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Abstract The anti-Gallai graph A(G) of a graph G, has the edges of G as its vertices and two distinct edges
are adjacent in A(G) if they lie on a triangle in G. In this paper we characterize the graphs whose anti-Gallai
graph has only one or two eigenvalues and study the adjacency spectrum of the anti-Gallai graph of (Ky, H)-
free graphs, where H is the Hajos graph and graphs in which two diamonds share at most one vertex. We
also find expressions for the adjacency spectrum of anti-Gallai graph of graphs after applying certain binary
operations.
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1 Introduction

Let G be a simple graph on p vertices {1,2,...,p} with an adjacency matrix A(G) = (a;;) where
{ 1, if the vertex i is adjacent to the vertex j
(l,‘j =

0, otherwise.

Clearly, A(G) is a real symmetric matrix with diagonal entries zero. The eigenvalues of A are the roots of
det(xI — A) = 0, the characteristic polynomial of A or G. A(G) has p eigenvalues. The set of eigenvalues of
G is called the spectrum of G and is denoted by spec(G) [4]. In this paper we denote the characteristic
polynomial of G by ¢(G(x)). Since A(G) is a real symmetric matrix all of its eigenvalues are real, which are
denoted by 41,42, ..., 4, and can be ordered as 4| > 25, ..., > 4,. The energy of a graph G is denoted by E¢
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and is defined as Eg = =/_, || [4]. Also the (i, )" entry of A is the number of walks of length k joining the
vertices v; and v; [4]. Two graphs are cospectral if they have the same spectrum. A graph G is said to be
characterized by its spectrum, if the only graphs cospectral with G are those isomorphic to G [4].

The line graph [5] L(G), of a graph G has the edges of G as its vertices and two distinct edges of G are
adjacent in L(G), if they are incident in G. The anti-Gallai graph A(G) of a graph G has the edges of G as its
vertices and two distinct edges of G are adjacent in A(G), if they lie on a common triangle in G. Clearly
A(G) is a spanning subgraph of L(G). Another spanning subraph for L(G) is Gallai graph T'(G) and is
defined as; the Gallai graph I'(G) of a graph G has the edges of G as its vertices and two distinct edges of G
are adjacent in I'(G) if they are incident in G, but do not lie on a triangle in G [11]. Though, both A(G) and
I'(G) are spanning subgraphs of L(G), their behaviours are different from L(G). For example, L(G) has a
forbidden subgraph characterization; whereas both Gallai and anti-Gallai graphs cannot be characterized
using forbidden subgraphs [11].

Motivated from the results regarding the adjacency spectrum of line graphs [( [3, 4, 10])] and the
spectrum of Gallai graph [9], for the first time to add them in literature on spectrum of graphs we find an
upper bound for the energy Ex () and the spectrum of anti-Gallai graph of some graphs obtained by using
some binary operations. Also, by using the spectrum of A(G) we characterize some graphs. The anti-Gallai
graph find its application in linguistics to identify the polysemous words [12], which motivated us to
examine its spectra.

In the class of anti-Gallai graphs we mean by saying that a graph A(G) is characterized by the spectrum
if, whenever spec(A(G)) = spec(A(H)) then G = H. Let G and G, be two vertex disjoint graphs. Then the
join, G1 V G, of G| and G, is the supergraph of G| + G, in which each vertex of G, is adjacent with every
vertex of G, [13]. The corona, G; ® G, of two graphs G, (with n; vertices and m; edges) and G, (with n,
vertices and m, edges) is defined as the graph obtained by taking one copy of G; and n; copies of G, and
then joining the i vertex of G to every vertex in the i copy of G, [7]. The semi total point graph R(G) of a
graph G is obtained from G by adding a new vertex corresponding to each edge of G, then joining each new
vertex to the end vertices of the corresponding edge. That is, each edge of G is replaced by a triangle [6]. An
n-fan is n triangles sharing a common vertex. A 2-fan is also called a bow. Two triangles sharing a common
edge is called a diamond. An n-sun graph is a graph on 2n vertices consisting of a central complete graph K,
with an outer ring of n vertices, each of which is attached to both end points of closest outer edge of the
central core [1]. A 3-sun is also called Hajos graph. All graph theoretic notations and terminology not
mentioned here are from ( [3] and [13]).

