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Abstract We consider the problem of interior scattering from a point source for a bounded domain D
containing two penetrable scatterers X1 and X2 in R2. The integral representation for a solution is recon-
structed in the form of special combined potentials. The density functions included in the potentials satisfy
the uniquely solvable Riesz-Fredholm integral equation. Then we obtain the existence and uniqueness of the
solution for the direct scattering problem.
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1 Introduction

In this paper, we consider the problem of interior scattering from a point source for a bounded domain D
containing two penetrable disjoint scatterers X1 and X2 in R2. We assume that the objects D, X1 and X2 have

C2 boundary oD, oX1 and oX2, respectively. The boundary oD is split into oD ¼ C3 [P [ C4, where C3

and C4 are two open disjoint parts, having p as their possible common boundary in oD. A Dirichlet condition
is given on C3 and an impedance type condition is imposed on C4 with impedance coefficient k [ 0. The
boundary oX1 is conductive with surface conductivity g\0 and we also have conductive boundary con-
dition on oX2 with surface conductivity r [ 0. The real valued functions g and r describe the physical
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properties of the highly conductive coatings on oX1 and oX2, respectively (see [1]). Let m be the outward
unit normal to the boundary oD, oX1 and oX2, respectively, but except a finite number of point. For

simplicity, we denote by X0 the domain DnðX1 [ X2Þ.
We put a point source in the domain X0, then the direct scattering problem can now be formulated as

follows: given f 2 C1;aðC3Þ, g 2 C0;aðC4Þ, p 2 C1;aðoX2Þ and q 2 C0;aðoX2Þ find u 2 C2ðX0Þ \ C2ðX1Þ \
C2ðX2Þ as well as u 2 C1;að �X0Þ \ C1;að �X1Þ \ C1;að �X2Þ such that

Duþ k2
i u ¼ 0; in Xi ði ¼ 0; 1; 2Þ;

u ¼ f ; on C3;
ou
om þ iku ¼ g; on C4;

uþ � u� ¼ ig ou�
om ; on oX1;

ouþ
om �

ou�
om ¼ 0; on oX1;

uþ � u� ¼ p; on oX2;
ouþ
om �

ou�
om ¼ iru� þ q; on oX2;

8
>>>>>>>>>>>><

>>>>>>>>>>>>:

ð1:1Þ

where ‘‘�00 denote the limit approaching oD, oX1 or oX2 from inside and outside D, X1, or X2, respectively.

We assume the wave number kl [ 0ðl ¼ 0; 1; 2Þ and C1;a and C0;a are the Hölder space with exponent
0\a\1.

The transmission boundary value problem for a penetrable obstacle D 2 R3 has been studied by Colton
and Kress in [2]. They established the existence and uniqueness of a solution by boundary integral equation
methods. For the conductive transmission boundary condition, we refer the reader to the papers [3, 4]. In [5]
the partially coated anisotropic medium has been studied, the authors transformed the scattering problem
into a variational form and then applied the Fredholm alternative to prove the solvability. All the above
researches consider the transmission problem in the whole space, in our paper we consider a kind of
transmission problem in a bounded domain, this case complies with some of the practical models.

The direct scattering problems in a bounded and connected region with Dirichlet, Neumann and
Impedance boundary conditions were both studied in [6] by Colton and Kress. They used the boundary
integral equation method and got their classical solutions. But the practical model may be more complex
than this situation. For example, the direct scattering problem by a crack buried in a bounded domain was
studied in [7]. In the paper [8], the authors used the solution of the Cauchy problem by potential methods
and range test to test the integrity of the boundary of some cavity. Its corresponding forward problem is also
an interior scattering problem. Our problem is a kind of interior scattering problem in bounded domain
containing two penetrable objects. We remark that it not easy to extend directly the usual method to dealing
with the scattering problem with complex obstacle in H €older space. Following the ideas in Theorem 3.12 of
[6], where an exterior Neumann problem is considered, we seek the solution in a special combined potentials
using the boundary integral equation method.

