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Abstract Let R be a commutative Artinian ring with [Max(R)| = n > 2. We show the comaximal graph of R
has no cut-sets with more than one vertex. It has exactly a cut vertex if and only if R~ F X Z, X - -+ X Z3,
where F is a field, |F| > 2 and n > 3. It has n cut vertices if and only if R is a Boolean ring.
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1 Introduction

For a commutative ring R with unity, we denote by U(R), Max(R) and J(R), the set of unit elements,
maximal ideals and Jacobson radical of R, respectively. The comaximal graph R, denoted by I'»(R), is a
simple graph with the vertices set R \ (U(R) U J(R)) and the distinct vertices a and b are adjacent if and only
if Ra 4+ Rb = R. Comaximal graphs were first introduced in [12] and extensive studies have been done about
comaximal graph of a commutative ring R, see for instance, [2, 5-8, 10, 11, 13, 14]. Of course, in some
papers, the set of vertices is R \ U(R), but we know that x € J(R) is an isolated vertex in comaximal graph,
hence in more papers, the set R \ (U(R) UJ(R)) considered as vertices set of comaximal graph.

The study of cut vertices and cut-sets in zero-divisor graphs began and continued in [1, 3] and [9]. A cut
vertex of a connected graph is a vertex whose removal would result in a graph having two or more
connected components. Given a graph G, let V(G) denote the set of vertices of G and E(G) the set of edges
of G. A vertex a of a graph G is called a cut vertex if the removal of a and any edges incident on a creates a
graph with more connected components than G. We say that G is split into two subgraphs X and Y via a if:

(M) VX)L [V(Y)] >2.
2) Xury=aG

3) VX)NV(Y)={a}.

(4) ais a cut vertex of G; and

(5) xeV(X)\{a} and y € V(Y) \ {a}, then x — y is not in E(G).
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For an arbitrary connected graph G, a set A C V(G) is said to be a cut-set if there exist distinct ¢,d €
V(G) \ A such that every path in G from ¢ to d involves at least one element of A, and no proper subset of
A satisfies the same condition. The reader is referred to [4] for undefined terms and notations.

Throughout this paper, R is a commutative Artinian ring, |R| # 4, and it is not a local ring (when R is
local, I'>(R) = 0). It is known that a commutative Artinian ring R can be written as decomposition product
R~ Ry X Ry X -+ X R,, where (R;, n;)’s are local rings and n = [Max(R)|. We say that R is semiprimitive
if NMax(R) = (0). For any ideal I of R and a € R, we set:

M(a) = {M € Max(R) : a € M} and D(a) = Max(R) \ M(a).

The sets M(I) = Nye/M(a), where I is an ideal of R, satisfy the axioms for the closed sets of a topology
on Max(R), called the Stone topology.

A maximal ideal M of R is called isolated if {M} is a clopen (closed and open) subset of Max(R). If R is
semiprimitve, M is isolated if and only if M = (e), for some idempotent ¢ € R (see Theorem 2.6 in [10]).

The following lemma and proposition are given in [11].

Lemma 1.1 Ler R be a commutative ring. If A and B are disjoint closed subsets of Max(R), then there
exists a € R such that A C M(a) and B C M(a — 1). Furthermore, if A is clopen, then there exists a € R
such that A = M(a), A =M(a — 1) and a*> — a € J(R).

The following proposition characterizes the concept of distance in T'2(R).
Proposition 1.2 Let R be a commutative ring and let a,b,c € T'2(R) be distinct vertices. Then

(1) ¢ is adjacent to both a and b if and only if M(c) C D(ab).
(2) d(a,b) =1 if and only if M(a) N M(b) = 0.

(3) d(a,b) =2 if and only if M(a) "M(b) # 0 and ab & J(R).
@) d(a,b) = 3 if and only if M(a) "M(b) # 0 and ab € J(R).

2 Main results

Throughout this section, we suppose R=R; X Ry X --- X R,, where (R;,ny)’s are local rings and
n = [Max(R)|. Also I, = {1,2,---,n} and for any i € I, we denoted e; = (0,---,0, 1 ,0,---,0) and
i
a:(lv"'vla 0 7la"'71)'
~
1
It follows from Lemma 1.1 that if M is an isolated maximal ideal, then M(a) = {M}, for some a € R.

Definition 2.1 The maximal ideal M of R is called a strongly isolated maximal ideal, if there is a unique
element a € R, such that M(a) = {M}.

Remark 2.2 Let M be a strongly isolated maximal ideal of R. There is an unique element a € R such that
M(a) = {M}, hence M(a*) = M(a) = {M}, so a*> = a. This implies that M is a maximal isolated ideal.
Thus every strongly isolated maximal ideal of R is isolated. But the converse is false. For example, suppose
R =75 x 73, then M = {0} x Z3 is an isolated maximal ideal of R. But M = <(0,1) > = <(0,2) >,
hence M is not a strongly isolated maximal ideal of R.

The most important rings have no strongly isolated maximal ideals. For example, rings which 2 is unit, non-
semiprimite rings (M(a) = M(a + r), for each a € R and r € J(R)), and semiprimite rings as following:

Proposition 2.3 R has a strongly isolated maximal ideal if and only if R ~ F X Zy X --- X Z5, where F is
a field.