2 Spectrum of anti-Gallai Graph of a graph

Theorem 2.1 ([4]) The number of closed kwalks of length k in a graph G is equal to Sy, where
Sk= Z?:]’L’

Theorem 2.2 Let G be a graph with p vertices and q edges with eigenvalues Ay, 2, ..., Ap. Let 71,7, .7,
denote the eigenvalues of A(G) then,

Z?:1|Vi| <4/ ‘I(Zlejﬂ?)

Proof 1If G is a (p, q) graph, by Theorem 2.1 we have,

2

i=1
2

In L(G), number of vertices = q
Consider A(G), number of vertices = q and the number of edges = 3(number of triangles in G)
Let y;,7,,...,7, denote the eigenvalues of A(G). By Holder’s inequality, we have,
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Lyl =2 1y
1/2 1/2
< (LA E1y)Y

P 93
Zi4

< (2 )22

<y Q(Zlei?)
P

> 38
. therefore y, > ==1"1 — =
no. of vertices, q q O

\S]

Also,y, > 2 x no. of edges

Lemma 2.3 ([8, 12]) The complete graph K,,,n >4 is not an anti-Gallai graph of any graph.

Theorem 2.4 The graphs with out K3 are the only graphs whose anti-Gallai graph has only one eigen
value.

Proof A(G) has only one eigen value if and only if zero is the only eigen value of A(G). So all the entries
of the adjacency matrix of A(G) are zeros. Hence, A(G) is the union of isolated vertices. Therefore G is a
graph with out Kj.

g

Theorem 2.5 The only graph whose anti-Gallai graph has only two distinct eigenvalues is the disjoint
union of K3’s.

Proof Let B denote the adjacency matrix of A(G) and let y, and y, be the two distinct eigenvalues with
multiplicity m; and my, respectively. The following cases arise.
Case 1: m;=my

Since, 7y, = 0 in this case y; = —y,. Then the minimal polynomial of B is
(B—=y)(B+y1)=0
2 _ VZI
1

Which means that A(G) is a y3- regular graph and in A(G), there does not exist any walk of length 2
connecting any two vertices. i.e., A(G) is either K, or disjoint union of K;’s.

But, from the definition of A(G) itself it is clear that every edges of A(G) lies in a K3. Hence, A(G)
cannot be K, or disjoint union of K’s. Therefore this case cannot happen.

Case 2: m| # my

In this case the minimal polynomial of B is

(B—=70)(B—7,1)=0

B = (y +72)B — 172l

From this equation it is clear that A(G) is —y,7,-regular and in A(G), for any two distinct vertices ¢; and
e; there exists a walk of length two if and only if there exists an edge between them. So when we consider
the connected component of A(G) all the vertices are adjacent to each other. i.e., the connected component
is K,. By Theorem 2.4, A(G) is the disjoint union of K, means G is the disjoint union of K3’s.

O

Note 1: Every edge of A(G) belongs to a K3. Therefore, the edges which does not belong to a K3, contribute
only isolated vertices in A(G). In A(G), the image of a K3 is a K3 . Therefore, if G contains n components,
then A(G) contains at least n components. Also note that, in G if a K3 share only one vertex with another K3
or if two K3’s connected with edges which do not belong to any K3 are disconnected in A(G). Two K3’s
share common vertex in A(G) if and only if they share common edge in G.

Hanoi Graph (H,)
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A(H,) =3"1K; U (3" 1 +3"2 + .. +3)K;
spec(A(H,)) = —14,0°,2¢ where a = 23" b =3""1 432 4 43, c=3"1
Since Hanoi graph is diamond-free, we can also find the spectrum by using the following theorem.

Theorem 2.6 If G is (K4, diamond)-free and if Ay, 2, ..., 2, denote the eigenvalues of G, then the
3 )3

won

2
- 3 Y 1(? - ?) and X_ IZ respectively.
Proof Since G is (K4, diamond)-free, in G, two K3’s share atmost one common vertex. Therefore, A(G) is
the disjoint union of K3’s and isolated vertices. Since the eigenvalues of K3 are —1, —1,2 and that of isolated
vertex is 0, the spectrum of G consists of —1,0 and 2 with different multiplicities. The multiplicity of —1

and 2 depend on the number of K3’s in A(G), which is same as the number of K3’s in G. It is clear that, the
13 3

A; A
number of K3’s in G is X, g’ and hence the eigen value 2 has multiplicity X, Zt Since —1 occurs two
3
times in the spectrum of K3, -1 has multiplicity X7_, ?’ Also, the number of isolated vertices is same as the
2 3
“ )
number of edges of G which does not belong to K3 and hence the multiplicity of 0 is X, (7’ — 7’) O

