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Abstract Hypergraphs are important data structures that are used abundantly in modern science for ana-
lyzing complex and big data. One of the most interesting and highly application in hypergraph theory is the
spectral theory that is taken into consideration in recent years. In this paper we introduce Ck

m;s as an extension
of the cycle in graph theory which is not a power hypergraph and nor a cored hypergraph. We show that it is
regular and odd-bipartite if m is even. Also a necessary and sufficient condition for odd-bipartition whenever
m is odd is presented. Finally we give some spectral properties of it.

Keywords Hypergraph � Laplacian � Signless Laplacian � Tensor � H-eigenvalue

1 Introduction

The spectral hypergraph theory is a developing and highly application topic in mathematics that is taken into
consideration in recent years. This subject centralizes on the determining eigenvalues and eigenvectors of
tensors associated with a hypergraph and the connection between them and its properties.

A hypergraph is a natural extension of a graph in which an edge can join any number of vertices and
from this it is a data structure with more ability comparing to an ordinary graph. In other word a tensor is
also an extension of a matrix, therefore the spectral hypergraph theory is a generalization of spectral graph
theory and because of many applications of hypergraphs in development of modern science and technology,
it becomes to very important and practical branch in mathematics.

Spectral hypergraph theory via tensors has been started since the work of L.Qi [11] and L.H.Lim [10] in
2005 and then extended by several papers. Some related works include eigenvalues of adjacency tensors,
Laplacian tensor and signless Laplacian tensor, H-eigenvalues of these tensors [12], the relation between
properties of the hypergraph and them [12] and finally spectral theory of special hypergraph [8, 13].

Qi [12] in 2014 proposed a simple and natural definition for the Laplacian and signless Laplacian tensors
of a hypergraph G as L ¼ D�A and Q ¼ DþA where A is the adjacency tensor and D is the degree
diagonal tensor of G. Then he discussed about H-eigenvalues, Hþ-eigenvalues and Hþþ-eigenvalues of these
tensors. Hu et.al. in 2015 [9] studied on the largest Laplacian and signless Laplacian H-eigenvalues of a
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k-uniform hypergraph. This work was motivated by some classical results for graphs [2, 4, 5, 14, 15]. They
determined tight lower bounds and upper bounds for largest Laplacian and signless Laplacian H-eigenvalues
in two cases k is even and k is odd and also characterized extreme hypergraphs.

In some papers the spectral theory of special hypergraphs has been studied. In [13] Qi et.al. analyzed
spectral theory of regular uniform hypergraph and specially s-cycles and s-paths. They identified the value
of the largest signless Laplacian H-eigenvalues of the s-cycle in all possible cases. Also the Laplacian
H-eigenvalues of power hypergraphs and cored hypergraphs were studied in [8].

In this paper we define a k-uniform hypergraph Ck
m;s as an extension of the cycle in graph theory where

k;m� 3 and 0\s\k are integer. We show that it is regular if m is even and moreover if k is even then it is

an odd-bipartite k-uniform hypergraph. In the case of m is odd Ck
m;s is not regular and odd-bipartite

necessarily. We also studied some spectral properties of Ck
m;s.

The rest of this paper is as follows: Section 2 includes some definitions of tensors and some notations in
hypergraph theory. In section 3 we introduce the Ck

m;ss as a class of k-uniform hypergraphs and then propose

some attributes of them. Also some spectral properties of Ck
m;ss are studied in section 3 and finally section 4

is the conclusion.

2 Preliminaries

In this section we present some definitions on eigenvalues of tensors and uniform hypergraphs.

2.1 Eigenvalues of tensors

We first review some basic definitions on eigenvalues of tensors in [11]. Let R be the field of real numbers
and Rn the n-dimensional real vector space and Rn

þ the nonnegative orthant of Rn.

Definition 1 A kth order n-dimensional tensor A ¼ ðai1...;ik
Þ for 1� ij� n, ðj ¼ 1; . . .; kÞ over R is a multi-

dimensional array in which ai1;...;ik 2 R for i1; . . .; ik 2 ½n� ¼ f1; . . .; ng.
Let vector xT ¼ ðx1; x2; . . .; xnÞT 2 Rn and A be a kth order n-dimensional real tensor, Ax is defined as an n
dimensional vector such that its ith element being

ðAxÞi ¼
Xn

i2;...;ik

ai;i2...;ik xi2
. . .xik

Definition 2 [3, 11], Let A be a kth order n-dimensional real tensor. Then a number k 2 C, the filed of
complex numbers, is called an eigenvalue of the tensor A if there exists a nonzero vector x 2 Cn such that

Ax ¼ kx½k�1�

where x½k�1� ¼ ðxk�1
1 ; . . .; xk�1

n Þ
T
. In this case, x is called an eigenvector ofA corresponding to the eigenvalue

k.

