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Abstract It is known that within the set of orthogonal projectors (Hermitian idempotent matrices) certain
matrix partial orderings coincide in the sense that when two orthogonal projectors are ordered with respect
to one of the orderings, then they are also ordered with respect to the others. This concerns, inter alia, the
star, minus, diamond, sharp, core, and Löwner orderings. The situation changes, though, when instead of
two orthogonal projectors, various functions of the pair (being either no longer Hermitian or no longer
idempotent) are compared. The present paper provides an extensive investigation of the matrix partial
orderings of functions of two orthogonal projectors. In addition to the six orderings mentioned above, three
further binary functions are covered by the analysis, one of which is the space preordering. A particular
attention is paid to the requirements that either product, sum, or difference of two orthogonal projectors is
itself an orthogonal projector, i.e., inherits both features, Hermitianness and idempotency. Links of the
results obtained with the research areas of applied origin (e.g., physics and statistics) are pointed out as well.

Keywords Hermitian idempotent matrix � Commutativity � Generalized inverse � Partitioned matrix

AMS classification 15A09 � 15A27 � 15B57

1 Introduction

1.1 Notation

Let Cm;n denote the set of m� n complex matrices. The symbols K�, RðKÞ, and NðKÞ will stand for the
conjugate transpose, column space (range), and null space of K 2 Cm;n, respectively. Further, In will be the

identity matrix of order n and K will be understood as K ¼ In �K, where K 2 Cn;n. A crucial role in the
considerations of the present paper is played by the orthogonal projectors in Cn;1 (Hermitian idempotent

matrices of order n), whose set will be denoted by COP
n , i.e.,
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COP
n ¼ fP 2 Cn;n : P2 ¼ P ¼ P�g:

1.2 Generalized inverses of matrices

Three generalized inverses are of interest from the perspective of the present paper. The symbol Ky 2 Cn;m

will mean the Moore–Penrose inverse of K 2 Cm;n, i.e., the unique matrix satisfying the equations

KKyK ¼ K; KyKKy ¼ Ky; KKy ¼ ðKKyÞ�; KyK ¼ ðKyKÞ�:

An important feature of the Moore–Penrose inverse is that it can be used to represent orthogonal projectors.

For instance, PK ¼ KKy and PK� ¼ KyK are the orthogonal projectors onto RðKÞ and RðK�Þ, respectively.

Two further generalized inverses exploited in the paper are the group and core inverses, whose existence
is restricted to square matrices of index one only. The group and core inverses of an index one matrix

K 2 Cn;n are the unique matrices K# 2 Cn;n and K�# 2 Cn;n satisfying the conditions

KK#K ¼ K; K#KK# ¼ K#; KK# ¼ K#K

and

PK ¼ KK�# ; PKK�# ¼ K�# ;

respectively. A useful fact is that every normal matrix is of index one, i.e., has group and core inverses; see
[22, Exercise 5.10.4].

1.3 Binary functions in the set of square matrices

In what follows we introduce nine binary relations, six of which represent matrix partial orderings. The first
of them is the star partial ordering introduced in [12], which can be defined by

K 6
�

L , KyK ¼ KyL and KKy ¼ LKy: ð1Þ

Alternative specifications of the star ordering may be obtained on account of the equivalences

KyK ¼ KyL , K�K ¼ K�L and KKy ¼ LKy , KK� ¼ LK�: ð2Þ

The second one is the minus (rank subtractivity) ordering introduced independently in [15] and [26].
There are several equivalent characterizations of this ordering, of which one reads

K6
�

L , rkðL�KÞ ¼ rkðLÞ � rkðKÞ;

where rkð:Þ denotes rank of a matrix argument. Alternatively, the ordering can be expressed as

K6
�

L , LLyK ¼ KLyL ¼ KLyK ¼ K; ð3Þ

see [21, p. 288], or [10, p. 195]. It was shown in [16] that

K6
�

L , K6
�

L and ðL�KÞy ¼ Ly �Ky: ð4Þ

Subsequently we will call the most right equality in (4) the ‘‘Hartwig–Styan condition’’ (HSC) and use the
notation

K 6
HSC

L , ðL�KÞy ¼ Ly �Ky: ð5Þ

A trivial consequence of (5) is that K 6
HSC

L, L 6
HSC

K. For various comments on the condition on the right-
hand side of the equivalence (5) in the context of matrix partial orderings see [2].

