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Abstract This manuscript investigates a broad class of stochastic differential equation steered by Poisson
jumps and impulses in a Hilbert space. We use successive approximation method to show the existence of a
solution. The continuous dependence of the solutions to the initial data is also studied. Finally, the existence
of optimal state-control pair for the associated Lagrangian problem is discussed. An example is also
presented to validate the theoretical results.
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1 Introduction

It is well known that whenever there is an aspect of randomness, we must switch from deterministic systems
to stochastic systems. Stochastic partial differential equations (SPDEs) has gained considerable attention
because of their importance in widespread areas of natural and social sciences such as economics, physics,
ecology, medicine biology and many more (see Da Prato and Zabczyk [1], Sobczyk [2]). Stochastic delay
differential systems played a vital role in many fields of science. That is why, more interest is taken in the
investigation of stochastic delay differential systems [3—5]. However, stochastic differential equation with
Brownian motion should not be used for all the dynamical models as it suffers with defects in the case of
sudden price variations of commodities resulted by market crashes [6]. In such cases, Poisson random
measure is generally used for the mathematical interpretation of the situation. Numerous real life problems
emerged in the fields such as medicine, finance, epidemiology, chemistry among others are described by
stochastic differential systems with Poisson jumps. Recently, stochastic differential problems steered by
Poisson jumps have become active area of research. Cui and Yan [7] used the theory of successive
approximation to investigate the existence results of infinite-delayed neutral stochastic evolution systems
with Poisson jumps. Luo and Taniguchi [8] utilized the Banach fixed point theorem to show the existence of
mild solution for a stochastic differential system steered by Poisson jumps. Ren and Sakthivel [9]
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established the existence and stability results for a class of second-order neutral stochastic system driven by
Poisson jumps and infinite delay. For more details on SPDEs with jumps, one can see [10] and the references
cited there. On the other hand, several systems in population dynamics, physics and natural sciences exhibit
impulse effects due to abrupt changes in their states at certain point of time or be subject to short-term
perturbations. The impulsive differential systems are used for the mathematical modelling of such problems.
For more details on impulsive differential systems, one can see Benchohra et al. [11] and Lakshmikantham
et al. [12].

The theory of optimal control play a significant role in the field of natural science as well as in social
science. The main objective of an optimal control problem is to maximize or minimize the performance
index of state and control inputs of the system over a collection of acceptable control functions. Mokkedem
and Fu [13] investigated the optimal control for the following system

dy(t)

o Ay(1) + L(y;) + f(t,y:) + Bu(t),0<1<a,

Yo = ¢.

However, it is stressed that there are only few papers in literature which deal with the optimality of a
differential system having Poisson jumps and impulse. Balasubramaniam and Tamilalagan [14] investigated
the solvability and optimal controls for a class of fractional order impulsive stochastic integro-differential
equation with Wiener process in Hilbert space setting. Rajivganthi et al. [15] discussed optimality for
fractional neutral stochastic evolution systems guided by Poisson jumps via the theory of successive
approximation. Strongly motivated by the above works, we consider the following delayed stochastic
impulsive differential system

dy(r) = [Ay(t) + L(y:) + £ (t,y:) | dt + g(t, y:)dw(t)

+ [ h(t,y(t=),n)N(dt,dn),t € ] = [0,a],t # t, (1)
Ay(tk) :Ik(yl‘k)7 k= 13' ce,m,
Yo=¢€Y,

where A : D(A) C E — E generates a strongly continuous semigroup {7(7)},~,; y(-) is an E-valued
stochastic process, and the histories y, : (—oo,0] — E given by y,(t) = y(¢ + 1), for 7 <0, belongs to an
abstract phase space 4 (defined in Sect. 2). The fixed 7, satisfies 0 = 1y <t; < --- <t,, <a and the jump in y
at 1 is defined by Ay(#) = y(t;7) — y(t; ). Furthermore, w is H-valued Wiener process with covariance
nuclear operator Q >0. Let p be a stationary Poisson point process with characteristic measure A and
induces a compensating martingale measure N (dt,dn), which is independent of w with values in a mea-
surable space (Z,B(Z)).

