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Abstract Hypergraphs are important data structures that are used abundantly in modern science for ana-
lyzing complex and big data. One of the most interesting and highly application in hypergraph theory is the
spectral theory that is taken into consideration in recent years. In this paper we introduce C’,‘M as an extension
of the cycle in graph theory which is not a power hypergraph and nor a cored hypergraph. We show that it is
regular and odd-bipartite if m is even. Also a necessary and sufficient condition for odd-bipartition whenever
m is odd is presented. Finally we give some spectral properties of it.
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1 Introduction

The spectral hypergraph theory is a developing and highly application topic in mathematics that is taken into
consideration in recent years. This subject centralizes on the determining eigenvalues and eigenvectors of
tensors associated with a hypergraph and the connection between them and its properties.

A hypergraph is a natural extension of a graph in which an edge can join any number of vertices and
from this it is a data structure with more ability comparing to an ordinary graph. In other word a tensor is
also an extension of a matrix, therefore the spectral hypergraph theory is a generalization of spectral graph
theory and because of many applications of hypergraphs in development of modern science and technology,
it becomes to very important and practical branch in mathematics.

Spectral hypergraph theory via tensors has been started since the work of L.Qi [11] and L.H.Lim [10] in
2005 and then extended by several papers. Some related works include eigenvalues of adjacency tensors,
Laplacian tensor and signless Laplacian tensor, H-eigenvalues of these tensors [12], the relation between
properties of the hypergraph and them [12] and finally spectral theory of special hypergraph [8, 13].

Qi [12] in 2014 proposed a simple and natural definition for the Laplacian and signless Laplacian tensors
of a hypergraph G as £L =D — A and Q = D + A where A is the adjacency tensor and D is the degree
diagonal tensor of G. Then he discussed about H-eigenvalues, H -eigenvalues and H-eigenvalues of these
tensors. Hu et.al. in 2015 [9] studied on the largest Laplacian and signless Laplacian H-eigenvalues of a
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k-uniform hypergraph. This work was motivated by some classical results for graphs [2, 4, 5, 14, 15]. They
determined tight lower bounds and upper bounds for largest Laplacian and signless Laplacian H-eigenvalues
in two cases k is even and k is odd and also characterized extreme hypergraphs.

In some papers the spectral theory of special hypergraphs has been studied. In [13] Qi et.al. analyzed
spectral theory of regular uniform hypergraph and specially s-cycles and s-paths. They identified the value
of the largest signless Laplacian H-eigenvalues of the s-cycle in all possible cases. Also the Laplacian
H-eigenvalues of power hypergraphs and cored hypergraphs were studied in [8].

In this paper we define a k-uniform hypergraph Cfn . as an extension of the cycle in graph theory where
k,m>3 and 0 <s <k are integer. We show that it is regular if m is even and moreover if k is even then it is
an odd-bipartite k-uniform hypergraph. In the case of m is odd Cfn_s is not regular and odd-bipartite
necessarily. We also studied some spectral properties of Cfm.

The rest of this paper is as follows: Section 2 includes some definitions of tensors and some notations in
hypergraph theory. In section 3 we introduce the C’,j”s as a class of k-uniform hypergraphs and then propose
some attributes of them. Also some spectral properties of was are studied in section 3 and finally section 4

is the conclusion.

2 Preliminaries
In this section we present some definitions on eigenvalues of tensors and uniform hypergraphs.
2.1 Eigenvalues of tensors

We first review some basic definitions on eigenvalues of tensors in [11]. Let R be the field of real numbers
and R" the n-dimensional real vector space and R, the nonnegative orthant of R".

Definition 1 A kth order n-dimensional tensor A = (a;,_; ) for 1 <i;<n, (j=1,...,k) over R is a multi-

dimensional array in which a;, ; € R for iy,....ix € [n] = {1,...,n}.

Let vector x” = (x1,x, .. .,xn)T € R" and A be a kth order n-dimensional real tensor, Ax is defined as an n
dimensional vector such that its ith element being

n
('Ax)i = Z Aijy...ixXiy - - Xiy
i2 ik

Definition 2 [3, 11], Let A be a kth order n-dimensional real tensor. Then a number 4 € C, the filed of
complex numbers, is called an eigenvalue of the tensor A if there exists a nonzero vector x € C" such that

Ax = Jxlk=1l

where x*~ 11 = (x¥=1 . x*=1)" In this case, x is called an eigenvector of A corresponding to the eigenvalue
A

The set of all eigenvalues of the tensor A is called the spectrum of A and denoted by Spec(.A). The next
important notation in spectral theory is the spectral radius of .4 that is denoted by p(.A) and defined by:

p(A) = max{|A| : Ais a eigenvalue of A}

A real eigenvalue 4 is called an H-eigenvalue of A if there exists a real eigenvector corresponding to it [11]
and in this case the corresponding eigenvector is called an H-eigenvector. The largest H-eigenvalue of a real
tensor A denoted by A(.A) which is exists for all tensors considered in this paper [6, 11, 12].