The third partial ordering of interest is so called the diamond ordering defined in [4, Section 4] by the
equivalence

K6
�

L , K6
S

L and KðL�KÞ�K ¼ 0; ð6Þ

where K6
S

L stands for the space preordering defined as
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K6
S

L , RðKÞ � RðLÞ and RðK�Þ � RðL�Þ;

see [24, Section 3.2]. A clear consequence of (3) is that K6
�

L) K6
S

L. The equality on the right-hand
side of the equivalence (6) will be subsequently called the ‘‘Baksalary–Hauke condition’’ (BHC), and

denoted by the symbol 6
BHC

, i.e.,

K 6
BHC

L , KðL�KÞ�K ¼ 0:

By rewriting the identities on the right-hand sides of the equivalences (2) in the form ðK� LÞ�K ¼ 0 and

KðK� LÞ� ¼ 0 it becomes clear that K6
�

L) K 6
BHC

L. In fact, it was observed in [4, p. 166] that

K6
�

L , K6
�

L and K 6
HSC

L:

Another equivalence established in [4, Theorem 2] reads K6
�

L , Ky6
�

Ly (note that the Moore–Penrose
inverse is not isotonic with respect to the minus ordering).

Next we recall the sharp partial ordering introduced in [23], where it was specified in the following way

K6
#

L , K#K ¼ K#L and KK# ¼ LK#; ð7Þ

where K;L 2 Cn;n are both of index one. It is easy to verify that

K#K ¼ K#L , K2 ¼ KL and KK# ¼ LK# , K2 ¼ LK: ð8Þ

From [23, Theorem 2.5] it follows that also the sharp ordering dominates the minus ordering, i.e., if

K;L 2 Cn;n are both of index one, then K 6
#

L) K 6
�

L.
Another matrix partial ordering which is valid merely in the set of the index one matrices is the core

ordering defined in [7] as

K 6
�#

L , K�# K ¼ K�# L and KK�# ¼ LK�# ;

where K;L 2 Cn;n are both of index one. It was shown in [7] that

K�# K ¼ K�# L , KyK ¼ KyL and KK�# ¼ LK�# , K2 ¼ LK;

hence it is seen that the core ordering is somehow between the star and sharp orderings, utilizing the first
condition on the right-hand side of equivalence (1) and, in view of (8), the second condition on the right-
hand side of equivalence (7). From [7, Theorem 8], it is known that the core ordering entails the minus

ordering. Another fact of the kind was identified in [20, Theorem 15], namely that K6
�#

L) K6
�

L.

The last ordering which will be referred to in the subsequent parts of the paper is the Löwner partial
ordering specified in [19] by

K 6
L

L , L�K ¼MM� for some M 2 Cn;n:

The Löwner partial ordering is most often applied when K and L are Hermitian. However, this assumption is
not necessary and, in general, will not be imposed in the present paper.

Remark — A matrix partial ordering, say 6
...

, is a binary relation defined by three properties, namely for

K;L 2 Cm;n it is: (i) reflexive, i.e., K6
...

K, (ii) antisymmetric, i.e., K6
...

L, L6
...

K imply K ¼ L, and (iii)

transitive, i.e., K6
...

L, L6
...

M imply K6
...

M. A preordering is a relation which is reflexive and transitive, but

not necessarily antisymmetric. The relationship 6
HSC

specified in (5) is neither antisymmetric nor transitive.
These facts can be confirmed by a simple example based on 1� 1 matrices; observe that the matrices

K ¼ ð2Þ, L ¼ ð0Þ, and M ¼ ð3Þ satisfy the conditions K 6
HSC

L, L 6
HSC

K, and L 6
HSC

M, but fulfill neither

K ¼ L nor K 6
HSC

M. It was indicated in the proof of [4, Theorem 2] that the relationship K 6
BHC

L is not a
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partial ordering, for it is not transitive. However, this claim was not supported by any formal confirmation.

Moreover, Exercise 5.7.15 in [24] suggests that 6
BHC

actually yields a partial ordering. The fact that 6
BHC

is
not transitive is confirmed by the example exploiting the matrices

K ¼
1 1

1 1

� �
; L ¼

0 2

0 2

� �
; and M ¼

a 1

b 3

� �
;

where a; b 2 C. It can be verified that they satisfy K 6
BHC

L and L 6
BHC

M, but K 6
BHC

M holds merely when
aþ b ¼ 0.