The set of all eigenvalues of the tensor A is called the spectrum of A and denoted by Spec(A). The next
important notation in spectral theory is the spectral radius of A that is denoted by qðAÞ and defined by:

qðAÞ ¼ maxfjkj : k is a eigenvalue of Ag

A real eigenvalue k is called an H-eigenvalue of A if there exists a real eigenvector corresponding to it [11]
and in this case the corresponding eigenvector is called an H-eigenvector. The largest H-eigenvalue of a real
tensor A denoted by kðAÞ which is exists for all tensors considered in this paper [6, 11, 12].

2.2 Uniform Hypergraphs and their associated Tensors

Here, we consider some required concepts of uniform hypergraphs, see [1, 2, 4, 12] for comprehensive
references.

An undirected hypergraph G ¼ ðV ;EÞ with vertex set V, which is labeled as [n] and edge set
E ¼ fe1; e2; . . .; emg, in which es � V for s 2 ½m�, is called k-uniform hypergraph if the cardinality jesj is
equal to k, for s 2 ½m�. The degree of the ith vertex, which is denoted by di, defined by cardinality
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jfe 2 E j i 2 egj. A hypergraph is d-regular if d1 ¼ d2 ¼ . . . ¼ dn ¼ d. Two different vertices i, j are
connected to each other if there exists a sequence of edges ðel1 ; . . .; elpÞ such that i 2 el1

, j 2 elp
and

els
\ elsþ1

6¼ / for all s 2 f1; . . .; p� 1g. A hypergraph is called connected if every pair of different vertices
of G is connected.

Definition 3 Let G ¼ ðV ;EÞ be a k-uniform hypergraph. Then G is called odd-bipartite if k is even and
either it is trivial (i.e. E ¼ /) or there is a disjoint partition of V as V ¼ V1 [ V2 such that V1, V2 6¼ / and
every edge in E intersects V1 with exactly an odd number of vertices [7].

Now we define tensors associated to a hypergraph. The adjacency tensor of a k-uniform hypergraph G ¼
ðV ;EÞ is defined as the kth order n-dimensional tensor A ¼ ðai1...;ik

Þ where

ai1;...;ik ¼
1

ðk�1Þ! fi1; . . .; ikg 2 E

0 otherwise

�

The degree tensor of G is a kth order n-dimensional diagonal tensor D with its diagonal element di;...;i ¼ di,
for all i 2 ½n� and the Laplacian tensor L and the signless Laplacian tensor Q of G are defined as L ¼ D�A
and Q ¼ DþA, respectively [12].

3 Ck
m;s as a k-uniform Hypergraph

In this section we introduce the k-uniform hypergraph Ck
m;s that is an extension of cycle in graph theory.

Definition 4 Ck
m;s is a k-uniform hypergraph with vertex set V ¼ ½n� and edge set E ¼ fe1; e2; . . .; emg such

that k;m� 3; s\k,

n ¼ kd m
2

t þ k � s if mi sodd
kd m

2
t if mi seven

�

and

• e1 ¼ f1; 2; . . .; kg.
• ei \ ej 6¼ / for i ¼ 2; . . .;m� 1 and j ¼ i� 1; iþ 1 and also for i ¼ 1; j ¼ m
• if i is even then jei \ ei�1j ¼ s and jei \ eiþ1j ¼ k � s.
• if i is odd then jei \ ei�1j ¼ k � s and jei \ eiþ1j ¼ s.
• if m is even then jem \ e1j ¼ k � s and if m is odd then jem \ e1j ¼ s.

It is easy to see that Ck
m;s is a connected hypergraph. Note that Ck

m;s is not a power hypergraph and nor a cored
hypergraph were introduced in [8] and it’s different generalization of the cycle. Figure 1 illustrate a 2-

regular hypergraph C4
12;3 and a non regular hypergraph C5

11;3 with d3 ¼ 3 and di ¼ 2 for i 6¼ 3.

Here, we present some properties of Ck
m;s when m is odd.