Assume that L€ L(%E), and I, : 9 —E (k=1,---,m), f:Jx% —E, g:Jx% — L) and h:
J X E X Z — E are the appropriate functions. The Fj-measurable process ¢ = {¢(s) : —co<s <0} is
independent of the Wiener process as well as the Poisson point process. During the study of numerous
qualitative properties including approximate controllability, the uniform boundedness of the nonlinear
function is required. Notice that the linear term L(y,) in Eq. (1.1) need not be uniformly bounded. Thus if the
term L(y,) is absorbed in f(t,y;), then the uniform boundedness of f will loss. Furthermore, Mokkedem and
Fu [16] pointed out that the semigroup generated by A + L may also loss its compactness. Thus to study
various qualitative properties of system (Eq. 1.1) more rigorously, we use the technique of fundamental
solution instead of the theory of Cy-semigroup and for this motive, we cannot soak up L(y,) in f(z,y;). In
particular, the results in this manuscript are the extension of the work carried out by Mokkedem and Fu [13].

This manuscript is arranged as follows: Sect. 2 contains basic definitions, notations and some prelimi-
nary facts used for further development. Existence and uniqueness of mild solution to (1.1) is shown in
Sect. 3. In Sect. 4, we focused on the continuous dependence of solutions on the initial datum. The
Lagrangian problem is formulated in Sect. 5, and existence of an optimal state-control pair is studied.
Finally, in Sect. 6 an example is constructed to verify the derived results.
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2 Preliminaries

Let (E,|-|) and (H,|-|y) be separable Hilbert spaces and L(H; E) be the space of all bounded linear
operators from H into E. Throughout this paper, the norm of operators is denoted by || - ||, which is
indifferent to the spaces.

For (Q, F, P; {F,},c,;) be a complete filtered probability space with F contains all P-null sets of F, and
the filtration {¥,},., is increasing, right continuous and F = F,. Let N(ds,dn) be the Poisson counting
measure induced by a stationary Poisson point process p with characteristic measure 1. Then N(s, Z) =
> r<s1z(p(r)) and the compensated Poisson measure is defined by N(ds,dn) = N(ds,dn) — dsA(dn). Let
p2(J x Z,E) be the space of predictable functions ¢ :J x Z — E with [ fZ[E|| a(s n)Héds) (dn) < oo,
where E is the expectation defined by E(¥) = [, ¥(w)dP. Then, the integral [; [, o(s,n)N(ds,dn) can be
defined and it is a centered square- 1ntegrable martlngale

Let w be the H-valued Q-Wiener process (independent of p) defined on (Q,F,[P) with self-adjoint,
linear and bounded covariance operator Q such that 7r(Q) < co. Then, the filtration generated by w and p is
given by

Fo=a{w(r): r<s}Va{N((0,r],A) : r<s, A€ B(Z)} VPys € J,

where Py contains all P-null sets, B is a Borel o-field and the measurable set Z € B(H — {0}).
Let {B;(-)},cn be a sequence of mutually independent Wiener processes such that

Zfﬁ éj? SZO,

where {¢;}, . C H is a complete orthonormal set and {4; > 0} iy 18 a bounded sequence with the property
that Q¢; = A;¢; for all j € N.
For y € L(H;E), define

Iy = Tr(yQy) Z I/ 1.

The operator y is called a Q-Hilbert-Schmidt if [|i/||, <oo. Introduce the subspace Hy = Q'/’H of H with
the inner product (Y, %)y, = (0 07y, 0" l/zv,bz)H( and LY = L,(Hy; E) denotes the space of all Q-Hil-
bert-Schmidt operators from Hj into E. Let L’T (Q; E) be the space of all E-valued, strongly measurable and
square integrable stochastic processes.

Throughout this manuscript, the following definition of the phase space ¥ is used which is established by
Hale and Kato [17], and pursue the terminologies adopted in Hino et al. [18].

Definition 2.1 The phase space 9 is the set of all Fy-measurable mappings from (—o0,0] to E with a
seminorm || - ||, and the following axioms hold:

(A1) Ifyfrom (—o0,d] to E is continuous on J and yy € 9, then for s € J, we have:

® Vs €9,
(@) |y(s)| < Kl[ysllg3
(i) lyslly <R(s) sup{[y(r)| : 0<r<s}+ T(s)llyolls,
where K > 0 is a constant. The mappings R, T : [0,00) — [1,00) are such that R(-) is continuous and

I'(+) is locally bounded. Also K, R(-) and T'(-) are independent of y(-).

(A2) 9 is complete.

