
ORIGINAL RESEARCH

Infinite-delayed stochastic impulsive differential
systems with Poisson jumps

Surendra Kumar • Shobha Yadav

Received: 2 April 2019 / Accepted: 24 January 2020 / Published online: 12 July 2021
� The Indian National Science Academy 2021

Abstract This manuscript investigates a broad class of stochastic differential equation steered by Poisson
jumps and impulses in a Hilbert space. We use successive approximation method to show the existence of a
solution. The continuous dependence of the solutions to the initial data is also studied. Finally, the existence
of optimal state-control pair for the associated Lagrangian problem is discussed. An example is also
presented to validate the theoretical results.
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1 Introduction

It is well known that whenever there is an aspect of randomness, we must switch from deterministic systems
to stochastic systems. Stochastic partial differential equations (SPDEs) has gained considerable attention
because of their importance in widespread areas of natural and social sciences such as economics, physics,
ecology, medicine biology and many more (see Da Prato and Zabczyk [1], Sobczyk [2]). Stochastic delay
differential systems played a vital role in many fields of science. That is why, more interest is taken in the
investigation of stochastic delay differential systems [3–5]. However, stochastic differential equation with
Brownian motion should not be used for all the dynamical models as it suffers with defects in the case of
sudden price variations of commodities resulted by market crashes [6]. In such cases, Poisson random
measure is generally used for the mathematical interpretation of the situation. Numerous real life problems
emerged in the fields such as medicine, finance, epidemiology, chemistry among others are described by
stochastic differential systems with Poisson jumps. Recently, stochastic differential problems steered by
Poisson jumps have become active area of research. Cui and Yan [7] used the theory of successive
approximation to investigate the existence results of infinite-delayed neutral stochastic evolution systems
with Poisson jumps. Luo and Taniguchi [8] utilized the Banach fixed point theorem to show the existence of
mild solution for a stochastic differential system steered by Poisson jumps. Ren and Sakthivel [9]
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established the existence and stability results for a class of second-order neutral stochastic system driven by
Poisson jumps and infinite delay. For more details on SPDEs with jumps, one can see [10] and the references
cited there. On the other hand, several systems in population dynamics, physics and natural sciences exhibit
impulse effects due to abrupt changes in their states at certain point of time or be subject to short-term
perturbations. The impulsive differential systems are used for the mathematical modelling of such problems.
For more details on impulsive differential systems, one can see Benchohra et al. [11] and Lakshmikantham
et al. [12].

The theory of optimal control play a significant role in the field of natural science as well as in social
science. The main objective of an optimal control problem is to maximize or minimize the performance
index of state and control inputs of the system over a collection of acceptable control functions. Mokkedem
and Fu [13] investigated the optimal control for the following system

dyðtÞ
dt
¼ AyðtÞ þ LðytÞ þ f ðt; ytÞ þ BuðtÞ; 0\t� a;

y0 ¼ /:

However, it is stressed that there are only few papers in literature which deal with the optimality of a
differential system having Poisson jumps and impulse. Balasubramaniam and Tamilalagan [14] investigated
the solvability and optimal controls for a class of fractional order impulsive stochastic integro-differential
equation with Wiener process in Hilbert space setting. Rajivganthi et al. [15] discussed optimality for
fractional neutral stochastic evolution systems guided by Poisson jumps via the theory of successive
approximation. Strongly motivated by the above works, we consider the following delayed stochastic
impulsive differential system

dyðtÞ ¼ AyðtÞ þ ~LðytÞ þ f ðt; ytÞ
� �

dt þ gðt; ytÞdwðtÞ
þ
R
Z hðt; yðt�Þ; gÞ ~Nðdt; dgÞ; t 2 J ¼ ½0; a�; t 6¼ tk;

DyðtkÞ ¼ Ikðytk
Þ; k ¼ 1; � � � ;m;

y0 ¼ u 2 G;

8
>>>><

>>>>:

ð1:1Þ

where A : DðAÞ � E ! E generates a strongly continuous semigroup fTðtÞgt� 0; yð�Þ is an E-valued
stochastic process, and the histories yt : ð�1; 0� ! E given by ytðsÞ ¼ yðt þ sÞ, for s� 0, belongs to an
abstract phase space G (defined in Sect. 2). The fixed tk satisfies 0 ¼ t0\t1\ � � �\tm\a and the jump in y
at tk is defined by DyðtkÞ ¼ yðtþk Þ � yðt�k Þ. Furthermore, w is H-valued Wiener process with covariance
nuclear operator Q� 0. Let ~p be a stationary Poisson point process with characteristic measure k and

induces a compensating martingale measure ~Nðdt; dgÞ, which is independent of w with values in a mea-
surable space ðZ;BðZÞÞ.

Assume that ~L 2 LðG; EÞ, and Ik : G! E ðk ¼ 1; � � � ;mÞ, f : J � G! E, g : J � G! L0
2 and h :

J � E �Z ! E are the appropriate functions. The F 0-measurable process u ¼ fuðsÞ : �1\s� 0g is
independent of the Wiener process as well as the Poisson point process. During the study of numerous
qualitative properties including approximate controllability, the uniform boundedness of the nonlinear

function is required. Notice that the linear term ~LðytÞ in Eq. (1.1) need not be uniformly bounded. Thus if the

term ~LðytÞ is absorbed in f ðt; ytÞ, then the uniform boundedness of f will loss. Furthermore, Mokkedem and

Fu [16] pointed out that the semigroup generated by Aþ ~L may also loss its compactness. Thus to study
various qualitative properties of system (Eq. 1.1) more rigorously, we use the technique of fundamental

solution instead of the theory of C0-semigroup and for this motive, we cannot soak up ~LðytÞ in f ðt; ytÞ. In
particular, the results in this manuscript are the extension of the work carried out by Mokkedem and Fu [13].

This manuscript is arranged as follows: Sect. 2 contains basic definitions, notations and some prelimi-
nary facts used for further development. Existence and uniqueness of mild solution to (1.1) is shown in
Sect. 3. In Sect. 4, we focused on the continuous dependence of solutions on the initial datum. The
Lagrangian problem is formulated in Sect. 5, and existence of an optimal state-control pair is studied.
Finally, in Sect. 6 an example is constructed to verify the derived results.
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2 Preliminaries

Let ðE; j � jÞ and ðH; j � jHÞ be separable Hilbert spaces and L(H; E) be the space of all bounded linear
operators from H into E. Throughout this paper, the norm of operators is denoted by k � k, which is
indifferent to the spaces.

