7; 11; 10�; ½a1; a2; a3�; ½a3; a4; 6�Þ then a3 2 f1; 2; 3; 4g. If a3 = 1 then one of
a2; a4 will be 2, but a2 ¼ 2 implies a1 ¼ 5 and lk(5) will not be constructible, therefore a4 ¼ 2. Then
lkð1Þ ¼ C8ð½0; 7; 8�; ½a2; a1; 9�; ½9; 6; 2�Þ, which implies either lkð2Þ ¼ C8ð½0; 4; 3�; ½b1; b2; 6�; ½6; 9; 1�Þ or
lkð2Þ ¼ C8ð½1; 9; 6�; ½b1; b2; 3�; ½3; 4; 0�Þ. If lkð2Þ ¼ C8ð½0; 4; 3�; ½b1; b2; 6�; ½6; 9; 1�Þ then lkð6Þ ¼
C8ð½7; 0; 5�; ½b2; b1; 2�; ½2; 1; 9�Þ which implies b1 2 f8; 10; 11g. When b1 ¼ 8, considering lk(8), we get
b2 ¼ 1, which leads to a contradiction. If b1 ¼ 10 then b2 ¼ 11 and hence lkð11Þ ¼
C8ð½8; 3; 5�; ½6; 2; 10�; ½10; 9; 7�Þ, which implies constructing lk(3) will not be possible. If b1 ¼ 11 then b2 ¼
10 so lkð11Þ ¼ C8ð½8; 5; 3�; ½2; 6; 10�; ½10; 9; 7�Þ. Now considering lk(3), we get ½3; 10; 	; 11� as a face, which
is a contradiction. On the other hand if lkð2Þ ¼ C8ð½1; 9; 6�; ½b1; b2; 3�; ½3; 4; 0�Þ then lkð6Þ ¼
C8ð½2; 1; 9�; ½7; 0; 5�; ½5; b3; b1�Þ which implies b1 2 f8; 10; 11g. b1 ¼ 8 implies b3 ¼ 11 and considering
lk(8), we get b2 ¼ 1, a contradiction. When b1 ¼ 10, after completing lk(10), constructing lk(8) will not
possible. If b1 ¼ 11 then either lkð11Þ ¼ C8ð½6; b4; 8�; ½7; 9; 10�; ½10, 3, 2]) or lkð11Þ ¼ C8ð½2; 3; 8�;
½7; 9; 10�; ½10; b4; 6�Þ. In the first case when lkð11Þ ¼ C8ð½6; b4; 8�, [7, 9, 10], [10, 3, 2]) we get
lkð6Þ ¼ C8ð½2; 1; 9�; ½7; 0; 5�; ½5; 8; 11�Þ. Therefore [5,8] will be a common edge of a 3-gon and a 4-gon and
then face sequence for lk(8) will not be available. If lkð11Þ ¼ C8ð½2; 3; 8�; ½7; 9; 10�; ½10; b4; 6�Þ then
lkð8Þ ¼ C8ð½7; 0; 1�; ½5; b5; 3�; ½3; 2; 11�Þ, lkð5Þ ¼ C8ð½1; 9; 4�; ½0; 7; 6�; ½6; 3; 8�Þ. But then lk(6) will not be
constructible.

If a3 ¼ 2 then one of a2; a4 is 1. a2 ¼ 1 implies a1 ¼ 5 and then lk(5) will not be constructible. a4 ¼ 1
implies lkð2Þ ¼ C8ð½0; 4; 3�; ½a2; a1; 9�; ½9; 6; 1�Þ, therefore a1; a2 2 f5; 8g. For any such value of a1; a2, lk(5)
will not be constructible. If a3 = 3 then either lkð3Þ ¼ C8ð½2; 0; 4�; ½a2; a1; 9�; ½9; 6; a4�Þ or
lkð3Þ ¼ C8ð½4; 0; 2�; ½a2; a1; 9�; ½9; 6; a4�Þ. For lkð3Þ ¼ C8ð½2; 0; 4�; ½a2; a1; 9�; ½9; 6; a4�Þ, we get a2 ¼ 8. Then
lkð8Þ ¼ C8ð½4; b1; 11�; ½7; 0; 1�, [1, 9, 3]) i.e. a1 ¼ 1. Then lkð4Þ ¼ C8ð½0; 2; 3�; ½8; 11; b1�; ½b1; b2; 5�Þ, which
implies b1 ¼ 10. But then the face sequence will not be available in lk(10). For lkð3Þ ¼
C8ð½4; 0; 2�; ½a2; a1; 9�, ½9; 6; a4�Þ, we have a2 ¼ 8. Then lkð8Þ ¼ C8ð½2; b1; 11�; ½7; 0; 1�; ½1; 9; 3�Þ i.e. a1 ¼ 1.
Then lkð2Þ ¼ C8ð½3; 4; 0�; ½1; b2; b1�; ½b1; 11; 8�Þ which implies b1 2 f5; 6g. If b1 ¼ 5 then b2 ¼ 4 which is
not possible and b1 ¼ 6 implies b2 ¼ 9, which leads to a contradiction in construction of lk(9). If a3 = 4 then
lkð4Þ ¼ C8ð½3; 2; 0�; ½5; a1; 9�; ½9; 6; a4�Þ which implies a1 2 f1; 8g, but for any such value of a1, lkða1Þ will
not be constructible.