Lemma 2.2 [10] Let y:(—oo,al = E be an Fg-adapted measurable process such that
Yo = ¢ € LT (Q; %), then

Ellylly <Ra sup Ely(t)| + TaEll@lly,
0<1<s
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where R, = max,ey R(s) and T', = sup,; I'(s).

Consider the linear system associated to (1.1) given by

Gy(1) = Ay(1) + L(y,),1 > 0, 2
Yo=¢€Y.
The mild solution of (2.1) in terms of Cy-semigroup 7'(-) is given by
)+ t—s)L ,))ds, t>0;
(t.0) = JT( = L0 9)
o(1), t<0.
Now based on this mild solution, the fundamental solution D(-) € L(E) associated with (2.1) is defined by
@), t>0
D(t)x: {y( 7(10)()’ - (2.2)
0, <0,

where ¢? € ¢ and for any x € E,

0=0
00 _{)C, 3
20 =10, p<o.

Observe that ||¢?||, < |x| (see [19]).
Furthermore, (2.2) yields that D(-) is the unique solution of the equation

py | 1O+ [ 1= 0600, 10
0, t<0,

where D,(t) = D(t + 1) for <0 [19].
Consider the following linear inhomogeneous system
dy(t) = [Ay(t) + L(y,) +/(1)]dt, 1 > 0, (23)
Yw=¢€c%,

where A and L are as described above, the function f(-) € L;(R™; E).
For ¢ € 4, Mokkedem and Fu [19, Theorem 3.3] established the mild solution y(-, ¢) of (2.3) in terms
of the fundamental solution D(-), that is

_ 0)+ foD [L(¢;) +£(0)dL, 120
y(t,@)—{ 0 (p(t% : r<0,

where

o oD, (<0,
@(C)—{O’ (>0,

Based on the above discussion, we write the solution of (1.1) into explicit form as follows:
Definition 2.3 A cadldag process y : (—oo,a] — E, is called a mild solution of (1.1) if

()  y(@) is Fi-adapted;

@) [T Ey()dE < oo

(i) y(-) satisfies the following

+fo @) +£(Ly)ldl + [ D(t — gL, ye)ldw(Q)
y(1) = +f0 - fz Ly(C=),mN (dC,dn)+0<Zt:<tDt—tk)lk(y,k), €,

o(t), t € (—00,0].
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It is well-known that if 7'(-) is the Co-semigroup, there exist >0 and M, > 1 such that ||T(z)|| <M e"* for
all + > 0. Thus we have the following:

Lemma 2.4 [19, Theorem 3.2] For D(s), s € R, we have

(i) {D(s)};s¢ is a family of strongly continuous operators with D(s) € L(E) for all s and there are
constants C > 0 and y € R with the property that

ID(s) | < Ce®, 520,

Particularly, maxe; ||D(s)||* = M, for some M > 1.
(ii) D(-) is uniformly continuous on (0, a].

Lemma 2.5 [1, Lemma 7.2] For any p > 0 and y € Lf(Q; Ly([0,al; LY)), there is a constant ¢, > 0 such

that for every s >0
(2‘1}11 / HOdw(C ><cpl[E / ||w<c>||igdz].

Lemma 2.6 (Bihari inequality, [20]) Let b > 0, 09 > 0, and o(-) and y(-) be two continuous mappings on
[0, b]. Further, let the continuous map K : R — R be concave and nondecreasing with K(s) > 0 for
s>0.If

a(s) <o + /SV(C)/C(OC(C))dC, for all 0<s<b,
0

u(s) <G (G(ao) 4 /0 S v(é)dc>,

for all s € [0, b] with the property that

Gloo) + / "J(Q)dL € Dom(G™),

then

where G({) f,c(( {>0 and G~ is the inverse function of G. Moreover, if oy = 0 and fo K_C) = 00,
then o(s) —OforallJO<s§b

Lemma 2.7 [21] Suppose that the assumptions in Bihari inequality hold and

b
a(s) <o +/ P(OK(x({))d¢, for all 0<s<b,

a(s) <G (G(oco) + /b V(C)d&:),

b
G(ap) +/ 7(0)d¢ € Dom(G™1),

then

with the condition that

where functions G and G~' have the same meaning as in Lemma 2.6.
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Corollary 2.8 [21] Suppose that the hypotheses of Lemma 2.6 are satisfied and y(s) >0 for s E [0,D). If
for given ¢ > 0, there exists 0 < sy < b with the property that for 0 <op<e / Hdec< / ——— holds.