For ðX;F ;P; fF tgt2JÞ be a complete filtered probability space with F 0 contains all P-null sets of F , and
the filtration fF tgt2J is increasing, right continuous and F ¼ F a. Let Nðds; dgÞ be the Poisson counting
measure induced by a stationary Poisson point process ~p with characteristic measure k. Then Nðs;ZÞ ¼
P

r� s IZð~pðrÞÞ and the compensated Poisson measure is defined by ~Nðds; dgÞ ¼ Nðds; dgÞ � dskðdgÞ. Let

p2ðJ �Z;EÞ be the space of predictable functions r : J �Z ! E with
R a

0

R
Z Ekrðs; gÞk2

EdskðdgÞ\1,

where E is the expectation defined by Eð~yÞ ¼
R

X ~yðxÞdP. Then, the integral
R a

0

R
Z rðs; gÞ ~Nðds; dgÞ can be

defined and it is a centered square-integrable martingale.
Let w be the H-valued Q-Wiener process (independent of ~p) defined on ðX;F ;PÞ with self-adjoint,

linear and bounded covariance operator Q such that TrðQÞ\1. Then, the filtration generated by w and ~p is
given by

F s ¼ rfwðrÞ : r� sg _ rfNðð0; r�;AÞ : r� s;A 2 BðZÞg _ P0;s 2 J;

where P0 contains all P-null sets, B is a Borel r-field and the measurable set Z 2 BðH � f0gÞ.
Let fbjð�Þgj2N be a sequence of mutually independent Wiener processes such that

wðsÞ ¼
X1

j¼1

ffiffiffiffi
kj

p
bjðsÞnj; s� 0;

where fnjgj2N 	 H is a complete orthonormal set and fkj� 0gj2N is a bounded sequence with the property
that Qnj ¼ kjnj for all j 2 N.

For w 2 LðH; EÞ, define

kwk2
Q ¼ TrðwQw
Þ ¼

X1

j¼1

k
ffiffiffiffi
kj

p
wnjk2:

The operator w is called a Q-Hilbert-Schmidt if kwkQ\1. Introduce the subspace H0 ¼ Q1=2H of H with

the inner product hw1;w2iH0
¼ hQ�1=2w1;Q

�1=2w2iH0
and L0

2 ¼ L2ðH0; EÞ denotes the space of all Q-Hil-

bert-Schmidt operators from H0 into E. Let LF2 ðX; EÞ be the space of all E-valued, strongly measurable and
square integrable stochastic processes.

Throughout this manuscript, the following definition of the phase space G is used which is established by
Hale and Kato [17], and pursue the terminologies adopted in Hino et al. [18].

Definition 2.1 The phase space G is the set of all F 0-measurable mappings from ð�1; 0� to E with a
seminorm k � kG and the following axioms hold:

ðA1Þ If y from ð�1; a� to E is continuous on J and y0 2 G, then for s 2 J, we have:

(i) ys 2 G;
(ii) jyðsÞj �KkyskG;
(iii) kyskG�RðsÞ supfjyðrÞj : 0� r� sg þ CðsÞky0kG,

where K [ 0 is a constant. The mappings R;C : ½0;1Þ ! ½1;1Þ are such that Rð�Þ is continuous and
Cð�Þ is locally bounded. Also K, Rð�Þ and Cð�Þ are independent of yð�Þ.

ðA2Þ G is complete.

Lemma 2.2 [10] Let y : ð�1; a� ! E be an F s-adapted measurable process such that
y0 ¼ u 2 LF2 ðX;GÞ, then

EkyskG�Ra sup
0� s� s

EjyðsÞj þ CaEkukG;
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where Ra ¼ maxs2J RðsÞ and Ca ¼ sups2J CðsÞ.
Consider the linear system associated to (1.1) given by

d
dt yðtÞ ¼ AyðtÞ þ ~LðytÞ; t [ 0;

y0 ¼ u 2 G:

(

ð2:1Þ

The mild solution of (2.1) in terms of C0-semigroup Tð�Þ is given by

yðt;uÞ ¼ TðtÞuð0Þ þ
R t

0
Tðt � sÞ ~Lðysð�;uÞÞds; t� 0;

uðtÞ; t� 0:

(

Now based on this mild solution, the fundamental solution Dð�Þ 2 LðEÞ associated with (2.1) is defined by

DðtÞx ¼ yðt;u0
xÞ; t� 0;

0; t\0;

�
ð2:2Þ

where u0
x 2 G and for any x 2 E,

u0
xðhÞ ¼

x; h ¼ 0;

0; h\0:

�

Observe that ku0
xkG� jxj (see [19]).

Furthermore, (2.2) yields that Dð�Þ is the unique solution of the equation

DðtÞ ¼ TðtÞ þ
Z t

0

Tðt � fÞ ~LðDfÞdf; t� 0;

0; t\0;

8
<

:

where DtðsÞ ¼ Dðt þ sÞ for s� 0 [19].
Consider the following linear inhomogeneous system

dyðtÞ ¼ ½AyðtÞ þ ~LðytÞ þ ~f ðtÞ�dt; t [ 0;

y0 ¼ u 2 G;
ð2:3Þ

where A and ~L are as described above, the function ~f ð�Þ 2 L1ðRþ; EÞ.
For u 2 G, Mokkedem and Fu [19, Theorem 3.3] established the mild solution yð�;uÞ of (2.3) in terms

of the fundamental solution Dð�Þ, that is

yðt;uÞ ¼ DðtÞuð0Þ þ
R t

0
Dðt � fÞ½ ~Lð ~ufÞ þ ~f ðfÞ�df; t� 0

uðtÞ; t� 0;

(

where

~uðfÞ ¼
uðfÞ; f� 0;

0; f[ 0:

�

Based on the above discussion, we write the solution of (1.1) into explicit form as follows:

Definition 2.3 A càdlàg process y : ð�1; a� ! E, is called a mild solution of (1.1) if

(i) y(t) is F t-adapted;

(ii)
R a

0
EjyðfÞj2df\1;

(iii) yð�Þ satisfies the following

yðtÞ ¼

DðtÞuð0Þ þ
R t

0
Dðt � fÞ½ ~Lð ~ufÞ þ f ðf; yfÞ�dfþ

R t

0
Dðt � fÞgðf; yfÞ�dwðfÞ

þ
R t

0
Dðt � fÞ

R
Z hðf; yðf�Þ; gÞ ~Nðdf; dgÞ þ

P

0\tk\t

Dðt � tkÞIkðytkÞ; t 2 J;

uðtÞ; t 2 ð�1; 0�:

8
>><

>>:
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It is well-known that if Tð�Þ is the C0-semigroup, there exist l� 0 and Ml� 1 such that kTðtÞk�Mlelt for
all t� 0. Thus we have the following:

Lemma 2.4 [19, Theorem 3.2] For DðsÞ, s 2 R, we have

(i) fDðsÞgs� 0 is a family of strongly continuous operators with DðsÞ 2 LðEÞ for all s and there are
constants C [ 0 and c 2 R with the property that

kDðsÞk�Cecs; s� 0:

Particularly, maxs2J kDðsÞk2 ¼ M; for some M� 1.
(ii) Dð�Þ is uniformly continuous on (0, a].

Lemma 2.5 [1, Lemma 7.2] For any p [ 0 and w 2 LFp ðX; L2ð½0; a�; L0
2ÞÞ, there is a constant cp [ 0 such

that for every s� 0

E

 

sup
r2½0;s�

Z r

0

wðfÞdwðfÞ
����

����

p
!

� cp

"

E

Z s

0

kwðfÞk2
L0

2
df

#p
2

:

Lemma 2.6 (Bihari inequality, [20]) Let b [ 0, a0� 0, and að�Þ and cð�Þ be two continuous mappings on
[0, b]. Further, let the continuous map K : Rþ ! Rþ be concave and nondecreasing with KðsÞ[ 0 for
s [ 0. If

aðsÞ� a0 þ
Z s

0

cðfÞKðaðfÞÞdf; for all 0� s� b;

then

aðsÞ�G�1

 

Gða0Þ þ
Z s

0

cðfÞdf

!