The inverse obstacle scattering problems are typically viewed as exterior boundary value problems, for
example a scattering object is illuminated by an incident plane wave and from the measured far field data
one wants to reconstruct the shape of the scatterer [6, 9]. However, in some industrial applications of non-
destructive testing and reservoir exploration it is important to monitor the structural integrity of the scatterer
by acoustic or electromagnetic waves. In this case, the forward model of the scattering problem becomes an
interior boundary value problem for the scattered field. The inverse interior scattering problem of acoustic
was considered in [10, 11] for the cavities with Dirichlet and Impedance boundary condition, respectively.
And for the perfectly conducting cavity of electromagnetic was presented in [12]. More recent works on the
interior inverse scattering problem, the reader is referred to [17–19]. However, studying an inverse problem
always requires a solid knowledge of the corresponding direct problem. So, in this paper we focus on the
direct scattering problem (1.1).

The aim of this study is to establish the existence and uniqueness of a solution to this direct scattering
problem by using the boundary integral equation method. The difficult thing is to construct a solution in the
form of suitable mixed potentials and show that the Riesz-Fredholm theorem can be applied to the boundary
integral equation which corresponds to our scattering problem. The plan of our paper is as the following. In
the next section, we shall introduce the direct scattering problem, establish uniqueness for the problem and
reformulate the problem as a boundary integral system by single-and double-layer potentials. In Section 3,
we will prove the main result on the existence and uniqueness of the solution to the boundary integral
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system by the potential theory and Riesz-Fredholm theory. Some conclusions will be given in the last
section.

2 Boundary integral system

Firstly, we establish uniqueness for the direct scattering problem.

Theorem 2.1 The problem (1.1) has at most one solution.

Proof Let u 2 C2ðX0Þ \ C2ðX1Þ \ C2ðX2Þ and u 2 C1;aðX0Þ \ C1;aðX1Þ \ C1;aðX2Þ be a solution to the
homogeneous problem (1.1), that is, u satisfies the problem (1.1) with f ; g; p; q;¼ 0. An application of the
Green’s formula for u and �u in X0, X1 and X2 yields

Z

X0

ðuM�u� �uMuÞdx ¼
Z

oD

ðu o�u

om
� �u

ou

om
Þds�

Z

oX1

ðuþ
o�uþ
om
� �uþ

ouþ
om
Þds

�
Z

oX2

ðuþ
o�uþ
om
� �uþ

ouþ
om
Þds;

Z

X1

ðuM�u� �uMuÞdx ¼
Z

oX1

ðu�
o�u�
om
� �u�

ou�
om
Þds;

and
Z

X2

ðuM�u� �uMuÞdx ¼
Z

oX2

ðu�
o�u�
om
� �u�

ou�
om
Þds:

By using the boundary conditions in (1.1), the sum of above three equations is:

ð
Z

X0

þ
Z

X1

þ
Z

X2

ÞðuM�u� �uMuÞdx

¼ 2ik
Z

C4

juj2ds� 2ig
Z

oX1

j ou�
om
j2dsþ 2ir

Z

oX2

ju�j2ds:

According to the assumptions on k, g and r, we take the imaginary part of the above equation and have
Z

C4

juj2ds ¼ 0;

Z

oX1

j ou�
om
j2ds ¼ 0;

Z

oX2

ju�j2ds ¼ 0:

Therefore

ujC4
¼ 0;

ou�
om
joX1
¼ 0; u�joX2

¼ 0;

where ujC4
is the restriction to C4 of u, and the other notations (including the notations of the following

content in this paper) are the similar meaning.
From the boundary condition on C4, we have ou

om jC4
¼ 0, then the Holmgren’s uniqueness theorem [13]

shows that u ¼ 0 in X0. So, u ¼ 0 and ou
om ¼ 0 on oX1 and oX2. Then the transmission conditions and the

Holmgren’s theorem imply that u ¼ 0 in X1 and X2. Thus we complete the proof of the theorem. h

We are now ready to prove the existence of a solution for the above scattering problem by using boundary
integral equation approach. For this purpose, we introduce classical integral operators by
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ðSuÞðxÞ :¼ 2

Z

oD

uðyÞUðx; yÞdsðyÞ;

ðKuÞðxÞ :¼ 2

Z

oD

uðyÞUðx; yÞ
omðyÞ dsðyÞ;

ðK 0
uÞðxÞ :¼ 2

Z

oD

uðyÞ oUðx; yÞ
omðxÞ dsðyÞ;

ðTuÞðxÞ :¼ 2
o

omðxÞ

Z

oD

uðyÞ oUðx; yÞ
omðyÞ dsðyÞ

ð2:1Þ

for x 2 oD. Here

Uðx; yÞ :¼ i

4
H
ð1Þ
0 ðkjx� yjÞ

denotes the fundamental solution to the Helmholtz equation in R2 and H
ð1Þ
0 is a Hankel function of the first

kind of order zero. For a description of the mapping properties of these operators in the classical functions
spaces of continuous and Hölder continuous functions we refer to [2, 6].