Then for every s € [so, b], the estimate o(s) <e.

Let O. = {n € H—{0} : |n|y<c} and M([0,a] x O:;E), p>2, denote the space of E-valued mappings
F(t,n), progressively measurable with respect to {F;},., such that

[E( / ’ / F(t,n)w(dn)dt) <o,

Lemma 2.9 [22] Suppose F € M3([0,a] x OC,E )N M2([0,a] x O; E); then for any s € [0, a]

(032&/ / (r,m)N(dr,dn) <d2{[E / |F(¢m) i(dn)dé)
/2
+EE< / [F(C,n)[* A(dn)d ) }
for some dy = dy(a) > 0.

Let Jy == (t, trs1), 0 <k <m and C(Jy; L} (Q; E)) be the space of continuous maps from J; into L7 (Q; E).
To study our problem, we introduce the space

PC:={y:QxJ—E)y|, € C(Ji; LY (QE)),0<k<m such that y(t,-) = y(¢,-) and
y(t, ) exist with yo = ¢ € 9},

where y| s, 18 the restriction of y to J;. Now define a seminorm in PC by
N\ 1/2
I¥llre = ollg +sup(Ey(0)F) v & PC.
te
We close this section by imposing the following restrictions:

H,) The operator L € L(%;E) and ||L||* = [, for some Iy > 0.
H,) The functions f, g and & are measurable and

(@) for Yy, € %, we have [f(,4y) —f(¥a)[* V lg(¥1) — (¥ 70 < A (Y1 — vall%)s
(b) for yi(+), yz()EE se€Jand y € Z,

/0 S e @ = )P

v ( / / (1 (=)o) — h(Coya(C=) )] ﬂ(dn)dc>

/ H (i (0) = ya(OP)L,

( /0 | el dndé) / A (W (QP)L,

where #" : RT — R is continuous, concave and nondecreasing function. Also, .#"(0) = 0, #"({) > 0
for { > 0 and fm%: 0.

¥y
n

L(dn)d(

(H;) For any te€J and ne€Z, there exists a positive constant ky such that
(2,00 V llg(z. 0) 29 V 1(0)* v /Z (2,0, m)*A(d) < ko.
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(Hy) For ¥y, 1, € 9, there exist positive constants g, (1 <k <m) such that

() — L) < qellyr, — lﬁz“é

3 Existence and Uniqueness

The existence and uniqueness of mild solution for the problem (1.1) is studied in this section. We first
construct a sequence of successive approximation as follows:

V() = /Dt— ¢ )de, t
V(1) = o(t), ,0, n=0,1,2,-
i /Dt_ F(YE 1d¢+/ D(t — gL,y ")aw({) (3.1)

+ /0 Dt~ 0) /Z W(Cy" (), n)N(dC, di)
+ Y D—w)L(y ") te, neN.

o<t <t
Lemma 3.1 If (H,)-(Hy4) hold and MmRi S < %. Then, there is a constant ¢, > 0 such that
k=1
1" 3¢ < c1, for all n>0.

Proof The Cauchy-Schwarz inequality and assumption (H,) yield that

/’Dr— ¢g)dl

T
<ME[p(O)F + 2aME _sup / I(6,)d
0<t<t

2
E sup [y°(r)]*<2E sup |D(t)p(0)* +2E sup

0<t<t 0<t<t 0<t<t

<IMKPE| |2 + 2aMiy / Ell |2
0

t 2
< 2Kl -+ 2avty [ E(R, sup [6()]+ Tull) ot

0<r<¢

<2M(K? + &lyT2)E| 9]l = co.
This shows that y°(-) € PC((—o0,a]; E). For n> 1, we have

E sup |y (t)]> <S5E sup |y°(x)]* +5E sup

0<7t<t 0<t<rt 0<7t<r¢

/ D(t—¢ ’571)

+ 5E sup / D(t - {)g(C,y; 1)dW(C)

0<t<t

2

+ 5E sup /0 D(IC)/Zh(C,ynl(C ), n)N(dL, dn)

0<t<t

(3.2)

2
+ 5E sup Z D(T*tk)lk(yz_l)

0<t<t|g<y <z

By assumptions (H,)-(Hj3), it follows that
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J» <aME sup / lf(C,y’f’l)Ide

0<t<tJo

< 2aMUOt Elf(z,y" ") — f(z,0)[dt + /Ot Elf (z, 0)|2dr]