Theorem 2.7 In G, if two diamonds share at most one vertex then the Spectrum of A(G) is

(=7 ‘/_) —14,0°,1m 2¢ (”‘/_) ,  where  m= the  number  of  diamonds in G,
/f 12 3 23

a= Z‘LI?—I—Zm,b = ZL(E’—E’)

Proof In G, since the diamonds share atmost one vertex, A(G) is the disjoint union of isolated vertices,

independent K3’s and m bows. As in the previous theorem, the spectrum of A(G) consists of —1,0, 2 and the

eigenvalues of A(G) are -1, 0 and 2 with multiplicities %I,

+m,c =20, é —2mand Ay, 22, ..., Ay denote the eigenvalues of G,.

spectrum of a bow with different multiplicities. Since the eigenvalues of a bow are iﬁ ,—1,—1,1 and

”\/_ the spectrum of A(G) consists of 1= \/_ ,—1,0,1,2 and ”\/_ with different multlphcmes The
”‘/_ is same as the number of bows in A( ) (i.e., m) and that of 2 is same as
3

%
the number of independent K3’s, which is 2_, Zt — 2m (number of K3’s in G — twice the number of bows).

multlpllcmes of =17 \/_ ,1 and

Since —1 is present in spec(A(G)) as eigen value of K3 and eigen value of bow, the multiplicity of —1 is

same as twice the sum of number of K3’s and number of bows. Therefore, the multiplicity of -1 is
3

2
=, 3 —+ 2m. As in the previous theorem, the multiplicity of 0 depends on the the number of edges which
does not belong to K3 in G. Since in a diamond all the 5 edges belong to K3’s, the number of edges which
) 3 2 43
2 2 Yy
does not belong to K3 in G is, X/, 3’ —3(=, g’ —2m) —5m =X (2’ - 7‘) + m. Hence the theorem. [J
Lemma 2.8 If G = HV K;, where H is K3-free then A(G) is the semi total point graph of H.

Proof Letvy,v,,...,v, denote the vertices of H and ey, ey, ..., ¢, denote the edges drawn from K| to vertices
V1, V2, ..., vp respectively. If v;v; is an edge in H then ¢;, ¢; together with the edge v;v; form a K3 in G. So if
v;v; is an edge in H then the vertices corresponding to e; and e; are adjacent in A(G). Hence, the vertices
corresponding to ey, es, ..., e, induce H in A(G). Also, since G is Kj-free the vertex corresponding to the
edge v;v; is only adjacent to the vertices corresponding to e; and e;. Therefore, A(G) is the semi total point
graph of H.

O

Lemma 2.9 ([2]) Let G be a (p, q) graph with adjacency matrix A and incidence matrix B then the matrix
corresponding to the semi total point graph of G is given by,

0 BT
M =
B A
and the characteristic polynomial is, Pg(g)(x) = x47.|x*I, — (x + 1)A — BB"|. Where, BB" = (A + r)I if

G is r-regular.

@ Springer




308 J. J. Palathingal et al.

Lemma 2.10 ( [2]) If G is a r-regular graph then

PR(G)()C) = x‘]*”(x+ l)pPG( )

xX°—r
x+1

Lemma 2.11 IfG = HV K, where H is K3-free with adjacency matrix A and incidence matrix B then the

characteristic polynomial of A(G) is ¢ (x) = x777.|x*I, — (x+ 1)A — BB'|.

Theorem 2.12  For the following graphs we can easily find the spectrum of A(G) from the adjacency
matrix and incidence matrix of G.

() (H; v Kl)/s having at most one common vertex, where H;’s are K3-free graphs.

(2) The above graphs and graphs discussed in Theorem 2.7 share at most one vertex.

(3) The graphs in the above cases are connected by edges which are not belong to Kj.

Proof Since an edge not belong to K3 contribute only isolated vertex in A(G), in all the above cases 1,2
and 3, A(G) is the disjoint union of semi total point graph of H; and graphs discussed in Theorem 2.7. So the
result follows from Theorem 2.7 and Lemma 2.11.

O

Lemma 2.13 ([12]) A(G) contains diamond if and only if G contain a copy of Kj.

Theorem 2.14 ([2])
Let G.H be the coalescence in which the vertex u of G is identified with the vertex v of H
¢(GH7X) = (f)(G,X)(ﬁ(H - V,.X) + (f)(G - M,.X)d)(H,X) - .Xd)(G - M,X)¢)(H - V,.X)-

Note 2: Consider a K3 in which there exists exactly one edge e which does not belong to any other K3. For
convenience we denote,

E, = {e : e belongs to K3 and is the only edge belongs to exactly one K3}.