When ða; b; cÞ = (3,2,9) then lkð2Þ ¼ C8ð½1; a1; a2�; ½9; 7; 3�; ½3; 4; 0�Þ and lkð3Þ ¼ C8ð½ a3; a4; 6�; ½7; 9; 2�;
½2; 0; 4�Þ which implies a2 2 f5; 6; 10g and a3 2 f8; 10; 11g. For the values a2 ¼ 5; 6 we have a1 ¼ 6; 5
respectively. Then after completing lkða1Þ, we get either jvlkð10Þj � 7 or jvlkð11Þj � 7, which is a contradiction.

So a2 ¼ 10. Now a3 ¼ 8 implies lkð8Þ ¼ C8ð½9; b1; 4�; ½3; 6; 1�; ½1; 0; 7�Þ i.e. a4 ¼ 1. Therefore a1 ¼ 11 ¼ b1

(for otherwise jvlkð11Þj � 7) then jvlkð10Þj � 7 a contradiction. a3 ¼ 10 implies a1 ¼ a4 ¼ 1. So

lkð10Þ ¼ C8ð½4; b1; 9�; ½2; 1; 11�; ½11; 6; 3�Þ, lkð9Þ ¼ C8ð½7; 3; 2�; ½10; 4; b1�; ½b1; b2; b3�Þ, lkð4Þ ¼ C8ð½3; 2; 0�;
½5; b4; b1�; ½b1; 9; 10�Þ. This implies b1 ¼ 8. Hence face sequence will not be available in lk(8). Therefore
a3 ¼ 11. Now lkð9Þ ¼ C8ð½7; 3; 2�; ½10; b1; b2�; ½b2; b3; 8�Þ and lkð4Þ ¼ C8ð½0; 2; 3�; ½11; b4; b5�; ½b5; b6; 5�Þ
which implies b5 2 f8; 9; 10g. b5 ¼ 8 implies one of b4 or b6 will be 9. Observing lk(9) we see that this is

123

A Classification of Semi-equivelar maps on the surface... 295



not possible. b5 ¼ 10 implies one of b4 or b6 is 9 i.e. b2 2 f5; 11g. For b5 ¼ 5, considering lk(5), we get
½5; 6; b3� as a face. Then completing lk(6), we get b3 62 V . For b5 ¼ 11, completing lk(11), we get b3 ¼ 5.
Then constructing lk(5) will not be possible. Therefore b5 ¼ 9 i.e. b2 ¼ 4 and hence fb1; b3g ¼ f5; 11g,
fb6; b6g ¼ f8; 10g. As 6 62 Vðlkð4ÞÞ [ Vðlkð7ÞÞ [ Vðlkð9ÞÞ, therefore a1 ¼ 6. Now lkð6Þ ¼
C8ð½7; 0; 5�; ½c1; 2; a4�; ½a4; 11; 3�Þ and lkð5Þ ¼ C8ð½0; 7; 6�; ½c1; c2; b6�; ½b6; 9; 4�Þ. Therefore fc1; a4g ¼
f1; 10g. For a4 ¼ 10, considering lk(10) we get [5,10,11] as a face which is a contradiction. Therefore
a4 ¼ 1; c1 ¼ 10; b6 ¼ 8; b4 ¼ 10; b1 ¼ 11; b3 ¼ 5 and c2 ¼ 11. Therefore lkð8Þ ¼ C8ð½7; 0; 1�;
½11; 10; 5�; ½5; 4; 9�Þ, lkð1Þ ¼ C8ð½0; 7; 8�; ½11; 3; 6�; ½6; 10; 2�Þ, lkð10Þ ¼ C8ð½6; 1; 2�; ½9; 4; 11�; ½11; 8; 5�Þ,
lkð11Þ ¼ C8ð½1; 6; 3�; ½4; 9; 10�; ½10; 5; 8�Þ. This map is the map KNO½ð3;4;3;42Þ� given in figure 2.

When ða; b; cÞ = (3,4,9) then lkð3Þ ¼ C8ð½6; a1; a2�; ½2; 0; 4�; ½4; 9; 7�Þ and lkð4Þ ¼ C8ð½5, a3; a4�;
½9; 7; 3�; ½3; 2; 0�Þ, where a2 2 f8; 10g and a4 2 f1; 10; 11g. a2 ¼ 8 implies lkð8Þ ¼ C8ð½9; b1; 2�;
½3; 6; 1�; ½1; 0; 7�Þ i.e. a1 ¼ 1 and then either jvlkð10Þj � 7 or jvlkð11Þj � 7, a contradiction. Therefore a2 ¼ 10.