;

for all s 2 ½0; b� with the property that

Gða0Þ þ
Z s

0

cðfÞdf 2 DomðG�1Þ;

where GðfÞ ¼
R f

1
df
KðfÞ ; f� 0 and G�1 is the inverse function of G. Moreover, if a0 ¼ 0 and

R
0þ

df
KðfÞ ¼ 1,

then aðsÞ ¼ 0 for all 0� s� b.

Lemma 2.7 [21] Suppose that the assumptions in Bihari inequality hold and

aðsÞ� a0 þ
Z b

s

cðfÞKðaðfÞÞdf; for all 0� s� b;

then

aðsÞ�G�1

 

Gða0Þ þ
Z b

s

cðfÞdf

!

;

with the condition that

Gða0Þ þ
Z b

s

cðfÞdf 2 DomðG�1Þ;

where functions G and G�1 have the same meaning as in Lemma 2.6.
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Corollary 2.8 [21] Suppose that the hypotheses of Lemma 2.6 are satisfied and cðsÞ� 0 for s 2 ½0; b�. If

for given e [ 0, there exists 0� s0� b with the property that for 0� a0\e;
Z b

s0

cðfÞdf�
Z e

a0

df
KðfÞ holds.

Then for every s 2 ½s0; b�, the estimate aðsÞ� e.

Let Oc ¼ fg 2 H � f0g : jgjH\cg and Mp
kð½0; a� � Oc; EÞ; p� 2, denote the space of E-valued mappings

Fðt; gÞ, progressively measurable with respect to fF tgt� 0 such that

E

�Z a

0

Z

Oc

jFðt; gÞjpkðdgÞdt

�
\1:

Lemma 2.9 [22] Suppose F 2 M2
kð½0; a� � Oc; EÞ \M4

kð½0; a� � Oc; EÞ; then for any s 2 ½0; a�

E

�
sup

0� r� s

Z r

0

Z

Oc

Fðr; gÞ ~Nðdr; dgÞ
				

				

2�
� d2

(

E

�Z s

0

Z

Oc

jFðf; gÞj2kðdgÞdf

�

þ E

�Z s

0

Z

Oc

jFðf; gÞj4kðdgÞdf

�1=2
)

;

for some d2 ¼ d2ðaÞ[ 0.

Let Jk :¼ ðtk; tkþ1�, 0� k�m and CðJk; LF2 ðX; EÞÞ be the space of continuous maps from Jk into LF2 ðX; EÞ.
To study our problem, we introduce the space

PC :¼ fy : X� J ! E; yjJk
2 CðJk; LF2 ðX; EÞÞ; 0� k�m such that yðtk; �Þ ¼ yðt�k ; �Þ and

yðtþk ; �Þ exist with y0 ¼ u 2 Gg;

where yjJk
is the restriction of y to Jk. Now define a seminorm in PC by

kykPC :¼ ky0kG þ sup
t2J

EjyðtÞj2

 �1=2

; y 2 PC:

We close this section by imposing the following restrictions:

ðH1Þ The operator ~L 2 LðG; EÞ and k ~Lk2 ¼ l0 for some l0 [ 0.
ðH2Þ The functions f, g and h are measurable and

(a) for w1;w2 2 G, we have jf ð�;w1Þ � f ð�;w2Þj
2 _ kgð�;w1Þ � gð�;w2Þk

2
L0

2
�Kðkw1 � w2k

2
GÞ;

(b) for y1ð�Þ; y2ð�Þ 2 E, s 2 J and g 2 Z,
Z s

0

Z

Z
jhðf; y1ðf�Þ; gÞ � hðf; y2ðf�Þ; gÞj2kðdgÞdf

_
 Z s

0

Z

Z
jhðf; y1ðf�Þ; gÞ � hðf; y2ðf�Þ; gÞj4kðdgÞdf

!1
2

�
Z s

0

Kðjy1ðfÞ � y2ðfÞj2Þdf;

 Z s

0

Z

Z
jhðf; y1ðf�Þ; gÞj4kðdgÞdf

!1
2

�
Z s

0

Kðjy1ðfÞj2Þdf;

where K : Rþ ! Rþ is continuous, concave and nondecreasing function. Also, Kð0Þ ¼ 0, KðfÞ[ 0

for f [ 0 and
R

0þ
df

KðfÞ ¼ 1.

ðH3Þ For any s 2 J and g 2 Z, there exists a positive constant k0 such that

jf ðs; 0Þj2 _ kgðs; 0Þk2
L0

2
_ jIkð0Þj2 _

Z

Z
jhðs; 0; gÞj2kðdgÞ� k0.
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ðH4Þ For w1;w2 2 G, there exist positive constants qk ð1� k�mÞ such that

jIkðw1Þ � Ikðw2Þj
2� qkkw1 � w2k

2
G:

3 Existence and Uniqueness

The existence and uniqueness of mild solution for the problem (1.1) is studied in this section. We first
construct a sequence of successive approximation as follows:

y0ðtÞ ¼ DðtÞuð0Þ þ
Z t

0

Dðt � fÞ ~Lð ~ufÞdf; t 2 J;

ynðtÞ ¼ uðtÞ; t 2 ð�1; 0�; n ¼ 0; 1; 2; � � � ;

ynðtÞ ¼ y0ðtÞ þ
Z t

0

Dðt � fÞf ðf; yn�1
f Þdfþ

Z t

0

Dðt � fÞgðf; yn�1
f ÞdwðfÞ

þ
Z t

0

Dðt � fÞ
Z

Z
hðf; yn�1ðf�Þ; gÞ ~Nðdf; dgÞ

þ
X

0\tk\t

Dðt � tkÞIkðyn�1
tk
Þ; t 2 J; n 2 N:

ð3:1Þ

Lemma 3.1 If ðH1Þ-ðH4Þ hold and MmR2
a

Pm

k¼1

qk\ 1
20

. Then, there is a constant c1 [ 0 such that

kynk2
PC � c1; for all n� 0:

Proof The Cauchy-Schwarz inequality and assumption ðH1Þ yield that

E sup
0� s� t

jy0ðsÞj2� 2E sup
0� s� t

jDðsÞuð0Þj2 þ 2E sup
0� s� t

Z s

0

Dðs� fÞ ~Lð ~ufÞdf

				

				

2

� 2MEjuð0Þj2 þ 2aME sup
0� s� t

Z s

0

j ~Lð ~ufÞj2df

� 2MK2Ekuk2
G þ 2aMl0

Z t

0

Ek ~ufk2
Gdf

� 2MK2Ekuk2
G þ 2aMl0

Z t

0

E



Ra sup
0� r� f

j ~uðrÞj þ Cak ~ukG
�2

df

� 2M
�
K2 þ a2l0C

2
a



Ekuk2

G ¼ c0:

This shows that y0ð�Þ 2 PCðð�1; a�; EÞ. For n� 1, we have

E sup
0� s� t

jynðsÞj2� 5E sup
0� s� t

jy0ðsÞj2 þ 5E sup
0� s� t

Z s

0

Dðs� fÞf ðf; yn�1
f Þdf

				

				

2

þ 5E sup
0� s� t

Z s

0

Dðs� fÞgðf; yn�1
f ÞdwðfÞ

				

				

2

þ 5E sup
0� s� t

Z s

0

Dðs� fÞ
Z

Z
hðf; yn�1ðf�Þ; gÞ ~Nðdf; dgÞ

				

				