)

gzaMU Ex (" |13)d + ako

J<eM / Elg(z, ") Pode
0

)

J4§d2Ml / / ne )P A(dn)dx
w o)

<3d,M / Ex (|y"" (7)*)dt + 2ad,Mky.
0

t
§202M[/ Ex (||y""]|%)dx + ako
0

Now, hypotheses (H3)-(H4) imply that

m m
JsSMmZE|1k<y:1“>|2s2Mm[Z[Elk(y ) — L (0 |+ZEE|Ik ]
k=1 k=1

<oMmy " iElly; |15 + 2MmPko
k=1

§2Mm2k0+4MmR§qu[E sup |y"’l(‘c)|2+4MmF§qu[EH(p||{2¢.
<

k=1 0<e<r k=1
Thus (3.2) becomes

t
E sup |y'(1)]* <N+ 15d2M/ Ex ([y"~(7)|*)dt 4 10(a + ;)M
0

0<t<rt
t
/ EA (!

+ 2OMmR2ZCIk[E sup |y (1),

k= 0<t<1t

Al:

where N = 10M(K? + a?lo[% + 2mI Z a0)El|l@ll + 10keM (dra + a* + acy + m?).
concave and #°(0) = 0, there exist constants by, b, > 0 with the property that

H(r) <by + byr,r >0.

Thus

Since

A ()

is
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t t
E sup |y"(r)|2§N2+15d2b2M/ [E\ynfl(f)|2df+10(a+cz)Mb2/ Elly" |2 dx
0

0<1t<rt

+ 20MmR? qu([E sup |y"'(x )Iz)y

0<t<t

where N, = Ny + 15d,aMb; + 10a(a + ¢;)Mb;. Using Lemma 2.2, we extract

t
E sup [Y'(7)]* <N3 + 15d2b,M / Ely"~" (¢)Pdt + 20(a + c2)Mb,R?
0

0<t<t

JE sw P (3.3)

0<{<t

+ 20MmRzzCIk([E sup |y~ 1(T)IZ),

0<t<r

where N3 = N, + 20a(a + cz)MbZFZH(pHg. For any ny > 1, the following inequality hold,

max E sup [y""'(0)" <E sup () +  max E sup [y"(7)]%.
1<n<ny 0<t<t 0<t<r o <1<t
Using this inequality in (3.3), we have

t

max E sup [y"(1)|* <Ns+Ns max E sup [y"({)]’dr,

1<n<ngy 0<t<t 0 1<n<ng O<L‘<T

m

where  Ns-+[15adyby+20a(a+c2)brR24+20mR2 Y gilMco
AM T = andD@ =
1-20MmR? Z G 1—-20MmR? Z G

5(3dy+4aR%+4c,R%)Mb,

The Gronwall inequality yields that

max E sup [y'(1)]* < Nye™.
1<n<ng 0<t<r

Since ny is arbitrary, for r € [0,a] and n> 1, E sup |y"(r)|2 < N4e™s | and hence
ggrgr

"7 = Ellolly + [E/O " () Pdr < El|glly +aNae™ = ¢,
which shows that y"(-) € PC((—o0,a]; E) and ||y”||?;c < ¢ for n>0; where ¢; = max{c, ¢}. O

Theorem 3.2 Suppose hypotheses in Lemma 3.1 hold. Then, the problem (1.1) admits a unique mild
solution in PC((—o0,al;E).

Proof For n,l € N and ¢ € (0,a] by the same analysis as in Lemma 3.1, we get

(s 0 - (OF) <4Mta+ ) [ o (RE swp () -y (O )ds

0<t<t 0<({<t

s s [ (E sy o0 -y ©F s

0<({<

+ 4MmR;, qu[E sup [y (1) =y (o).