1.4 A joint block-partitioned representation of a pair of orthogonal projectors

Let P 2 COP
n be of rank r. Since every Hermitian matrix is unitarily diagonalizable, there exists a unitary

matrix U 2 Cn;n such, that

P ¼U
Ir 0

0 0

� �
U�: ð9aÞ

Let us consider another matrix of order n, say Q 2 Cn;n, of the form

Q ¼ U
A B

C D

� �
U�;

where A 2 Cr;r, D 2 Cn�r;n�r, and U is the same unitary matrix which occurs in the representation (9a). It
can be straightforwardly verified that Q is Hermitian and idempotent if and only if

Q ¼U
A B

B� D

� �
U�; ð9bÞ

where

A� ¼A; D� ¼ D; A� A2 ¼ BB�; ABþ BD ¼ B; D� D2 ¼ B�B: ð9cÞ

A joint representation of a pair of Hermitian idempotent matrices P and Q given in (9a)–(9c) will be shortly
denoted by (9).

The matrices A, B, and D occurring in (9b) satisfy several additional (besides (9c)) useful relationships.
For instance, nonnegative definiteness of Q ensures that

RðBÞ � RðAÞ and RðB�Þ � RðDÞ: ð10Þ

Furthermore, the rank of the matrix A ¼ Ir � A is given by the expression rkðAÞ ¼ r � rkðAÞ þ rkðBÞ,
wheras the rank of Q by

rkðQÞ ¼ rkðAÞ � rkðBÞ þ rkðDÞ: ð11Þ

The representation (9) enables handy characterizations of various functions of a pair of orthogonal
projectors P;Q 2 COP

n . For instance, the following equivalences are valid:

(i) PQ 2 COP
n , PQ ¼ QP , B ¼ 0,

(ii) PþQ 2 COP
n , PQ ¼ 0 , A ¼ 0,

(iii) P�Q 2 COP
n , PQ ¼ Q , D ¼ 0,

(iv) Q� P 2 COP
n , PQ ¼ P , A ¼ Ir,

(v) RðPÞ \ RðQÞ ¼ f0g , rkðAÞ ¼ rkðBÞ,

with the equalities involving the matrices A, B, and D in conditions (i)–(v) originating from the repre-
sentation (9). Formal derivations of the facts recalled above as well as further features of the representation
(9) can be found, e.g., in [6] and [8]. Tables 2 and 3 given in Appendix contain additional results originating
from the representation (9), such as formulae for the Moore–Penrose inverses of various functions of

P;Q 2 COP
n and representations of the orthogonal projectors onto the subspaces determined by them.
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1.5 Goal of the paper

Partial ordering concepts and methods are extensively exploited in various research areas, for example
botanics, data mining, engineering, environmental and socioeconomic sciences, genetics, information
geometry, physics, probability and statistics; for an overview of applications see [13, 14, 25, 27, 31]. The
same concerns matrix analysis, which is a mathematical tool heavily utilized in almost all branches of
science where mathematical methods are used. However, surprisingly, besides the Löwner partial ordering
whose applications in statistics are well documented in the literature (see [28] and a list of references therein
and [24, Chapter 15]), not much seems to be known about the usefulness of other matrix partial orderings in
research areas aimed at applications. The present paper shows that such a link indeed exists, for various
conditions involving the nine binary relationships introduced in Subsection 1.3 can be interpreted in terms
of notions customarily attributed to, for example, physics or statistics.

It can be verified by exploiting the definitions provided above that for P;Q 2 COP
n we have

Q 6
...

P , PQ ¼ Q; ð12Þ

where 6
...

can be replaced with any of the symbols 6
�

, 6
�

, 6
�

, 6
S

, 6
BHC

, 6
#

, 6
�#

, and 6
L

; cf. [17,

Theorem 5.8]. (Observe that (12) excludes the condition Q 6
HSC

P, which is included in Theorem 1 below.)
Clearly, the chain of equivalences covered by (12) may no longer be valid when the orthogonal projectors P
and Q are replaced with their various functions, which are either not Hermitian or not idempotent.