Proof Suppose R has a strongly isolated maximal ideal M. Then there exists 1 <i<n such that
M=R; X - XRi_y xm; X Ry --- xNR,. Assume (R;,ny) is not a field and 0 #aq; € m;. Put
a=(1---,1,a;1,---,1). Thus M(a) = M(€;) = {M}, this is a contradiction. Therefore R; is a field.
Without loss of generality, assume i = 1, we show that R; = Z,, for each 2 <j<n. Assume for example
Ry # Z,, then there exists a unit 1 # u € Ry. Put b= (0,u,1,---,1). Thus M(e;) = M(b) = {M}, a con-
tradiction. So R, = 7.

Conversely, M = {0} X Z, x --- x Z; is always a strongly isolated maximal ideal. O
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The following theorem characterizes the cut vertex of I';(R).

Theorem 2.4 T',(R) be split into two subgraphs X and Y via a if and only if Ra is a strongly maximal ideal
of R.

Proof Suppose that T'»(R) be split into two subgraphs X and Y via a. Inasmuch as M(a) = M(a?), then
Proposition 1.2 (1) implies that @* also is a cut vertices, so a*> = a. Now we show that |[M(a)| = 1.
Otherwise, there are distinct maximal ideals M, M’ € M(a). By Lemma 1.1, there exists b € R such that
M € M(b) and M(a — 1) U {M’'} C M(b — 1). Hence M(b) C M(a), again by Proposition 1.2 (1) we have
a = b, a contradiction. Thus M(a) = {M}, hence Ra is a strongly maximal ideal of R.

Conversely, suppose that M = Ra is a strongly maximal ideal of R. Put X = R(1 — a) U {a} \ {0} and
Y =T3(R) \ R(1 — a), so |X|,|Y| > 1. Now we must show that forany x € X \ {a} andy € Y\ {a}, xand y
aren’t adjacent in I'»(R). Otherwise, by Proposition 1.2 (1), M(x) " M(y) = (). Therefore M(y) = {M},
since M is a strongly maximal ideal, hence y = a. This is a contradiction, thus x and y aren’t adjacent in
I';(R). As a result I';(R) be split into two subgraphs X and Y via a. O

Corollary 2.5 € = (0,1,---,1) is only cut vertex of I'2(R) ifand only if R~ F X Z, X - -+ X Z,, where F
is a field and |F| > 2.

It is known that R is a Boolean ring if and only if R ~ 7}, where n = |Max(R)|. The following theorem
characterizes the Boolean rings by cut vertices of comaximal graph.

Theorem 2.6 The following statements are equivalent.

(1) R is a Boolean ring.
(2) Foreach 1<i<n,&=(1,---,1,0,1,---,1) is a cut vertex of I';(R).
(3) R has n cut vertices.

Proof (1) = (2) Suppose R is a Boolean ring and Max(R) = {My,M,,--- ,M,}, where M; = <@ >, for
any 1 <i<n. Then M;’s are strongly isolated maximal ideals, hence Theorem 2.4 implies that €; are cut
vertex of I'»(R), for any 1 <i<n.

(2) = (3) Tt is clear.

(3) = (1) By hypotheses and Theorem 2.4, R has a strongly isolated maximal ideal. Hence Proposition
2.3 implies that R~ F X Z, X --- X Z,, where F is a field. If |F| > 2, therefore by Corollary 2.5, € =
(0,1,---,1) is only cut vertex of I';(R), a contradiction. Hence F = Z, and so R ~ Z. O

The following theorem can be used to determine the cut-set of I',(R).
Theorem 2.7 If A is a cut-set of I'2(R), then |A| = 1.

Proof Suppose A is a cut-set of I';2(R) and a = (ay,az,- - -, a,) € A. Inasmuch as a ¢ U(R), therefore there
exists i€ 1l,, such that a; € m;. Without loss of generality, assume i=1. We claim that
R~F X Zy x --- x Z,, where F is a field. Assume for instance R, # Z,. Put @’ = (ay,d,as - -, a,) such
that @y € U(R,) \ {a2}. Therefore a’ € V(I'z(R)) and a # a’. Consider b,c € V(I'»(R)) such that b —a — ¢
is a path in T';(R), therefore b — a’ — c is a path in T';(R). Hence a’ € A, and A \ {a} is a cut-set . This is a
contradiction with the minimality condition in the definition of a cut-set . As a result, Ry = Z,. Similarity,
R; = 7,, for any 3<i<n.

Now if R; is not a field, there exists @} € m \ {a}. Putd” = (d}, a2, - -,a,), an argument like the above
proof, show that A \ {a} is a cut-set. Hence R, is a field. As aresult R ~ F X Z, X --- X Z,, where F is a
field. It is easy to see that A = {(0,1,---,1)}. O

A hub in I';(R) is an intersection of cut-sets of I';(R). It is possible for a hub to be empty. A non-empty hub
which is minimal in the set of all hubs of I';(R) is called minimal hub.
The next Proposition follow immediately from Theorem 2.7.

Proposition 2.8 The number of hubs in T(R) is equal to the number of cut vertices in T»(R).
Corollary 2.9 The following statements are equivalent.

(1) R is a Boolean ring.
(2) Foreach 1<i<nm &= (1,1,---,1,0,1,---,1) is a cut vertex of I';(R).
(3) R has n cut vertices.
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(4) The number of minimal hubs in I';(R) is equal to n.
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