Following the idea in [6], we try to find a solution in the form

uðxÞ ¼
Z

C3

oU0ðx; yÞ
omðyÞ aðyÞdsðyÞ þ

Z

C4

½iqU0ðx; yÞbðyÞ þ
oU0ðx; yÞ

omðyÞ ðS
2
0bÞðyÞ�dsðyÞ

þ
Z

oX1

½U0ðx; yÞðcþ dÞðyÞ þ oU0ðx; yÞ
omðyÞ ðS

2
1dÞðyÞ�dsðyÞ

þ
Z

oX2

½U0ðx; yÞwðyÞ þ
oU0ðx; yÞ

omðyÞ vðyÞ�dsðyÞ; in X0;

ð2:2Þ

uðxÞ ¼
Z

oX1

½U1ðx; yÞcðyÞ þ
oU1ðx; yÞ

omðyÞ ðS
2
1dÞðyÞ�dsðyÞ; in X1; ð2:3Þ

uðxÞ ¼
Z

oX2

½U2ðx; yÞwðyÞ þ
oU2ðx; yÞ

omðyÞ vðyÞ�dsðyÞ; in X2; ð2:4Þ

where aðxÞ 2 C1;aðC3Þ, bðxÞ 2 C0;aðC4Þ, cðxÞ 2 C0;aðoX1Þ, dðxÞ 2 C0;aðoX1Þ, wðxÞ 2 C0;aðoX2Þ,
vðxÞ 2 C1;aðoX2Þ, q [ 0 is a real coupling parameter and Ulðx; yÞðl ¼ 0; 1; 2Þ is the fundamental solution
Uðx; yÞ with k replaced by kl. By S0 we denote the single-layer operator with k ¼ 0 which integrals on C4

and valued on C4, i.e.

ðS0hÞðxÞ ¼
Z

C4

1

2p
log

1

jx� yj hðyÞdsðyÞ; x 2 C4;

and we denote S1 the single-layer operator with k ¼ 0 which integrals on oX1 and valued on oX1.

Remark 2.1 We use the operators S2
0 or S2

1 in some integrals included in the double potentials in order to
show that the corresponding operators are compact which will appear in the next section. This term which
integrals on oX1 in the formula (2.2) is different from the usual constructed solution form due to the
transmission boundary condition in (1.1). Since in this case, the Fredholm theory can be applied to the
corresponding integral operator as we will see later, but the usual case is not appropriate.

For the sake of convenience, we use C1 and C2 to represent the boundary X1 and X2, respectively and the
notation Sij:l (i; j ¼ 1; 2; 3; 4; l ¼ 0; 1; 2) is adopted to denote the operator S which integrals on Ci and
evaluated on Cj with fundamental solution Ul. The integral operators Kij:l, K 0ij:l and Tij:l have the similar

meaning.
From the jump relations of single-and double-layer operators on oD and the boundary conditions on it,

we have
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2f ¼ 2u�jC3
¼ K33:0a� aþ iqS43:0bþ K43:0S2

0b

þ S13:0cþ S13:0dþ K13:0S2
1dþ S23:0wþ K23:0v;

ð2:5Þ

and

2g ¼ 2ðou�
om
þ iku�ÞjC4

¼ T34:0aþ iqK
0

44:0bþ iqbþ T44:0S2
0b

þ K
0

14:0cþ K
0

14:0dþ T14:0S2
1dþ K

0

24:0wþ T24:0v

þ ikðK34:0aþ iqS44:0bþ K44:0S2
0b� S2

0b

þ S14:0cþ S14:0dþ K14:0S2
1dþ S24:0wþ K24:0vÞ:

ð2:6Þ

On the boundary oX1, again by jump relations of single-and double-layer operators and the transmission
relations on this boundary, we have

0 ¼ K31:0aþ iqS41:0bþ K41:0S2
0bþ S11:0c� S11:1c

� igK
0

11:1c� igcþ S11:0dþ K11:0S2
1dþ 2S2

1d

� K11:1S2
1d� igT11:1S2

1dþ S21:0wþ K21:0v;

ð2:7Þ

and

0 ¼ T31:0aþ iqK
0

41:0bþ T41:0S2
0bþ K

0

11:0c

� 2c� K
0

11:1cþ K
0

11:0d� d

þ T11:0S2
1d� T11:1S2

1dþ K
0

21:0wþ T21:0v:

ð2:8Þ

Similarly on oX2, we have

2p ¼ K32:0aþ iqS42:0bþ K42:0S2
0bþ S12:0c

þ S12:0dþ K12:0S2
1dþ S22:0w� S22:2w

þ K22:0vþ 2v� K22:2v;

ð2:9Þ

and

2q ¼ T32:0aþ iqK
0

42:0bþ T42:0S2
0bþ K

0

12:0cþ K
0

12:0d

þ T12:0S2
1dþ K

0

22:0w� 2w� K
0

22:2w� irS22:2w

þ T22:0v� T22:2v� irK22:2vþ irv:

ð2:10Þ

We define

M ¼

K33:0 N1 S13:0 K13:0S2
1 þ S13:0 S23:0 K23:0

N2 M1 K
0

14:0 þ ikS14:0 M2 K
0

24:0 þ ikS24:0 T24:0 þ ikK24:0

K31:0 N3 M3 M4 S21:0 K21:0

T31:0 N4 K
0

11:0 � K
0

11:1 M5 K
0

21:0 T21:0

T32:0 N5 K
0
12:0 T12:0S2

1 þ K
0
12:0 M6 M7

K32:0 N6 S12:0 K12:0S2
1 þ S12:0 S22:0 � S22:2 K22:0 � K22:2

0

B
B
B
B
B
B
B
B
@

1

C
C
C
C
C
C
C
C
A

;

where

N1 ¼ iqS43:0 þ K43:0S2
0; N2 ¼ T34:0 þ ikK34:0;

N3 ¼ iqS41:0 þ K41:0S2
0; N4 ¼ iqK

0

41:0 þ T41:0S2
0;

N5 ¼ iqK
0

42:0 þ T42:0S2
0; N6 ¼ iqS42:0 þ K42:0S2

0;

and
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M1 ¼ iqK
0

44:0 þ T44:0S2
0 þ ikK44:0S2

0 � kqS44:0 � ikS2
0;

M2 ¼ T14:0S2
1 þ K

0

14:0 þ ikK14:0S2
1 þ ikS14:0;

M3 ¼ S11:0 � S11:1 � igK
0

11:1;

M4 ¼ K11:0S2
1 þ 2S2

1 � K11:1S2
1 � igT11:1S2

1 þ S11:1;

M5 ¼ T11:0S2
1 � T11:1S2

1 þ K
0

11:0;

M6 ¼ K
0

22:0 � K
0

22:2 � irS22:2;

M7 ¼ T22:0 � T22:2 � irK22:2:

For the operators Sii:l, Kii:l, K
0

ii:l, Tii:l and S2
p ði ¼ 1; 2; 3; 4; l ¼ 0; 1; 2; p ¼ 0; 1Þ we have the following

properties [2]:

Lemma 2.1 Assume the Ci is C2, then the operators
Sii:lðCiÞ, Kii:lðCiÞ, K

0
ii:lðCiÞ and S2

pðCiÞ are compact from C0;aðCiÞ into C0;aðCiÞ;
Sii:lðCiÞ, Kii:lðCiÞ and S2

pðCiÞ are compact from C1;aðCiÞ into C1;aðCiÞ;
Tii:lðCiÞ is bounded from C1;aðCiÞ into C0;aðCiÞ;
Tii:lS

2
pðCiÞ is compact from C0;aðCiÞ into C0;aðCiÞ.