<E, > denotes the induced subgraph with edge set E,,.

Lemma 2.15 If G is (K4, H)-free graph, where H is the Hajos graph or 3-sun graph, then the connected
component of A(G) is either an isolated vertex or K3 or semi total point graph of some graph J;, where J;’s
are subgraphs of G.

Proof Since the graph is H-free according to the Notes 1 and 2, when we consider a connected component
G; of G it is either triangle-free or (Ky,diamond)-free or the following graphs.

(1) H; V K;.

(2) <E, > induces two vertex disjoint paths. And <E — E, > induces a path, where E denote the edge
set of G;.

(3) <E, > induces a disc (two vertex disjoint cycles). And <FE — E, > induces a cycle.

(4) Cases 1,2 and 3 with sharing of common vertices and edges.

(5) All the above cases with additional edges do not belong to K3.

If G; is K3 free then A(G;) is the union of isolated vertices. Also if it is (Ky,diamond)-free A(G;) is the
union of isolated vertices and K3’s.

Now consider case 1, since the graph is Ky-free, H; is K3 free. Therefore by Lemma 2.8, A(H; V K ) is the
semi total point graph of H;.

For case 2, if there exists n triangles and <E — E, > induces P, ;. Clearly A(G;) is the semi total point
graph of P, .

In case 3, if there exists n triangles and <E — E, > induces a C,. Clearly, A(G;) is the semi total point
graph of C,.

For case 4, by Note 1, sharing of common vertices results in the disjoint union of Cases 1,2 and 3. So next
we consider the case of sharing common edges.

If H; vV K; share common edge with H; V K. Since, the graph is H-free the common edge uv is either a
pendant edge of both H; and H; or is a pendant edge of H; (or H;) and the edge drawn from K to the m™
vertex of H; (or H;) or is an edge drawn from K to the m™ n'" vertices of H;, H; respectively . Let uv be a
pendant edge of both H; and H; with v as the pendant vertex of H; and u as the pendant vertex of H;. Then
A(G;) is the semi total point graph of H;.H;. Where H;.H; is obtained by identifying the pendant vertex v of
H; with the pendant vertex u of H,. If uv is a pendant edge of H; (or H;) and at the same time if it is the edge
drawn from K; to the m" vertex of H; (or H;), then A(G)) is H;.H; where H;.H; is the graph obtained by
identifying the vertex v of H; (u of H;) with the m™ vertex of H;(or H;). Similarly if the edge uv is the edge
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drawn from K to the m”, n™ vertices of H;, H; respectively then, A(G;) is H;.H; where H;.H; is the graph
obtained by identifying the m™ vertex of H; with the n” vertex of H;.

If H; V K, share common edge with the graphs discussed in case 2, since the graph is H-free the common
edge uv is a pendant edge of H; or the edge drawn from K, to the k" vertex of H; and also for Case 2, the
edge not belong to E,. For H; if v is the pendent vertex and for Case 2, if uv is the m" edge of <E — E, >
then, A(G;) is the semi total point graph of J; where J; = H;.P, (identifying the vertex v of H; with m"
vertex of P,.). If uv is the edge drawn from K, to the k™ vertex of H; then, A(G;) is the semi total point
graph of J; where J; = H;.P,, (identifying the k" vertex of H; with m” vertex of P, ).

Consider H; V K; share common edge with Case 3, since the graph is H-free the common edge uv is a
pendant edge of H; (or edge drawn from K| to the k" vertex of H;) and for Case 3, the edge not belong to E,.
Then A(G;)= semi total point graph of H;.C, (H;.C, is a graph obtained by identifying the vertex v of H;
with any vertex of C,) or semi total point graph of H;.C, (H;.C, is a graph obtained by identifying the k"
vertex of H; with any vertex of C,)

Similarly if Case 2 and Case 3 with sharing of a common edge, in all cases since the graph is H-free the
edges do not belong to E,. If the common edge is the m" edge of <E — E, > then A(G;) = semi total point
graph C,.P,; (identifying a vertex of C, with m" vertex of P,.1).

Similarly by repeating the same we can find that A(G;)= semi total point graph of J; where the graph J; is
obtained from G; by continuing the above procedure.

For Case 5, by Note 1, since the edges not belong to K3, contribute only isolated vertices. So Case 5 is
same as Case 4 together with isolated vertices.