Theorem 1 Consider Ck
m;s where m is odd. Then the following statements are true.

(1) If s ¼ k
2

then di ¼ 2 for i ¼ 1; . . .; n
(2) If 2s\k then dsþ1 ¼ dsþ2 ¼ . . . ¼ dk�s ¼ 1 and di ¼ 2 for others.
(3) If 2s [ k then dk�sþ1 ¼ dk�sþ2 ¼ . . . ¼ ds ¼ 3 and di ¼ 2 for others.

Fig. 1 C4
12;3 and C5

11;3
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Proof Let m ¼ 2qþ 1 then n ¼ kqþ k � s and we have:

e2p ¼ fpk � sþ 1; . . .; pk � sþ s; pk þ 1; . . .; pk þ k � sg
e2pþ1 ¼ fpk þ 1; pk þ 2. . .; ðpþ 1Þkg

em ¼ fqk þ 1; . . .; qk þ k � s; 1; 2; . . .; sg

For vertex i we have the next cases:
Case 1: let i ¼ pk where 0\p� q . Since

e2p ¼ fpk � sþ 1; . . .; pk; pk þ 1; . . .; pk þ k � sg

and

e2p�1 ¼ e2ðp�1Þþ1 ¼ fðp� 1Þk þ 1; . . .; ðp� 1Þk þ k ¼ pkg

then, i 2 e2p and i 2 e2p�1.
Case 2: let i ¼ pk þ r where 0\p\q and 0\r\k . Since

e2pþ1 ¼ fpk þ 1; pk þ 2; . . .; pk þ kg;

then i 2 e2pþ1. Furthermore, if r� k � s then

i 2 e2p ¼ fpk � sþ 1; . . .; pk; . . .; pk þ k � sg;

and if r [ k � s then

i 2 e2ðpþ1Þ ¼ fðpþ 1Þk � sþ 1; . . .; ðpþ 1Þk; . . .; ðpþ 1Þk þ k � sg:

Case 3: let i ¼ qk þ r where r� k � s, therefore i 2 em ¼ e2qþ1 and i 2 em�1 ¼ e2q.
Thus we show that if i 6¼ 1; . . .; k then di ¼ 2. Now suppose that 1� i� k. If 1� i� s then it’s trivial that

i 2 e1 and i 2 em and if k � sþ 1� i� k then i 2 e1 and i 2 e2. Note that the first s members of e1 belong to
em and the s last members of e1 belong to e2. Now if k ¼ 2s then em \ e2 ¼ / and therefore the degree of all
vertices is 2 and if k\2s then em \ e2 6¼ /, therefore the degree of all vertices in the intersection is 3 and
finally if k [ 2s then em \ e2 ¼ / and some vertices only belong to e1 and hence the degree of them is 1. h

The following theorem characterizes odd-bipartite Ck
m;s when m is odd.

Theorem 2 Let m ¼ 2qþ 1 and k be even. Then Ck
m;s is odd-bipartite if and only if 2s 6¼ k.

Proof We first prove the sufficiency. Suppose that 2s 6¼ k. We consider two cases.
Case 1: let 2s\k. As in the proof of theorem (1), in this case e2 \ em ¼ / and di ¼ 1 for

i ¼ sþ 1; . . .; k � s. Note that these vertices just belong to e1. Let V1 ¼ f1; sþ 1g [ fpk j 1� p� qg. It’s
trivial that V1 6¼ /;V . We show that every edge in E intersects V1 with exactly an odd number of vertices. It
is easy to see that V1 \ e1 ¼ f1; sþ 1; kg and V1 \ e2 ¼ fkg and V1 \ em ¼ f1g. Also we have V1 \ e2p ¼
fpkg for 1� p� q and V1 \ e2pþ1 ¼ fðpþ 1Þkg for 1� p\q.

Case 2: let 2s [ k. As in the proof of theorem (1), in this case em \ e1 \ e2 6¼ / and di ¼ 3 for
i ¼ k � sþ 1; . . .; s. Let V1 ¼ fsg [ fpk j 2� p� qg. It’s trivial that V1 6¼ /;V . It is easy to see that
V1 \ e1 ¼ V1 \ e2 ¼ V1 \ em ¼ fsg. Also we have V1 \ e2p ¼ fpkg for 1� p� q and V1 \ e2pþ1 ¼ fðpþ
1Þkg for 2� p\q.