2

þ 5E sup
0� s� t

X

0\tk\s

Dðs� tkÞIkðyn�1
tk
Þ

					

					

2

¼ 5
X5

i¼1

Ji:

ð3:2Þ

By assumptions ðH2Þ-ðH3Þ, it follows that
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J2� aME sup
0� s� t

Z s

0

jf ðf; yn�1
f Þj

2df

� 2aM

" Z t

0

Ejf ðs; yn�1
s Þ � f ðs; 0Þj2dsþ

Z t

0

Ejf ðs; 0Þj2ds

#

� 2aM

" Z t

0

EKðkyn�1
s k

2
GÞdsþ ak0

#

;

J3� c2M

Z t

0

Ejgðs; yn�1
s Þj

2
L0

2
ds

� 2c2M

"Z t

0

EKðkyn�1
s k

2
GÞdsþ ak0

#

;

J4� d2M

"

E

Z t

0

Z

Z
jhðs; yn�1ðs�Þ; gÞj2kðdgÞds

þ E

 Z t

0

Z

Z
jhðs; yn�1ðs�Þ; gÞj4kðdgÞds

!1
2
#

� 3d2M

Z t

0

EKðjyn�1ðsÞj2Þdsþ 2ad2Mk0:

Now, hypotheses ðH3Þ-ðH4Þ imply that

J5�Mm
Xm

k¼1

EjIkðyn�1
tk
Þj2� 2Mm

"
Xm

k¼1

EjIkðyn�1
tk
Þ � Ikð0Þj2 þ

Xm

k¼1

EjIkð0Þj2
#

� 2Mm
Xm

k¼1

qkEkyn�1
tk
k2
G þ 2Mm2k0

� 2Mm2k0 þ 4MmR2
a

Xm

k¼1

qkE sup
0� s� t

jyn�1ðsÞj2 þ 4MmC2
a

Xm

k¼1

qkEkuk2
G:

Thus (3.2) becomes

E sup
0� s� t

jynðsÞj2�N1 þ 15d2M

Z t

0

EKðjyn�1ðsÞj2Þdsþ 10ðaþ c2ÞM
Z t

0

EKðkyn�1
s k

2
GÞds

þ 20MmR2
a

Xm

k¼1

qkE sup
0� s� t

jyn�1ðsÞj2;

where N1 ¼ 10MðK2 þ a2l0C
2
a þ 2mC2

a

Pm

k¼1

qkÞEkuk2
G þ 10k0Mðd2aþ a2 þ ac2 þ m2Þ. Since Kð�Þ is

concave and Kð0Þ ¼ 0, there exist constants b1; b2 [ 0 with the property that

KðrÞ� b1 þ b2r; r� 0:

Thus
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E sup
0� s� t

jynðsÞj2�N2 þ 15d2b2M

Z t

0

Ejyn�1ðsÞj2dsþ 10ðaþ c2ÞMb2

Z t

0

Ekyn�1
s k

2
Gds

þ 20MmR2
a

Xm

k¼1

qk



E sup

0� s� t
jyn�1ðsÞj2

�
;

where N2 ¼ N1 þ 15d2aMb1 þ 10aðaþ c2ÞMb1. Using Lemma 2.2, we extract

E sup
0� s� t

jynðsÞj2�N3 þ 15d2b2M

Z t

0

Ejyn�1ðsÞj2dsþ 20ðaþ c2ÞMb2R2
a

Z t

0

E sup
0� f� s

jyn�1ðfÞj2ds

þ 20MmR2
a

Xm

k¼1

qk



E sup

0� s� t
jyn�1ðsÞj2

�
;

ð3:3Þ

where N3 ¼ N2 þ 20aðaþ c2ÞMb2C
2
akuk

2
G. For any n0� 1, the following inequality hold,

max
1� n� n0

E sup
0� s� t

jyn�1ðsÞj2� E sup
0� s� t

jy0ðsÞj2 þ max
1� n� n0

E sup
0� s� t

jynðsÞj2.

Using this inequality in (3.3), we have

max
1� n� n0

E sup
0� s� t

jynðsÞj2�N4 þ N5

Z t

0

max
1� n� n0

E sup
0� f� s

jynðfÞj2ds;

where
N4 ¼

N3þ½15ad2b2þ20aðaþc2Þb2R2
aþ20mR2

a

Pm

k¼1

qk �Mc0

1�20MmR2
a

Pm

k¼1

qk

and N5 ¼ 5ð3d2þ4aR2
aþ4c2R2

aÞMb2

1�20MmR2
a

Pm

k¼1

qk

.

The Gronwall inequality yields that

max
1� n� n0

E sup
0� s� t

jynðsÞj2�N4eaN5 :

Since n0 is arbitrary, for t 2 ½0; a� and n� 1, E sup
0� s� t

jynðsÞj2�N4eaN5 , and hence

kynk2
PC ¼ Ekuk2

G þ E

Z a

0

jynðtÞj2dt� Ekuk2
G þ aN4eaN5 ¼ ~c;

which shows that ynð�Þ 2 PCðð�1; a�; EÞ and kynk2
PC � c1 for n� 0; where c1 ¼ maxfc0; ~cg. h

Theorem 3.2 Suppose hypotheses in Lemma 3.1 hold. Then, the problem (1.1) admits a unique mild
solution in PCðð�1; a�; EÞ.
Proof For n; l 2 N and t 2 ð0; a� by the same analysis as in Lemma 3.1, we get

E



sup
0� s� t

jynþlðsÞ � ynðsÞj2
�
� 4Mðaþ c2Þ

Z t

0

K



R2
aE sup

0� f� s
jynþl�1ðfÞ � yn�1ðfÞj2

�
ds

þ 8d2M

Z t

0

K


E sup

0� f� s
jynþl�1ðfÞ � yn�1ðfÞj2

�
ds

þ 4MmR2
a

Xm

k¼1

qkE sup
0� s� t

jynþl�1ðsÞ � yn�1ðsÞj2:

Therefore,
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E



sup
0� s� t

jynþlðsÞ � ynðsÞj2
�

�N6

Z t

0

K1



E sup

0� f� s
jynþl�1ðfÞ � yn�1ðfÞj2

�
ds

þ N7



E sup

0� s� t
jynþl�1ðsÞ � yn�1ðsÞj2

�
;

ð3:4Þ

where N6 ¼ 4Mðaþ c2 þ 2d2Þ, N7 ¼ 4MmR2
a

Pm

k¼1

qk, and K1ðrÞ ¼KðR2
arÞ, r� 0. Clearly, K1ð�Þ is con-

cave, continuous and nondecreasing real valued function on Rþ with K1ð0Þ ¼ 0.