The other operators in the matrix operator M have a continuous integral kernel. Letting

X :¼ C1;aðC3Þ � C0;aðC4Þ � C0;aðoX1Þ � C0;aðoX1Þ � C0;aðoX2Þ � C1;aðoX2Þ;

then M : X ! X is compact.
If we define

E ¼

�1 0 0 0 0 0

0 iq 0 0 0 0

0 0 � ig � 1 0 0

0 0 � 2 0 0 0

0 0 0 0 � 2 ir

0 0 0 0 0 2

0

B
B
B
B
B
B
B
B
@

1

C
C
C
C
C
C
C
C
A

; U ¼

a

b

c

d

w

v

0

B
B
B
B
B
B
B
B
@

1

C
C
C
C
C
C
C
C
A

and R ¼

2f

2g

0

0

2q

2p

0

B
B
B
B
B
B
B
B
@

1

C
C
C
C
C
C
C
C
A

;

then from the matrix M and together with the formulas (2.5)-(2.10), we obtain the following integral system

ðE þMÞU ¼ R: ð2:11Þ

Clearly the operator E has a bounded inverse, So by the Riesz-Fredholm theory, it suffices to show that

E þM is injective in order to ensure that ðE þMÞ�1
exists and is bounded.

Remark 2.2 The terms involving the single–layer potential S2
p in the combined potentials functions (2.2)

and (2.3) ensure that Tii:lS
2
pðCiÞ is compact from C0;aðCiÞ into C0;aðCiÞ. Since the transmission boundary

conditions on C2 is different, there is no need to add the single–layer potential S2
p for the density v.

Furthermore, in order to divide the boundary integral system (2.5)–(2.10) into the sum of a bounded part E
and a compact part M, we use the combined potential for densities b and d in Equation (2.2).

3 Existence and uniqueness of the solution

Based on previous preparation and analysis, we can obtain a uniqueness solution of U to (2.11) once we can
show that E þM is injective. Then the solution of the problem (1.1) can be given by the formulas (2.2)-(2.4)
uniquely.

Firstly we give the following result:

Theorem 3.1 The integral system (2.11) is injective.

Proof This assertion means that, under the condition of R ¼ 0, we must show U ¼ 0 in the equation (2.11).
To this end, we construct the solution of the problem (1.1) as the same form as (2.2)-(2.4) by
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vðxÞ ¼
Z

C3

oU0ðx; yÞ
omðyÞ aðyÞdsðyÞ þ

Z

C4

½iqU0ðx; yÞbðyÞ þ
oU0ðx; yÞ

omðyÞ ðS
2
0bÞðyÞ�dsðyÞ

þ
Z

oX1

½U0ðx; yÞðcþ dÞðyÞ þ oU0ðx; yÞ
omðyÞ ðS

2
1dÞðyÞ�dsðyÞ

þ
Z

oX2

½U0ðx; yÞwðyÞ þ
oU0ðx; yÞ

omðyÞ vðyÞ�dsðyÞ; in R2nðoX0 [ oX1 [ oX2Þ;

ð3:1Þ

wðxÞ ¼
Z

oX1

½U1ðx; yÞcðyÞ þ
oU1ðx; yÞ

omðyÞ ðS
2
1dÞðyÞ�dsðyÞ; in R2noX1; ð3:2Þ

hðxÞ ¼
Z

oX2

½U2ðx; yÞwðyÞ þ
oU2ðx; yÞ

omðyÞ vðyÞ�dsðyÞ; in R2noX2: ð3:3Þ

Notation: Here we use the same U ¼ ða; b; c; d;w; vÞT , but it has different meaning as before.
Since U satisfies the homogeneous equation of (2.11), it is easy to check that v(x), w(x), h(x) satisfy the

following equations

Dvþ k2
0v ¼ 0; in X0;

Dwþ k2
1w ¼ 0; in X1;

Dhþ k2
2h ¼ 0; in X2;

8
><

>:
ð3:4Þ

and the boundary conditions

v� ¼ 0; on C3;
ov�
om þ ikv� ¼ 0; on C4;

vþ � w� ¼ ig ow�
om ; on oX1;

ovþ
om �

ow�
om ¼ 0; on oX1;

vþ � h� ¼ 0; on oX2;
ovþ
om �

oh�
om ¼ irh�; on oX2:

8
>>>>>>>>><

>>>>>>>>>:

ð3:5Þ

According to Theorem (2.1), the problem (3.4) and (3.5) has only the solution of zero, which means that
vðxÞ ¼ 0 for x 2 X0, wðxÞ ¼ 0 for x 2 X1 and hðxÞ ¼ 0 for x 2 X2.