Now a4 ¼ 1 implies lkð1Þ ¼ C8ð½2; b1; 9�; ½4; 5; 8�; ½8; 7; 0�Þ i.e. a3 ¼ 8 and then a1 ¼ 11 ¼ b1 as
11 62 Vðlkð0ÞÞ [ Vðlkð4ÞÞ [ Vðlkð7ÞÞ. Then jvlkð10Þj � 7, a contradiction. a4 ¼ 10 implies a1 ¼ a3 and

lkð10Þ ¼ C8ð½2; b1; 9�; ½4; 5; a1�; ½a1; 6; 3�Þ which implies a1 ¼ 11 (for otherwise jvlkð11Þj � 7). Completing

lk(9), we get b1 62 V , therefore a4 ¼ 11. Now a1 2 f1; 8; 11g and a3 2 f1; 8; 10g. But for a1 ¼ 1; 8, com-
pleting lk(1), we get [5,6,11] as a face and for a3 ¼ 1; 8, completing lkða3Þ, we get [5,6,10] as a face, both of
which are not possible. Therefore a1 ¼ 11; a3 ¼ 10. Now lkð10Þ ¼ C8ð½2; b1; b2�; ½5; 4; 11�; ½11; 6; 3�Þ and
lkð5Þ ¼ C8ð½4; 11; 10�; ½b2; b3; 6�; ½6; 7; 0�Þ which implies b2 ¼ 8. Now lkð8Þ ¼ C8ð½10; 2; 9�; ½7; 0; 1�; ½1; 6; 5�Þ
i.e. b1 ¼ 9; b3 ¼ 1 and then lkð9Þ ¼ C8ð½7; 3; 4�; ½11; 1; 2�; 2; 10; 8Þ, lkð2Þ ¼ C8ð½3; 4; 0�; ½1; 11; 9�; ½9; 8; 10�Þ,
lkð1Þ ¼ C8ð½11; 9; 2�; ½0; 7; 8�; ½8; 5; 6�Þ, lkð6Þ ¼ C8ð½3; 10; 11�; ½1; 8; 5�; ½5; 0; 7�Þ and lkð11Þ ¼ C8ð½1; 2; 9�,
½4; 5; 10�; ½10; 3; 6�Þ. This map is isomorphic to the map KNO½ð3;4;3;42Þ� given in figure 2, under the map

ð0; 4; 3; 2Þð1; 5; 11; 6; 10Þð7; 9Þ.
When ða; b; cÞ = (9,2,3) then lkð2Þ ¼ C8ð½1; a1; a2�; ½9; 7; 3�; ½3; 4; 0�Þ and lkð3Þ ¼ C8ð½a3,

a4; 8�; ½7; 9; 2�; ½2; 0; 4�Þ, where a2 2 f5; 10g, a3 2 f6; 10; 11g. For a2 ¼ 5, completing lk(5), we get either
jvlkð10Þj � 7 or jvlkð11Þj � 7, a contradiction. Similarly a3 6¼ 6. Therefore a2 ¼ 10. For a3 ¼ 10, lkð10Þ ¼
C8ð½4; b1; 9�; ½2; 1; a1�; ½a1; 8; 3�Þ, therefore a1 ¼ a4 ¼ 11 and then after completing lk(9), we get b1 62 V . So
a3 ¼ 11. Now a1 2 f5; 6; 11g and a4 2 f5; 6; 10g. For a1 ¼ 5, considering lk(5), we see that ½4; 5; 	; 11� is a
face i.e. Cð3; 2; 0; 5; 	; 11Þ 2 lkð4Þ and for a1 ¼ 6, completing lk(6) and considering lk(1), we get [1,8,11] as
a face, both of which are not possible. Therefore a1 ¼ 11. For a4 ¼ 5, completing lk(5) and considering
lk(8), we get [1,8,10] as a face and for a4 ¼ 6, considering lk(6), we get ½6; 	; 10; 9� as a face. Here too both
the cases are not possible. Therefore a4 ¼ 10. Now lkð10Þ ¼ C8ð½9; c1; c2�; ½8; 3; 11�; ½11; 1; 2�Þ and lkð8Þ ¼
C8ð½3; 11; 10�; ½c2; c3; 1�; ½1; 0; 7�Þ which implies c2 ¼ 5. Now lkð1Þ ¼ C8ð½2; 10; 11�; ½c3; 5; 8�; ½8; 7; 0�Þ, this
implies c3 ¼ 6 and then lkð5Þ ¼ C8ð½4; 9; 10�; ½8; 1; 6�; ½6; 7; 0�Þ i.e. c1 ¼ 4 and lkð6Þ ¼ C8ð½9; 4;
11�; ½1; 8; 5�; ½5; 0; 7�Þ, lkð9Þ ¼ C8ð½7; 3; 2�; ½10; 5; 4�; ½4; 11; 6�Þ, lkð4Þ ¼ C8ð½3; 2; 0�; ½5; 10; 9�; ½9; 6; 11�Þ,
lkð11Þ ¼ C8ð½6; 9; 4�; ½3; 8; 10�; ½10; 2; 1�Þ. This map is isomorphic to the map KNO½ð3;4;3;42Þ�, given in figure 2,

under the map (0, 5, 10, 2)(1, 4, 6, 11, 3, 7, 8, 9). h
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