Each of the subsequent sections of the paper focuses on a different property of a pair of Hermitian
idempotent matrices. To be precise, for P;Q 2 COP

n , Sections 2-5 deal with the conditions: PQ 2 COP
n ,

PþQ 2 COP
n , P�Q 2 COP

n , and RðPÞ \ RðQÞ ¼ f0g, respectively. Section 6 summarizes the findings
provided therein before. The results given in the paper were derived by a systematic analysis of the

relationships of the form FðP;QÞ6
...

GðP;QÞ, where 6
...

represents one of the nine relationships introduced

in Subsection 1.3, and functions FðP;QÞ and GðP;QÞ of P;Q 2 COP
n were taken form the set

fP;Q;PQ;QP;PþQ;P�Q;PQþQP;PQ�QPg. It shall be emphasized that the results included in the
paper constitute an exemplary (though representative) sample of the outcomes of the investigations, and that
the approach based on the joint block-partitioned representation of a pair of orthogonal projectors introduced

in Subsection 1.4 enables extending the analysis also to other functions of P;Q 2 COP
n . Furthermore, the

investigation can be straightforwardly extended to other matrix partial orderings, for instance the one sided
star or sharp orderings defined in [5]; for a discussion on the one sided orderings see [24, Chapter 6].

2 When is a product of two orthogonal projectors an orthogonal projector?

The focal role in the present section is attributed to the property of the commutativity of a pair of Hermitian
idempotent matrices, which plays an essential role in various research areas of applied origin. For instance
in physics, the commutativity of two orthogonal projectors is of fundamental importance in the mathe-
matical formulation and physical interpretation of quantum-mechanical systems, providing a criterion for
which two observables the measurement order is negligible; an overview article [9] provides an introduction
to the theory of projectors from the perspective of considerations carried out within theoretical physics,
whereas [30] focuses on algebraic properties and applications of the commutativity property. Another vast
research area, where the commutativity of a pair of Hermitian idempotent matrices is deeply rooted is
statistics. An extensive discussion of the commutativity in the context of the problems concerned with
canonical correlations and with comparisons between estimators and between sets of linearly sufficient
statistics corresponding to different linear models is included in [1, Section 3].

The first theorem of the paper lists 14 conditions each of which is equivalent to PQ ¼ QP, where

P;Q 2 COP
n . The conditions (viii) and (ix) therein, involving the sharp and core orderings, require that QP is

of index one. The fact that rkðQPÞ ¼ rk½ðQPÞ2	 can be confirmed by exploiting the representation (9). First,
observe that by the left-hand side condition in (10), we have rkðQPÞ ¼ rkðAÞ. Secondly, note that the
following equalities are satisfied

rk½ðQPÞ2	 ¼ rk½ A2 : AB
� �

	 ¼ rk½ A2 : AB
� � A2

B�A

 !
	 ¼ rk A4 þ ABB�A

� �
:
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In view of the second equality in (9c), we have A4 þ ABB�A ¼ A3. As A is Hermitian, we conclude that

rkðA3Þ ¼ rkðAÞ, which in turn leads to the conclusion that rkðQPÞ ¼ rk½ðQPÞ2	. (Alternatively, the property
that QP is of index one can be confirmed by utilizing the known fact that a product of two orthogonal
projectors is similar to a diagonal matrix.)

Theorem 1 Let P;Q 2 COP
n be nonzero. Then PQ 2 COP

n if and only if any of the following mutually
equivalent statements is satisfied:

(i) Q 6
HSC

P, (viii) QP 6
#

Q,

(ii) P�Q 6
HSC

P, (ix) QP 6
�#

Q,

(iii) QP 6
�

Q, (x) QP 6
L

Q,

(iv) QP 6
�

Q, (xi) Q 6
HSC

QP,

(v) QP 6
HSC

Q, (xii) PQ 6
L

PþQ,

(vi) QP 6
�

Q, (xiii) PQ 6
HSC

PQ�QP,

(vii) QP 6
S

Q, (xiv) PQþQP 6
HSC

PQ�QP.