Now, we prove the necessity. Assume that 2s ¼ k, we show that Ck
m;s is not odd-bipartite. By

contradiction suppose that it is odd-bipartite with a bipartition ðV1;V2Þ. Let aj ¼ jV1 \ ejj, ðj ¼ 1; 2; . . .;mÞ.
Then by the definition of odd-bipartition all a1; . . .; am are odd. Specially am ¼ jV1 \ fqk þ 1; . . .; qk þ
k � s; 1; . . .; sgj is odd. Now there are two cases:

1� jV1 \ fqk þ 1; . . .; qk þ k � sgj is odd and jV1 \ f1; . . .; sgj is even: ð3:1Þ

2� jV1 \ fqk þ 1; . . .; qk þ k � sgj is even and jV1 \ f1; . . .; sgj is odd: ð3:2Þ

We consider first case and prove the theorem. the proof in the second case is similar. We know a1 ¼
jV1 \ f1; . . .; s; sþ 1; . . .; kgj is odd. Then By (3.1) we have:
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jV1 \ fsþ 1; . . .; kgj is odd: ð3:3Þ

On the other hand we know a2 ¼ jV1 \ fk � sþ 1; . . .; k; k þ 1; . . .; 2k � sgj is odd. Now since 2s ¼ k then
s ¼ k � s and sþ 1 ¼ k � sþ 1. Thus by (3.3) we have:

jV1 \ fk þ 1; . . .; 2k � sgj iseven: ð3:4Þ

With continuing this method and as regards s ¼ k � s we have:

if e2p ¼ fpk � sþ 1; . . .; pk|fflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
s members

; pk þ 1; . . .; pk þ s|fflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
s members

g then

a1
2p ¼ jV1 \ fpk � sþ 1; . . .; pkgj is odd and

a2
2p ¼ jV1 \ fpk þ 1; . . .; pk þ sgj is even

and if e2pþ1 ¼ fpk þ 1; . . .; pk þ s|fflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
s

members; pk þ sþ 1; . . .; ðpþ 1Þk|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
s

membersg then

a1
2pþ1 ¼ jV1 \ fpk þ 1; . . .; pk þ sgj is even and

ð3:5Þ

a2
2pþ1 ¼ jV1 \ fpk þ sþ 1; . . .; ðpþ 1Þkgj is odd. ð3:6Þ

While (3.5) and (3.6) in (p ¼ q) are in contradiction by (3.1). h

Now we show that if m is even then Ck
m;s is 2-regular and is odd-bipartite when k is even.

Theorem 3 Let m ¼ 2q, then Ck
m;s is a k-uniform regular hypergraph. Morever if k is even Ck

m;s is odd-
bipartite.

Proof First we show that Ck
m;s is 2-regular when m is even. Suppose that i 62 f1; . . .; kg. Similar the proof of

theorem(1) we have that di ¼ 2. Now suppose that i 2 f1; . . .; kg. Note that when m is even by the defi-

nition(4), in Ck
m;s the first k � s members of e1 belong to em and s end members of e1 belong to e2, i.e.

e1 \ em ¼ f1; 2; . . .; k � sg e1 \ e2 ¼ fk � sþ 1; . . .; kg

Thus we always have e2 \ em ¼ / and fe1 \ em; e1 \ e2g is a disjoint bipartition of e1. Therefore di ¼ 2 and

then Ck
m;s is 2-regular. Now suppose that k is even, we prove that Ck

m;s is odd-bipartite. Let

V1 ¼ fpk j 1� p� qg. It is easy to see that jv1 \ eij ¼ 1 for i 2 ½m� because if i ¼ 2p then

ei ¼ e2p ¼ fpk � sþ 1; . . .; pk; . . .; pk þ k � sg
¼)v1 \ e2p ¼ fpkg

and if i ¼ 2pþ 1 ðp\qÞ then

ei ¼ e2pþ1 ¼ fpk þ 1; . . .; ðpþ 1Þkg
¼)v1 \ e2pþ1 ¼ fðpþ 1Þkg

and it completes the proof. h

In the next theorem we show that kðQÞ ¼ 4 if m is even where Q is the signless Laplacian tensor associated

to Ck
m;s. This theorem is based on theorem (3.1) in [13].

Theorem 4 Let m is even and kðLÞ and kðQÞ be the largest Laplacian H-eigenvalue and signless
Laplacian H-eigenvalue of Ck

m;s, respectively. Then kðQÞ ¼ 4. Furthermore if k is even then kðLÞ ¼ 4.