2.2 Uniform Hypergraphs and their associated Tensors

Here, we consider some required concepts of uniform hypergraphs, see [1, 2, 4, 12] for comprehensive
references.

An undirected hypergraph G = (V,E) with vertex set V, which is labeled as [n] and edge set
E ={ey,ey,..., ey}, in which ¢, C V for s € [m], is called k-uniform hypergraph if the cardinality |e| is
equal to k, for s € [m]. The degree of the ith vertex, which is denoted by d;, defined by cardinality
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C’,‘“ as a k-uniform hypergraph 299

|[{e € E|i€ e}|. A hypergraph is d-regular if dy =d, =...=d, =d. Two different vertices i, j are
connected to each other if there exists a sequence of edges (e, ...,e;,) such that i € ¢, j € ¢, and
e, Ney,, #¢foralls e {1,...,p— 1}. Ahypergraph is called connected if every pair of different vertices

of G is connected.

Definition 3 Let G = (V,E) be a k-uniform hypergraph. Then G is called odd-bipartite if k is even and
either it is trivial (i.e. E = ¢) or there is a disjoint partition of V as V = V| U V, such that V|, V, # ¢ and
every edge in E intersects V| with exactly an odd number of vertices [7].

Now we define tensors associated to a hypergraph. The adjacency tensor of a k-uniform hypergraph G =
(V,E) is defined as the kth order n-dimensional tensor A = (a;, ;) Where

1 . .
@ . = {(k—l)! {in,...i} €E
Uyeensle ™ .
v 0 otherwise

The degree tensor of G is a kth order n-dimensional diagonal tensor D with its diagonal element d;
for all i € [n] and the Laplacian tensor £ and the signless Laplacian tensor Q of G are defined as £L =D — A
and Q@ = D + A, respectively [12].

3 C’,jw as a k-uniform Hypergraph

In this section we introduce the k-uniform hypergraph C’;” that is an extension of cycle in graph theory.

Definition 4 C,kmv is a k-uniform hypergraph with vertex set V = [n] and edge set E = {ey, ez, ..., e,} such
that k,m >3, s <k,

n:{kd%t—i—k—s if mi sodd

kd %t if mi seven
and
L4 61:{1,2,...,/(}.
o ¢iNej#¢fori=2,...m—1landj=i—1,i+1andalsofori=1,j=m
e ifiiseven then |e;Ne;_1| =sand |e; Nejy| =k —s.
e if jis odd then |e;Ne;—1| =k — s and |e; Nejy1| = 5.
e if m is even then |e,, Ne;| = k — s and if m is odd then |e,, Ne;| = s.

It is easy to see that C , 1s a connected hypergraph. Note that C ; is not a power hypergraph and nor a cored
hypergraph were 1ntr0duced in [8] and it’s different generahzatlon of the cycle. Figure 1 illustrate a 2-
regular hypergraph C12 5 and a non regular hypergraph C11 3 With d3 =3 and d; = 2 for i # 3.

Here, we present some properties of C , when m is odd.

Theorem 1 Consider C’,; s Where m is odd. Then the following statements are true.

(1) Ifs:gthendi:2f0ri:1,...,n
2) If2s<kthend; 1 =dso=...=drs=1and d; =2 for others.
(3) If2s>kthendy_gy) =dy—si2o =...=ds =3 and d; = 2 for others.

Fig. 1 (3‘1‘2,3 and 6?1,3
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Proof Letm =2q+ 1 then n = kg + k — s and we have:
e ={pk—s+1,...pk—s+s,pk+1,... pk+k—s}
epr1 = {pk+ 1,pk+2...,(p+ 1)k}
em=1{qk+1,...,gk+k—s12,... 5}

For vertex i we have the next cases:
Case 1: let i = pk where 0<p <g . Since

ey ={pk—s+1,...pk,pk+1,... pk+k—s}
and
egp_l :ez(p,I)Jrl = {(p— l)k+ 17...,(p— 1)k+k:pk}

then, i € ey, and i € epp_;.
Case 2: let i = pk + r where 0<p<gq and O<r<k . Since

epr1 = {pk+1,pk+2,...,pk+k},
then i € ey, . Furthermore, if » <k — s then
i€eyp={pk—s+1,....pk,...pk+k—s},
and if r > k — s then
i€epn={p+Dk—s+1,...(p+Dk,....(p+ )k +k—s}.