Proof By exploiting the representation of ðP�QÞy given in Table 2 we conclude that Q 6
HSC

P, which is

equivalent to ðP�QÞy ¼ P�Q, may be expressed as

U
PA � BDy

�DyB� � PD

 !
U� ¼ U

A � B

�B� � D

 !
U�:

Hence, it is seen that a necessary condition for Q 6
HSC

P is PD ¼ D. On account of PD ¼ D, D2 ¼ D, from
the fourth identity in (9c) we arrive at B ¼ 0. As sufficiency of B ¼ 0 is visible, the proof corresponding to

point (i) of the theorem, i.e., of the equivalence Q 6
HSC

P, PQ 2 COP
n , is completed. In view of the above,

the proof concerned with (ii) is restricted to the observation that, by direct calculations, we have

P�Q 6
HSC

P, ðP�QÞy ¼ P�Q.

The proof of point (iii) is based on the fact that QP 6
�

Q, PQP ¼ QPQ. To show that the identity on
the right-hand side of this equivalence might be simplified to PQ ¼ QP we may either refer to the
representation (9) (in which case we arrive at PQP ¼ QPQ, B ¼ 0) or to Theorem in [3] of which this
result is a particular case.

Different arguments are exploited in the proof of point (iv). First note that

QP 6
�

Q, rkðQPÞ ¼ rkðQÞ � rkðQPÞ. By utilizing the expressions for ranks given in (11) and Table 2

we obtain QP 6
�

Q, rkðBÞ ¼ 0, i.e., QP 6
�

Q, B ¼ 0.

As the condition QP 6
HSC

Q is equivalent to ðQPÞy ¼ Q� ðQPÞy, the representations of the Moore–
Penrose inverses may be required to establish the proof referring to point (v). By the representation (9) and
Table 2 we arrive at

QP 6
HSC

Q , U
0 0

DyB� PD

� �
U� ¼ U

A B
B� D

� �
U� � U

PA AyB
0 0

� �
U�, hence it is seen that

QP 6
HSC

Q entails PD ¼ D. As already mentioned, this condition implies B ¼ 0, which proves to be also
sufficient for the statement in point (v) to hold.

It can be straightforwardly verified that each of the conditions QP 6
�

Q and QP 6
S

Q may be
alternatively expressed as QPQ ¼ PQ. Since the equivalence QPQ ¼ PQ, PQ ¼ QP is trivially
satisfied, points (vi) and (vii) of the theorem are established.

Direct calculations show that each of the conditions QP6
#

Q and QP6
�#

Q entails ðQPÞ2 ¼ QP. As
idempotency of QP is known to be equivalent to PQ ¼ QP (to nevertheless confirm this fact one could
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either refer the representation (9) or [3, Theorem]), and since the commutativity proves to be also sufficient

for both conditions QP 6
#

Q and QP6
�#

Q, the proofs corresponding to points (viii) and (ix) are complete.
It is clear that QP 6

L
Q, QP ¼MM� for some M 2 Cn;n. Hence, from the representation of QP given

in Table 2 we arrive at the equivalence QP 6
L

Q, B ¼ 0. The proof dealing with point (x) is thus
accomplished.

In view of the fact that Q 6
HSC

QP, QP 6
HSC

Q, with the condition on the right-hand side of the
equivalence given in point (v) of the theorem, point (xi) requires no formal proof. Let us then consider

condition PQ 6
L

PþQ, which is equivalent to the requirement that the matrix PþQ� PQ is nonnegative
definite. Expressing P and Q in terms of the representation (9) leads directly to the conclusion that this
requirement is satisfied if and only if B ¼ 0.

Two more points are left to be considered. First observe that the condition in point (xiii) satisfies

PQ 6
HSC

PQ�QP , ðPQ�QPÞy ¼ ðPQÞy � ðQPÞy: ð13Þ

By exploiting the representations of the three Moore–Penrose inverses involved in (13) provided in Table 2,

we conclude that PQ 6
HSC

PQ�QP ) By ¼ B�Ay. Premultiplying and postmultiplying this identity by B

leads to B ¼ BB�AyB, which, in the light of the second identity in (9c), can be expressed as

B ¼ AAyB� AB: ð14Þ

However, from (10) it follows that AAyB ¼ B, which means that (14) can be reduced to AB ¼ 0. Pre-

multiplying AB ¼ 0 by Ay yields B ¼ 0. This completes the proof corresponding to point (xiii), as B ¼ 0
also in this case proves to be a sufficient condition as well.