Proof Let m be an even number. Since Ck
m;s is a connected k-uniform 2-regular hypergraph then by

theorem (3.1) in [13] kðQÞ ¼ 2D ¼ 4. Now suppose that k is even then by theorem(3) Ck
m;s is odd-bipartite

hence by theorem (5.1) in [9] kðLÞ ¼ kðQÞ. Then kðLÞ ¼ 4. h

We illustrate that if m is odd and k ¼ 2s, then Ck
m;s is 2-regular. By similar argument we have kðQÞ ¼ 4.

Now we determine kðQÞ when m is odd and k [ 2s.
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Theorem 5 Suppose that m ¼ 2qþ 1 and k [ 2s. if kðQÞ is the largest signless Laplacian H-eigenvalue

of Ck
m;s then kðQÞ ¼ 1þ b2k�2s

� in which b� is the uniqe positive root of f ðbÞ 	 bk�1 þ b2k�2s�1�
bðk�1Þð2k�2sÞ ¼ 0. When k is even the largest Laplacian H-eigenvalue of Ck

m;s is equal to 1þ b2k�2s
� , too.

Proof Suppose that x 2 Rn is an H-eigenvector toQ corresponding to an H-eigenvalue k. By theorem (3.4)
in [12], if we can show x is a positive H-eigenvector then k ¼ kðQÞ. Now let x such that

xi ¼
1 i 2 e1 n ðe2 [ emÞ
a i 2 ðe1 \ emÞ or i 2 ðe2p \ e2p�1Þ for 1� p� q

b i 2 ðe2p \ e2pþ1Þ for 1� p� q

8
><

>:

where a;b [ 0. By definition (2) we have:

k ¼ 1þ a2s ð3:7Þ

kak�1 ¼ 2ak�1 þ a2s�1 þ as�1bk�s ð3:8Þ

kak�1 ¼ 2ak�1 þ 2as�1bk�s ð3:9Þ

kbk�1 ¼ 2bk�1 þ 2asbk�s�1 ð3:10Þ

Now by (3.8) and (3.9) we have:

bk�s ¼ as ð3:11Þ

By replacement (3.7) and (3.11) in (3.10) we have:

bk�1 þ 2b2k�2s�1 � bðk�1Þþð2k�2sÞ ¼ bk�1ð1þ 2bk�2s � bð2k�2sÞÞ ¼ 0 ð3:12Þ

Let f ðbÞ 	 1þ 2bk�2s � bð2k�2sÞ. It’s trivial that f ð1Þ ¼ 2 [ 0 and it is easy to see that f ð2Þ\0. We know

that k� 3 and s\ k
2

then

k � 1� 2 and k � 2sþ 1� 2

thus

22k�2s ¼ 2k�2sþ1þk�1 ¼ 2k�2sþ12k�1� 4
 2k�2sþ1 [ 1þ 2k�2sþ1

then f ð2Þ\0. Therefore f has a uniqe positive root b�[ 1 in (1, 2) and by theorem (3.4) in [12] and (3.7) we

have kðQÞ ¼ 1þ b2k�2s
� . When k is even by theorem (2), Ck

m;s is odd-bipartite and then by [9]

kðLÞ ¼ kðQÞ ¼ 1þ b2k�2s
� . h

Corollary 6.2 in [12] propose bounds for kðQÞ. Then by this when m ¼ 2qþ 1 and 2s [ k we have:

kðQÞ� 2

Pn
i¼1 di

n

� 2
3ð2s� kÞ þ 2ðkqþ k � s� 2sþ kÞ

kqþ k � s

¼ 2
k þ 2qk

kqþ k � s
¼ 2ð1þ qk þ s

qk þ k � s
Þ

[ 2
 2 ¼ 4

¼) kðQÞ[ 4

ð3:13Þ

Here the (3.13) follows from the fact that 2s [ k and then qk þ s [ qk þ k � s. Now we ask the following
question:

Question 1 What is the exact amount of kðQÞ of Ck
m;s when m is odd and 2s [ k?
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4 Conclusion

In this paper we introduced Ck
m;s as a k-uniform hypergraph and an extension of cycle in graph theory. We

showed that it is regular and odd-bipartite if m is even. We proposed a necessary and sufficient condition for

odd-bipartition whenever m is odd. Furthermore, some spectral properties of Ck
m;s were studied.
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