Integrating and employing Jensen’s inequality in (3.4), we extract
Z t

0

E



sup
0� f� s

jynþlðfÞ � ynðfÞj2
�

ds

�N6

Z t

0

Z s

0

K1



E sup

0� r� f
jynþl�1ðrÞ � yn�1ðrÞj2

�
dfds

þ N7

Z t

0

E sup
0� f� s

jynþl�1ðfÞ � yn�1ðfÞj2ds

�N6

Z t

0

s
Z s

0

K1



E sup

0� r� f
jynþl�1ðrÞ � yn�1ðrÞj2

� 1

s
dfds

þ N7

Z t

0

E sup
0� f� s

jynþl�1ðfÞ � yn�1ðfÞj2ds

�N6t

Z t

0

K1

 Z s

0

E sup
0� r� f

jynþl�1ðrÞ � yn�1ðrÞj2 1

s
df

!

ds

þ N7

Z t

0

E sup
0� f� s

jynþl�1ðfÞ � yn�1ðfÞj2ds: ð3:5Þ

Set Un;lðtÞ ¼ 1
t

Z t

0

E sup
0� f� s

jynþlðfÞ � ynðfÞj2ds for all t [ 0. Thus (3.5) becomes

Un;lðtÞ�N6

Z t

0

K1



Un�1;lðsÞ

�
dsþ N7Un�1;lðtÞ:

Now, Lemma 3.1 yields that

sup
n;l

Un;lðtÞ\1:

Let UðtÞ ¼ lim supn;l!1 Un;lðtÞ, and using Fatou’s Lemma and properties of K1ð�Þ, we obtain

UðtÞ�N6 lim sup
n;l!1

Z t

0

K1



Un�1;lðsÞ

�
dsþ N7UðtÞ;

and hence

UðtÞ� N6

1� N7

Z t

0

K1



UðsÞ

�
ds:

By Lemma 2.6, it is extracted that UðtÞ ¼ 0 for all t 2 ð0; a� and hence it follows that

lim
n!1

Z a

0

sup
0� s� t

EjynþlðsÞ � ynðsÞj2dt ¼ 0:

Thus we conclude that fynðtÞ : t 2 ð0; a�gn2N is a Cauchy sequence in PCðð�1; a�; EÞ, so there exists some
y 2 PCðð�1; a�; EÞ such that ynðtÞ ! yðtÞ as n!1. The Borel-Cantelli lemma implies that ynðtÞ ! yðtÞ
uniformly for 0\t� a as n!1.

Now, using the properties of functions Kð�Þ and Ikð�Þ ð1� k�mÞ, for any t 2 ð0; a�, we have
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Z t

0

Dðt � fÞ
�
f ðf; yn�1

f Þ � f ðf; yfÞ
�
df

				

				

2

! 0 as n!1;
Z t

0

Dðt � fÞ
�
gðf; yn�1

f Þ � gðf; yfÞ
�
dwðfÞ

				

				

2

! 0 as n!1;
Z t

0

Dðt � fÞ
Z

Z

�
hðf; yn�1ðf�Þ; gÞ � hðf; yðf�Þ; gÞ

�
~Nðdf; dgÞ

				

				

2

! 0 as n!1;

X

0\tk\t

Dðt � tkÞ
�
Ikðyn�1

tk
Þ � IkðytkÞ

�
					

					

2

! 0 as n!1:

On taking limit as n!1 in (3.1), it is concluded that yð�Þ is a solution of the system (1.1).
Uniqueness: Let y1ð�Þ and y2ð�Þ be two solutions of the problem (1.1). Then, the uniqueness is trivial if

t 2 ð�1; 0�. For 0\t� a, we have

E sup
0� f� t

jy1ðfÞ � y2ðfÞj2

�N6

Z t

0

K1



E sup

0� s� f
jy1ðsÞ � y2ðsÞj2

�
dfþ N7



E sup

0� f� t

jy1ðfÞ � y2ðfÞj2
�

Thus, it is deduced that

E sup
0� f� t

jy1ðfÞ � y2ðfÞj2�
N6

1� N7

Z t

0

K1



E sup

0� s� f
jy1ðsÞ � y2ðsÞj2

�
df:

Now, the Bihari inequality implies that E sup
0� f� t

jy1ðfÞ � y2ðfÞj2 ¼ 0; 0\t� a. Hence, y1ðtÞ ¼ y2ðtÞ for all
�1\t� a. h

4 Continuous Dependence

In this section, we investigate the continuous dependence of solutions on the initial inputs.

Definition 4.1 A mild solution yuð�Þ of the problem (1.1) with initial data u is said to be stable in mean
square if for given e [ 0, there exists d [ 0 such that

Eku� wk2
G� d) E



sup

0� f� t

jyuðfÞ � ywðfÞj2
�
� e;

where ywð�Þ is the solution of (1.1) with initial data w.

Theorem 4.2 If hypotheses in Lemma 3.1 are satisfied, then the solution of the problem (1.1) is stable in
mean square.

Proof Let yuð�Þ and ywð�Þ be the mild solutions of (1.1) with initial conditions u and w, respectively. Then,
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E



sup
0� s� t

jyuðsÞ � ywðsÞj2
�

� 6E sup
0� s� t

jDðsÞ½uð0Þ � wð0Þ�j2

þ 6E sup
0� s� t

Z s

0

Dðs� fÞ
h

~Lð ~ufÞ � ~Lð ~wfÞ
i
df

				

				

2

þ 6E sup
0� s� t

Z s

0

Dðs� fÞ
h
f ðf; yu

f Þ � f ðf; yw
f Þ
i
df

				

				

2

þ 6E sup
0� s� t

Z s

0

Dðs� fÞ
h
gðf; yu

f Þ � gðf; yw
f Þ
i
dwðfÞ

				

				

2

þ 6E sup
0� s� t

Z s

0

Dðs� fÞ
Z

Z

h
hðf; yuðf�Þ; gÞ � hðf; ywðf�Þ; gÞ

i
~Nðdf; dgÞ

				

				

2

þ 6E sup
0� s� t

X

0\tk\s

Dðs� tkÞ
h
Ikðyu

tk
Þ � Ikðyw

tk
Þ
i

					

					

2

� 6M
�
K2 þ a2l0C

2
a þ 2mC2

a

Xm

k¼1

qk



Eku� wk2

G

þ 12d2M

Z t

0

K
�
E sup

0� f� s
jy/ðfÞ � ywðfÞj2



ds

þ 6ðaþ c2ÞM
Z t

0

K



2R2
aE sup

0� f� s
jyuðfÞ � ywðfÞj2 þ 2C2

aEku� wk2
G

�
ds

þ 12mMR2
a

Xm

k¼1

qkE sup
0� s� t

jyuðsÞ � ywðsÞj2:

Thus it follows that

E



sup
0� s� t

jyuðsÞ � ywðsÞj2
�

�N8Eku� wk2
G þ N9

Z t

0

K



2R2
aE sup

0� f� s
jyuðfÞ � ywðfÞj2

þ 2C2
aEku� wk2

G

�
ds;

where N8 ¼
6M
�

K2þa2l0C2
aþ2mC2

a

Pm

k¼1
qk




1�12mMR2
a

Pm

k¼1
qk

and N9 ¼ 6ðaþc2þ2d2ÞM
1�12mMR2

a

Pm

k¼1
qk

.

Now compute

2R2
aE



sup
0� s� t

jyuðsÞ � ywðsÞj2
�
þ 2C2

aEku� wk2
G

�
�
2N8R2

a þ 2C2
a



Eku� wk2

G þ 2N9R2
a

Z t

0

K



2R2
aE sup

0� f� s
jyuðfÞ � ywðfÞj2

þ 2C2
aEku� wk2

G

�
ds:

ð4:1Þ

Let K2ðfÞ ¼ 2N9R2
aKðfÞ. Then, the restrictions on Kð�Þ implies that K2ð�Þ is concave, continuous,

nondecreasing real valued map on Rþ such that K2ð0Þ ¼ 0, K2ðfÞ[ 0 for all f [ 0, KðfÞ�Kð1Þf, for

any 0� f� 1 and
R

0þ
df

K2ðfÞ ¼ 1. Therefore, for e1 ¼ 1
2
e [ 0, we get

lim
s!0

Z e1

s

df
K2ðfÞ

¼ 1:
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Thus, there exists a positive d� e1 such that
R e1

d
df

K2ðfÞ � a.