Case 3: let i = gk + r where r <k — s, therefore i € e,, = ey441 and i € e,,_1 = ey.

Thus we show that if i # 1, ...,k then d; = 2. Now suppose that 1 <i<k. If 1 <i<s then it’s trivial that
iceandi€eyandifk —s+ 1<i<ktheni € e; and i € e,. Note that the first s members of ¢; belong to
ey, and the s last members of e; belong to e,. Now if k = 2s then ¢,, N e, = ¢ and therefore the degree of all
vertices is 2 and if k <2s then e, N e, # ¢, therefore the degree of all vertices in the intersection is 3 and
finally if k > 2s then e, N e; = ¢ and some vertices only belong to e; and hence the degree of them is 1. [J
k

m,s

Theorem 2 Let m =2qg + 1 and k be even. Then Cfms is odd-bipartite if and only if 2s # k.

The following theorem characterizes odd-bipartite C, . when m is odd.

Proof We first prove the sufficiency. Suppose that 2s # k. We consider two cases.

Case 1: let 2s<k. As in the proof of theorem (1), in this case e, Ne, =¢ and d;=1 for
i=s+1,...,k—s. Note that these vertices just belong to e;. Let Vi = {l,s+ 1} U{pk | 1 <p <gq}. It’s
trivial that V| # ¢, V. We show that every edge in E intersects V; with exactly an odd number of vertices. It
is easy to see that Vi Ne; = {1,s+ 1,k} and V, Ne, = {k} and V|, Ne, = {1}. Also we have V| Ney, =
{pk} for 1<p<gand ViNeys = {(p+ 1)k} for 1 <p<gq.

Case 2: let 25 > k. As in the proof of theorem (1), in this case e, Ne; Ney # ¢ and d; =3 for
i=k—s+1,...,s. Let Vi ={s} U{pk|2<p<gq}. It’s trivial that V| # ¢, V. It is easy to see that
Vine, =ViNe, =ViNe, = {s}. Also we have V|, Ney, = {pk} for 1 <p<gand Vi Neypi ={(p+
1)k} for 2<p<gq.

Now, we prove the necessity. Assume that 2s =k, we show that C,kn_s is not odd-bipartite. By
contradiction suppose that it is odd-bipartite with a bipartition (Vi,V,). Leta; = |Vi Ne¢jl, (j = 1,2,...,m).
Then by the definition of odd-bipartition all ay,...,a, are odd. Specially a,, = |[ViN{gk+1,..., gk +
k—s,1,...,s} is odd. Now there are two cases:

1-|Vin{gk+1,....gk+k—s}|is odd and |ViN{1,... s} is even. (3.1)
2—|\Vin{gk+1,...,gk +k — s} is even and |ViN{1,...,s}| is odd. (3.2)

We consider first case and prove the theorem. the proof in the second case is similar. We know a; =
[Vin{l,...,s,s+1,...,k}| is odd. Then By (3.1) we have:
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C’,‘“ as a k-uniform hypergraph 301

[Vin{s+1,... k}| is odd. (3.3)

On the other hand we know a; = |[ViN{k—s+1,.. ,k,k+1,...,2k — s}| is odd. Now since 2s = k then
s=k—sand s+ 1=k— s+ 1. Thus by (3.3) we have:

[Vin{k+1,...,2k — s}| iseven. (3.4)
With continuing this method and as regards s = k — s we have:

if ey, = {pk—s+1,...,pk,pk+1,...,pk+ s} then

s members s members
aép =|Vin{pk—s+1,...,pk}| is odd and
@y, = [ViN{pk+1,...,pk + s}| is even (3.5)

and if esp ) = {pk+1,...,pk +s members,pk +s+1,...,(p + 1)k members} then
—_— —

s N

aéerl =|VyN{pk+1,...,pk + s}| is even and
@,y = Vi {pk+s+1,...,(p+ Dk} is odd. (3.6)
While (3.5) and (3.6) in (p = g) are in contradiction by (3.1). [

Now we show that if m is even then Cﬁw is 2-regular and is odd-bipartite when k is even.

Theorem 3 Let m = 2gq, then Cfnﬂs is a k-uniform regular hypergraph. Morever if k is even Cfn’s is odd-
bipartite.