Clearly in all the above cases A(G;)= semi total point graph of J;, where J; is a subgraph of G;.

O

Theorem 2.16 If a graph G is (K4, H)-free (H= Hajos graph) then we can find the spectrum of A(G) from
the spectrum of subgraphs of G.

Proof Since the graph is H-free by the above lemma A(G) = UA(G;) = UH! where H] is an isolated
vertex, K3 or semi total point graph of some graph J;, where J; is a subgraph of G;. Where J; can be find out
from G; by the above lemma. The spectrum of A(G) can be evaluated by using Theorem 2.6, 2.7, Lemma
2.9 and Theorem 2.14.

0

3 Spectrum of anti-Gallai Graph of a graph using some operations

Theorem 3.1 Let Gy and G, be two graphs spec(A(Gy © G,))= spec(A(Gy)), spec(R(Gz))(repeating p
times), where G is a graph with out K5 and p denotes the number of vertices of Gj.

Proof By the definition of corona since, G, is K3 free in A(G; ® G3) the edges of G is not adjacent to
edges of G,. There fore A(G; ® G) = A(G1) U pA(G2 V K;). Hence by using Lemma 2.9 the result
follows.

O

Corollary 3.2 spec(A(G) © K}))= spec(A(Gy)), 00, where p denote the number of vertices of G.
Corollary 3.3 Let G, is a graph with p vertices. spec(A(G) ® K,))= spec(A(Gy)), —1%,2P.

Theorem 3.4 Let [0 denote the Cartesian product, spec(A(G\0G,))= spec(A(G,)) repeating p, times,
spec(A(Gy)) repeating p, times( P; denote the number of vertices of G;).

Proof Let uy,up,...,u,; and vi,vs,...,v, denote the vertices of G; and G, respectively. Also let
er,e,...,eq and fi,fa, ..., f;» denote the edges of G; and G, respectively. We know that in G,[1G, there
exists p, copies of G (one corresponding to each vertex of G,) and p; copies of G, (one corresponding to
each vertex of G;). For convenience we denote the edges of GiL1G, as uifi,uif, ...uifg, uafi, ..., usfp,
ey Uplf1, oy Uplfg2, VI€L, .y VI€GL, ooy V28T, .., Vp2eq1. By the definition of cross product, for a fixed i, the
vertices corresponding to u;f; is adjacent to u;fi in A(G,JG,) if and only if ¢; and ¢, are adjacent in A(G).
Similarly for a fixed i, the vertices corresponding to v;e; is adjacent to v;e in A(G,0JG) if and only if ¢; and
ex are adjacent in A(G). The matrix of A(G;JG,) is a matrix of order p;q, + p>g; and is given by
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(AG)] 0 0 . . . 0 0 0
0 [AGy)] 0 0 0 0
M = 0 0 0 . . [AG)] 0 0 0
0 0 0 AG)] 0 0
| 0 0 0o . . : 0 0 [A(G))]]
where, A(G,) repeating p; times and A(G;) repeating p, times. Then,
M= IPl ® [A(GZ)] 0
0 Ip, @ [A(G))]

The following theorem gives the adjacency matrix of A(G V G)
Theorem 3.5 If G is a graph with out K3 then the matrix of A(GV G) is
IRA+ARI J®B B®J
M= J® BT 0 0
BT ®J 0 0

Proof Letl, 2, .., pande,es,...,e, denote the vertices and edges of G. In GV G, let ¢;1, e, ...ej, denote
the edges drawn from vertex i (in the second copy of G) to the vertices of G. Order the rows ( and columns)
of A(GV G) @S €11,€12, .., €1p; ey €ils oy ipy oy €pls oy €ppy €1, €24 .., €q, €1, ..., €4. Then the matrix of A(G V

G) is given below. Where I,,0, denote the identity matrix and zero matrix respectively. , occurs if the
vertex i is adjacent to the vertex j in G. Also B denote the incidence matrix of the graph G and B; denote the

matrix of order p x g where, all the rows are i’ row of B.

A IporQ, Ipor0, . . . 1,010, B Bp]

1,010, A Ipor0, . . . Lor0, B B

L,or0, 1,010, A . . . Lor0, B B3

M =

I,or0, IL,or0, I,0r0, . . . A B B,

BT BT BT .. . BT 0, 0,
B B Bl . . . B 0, 0]

And for suitable orders of I and J, M can be reduced to,
IQA+ARI J®B B®J
M= J® BT 0 0
BT @J 0 0
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