Let a0 ¼ ð2N8R2
a þ 2C2

a



Eku� wk2

G, aðtÞ ¼ 2R2
aE



sup
0� s� t

jyuðsÞ � ywðsÞj2
�
þ 2C2

aEku� wk2
G, cðtÞ ¼ 1.

Then for a0� d� e1, we have
R e1

a0

df
K2ðfÞ �

R e1

d
df

K2ðfÞ � a [
R a

d cðfÞdf. Now, by Corollary 2.8, we obtain

aðtÞ� e1 for any t 2 ½0; a�. That is,

2R2
aE



sup
0� s� t

jyuðsÞ � ywðsÞj2
�
þ 2C2

aEku� wk2
G� e1

which implies E



sup
0� s� t

jyuðsÞ � ywðsÞj2
�
� e1 for any t 2 ½0; a�. This shows the continuous dependence of

solutions on the initial values. h

5 Existence of optimal controls

Let V be a separable reflexive Hilbert space from which the controls v take the values. Further, let
~B 2 L1ðJ; LðV ; EÞÞ, the space of operator valued functions which are measurable in the strong operator

topology and uniformly bounded on J, and k ~Bk1 denotes the norm of ~B on L1ðJ; LðV ; EÞ. Let L2
F ðJ; VÞ be

the closed subspace of L2
F ðJ � X; VÞ consisting of all measurable and F t�adapted, E-valued stochastic

processes satisfying the condition

E

Z a

0

kvðtÞk2
Vdt\1;

and endowed with the norm

kvkL2
F ðJ;VÞ ¼ E

Z a

0

kvðtÞk2
Vdt

� �1=2

:

Let U 6¼ ; be bounded closed and convex subset of V. Then introduce the set of admissible controls

Aad ¼ fvð�Þ 2 L2
F ðJ; VÞ; vð�Þ 2 Ua.e.t 2 Jg:

Consider the infinite-delayed impulsive stochastic control system with Poisson jumps given by

dyðtÞ ¼ AyðtÞ þ ~LðytÞ þ ~BðtÞvðtÞ þ f ðt; ytÞ
� �

dt þ gðt; ytÞdwðtÞ
þ
R
Z hðt; yðt�Þ; gÞ ~Nðdt; dgÞ; t 2 ½0; a�; t 6¼ tk; v 2 Aad;

DyðtkÞ ¼ Ikðytk
Þ; k ¼ 1; 2; � � � ;m;

y0 ¼ u 2 G;

8
>>>><

>>>>:

ð5:1Þ

where ~B 2 L1ðJ; LðV ; EÞÞ. Clearly ~Bv 2 L2ðJ; EÞ for all v 2 Aad. Set ~f ðt; yÞ ¼ f ðt; ytÞ þ ~BðtÞvðtÞ: Observe

that ~f ðt; yÞ satisfies both the assumptions (H2) and (H3). By virtue of Theorem 3.2, for every v 2 Aad, the
solution of (5.1) exists and has the form

yðtÞ ¼

DðtÞuð0Þ þ
R t

0
Dðt � fÞ½ ~Lð ~ufÞ þ ~BðfÞvðfÞ þ f ðf; yfÞ�dfþ

R t

0
Dðt � fÞgðf; yfÞ�dwðfÞ

þ
R t

0
Dðt � fÞ

R
Z hðf; yðf�Þ; gÞ ~Nðdf; dgÞ þ

P

0\tk\t

Dðt � tkÞIkðytkÞ; t 2 ½0; a�;

uðtÞ; t 2 ð�1; 0�:

8
>><

>>:
ð5:2Þ

Statement of problem (P1): Find an admissible state-control pair ðy0; v0Þ 2 PCðð�1; a�; EÞ � Aad with the
property that

J ðy0; v0Þ�J ðyv; vÞ; for allðyv; vÞ 2 PCðð�1; a�; EÞ � Aad;

where

J ðyv; vÞ ¼ E

Z a

0

Lðs; yvðsÞ; yv
s ; vðsÞÞds
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and yv is the mild solution of (5.1) associated to the control v 2 Aad. For existence of solution to the problem
(P1), the following hypothesis is required:

ðH5Þ The cost functional L : J � E � G� V ! R [ f1g satisfies

(i) L is Borel measurable.

(ii) Lðs; �; �; �Þ is sequentially lower semicontinuous on E � G� V for almost all 0� s� a.

(iii) For almost all 0� s� a and for each y 2 E, w 2 G, Lðs; y;w; �Þ is convex on V.

(iv) Let q 2 L1ð½0; a�; RÞ be a nonnegative function such that

qðsÞ þ r1jyj þ r2kwkG þ r1kvk2
V �Lðs; y;w; vÞ;

where r1; r2� 0 and r1 [ 0 are constants.

By the same analysis as in Lemma 3.1, we have the following result.

Lemma 5.1 Suppose assumptions in Lemma 3.1 hold, and let y be the solution of problem (5.1) corre-
sponding to v 2 Aad, then there exists q0 [ 0 such that kyk2

PC � q0.

Lemma 5.2 If the C0-semigroup Tð�Þ is compact, then the operator S : L2
F ðJ; VÞ ! PC defined by

ðSkÞðtÞ ¼
Z t

0

Dðt � sÞkðsÞds;

is completely continuous.

Proof Suppose that fknð�Þgn� 1 � L2
F ðJ; VÞ is bounded. For each n� 1, we have

EjðSknÞðtÞj2 ¼ E

Z t

0

kDðt � sÞknðsÞds

				

				

2

�Mkknk2
L2
F ðJ;VÞ:

This shows that Skn is bounded. Now we prove that Sknð�Þ is equicontinuous on J. Let e [ 0 be small
enough such that 0\e\t1\t2\a. Then

EjðSknÞðt2Þ � ðSknÞðt1Þj2� 3E

Z t1�e

0

½Dðt2 � sÞ � Dðt1 � sÞ�knðsÞds

				

				

2

þ 3E

Z t1

t1�e
½Dðt2 � sÞ � Dðt1 � sÞ�knðsÞds

				

				

2

þ 3E

Z t2

t1

Dðt2 � sÞknðsÞds

				

				

2

� 3

Z t1�e

0

Dðt2 � sÞ � Dðt1 � sÞj j2dskknk2
L2
F ðJ;VÞ

þ 6Mekknk2
L2
F ðJ;VÞ þ 3Mðt2 � t1Þkknk2

L2
F ðJ;VÞ:

By Lemma 24 (ii), DðtÞ is uniformly continuous for t 2 ð0; a�. Thus EjðSknÞðt2Þ � ðSknÞðt1Þj ! 0 as t2 ! t1
and e! 0þ. Therefore, the set fSknð�Þgn� 1 is equicontinuous on (0, a]. Moreover, its equicontinuity at

t ¼ 0 is trivial.
Finally, we assert the relative compactness of the set fSknð�Þgn� 1 in E for each t 2 J. Clearly

fSknð0Þgn� 1 is compact. Let t 2 ð0; a� be fixed. Let e [ 0 be small enough such that t � e [ e. Using

definition of Dð�Þ, we have
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Dðt � sÞ ¼ TðeÞDðt � s� eÞ þ
Z t�s

t�s�e
Tðt � s� sÞ ~LðDsÞds:

Now define

ðSeknÞðtÞ ¼
Z t�e

e
Dðt � sÞknðsÞds

¼ TðeÞ
Z t�e

e
Dðt � s� eÞknðsÞdsþ zeðt; knÞ;

where zeðt; knÞ ¼
R t�e

e

R t�s
t�s�e Tðt � s� sÞ ~LðDsÞknðsÞdsds:

Since E
R t�e

e Dðt � s� eÞknðsÞds
		 		2\1, the compactness of TðeÞ yields that the set fTðeÞ

R t�e
e Dðt � s�

eÞknðsÞdsgn� 1 is relatively compact in E.