From the representation (3.1), the jump relations of single-and double-layer operators for v on boundary
oD imply that

vþjC3
� v�jC3

¼ a;
ovþ
om
jC3
� ov�

om
jC3
¼ 0; ð3:6Þ

and

vþjC4
� v�jC4

¼ S2
0b;

ovþ
om
jC4
� ov�

om
jC4
¼ �iqb: ð3:7Þ

Let BR be a circle with radius R large enough such that D � BR, and make use of Green’s formula for v in

the domain BRnD, we have
Z

oBR

v
o�v

om
ds ¼

Z

BRn �D

ðjrvj2 � k2
0jvj

2Þdxþ
Z

C3

vþ
o�vþ
om

dsþ
Z

C4

vþ
o�vþ
om

ds

¼
Z

BRn �D

ðjrvj2 � k2
1jvj

2Þdxþ
Z

C4

iqjS0bj2ds:

Here, we have used the result vðxÞ ¼ 0 for x 2 X0 and the boundary conditions of (3.6) and (3.7). Taking the
imaginary part of the above formula, we have
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Im

Z

oBR

v
o�v

om
ds ¼ q

Z

C4

jS0bj2ds� 0:

Then, we can deduce that vðxÞ ¼ 0 for x 2 R2nD by Rellich’s lemma [2]. So we obtain

a ¼ vþjC3
� v�jC3

¼ 0� 0 ¼ 0;

b ¼ i
q ð

ovþ
om jC4

� ov�
om jC4

Þ ¼ 0� 0 ¼ 0:

(

ð3:8Þ

Next we shall show that c ¼ 0, d ¼ 0, w ¼ 0 and v ¼ 0.
By the jump relations of the single-and double-layer operators for v and w on the boundary oX1, we can

get

vþjoX1
� v�joX1

¼ S2
1d;

ovþ
om
joX1
� ov�

om
joX1
¼ �c� d; ð3:9Þ

and

wþjoX1
� w�joX1

¼ S2
1d;

owþ
om
joX1
� ow�

om
joX1
¼ �c: ð3:10Þ

Then we can derive the following problem since v ¼ 0 in X0 and w ¼ 0 in X1

Dwþ k2
1w ¼ 0; in R2nX1;

Dvþ k2
0v ¼ 0; in X1;

wþ þ v� ¼ 0; on oX1;

S2
1ð

owþ
om
þ ov�

om
Þ ¼ wþ; on oX1;

lim
r!1

ffiffi
r
p
ðow

or
� ik1wÞ ¼ 0; r ¼ jxj;

8
>>>>>>>>><

>>>>>>>>>:

ð3:11Þ

where the last equation in (3.11) is called the Sommerfeld radiation condition.
Applying the Green’s formula for w and v in the domain BRnX1 and X1, respectively, we have

Z

oBR

w
o �w

om
ds ¼

Z

BRn �X1

ðjrwj2 � k2
1jwj

2Þdxþ
Z

oX1

wþ
o �wþ
om

ds;

and
Z

oX1

v�
o�v�
om

ds ¼
Z

X1

ðjrvj2 � k2
0jvj

2Þdx:

From the boundary conditions of (3.11), the sum of the above two equations is
Z

oBR

w
o �w

om
ds ¼

Z

BRn �X1

ðjrwj2 � k2
1jwj

2Þdxþ
Z

X1

ðjrvj2 � k2
0jvj

2Þdx

þ
Z

oX1

jS1

owþ
om
j2dsþ

Z

oX1

jS1

ov�
om
j2ds

þ
Z

oX1

S2
1

owþ
om

o�v�
om

dsþ
Z

oX1

S2
1

ov�
om

o �wþ
om

ds:

We take the imaginary part of this equation and get

Im

Z

oBR

w
o �w

om
ds ¼ 0;

which deduces that w ¼ 0 for x 2 R2nX1 by Rellich’s lemma. Therefore the transmission boundary
conditions in (3.11) and Holmgren’s uniqueness theorem imply that v ¼ 0 for x 2 X1. So, we obtain that
from the formulas (3.9) and (3.10)
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c ¼ � ðowþ
om
joX1
� ow�

om
joX1
Þ ¼ 0� 0 ¼ 0;

d ¼ � ðovþ
om
joX1
� ov�

om
joX1
Þ ¼ 0� 0 ¼ 0:

8
><

>:
ð3:12Þ

Similarly, we have the following jump relations on the boundary oX2 for v and h,

vþjoX2
� v�joX2

¼ v;
ovþ
om
joX2
� ov�

om
joX2
¼ �w; ð3:13Þ

and

hþjoX2
� h�joX2

¼ v;
ohþ
om
joX2
� oh�

om
joX2
¼ �w: ð3:14Þ

Then v and h satisfy the transmission problem as following,

Dhþ k2
2h ¼ 0; in R2nX2;

Dvþ k2
0v ¼ 0; in X2;

hþ þ v� ¼ 0; on oX2;

ohþ
om
þ ov�

om
¼ 0; on oX2;

lim
r!1

ffiffi
r
p
ðoh

or
� ik2hÞ ¼ 0; r ¼ jxj:

8
>>>>>>>>><

>>>>>>>>>:

ð3:15Þ

It is easy to show that the problem only has the solution of zero by Green’s formula. Therefore, the jump
relations of (3.13) and (3.14) imply that

w ¼ � ðovþ
om
joX2
� ov�

om
joX2
Þ ¼ 0� 0 ¼ 0;

v ¼ vþjoX2
� v�joX2

¼ 0� 0 ¼ 0:

8
<

:
ð3:16Þ

The formulas (3.8), (3.12) and (3.16) imply that U ¼ 0. So we have shown that the homogeneous integral
system (2.11) has only solution of zero and thus complete the proof of Theorem (3.1).

Furthermore, we have the following result.

Theorem 3.2 Assume that f 2 C1;aðC3Þ, g 2 C0;aðC4Þ, p 2 C1;aðoX2Þ and q 2 C0;aðoX2Þ then there exists

a unique solution u 2 C2ðX0Þ \ C2ðX1Þ \ C2ðX2Þ and u 2 C1;aðX0Þ \ C1;aðX1Þ \ C1;aðX2Þ such that

	 cðkfkC1;aðC3Þ þ kgkC0;aðC4Þ þ kpkC1;aðoX2Þ þ kqkC0;aðoX2ÞÞ;

where the constant c depends on k, g, r and the domain D, X1, X2 but not on f, g, p, q.

Proof Making use of Theorem (2.1), Theorem (3.1), the combined potential functions (2.2)–(2.4) together
with the properties of single-and double-layer potentials we can conclude this result. h

Remark 3.1 In this paper we just consider there are two penetrable scatterers in the domain D, in fact our
result can be extended to multiple objects. If the obstacle D is also penetrable, then our problem become a
kind of transmission problem in a two-layered medium. In this case, the readers are advised to read the
related articles [14–16]. We are convinced that the boundary integral equation method can be applied to
solve direct scattering problem by more complex and combined obstacles. By the same argument the results
in this paper are also correct in R3.

Remark 3.2 We just investigate the classical solution for our problem in some Höld space in the present
paper. In fact, if the boundary value f 2 CðC3Þ, g 2 CðC4Þ, p 2 CðoX2Þ and q 2 CðoX2Þ we can prove that

there exist a unique continuous solution u 2 C2ðX0Þ \ C2ðX1Þ \ C2ðX2Þ and u 2 C1ðX0Þ \ C1ðX1Þ \
C1ðX2Þ by using the same method as in our paper. Even we can extend our result to the Sobolev space by the

integral equation method. i.e. if the boundary value f 2 H
1
2ðC3Þ, g 2 H�

1
2ðC4Þ, p 2 H

1
2ðoX2Þ and q 2
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H�
1
2ðoX2Þ then there exist a unique solution u 2 H1ðX0Þ \ H1ðX1Þ \ H1ðX2Þ.
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