Proof First we show that Cﬁm is 2-regular when m is even. Suppose that i ¢ {1,...,k}. Similar the proof of
theorem(1) we have that d; = 2. Now suppose that i € {1,...,k}. Note that when m is even by the defi-

nition(4), in C];” the first k — s members of e; belong to e,, and s end members of e¢; belong to e, i.e.
egNey, =4{1,2,...,k—s} etNey={k—s+1,...,k}

Thus we always have e; Ne,, = ¢ and {e; Ne,y, e; Ney} is a disjoint bipartition of e;. Therefore d; = 2 and
then C* is 2-regular. Now suppose that k is even, we prove that C];M is odd-bipartite. Let
Vi ={pk | 1<p<gqg}. It is easy to see that |v; Ne;| = 1 for i € [m] because if i = 2p then
ej=eyp={pk—s+1,....pk,....pk+k—s}
= Ney, = {pk}

and if i =2p+ 1 (p<gq) then

€ = epyt] = {pk+ 1,...,(])+ l)k}
=vi Neyr1 = {(p+ 1)k}

and it completes the proof. O

In the next theorem we show that A(Q) = 4 if m is even where Q is the signless Laplacian tensor associated
to Cﬁm. This theorem is based on theorem (3.1) in [13].

Theorem 4 Let m is even and A(L) and A(Q) be the largest Laplacian H-eigenvalue and signless
Laplacian H-eigenvalue of C* , respectively. Then J(Q) = 4. Furthermore if k is even then A(L) = 4.

.87

Proof Let m be an even number. Since C],‘"’S is a connected k-uniform 2-regular hypergraph then by

theorem (3.1) in [13] A(Q) = 2A = 4. Now suppose that k is even then by theorem(3) Cﬁw is odd-bipartite
hence by theorem (5.1) in [9] A(£) = A(Q). Then A(L) = 4. O

We illustrate that if m is odd and k = 2s, then C* _is 2-regular. By similar argument we have A(Q) = 4.
Now we determine A(Q) when m is odd and k > 2s.
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Theorem 5 Suppose that m = 2q + 1 and k > 2s. if 2(Q) is the largest signless Laplacian H-eigenvalue
of Ck . then J(Q) =1+ B** in which B, is the unige positive root of f(B) = p* "+ p* > 1

,B(k_l)(zk_zs) = 0. When k is even the largest Laplacian H-eigenvalue of C,’jm is equal to 1+ ﬂzk_zs, too.

Proof Suppose that x € R" is an H-eigenvector to Q corresponding to an H-eigenvalue A. By theorem (3.4)
in [12], if we can show x is a positive H-eigenvector then A = 1(Q). Now let x such that

1 i€e\(e2Uen)
Xi=4 o i€(eNey) or i € (epNey-1) for 1<p<gq
p i€ (e Neyyr) for 1<p<gq

where o, f§ > 0. By definition (2) we have:

i=14o% (3.7)
dof Tt = 2o P g (3.8)
Jok =t =20kt 2yt g (3.9)
AT =28 20 gt (3.10)
Now by (3.8) and (3.9) we have:
= o (3.11)

By replacement (3.7) and (3.11) in (3.10) we have:
ﬂk—] + 2ﬂ2k—25—1 _ ﬁ(k—l)-&-(Zk—ZX) _ ﬂk_](l + 2ﬁk—25 _ ﬁ(2k—2.§)) -0 (312)

Let f(B) = 1 + 2% — B2 1’s trivial that f(1) =2 > 0 and it is easy to see that f(2) <0. We know
that k >3 and s< & then

k—1>2 and k—2s+12>2

thus
22/(—25 — 2k—25+1+k—l _ 2k—2$+12k—1 Z 4 x 2k—2.¥+l >14 2/<—2S+l

then f(2) < 0. Therefore f has a uniqe positive root , > 1 in (1, 2) and by theorem (3.4) in [12] and (3.7) we
have A(Q) =1+ f* . When k is even by theorem (2), C’fn_’S is odd-bipartite and then by [9]
ML) =2(Q) =1+ p* %, O
Corollary 6.2 in [12] propose bounds for A(Q). Then by this when m = 2¢g + 1 and 2s > k we have:
i di
A(Q) Z 2 i=1

n
>23(2s—k)+2(kq—|—k—s—2s+k)
- kq+k—s
_ k + 2gk o0+ gk + s
kq+k—s gk +k—s
>2x2=4
= Q) >4

(3.13)
)

Here the (3.13) follows from the fact that 2s > k and then gk + s > gk + k — 5. Now we ask the following
question:
Question 1 What is the exact amount of 1(Q) of Ckm,,s when m is odd and 2s > k?
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Conclusion

. . k . . .
this paper we introduced C,, ; as a k-uniform hypergraph and an extension of cycle in graph theory. We

showed that it is regular and odd-bipartite if m is even. We proposed a necessary and sufficient condition for
odd-bipartition whenever m is odd. Furthermore, some spectral properties of C',‘n‘x were studied.
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