Next for 0\e0\e, define

ze;e0ðt; knÞ ¼
Z t�e

e

Z t�s�e0

t�s�e
Tðt � s� sÞ ~LðDsÞknðsÞdsds

¼ Tðe0Þ
Z t�e

e

Z t�s�e0

t�s�e
Tðt � s� e0 � sÞ ~LðDsÞknðsÞdsds:

Now it is not difficult to check that E
R t�e

e

R t�s�e0

t�s�e Tðt � s� e0 � sÞ ~LðDsÞknðsÞdsds
		 		2\1: Again the

compactness of Tðe0Þ implies that for any fixed 0\t� a such that e\t=2 the set fze;e0ðt; knÞgn� 1 is

relatively compact in E. Hence, we can find a finite set fzj : 1� j�m1g in E such that

fze;e0ðt; knÞgn� 1 �
[m1

j¼1

Sd=2ðzjÞ;

where Sd=2ðzjÞ is the open sphere in E with centre at zj and radius d=2 [ 0: If MT :¼ maxt2J jTðtÞj2, then

Ejzeðt; knÞ � ze;e0ðt; knÞj2� e0MTl0aMkknk2
L2
F ðJ;VÞ ¼ rðe0Þ:

If we choose e0 small enough such that rðe0Þ� d=2, then

fzeðt; knÞgn� 1 �
[m1

j¼1

SdðzjÞ:

Therefore, for any fixed t 2 ð0; a� and 0\e\t=2, the set fzeðt; knÞgn� 1 is relatively compact in E. Finally

EjðSknÞðtÞ � ðSeknÞðtÞj2� 2E

Z e

0

Dðt � sÞknðsÞds

				

				

2

þ2E

Z t

t�e
Dðt � sÞknðsÞds

				

				

2

� 4Mekknk2
L2
F ðJ;VÞ

! 0 as e! 0:

This completes our assertion. Thus by the Ascoli–Arzela theorem, we obtain the compactness of S. Clearly,
S is linear and continuous. Hence it is completely continuous. h

Theorem 5.3 Assume that C0-semigroup Tð�Þ is compact. If assumptions in Lemma 5.1 and ðH5Þ hold,
then problem (P1) admits at least one optimal pair.

Proof The main objective of this result is to minimize the performance index J ðyv; vÞ, where
ðyv; vÞ 2 Vad ¼ fðy; vÞ : y satisfies the equation ð5:2Þ together with the control function v 2 Aadg.

Now, without loss of all inclusive statements, we assume that

inffJ ðy; vÞ : ðy; vÞ 2 PCðð�1; a�; EÞ � Aadg ¼ e\1:

Then assumption ðH5ðivÞÞ yields that e [ �1. Also, there is a minimizing sequence of feasible pairs
fðyn; vnÞgn2N � Vad such that J ðyn; vnÞ converges to e as n!1.
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Since the set fvngn2N � Aad is bounded in the separable reflexive space L2
F ðJ; VÞ, there exists a

subsequence, still labelled by fvng and v0 2 L2
F ðJ; VÞ such that vn ! v0 weakly in L2

F ðJ; VÞ. Furthermore,

the convexity and closeness of Aad together with Mazur’s Lemma implies that v0 2 Aad. Let yn and y0 be

the solutions of (5.1) associated to vn and v0, respectively. Then

ynðtÞ ¼

DðtÞuð0Þ þ
R t

0
Dðt � fÞ½ ~Lð ~ufÞ þ ~BðfÞvnðfÞ þ f ðf; yn

fÞ�dfþ
R t

0
Dðt � fÞgðf; yn

fÞdwðfÞ
þ
R t

0
Dðt � fÞ

R
Z hðf; ynðf�Þ; gÞ ~Nðdf; dgÞ þ

P

0\tk\t

Dðt � tkÞIkðyn
tk
Þ; t 2 J;

u 2 G; t� 0;

8
>><

>>:

and

y0ðtÞ ¼

DðtÞuð0Þ þ
R t

0
Dðt � fÞ½ ~Lð ~ufÞ þ ~BðfÞv0ðfÞ þ f ðf; y0

fÞ�dfþ
R t

0
Dðt � fÞgðf; y0

fÞdwðfÞ
þ
R t

0
Dðt � fÞ

R
Z hðf; y0ðf�Þ; gÞ ~Nðdf; dgÞ þ

P

0\tk\t

Dðt � tkÞIkðy0
tk
Þ; t 2 J;

u 2 G; t� 0:

8
>><

>>:

By the boundedness of fvngn2N and Lemma 5.1, it follows that for some q0 [ 0

EkynkPC � q0; n ¼ 0; 1; 2; ::::

If t� 0, then EjynðtÞ � y0ðtÞj2 ¼ 0: For t 2 J, by hypotheses ðH1Þ-ðH4Þ, we get

E sup
0� s� t

jynðsÞ � y0ðsÞj2

� 5EjnnðtÞj2 þ 5aME

Z t

0

jf ðs; yn
s Þ � f ðs; y0

s Þj
2ds

þ 5c2ME

Z t

0

jgðs; yn
s Þ � gðs; y0

s Þj
2dsþ 5d2ME

Z t

0

Z

Z
jhðs; ynðs�Þ; gÞ � hðs; y0ðs�Þ; gÞj2kðdgÞds

þ 5d2ME
 Z t

0

Z

Z
jhðs; ynðs�Þ; gÞ � hðs; y0ðs�Þ; gÞj4kðdgÞds

!1=2

þ 5Mm
X

0\tk\t

jIkðyn
tk
Þ � Ikðy0

tk
Þj2

� 5jnnðtÞj2 þ 5ðaþ c2ÞM
Z t

0

K
�
R2

aE sup
0� f� s

jynðfÞ � y0ðfÞj2


ds

þ 10d2M

Z t

0

K
�
E sup

0� f� s

jynðfÞ � y0ðfÞj2


ds

þ 5MmR2
a

Xm

k¼1

qk



E sup

0� s� t
jynðsÞ � y0ðsÞj2

�
;

where nnðtÞ ¼
R t

0
Dðt � sÞ ~BðsÞ½vnðsÞ � v0ðsÞ�ds. Thus

E sup
0� s� t

jynðsÞ � y0ðsÞj2�N10EjnnðtÞj2 þ N11

Z t

0

K1

�
E sup

0� f� s

jynðfÞ � y0ðfÞj2


ds;

where N10 ¼ 5

1�5MmR2
a

Pm

k¼1

qk

, N11 ¼ 5Mðaþc2þ2d2Þ

1�5MmR2
a

Pm

k¼1

qk

and K1ðrÞ ¼KðR2
arÞ, r� 0.