0<t<t

Therefore,
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E(sup (e) = y'(9)1)

0<t<t

<ve [ (€ swp 0 - ©F s (3.4)

0<{<t

+ 35 (E sup [y () =y @),

0<t<t
where Ng = 4M(a + ¢ + 2d>), N7 = 4MmR2 Z g, and A1 (r) = A (R%r), r>0. Clearly, #";(-) is con-

cave, continuous and nondecreasmg real valued functlon on R* with #71(0) = 0.
Integrating and employing Jensen’s inequality in (3.4), we extract

[E( s b7© -y @ )i

0<({<t

t T
<No [ [C0(E sup ) - (0 e
0 Jo

0<r<¢

+N7/ E sup [y =y Q) Pdr

0<g<f

1
<N6/ J{”l [E sup |y”+l*1(r) —y”fl(r)|2> —dldr
T

0<r<({

+N7/0 E sup |y"71(0) —y"H(O)Pde

0<{<t
t T 1
§N6t/ A / E sup |y"+1_1(r)—y”_1(r)2fdi dt
0 0 0<r<¢ T
t
0 [E sup Q) -y O e (3.5)
0 0<{<t

t
Set @,,(t) = %/0 E sup |y"() —y"(¢)|*dx for all t > 0. Thus (3.5) becomes

0<{<t

t
D,,(1) SNe/ Ay ((anl.l(f))df+N7(I)n71,l(t)-
0

Now, Lemma 3.1 yields that
sup @, (1) <oo

n,l

Let @(t) = limsup,; ., ®,,(t), and using Fatou’s Lemma and properties of .#";(-), we obtain

t
®(1) < Ne lim sup / # ((D,,,u(r)>dr + N;O(),
0

n,l—oo

and hence

Ne !
(1) < #1(@(0))de.
0= 125 [ i (00)ar
By Lemma 2.6, it is extracted that ®(z) = 0 for all ¢ € (0, a] and hence it follows that

a
lim sup Ey"(7) — y'(1)|%dr =

=0 Jo 0<t<t

Thus we conclude that {y"(¢) : t € (0,a]}, .y is a Cauchy sequence in PC((—o0, a|; E), so there exists some
y € PC((—o0,dl; E) such that y*(t) — y(¢) as n — oo. The Borel-Cantelli lemma implies that y"(z) — y(¢)
uniformly for O<t<aasn— oo.

Now, using the properties of functions #°(-) and I;(-) (1 <k <m), for any t € (0, a], we have
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2
— 0asn — oo,

/ "Dl = Oy — F(Gye)] e

2

/OID(z =08y — gLy ]aw(()

— 0 asn— oo,

/0 "Dlr—0) [3 ALy (=)o) — h(Eoy(E=), mN(dCdn)| — 0 as n — oo,

— 0asn — oo.

> Dt = 1) (G = Le(yy)]

o<t <t

On taking limit as n — oo in (3.1), it is concluded that y(-) is a solution of the system (1.1).
Uniqueness: Let y((-) and y,(-) be two solutions of the problem (1.1). Then, the uniqueness is trivial if
t € (—00,0]. For 0<z<a, we have

Eosup |yi(0) —»a(0)

0<(<t

<t [0 (E s (o) a0 )ac + M (E sup 0= 0F)

0<7<¢ 0<{<t

Thus, it is deduced that

E s () ~wa(OP < 200 [ A0 (E s ) - (0P )z

Now, the Bihari inequality implies that E sup |y;({) — y2({)]* = 0,0<7 <a. Hence, y;(¢) = y,(¢) for all
—oo<t<a. 0<{<t 0

4 Continuous Dependence

In this section, we investigate the continuous dependence of solutions on the initial inputs.

Definition 4.1 A mild solution y?(-) of the problem (1.1) with initial data ¢ is said to be stable in mean
square if for given ¢ > 0, there exists 6 > 0 such that

Ellp — il <0 = E(_sup () =" (O)F) <e,

0<{<r
where yV(-) is the solution of (1.1) with initial data ).

Theorem 4.2 If hypotheses in Lemma 3.1 are satisfied, then the solution of the problem (1.1) is stable in
mean square.

Proof Lety?(-) and y¥(-) be the mild solutions of (1.1) with initial conditions ¢ and , respectively. Then,
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E(_sup [y(x) =y*(o)P)

0<t<t

<6E sup |D(t)[¢(0) - ¥(0)]’

0<t<t

w6t sup | [ D= 0)[Ea) - 200 at

0<1t<t

2

+6E sup | [ D= O[f(60) ~1(Co?)] dc'z

0<t<t
2

468 sup | [ D(e = 0)e(co?) - st aw(d

0<t<t

2

w6 sup | [ D= 0) [ e (@) - WEP ()] an)

0<t<t

2
+ 6E sup Z D(t — 1) [lk(y?k’) - Ik()’ﬁ)}

0<t<tlo<r <t

<6M(K* +@loT2 +2mI2 Y q)Ello — I
k=1

+12d2M/ (E sup y*(0) — (O )dr

0<(<rt

ola+cm [ (3RE sup Q) — ¥ OF +203E o - I )

0<({<t

+12mMRZqu[E sup |y”(c) — (7).