The proof dealing with point (xiv) is based on similar arguments as the proof of the preceding one. It
begins with observation that

PQþQP 6
HSC

PQ�QP , 2½ðPQþQPÞy � ðPQ�QPÞy	 ¼ ðQPÞy; ð15Þ

hence, by utilizing the representations of the Moore–Penrose inverses provided in Table 2, we conclude that
the equality in (15) is satisfied if and only if B ¼ 0. The proof is complete. h

3 When is the sum of two orthogonal projectors an orthogonal projector?

The literature provides several alternative characterizations of the situation in which a sum of two
orthogonal projectors inherits the idempotency property. Such results attract attention mainly due to the fact
that they enable relevant interpretations in different fields of applied research. For instance, in statistics they
have a direct counterpart within the theory of distribution of quadratic forms. Without going into details we
only mention that each of the 20 statements listed in the theorem below provides a condition necessary and
sufficient for a sum of two quadratic forms, each following the chi-square distribution, to be also distributed
as a chi-square random variable; for a deeper insight see e.g., [29, Chapter 9].

Note that each of the functions PþQ, PQþQP, and PQ�QP is normal, which means that each of
them is of index one. Hence, we conclude that the group and core inverses whose existence is necessary for
the conditions in points (vii), (viii), (xii), (xiii), (xviii), and (xix) of the next theorem indeed exist.

Theorem 2 Let P;Q 2 COP
n be nonzero. Then PþQ 2 COP

n if and only if any of the following mutually
equivalent statements is satisfied:
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(i) PþQ 6
HSC

P, (xi) PQ 6
BHC

PQ�QP,

(ii) PQ 6
�

PþQ, (xii) PQ 6
#

PQ�QP,

(iii) PQ 6
�

PþQ, (xiii) PQ 6
�#

PQ�QP,

(iv) PQ 6
HSC

PþQ, (xiv) PQþQP 6
�

PQ�QP,

(v) PQ 6
�

PþQ, (xv) PQþQP 6
�

PQ�QP,

(vi) PQ 6
BHC

PþQ, (xvi) PQþQP 6
�

PQ�QP,

(vii) PQ 6
#

PþQ, (xvii) PQþQP 6
BHC

PQ�QP,

(viii) PQ 6
�#

PþQ, (xviii) PQþQP 6
#

PQ�QP,

(ix) PQ 6
�

PQ�QP, (xix) PQþQP 6
�#

PQ�QP,

(x) PQ 6
�

PQ�QP, (xx) PQþQP 6
L

PQ�QP.

Proof We will provide only the proof referring to point (i) of the theorem. Direct calculations show that

PþQ 6
HSC

P , ðPþQÞy ¼ PþQ: ð16Þ

Multiplying (from either side) the condition on the right-hand side of the equivalence (16) by PþQ leads

(trivially) to ðPþQÞðPþQÞy ¼ ðPþQÞ2. Multiplying now (again from either side) this equality by

ðPþQÞy yields ðPþQÞy ¼ PþQ, from where we conclude that

PþQ 6
HSC

P , ðPþQÞðPþQÞy ¼ ðPþQÞ2: ð17Þ

By substituting to the equality in (17) P and Q of the form (9) as well as the expression of the orthogonal
projector onto RðPþQÞ provided in Table 2, we arrive at

PþQ 6
HSC

P , A ¼ 0:

Hence, it is seen that the condition necessary and sufficient for the statement in point (i) of the theorem to be
satisfied is PþQ 2 COP

n .
Validity of all the remaining points of the theorem can be confirmed by similar arguments as utilized

above and in the proof of Theorem 1. h

4 When is the difference of two orthogonal projectors an orthogonal projector?

Applications of partial orderings in physics were described in [11] as well as other articles published in the
same monograph. It was pointed out in [11, p. 657] that the relationship PQ ¼ P yields a partial ordering in
the set of Hermitian idempotent matrices. Actually, the condition PQ ¼ P holds if and only if

Q� P 2 COP
n , which (upon an interchange of Q and P) will be of interest in the present section. Similarly as

the main result of the proceeding section, also Theorem 3 provided below admits a relevant statistical
interpretation. Namely, each of the 17 statements listed therein provides a condition necessary and sufficient
for the difference of two quadratic forms, each following a chi-square distribution, to be also distributed as a
chi-square random vrariable.

Note that P�Q is normal as well, which means that the group and core inverses of the difference, whose
existence is requested in points (vii) and (viii) of the next theorem, exist.