Using Lemma 5.2, we get nnðtÞ ! 0 PC as n!1: Thus by the dominated convergence theorem, we
derive
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lim
n!1

E sup
0� s� t

jynðsÞ � y0ðsÞj2�N11

Z t

0

K1

�
lim

n!1
E sup

0� f� s

jynðfÞ � y0ðfÞj2


ds:

Thus, Bihari inequality yields that

lim
n!1

E sup
0� s� t

jynðsÞ � y0ðsÞj2 ¼ 0:

This implies that yn ! y0 as n!1. Finally, assumption ðH5Þ and Balder’s theorem [24] yield that

� ¼ lim
n!1

E

Z a

0

Lðs; ynðsÞ; yn
s ; v

nðsÞÞds� E

Z a

0

Lðs; y0ðsÞ; y0
s ; v

0ðsÞÞds ¼ J ðy0; v0Þ� �:

That is, J procures its minimum at ðy0; v0Þ 2 PCðð�1; a�; EÞ � Aad . Hence, the proof is completed. h

6 Example

Consider the following infinite-delayed stochastic system steered by Poisson jumps and impulses

dzðt; tÞ ¼



o2

ot2 zðt; tÞ þ
R t�1

�1
R p

0
l1ðf� t; t; xÞzðf; xÞdx dfþ

R p
0

l2ðt; fÞvðf; tÞdf
�

dt

þF1ðt; zðt � q; tÞÞdt þ G1ðt; zðt � q; tÞÞdbðtÞ
þ
R
Z H1ðt; zðt�; tÞ; gÞ ~Nðdt; dgÞ; q [ 0; t 2 ð0;pÞ; t 2 ½0; 5�; t 6¼ tk;

Dzðtk; tÞ ¼ Ikðztkð�; tÞÞ; k ¼ 1; 2; � � � ;m;
zðt; 0Þ ¼ zðt; pÞ ¼ 0; 0� t� 5;

zðt; tÞ ¼ /0ðt; tÞ; t� 0; 0� t� p;

8
>>>>>>>>><

>>>>>>>>>:

ð6:1Þ

where /0ð�; �Þ is F 0-measurable, bð�Þ is the standard Wiener process.
The Poisson counting measure Nðdt; dgÞ is induced by ~p and the compensating martingale measure is

given by

~Nðdt; dgÞ ¼ Nðdt; dgÞ � dtkðdgÞ:

To write the problem (6.1) in abstract form (5.1), set E ¼ L2ð½0; p�Þ, H ¼ R and V ¼ L2ð½0; 5�Þ. Define the

E-valued operator A by An ¼ n00 with DðAÞ ¼ fn 2 E : n0; n00 2 E; and nð0Þ ¼ nðpÞ ¼ 0g. Then clearly

An ¼
P1

k¼1

�k2hn; nkink, n 2 DðAÞ, where nkðxÞ ¼
ffiffi
2
p

q
sinðkxÞ (k 2 N) form a complete orthonormal basis of

normalized eigenvectors of A. Moreover, A generates a strongly continuous semigroup fTðtÞgt� 0, where

TðtÞn ¼
P1

k¼1

e�k2thn; nkink, n 2 E.

Consider the phase space G ¼ C0 � L2ð. : EÞ with

kwkG ¼ kwð0Þk þ

Z 0

�1
.ðfÞkwðfÞk2df

�1
2

;

where .kwð�Þk2
is Lebesgue integrable on ð�1; 0Þ and . : ð�1; 0Þ ! R is the Lebesgue integrable pos-

itive function. Observe that for an appropriate function ., the space G satisfies axioms (A1) and (A2) [18].
Now, we assume the following:

(i) l1ðf; �; �Þ is measurable on Cð½0; p� � ½0;p�Þ, and l1ðf; 0; �Þ ¼ l1ðf; p; �Þ ¼ 0 for f� 0. Moreover,

l0 ¼
Z p

0

 Z �1

�1

1

.ðfÞ

Z p

0

jl1ðf; t; zÞj2dz df

!

dt \1.

(ii) The function /0ðt; tÞ 2 LF2 ðX;GÞ.
(iii) The real valued function l2 is continuous on ½0;p� � ½0; p�.
We take the control v : T zð½0; p�Þ ! R such that the map f! vð�; fÞ is measurable and v 2 L2ðT zð½0; p�ÞÞ. Let

U ¼ v 2 V : kvkV � q1

� �
, where q1 2 L2ð½0; 5�; RþÞ, and Uad ¼ fv 2 L2ðT zð½0; p�ÞÞ : kvð�; tÞkL2½0;5� � q1ðtÞ
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a.e. t 2 ½0; 5�g. Set yðtÞð�Þ ¼ zðt; �Þ and uðtÞð�Þ ¼ /0ðt; �Þ. Define the maps ~L : G! E, ~BðtÞ : V ! E,

f : ½0; 5� � G! E, g : ½0; 5� � G! R, h : ½0; 5� � E � Z ! E and Ik : G! E by

~LðwÞðyÞ ¼ ~Lðwð�; yÞÞ ¼
Z �1

�1

Z p

0

l1ðf; y; gÞ wðf; gÞdg df;

~BðtÞvðtÞðyÞ ¼
Z p

0

l2ðy; fÞvðf; tÞdf;

f ðt;wÞðyÞ ¼ F1ðt;wð�; yÞÞ;
gðt;wÞðyÞ ¼ G1ðt;wð�; yÞÞ;

hðt; z; gÞð�Þ ¼ H1ðt; zð�Þ; gÞ;
IkðwÞðyÞ ¼ Ikðwð�; yÞÞ:

Now, for any w 2 G, by hypothesis (i) it follows that

k ~LðwÞk2�
Z p

0

Z �1

�1

Z p

0

l1ðf; y; gÞ wðf; gÞdg df

				

				

2

dy

�
Z p

0

 Z �1

�1

Z p

0

l1ðf; y; gÞ wðf; gÞj jdg df

!2

dy

�
Z p

0

"Z �1

�1

 Z p

0

jl1ðf; y; gÞj2dg

!1
2
 Z p

0

jwðf; gÞj2dg

!1
2

df

#2

dy

�
Z p

0

" Z �1

�1

1

.ðfÞ

Z p

0

jl1ðf; y; gÞj2dg df

!

 Z �1

�1
.ðfÞ

Z p

0

jwðf; gÞj2dg df

!#

dy

�
 Z p

0

Z �1

�1

1

.ðfÞ

Z p

0

jl1ðf; y; gÞj2dg dfdy

!

kwk2
G

¼ l0kwk2
G:

This shows that (H1) hold.
Now, consider the performance index J ðzv; vÞ ¼ E

Z 5

0

Lðt; zvðtÞ; zv
t ; vðtÞÞdt, where

Lðt; zvðtÞ; zv
t ; vðtÞÞ ¼

Z p

0



jzvðt; nÞj2 þ jvðt; nÞj2

�
dnþ

Z p

0

Z 0

�1
jzvðt þ s; nÞj2ds dn;

with respect to the problem (6.1). Further, we impose suitable conditions on F1, G1, H1 and Ik so that they
verify the hypotheses of Theorem 5.3. Thus, problem (6.1) has at least one optimal state-control pair.
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