Theorem 3 Let P;Q 2 COP
n be nonzero. Then P�Q 2 COP

n if and only if any of the following mutually
equivalent statements is satisfied:
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(i) PþQ 6
S

P, (x) Q 6
�

QP,

(ii) P�Q 6
�

P, (xi) Q 6
�

QP,

(iii) P�Q 6
�

P, (xii) Q 6
�

QP,

(iv) P�Q 6
�

P, (xiii) Q 6
S

QP,

(v) P�Q 6
S

P, (xiv) Q 6
BHC

QP,

(vi) P�Q 6
BHC

P, (xv) Q 6
#

QP,

(vii) P�Q 6
#

P, (xvi) Q 6
�#

QP,

(viii) P�Q 6
�#

P, (xvii) Q 6
L

QP.

(ix) PþQ 6
HSC

P�Q,

Proof The proof will be limited to points (xi) and (xiii) of the theorem. With respect to the former of them,
note that

Q 6
�

QP , rkðQPÞ þ rkðQÞ ¼ rkðQPÞ:

By exploiting the rank formulae given in (11) and Table 2, we obtain Q 6
�

QP, 2rkðDÞ ¼ rkðBÞ.
However, from (10) it follows that rkðDÞ > rkðBÞ, which in turn leads to the equivalence

Q 6
�

QP, D ¼ 0.
To show that also Q 6

S
QP holds if and only if D ¼ 0, first observe that

Q 6
S

QP , RðQÞ � RðQPÞ and RðQÞ � RðPQÞ

or, alternatively,

Q 6
S

QP , PQPQ ¼ Q and PPQQ ¼ Q; ð18Þ

where PQP and PPQ are the orthogonal projectors onto the subspaces RðQPÞ and RðPQÞ, respectively.
Replacing the equalities on the right-hand side of (18) with their counterparts expressed in terms of the
representation (9) proves that

PQPQ ¼ Q , rkðBÞ ¼ rkðDÞ and PPQQ ¼ Q , D ¼ 0:

Hence, we arrive at the conclusion that indeed Q 6
S

QP, D ¼ 0, which completes the proof corresponding
to point (xiii). h

5 When are column spaces of two orthogonal projectors disjoint?

The last theorem of the paper provides a list of four conditions equivalent to the requirement that the column
spaces of P;Q 2 COP

n are disjoint. Paying attention to this requirement was also motivated by the important
role it plays in various considerations, as the concept of disjointness arises in a very natural and fundamental
way in results on the ranks, row and column spaces, as well as generalized inverses of partitioned matrices
and of sums and products of matrices; see [18, Chapter 17].

Theorem 4 Let P;Q 2 COP
n be nonzero. Then RðPÞ \ RðQÞ ¼ f0g if and only if any of the following

mutually equivalent statements is satisfied:

(i) PþQ 6
S

P�Q, (iii) PQ 6
S

PQ�QP,

(ii) PQ 6
�

PQ�QP, (iv) PQþQP 6
S

PQ�QP.

Proof The proof of the theorem is established in a similar fashion as the results derived in the previous
theorems. h
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6 Summary

Table 1 summarizes the findings of the paper by attributing the 81 conditions considered therein to
six sets corresponding to Theorems 1-4 as well as the sets of conditions which are always/never
satisfied.

The three conditions which are always satisfied read: P�Q 6
L

P, QP 6
BHC

Q, and PQ 6
S

PþQ. The

only two versions of the condition PþQ 6
...

P, which might be satisfied by nonzero P;Q 2 COP
n , are

PþQ 6
HSC

P and PþQ 6
S

P, whereas the only two achievable versions of the condition PþQ 6
...

P�Q

are PþQ 6
HSC

P�Q and PþQ6
S

P�Q. Yet another condition which is never fulfilled by nonzero pro-

jectors is PQ 6
L

PQ�QP.
A natural question arises whether all possible functions of nonzero P;Q 2 COP

n linked by any of the nine
binary relations considered in the paper would collapse in one of the six categories covered by Table 1 (i.e.,
Theorems 1-4, always/never satisfied). The answer to this question is negative, which is confirmed by the
following exemplary equivalences:

PþQ 6
�

PQþQP , P ¼ Q

and

PþQ 6
S

PQþQP , RðPÞ \ N ðQÞ ¼ f0g; NðPÞ \ RðQÞ ¼ f0g;

whose validity can be demonstrated by means of the representation (9).
It is noteworthy that some of the characterizations established in the paper are of relevance

independently of their connection with the partial orderings. This concerns, inter alia, the
equivalences

ðP�QÞy ¼ P�Q , PQ ¼ QP , ðPQ�QPÞy ¼ ðPQÞy � ðQPÞy;

which were established in the proofs corresponding to points (i) and (xiii) of Theorem 1, as well as

ðPþQÞy ¼ PþQ, PQ ¼ 0, which was derived in the proof concerned with point (i) of Theorem 2.

Table 1 Distribution of conditions among subsequent theorems. The symbol 6
...

represents any of the following binary

functions 6
�

, 6
�

, 6
HSC

, 6
�

, 6
S

, 6
BHC

, 6
#

, 6
�#

, and 6
L

. (The eight conditions corresponding to Q 6
...

P were actually listed
in (12), and not in Theorem 3)

Thm. 1 Thm. 2 Thm. 3 Thm. 4 satisfied always/never

Q 6
...

P 1 0 8 0 0/0
PþQ 6

...
P 0 1 1 0 0/7

P�Q 6
...

P 1 0 7 0 1/0
PþQ 6

...
P�Q 0 0 1 1 0/7

QP 6
...

Q 8 0 0 0 1/0
Q 6

...
QP 1 0 8 0 0/0

PQ 6
...

PþQ 1 7 0 0 1/0
PQ 6

...
PQ�QP 1 5 0 2 0/1

PQþQP 6
...

PQ�QP 1 7 0 1 0/0
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Appendix

For the derivations of the representations provided in Tables 2 and 3 see [6] or [8].

Acknowledgements The authors are grateful to Professor Dennis S. Bernstein for inspiring discussions and for pointing out
their attention to the book [13] as well as the paper [25]. The authors also thankfully acknowledge comments of the anonymous
referee which resulted in additions and improvements of the manuscript.

Table 3 Representations of orthogonal projectors onto subspaces determined by P;Q 2 COP
n of the form (9) as well as

expressions for dimensions of those subspaces

subspace W orthogonal projector onto W dimension of W

RðPÞ \ RðQÞ
U

PA 0
0 0

� �
U�

rkðAÞ � rkðBÞ

RðPÞ \ N ðQÞ U
PA 0
0 0

� �
U� r � rkðAÞ

N ðPÞ \ RðQÞ U
0 0
0 PD

� �
U� rkðDÞ � rkðBÞ

N ðPÞ \ N ðQÞ U
0 0
0 PD

� �
U� n� r � rkðDÞ

Table 2 Representations of the Moore–Penrose inverses of selected functions of P;Q 2 COP
n having the form (9) and the

orthogonal projectors onto column spaces of those functions, as well as expressions for their ranks

matrix X Moore–Penrose inverse of X orthogonal projector onto
RðXÞ

rank of X

PQ
U

PA 0
B�Ay 0

� �
U� U

PA 0
0 0

� �
U�

rkðAÞ

QP U
PA AyB
0 0

� �
U� U

A B
B� PD � D

� �
U� rkðAÞ

QP U
0 0

DyB� PD

� �
U� U

PA � A B
B� D

� �
U� rkðDÞ

PþQ U
Ir � 1

2
PA � BDy

�DyB� 2Dy � PD

� �
U� U

Ir 0
0 PD

� �
U� r þ rkðDÞ

P�Q U
PA � BDy

�DyB� � PD

� �
U� U

PA 0
0 PD

� �
U� r � rkðAÞ þ rkðBÞ þ rkðDÞ

PQþQP U
1
2

Ay � 1
2

AyBðB�AyBÞyB�Ay AyBðB�AyBÞy

ðB�AyBÞyB�Ay � 2ðB�AyBÞy

 !
U� U

PA 0
0 PB�

� �
U� rkðAÞ þ rkðBÞ

PQ�QP U 0 � ðB�Þy
By 0

� �
U� U

PB 0
0 PB�

� �
U� 2rkðBÞ

PþQ� PQ U
Ir 0

�DyB� Dy

� �
U� U

Ir 0
0 PD

� �
U� r þ rkðDÞ
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