= 0<1t<t

Thus it follows that

E(_sup b*(e) —»(4)F)

0<t<r

t
<MiElo I+ 8o [ A (2RE sup b0 -y (OF
0 0<({<t
2
+ 20260~y )dr.
_ 6M(K2+azlol"ﬁ+2ml"§ :':1 qk) _ 6latert2d)M
where Ng = —2mMR2 S g and No = -2mMR2 S g

Now compute

2R2E( sup (1) — ¥ (0)) +2T2El 0 — v}

0<t<t

t
< (2 + 20 Bl — pIf + 2N [ (2REE sup bPO —MOF ()

0<({<t
+202E g — g} )dr

Let #'5({) = 2NoR2#({). Then, the restrictions on () implies that #'5(-) is concave, continuous,
nondecreasing real valued map on R such that #7(0 ) =0, #,() >0forall { >0, #({) > (1), for
any 0<{<1 and f0+ //‘jg( = oo. Therefore, for ¢y = 28 > 0, we get

lim Sldig—oo
=0 J; ;Z’z(C)
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Let 10 = (NGRS + 27261 — pIE, 2() = zRZE( () PO + 20280 - ¥l 7(0) = 1.
Then for oy < d<eg;, we have f fi > :' oD Mg <’fo {)d{. Now, by Corollary 2.8, we obtain
o(t) <g for any € [0, a]. That is,
2R2E( sup y*(e) =¥ (2)) +202E g — I} <a

0<t<t

which implies [E( sup |[y?(r) — y‘”(v:)|2) < ¢ for any ¢ € [0,a]. This shows the continuous dependence of
0<t<t
solutions on the initial values. g

5 Existence of optimal controls

Let V be a separable reflexive Hilbert space from which the controls v take the values. Further, let
Be Ly (J;L(V;E)), the space of operator valued functions which are measurable in the strong operator
topology and uniformly bounded on J, and ||B]|, denotes the norm of B on L, (J; L(V;E). Let L2-(J; V) be
the closed subspace of Lff(l x Q; V) consisting of all measurable and F,—adapted, E-valued stochastic

processes satisfying the condition
a
2
E [ b0 ldr<oc,
0

2
Wl ) = ( [ Hvdf> |

Let U # () be bounded closed and convex subset of V. Then introduce the set of admissible controls

A = {v(-) € LX(J;V);v() € Uaet € J}.

and endowed with the norm

Consider the infinite-delayed impulsive stochastic control system with Poisson jumps given by

dy(t) = [Ay(t) + L(y:) + B(e)v(r) + (1, y)]dr + g(t,y,)dw(1)
+ [5 h(t,y(t=),n)N(dt,dn), t € [0,a],t# tr,v € Au,
Ay(te) = Iy ) k= 1,2, -+ m
Y=¢c%9,

where B € L.(J; L(V;E)). Clearly Bv € L,(J;E) for all v € Aug. Set f(t,y) = f(t,:) + B(t)v(t). Observe

that f (t,y) satisfies both the assumptions (H,) and (H3). By virtue of Theorem 3.2, for every v € A,,, the
solution of (5. 1) exists and has the form

(5.1)

+f0 () + BOV(O) + (L y)ldl + [ D(t = O)g(L,yo)ldw(()
y(t) = +fo - fz Ey(E=)mN (dC,dn)+0<;<tD(t—tk)Ik(yrk), t€0,a], (5.2)

o(t), t € (—0,0].

Statement of problem (P;): Find an admissible state-control pair (y°,v°) € PC((—o0,al; E) X Ayg with the
property that

T’ V) < TG0, v), for all(y',v) € PC((—o0,al; E) X A,

where

TG ) = E / " sy ()0 (s))ds

@ Springer



Infinite-delayed stochastic impulsive... 357

and y" is the mild solution of (5.1) associated to the control v € A,,. For existence of solution to the problem
(Py), the following hypothesis is required:

(Hs) The cost functional ¥ :J x E X 4 x V — RU{oo} satisfies

) # is Borel measurable.

@)  Z(s,-,-,-) is sequentially lower semicontinuous on E X ¢ x V for almost all 0 <s<a.
(iii) For almost all 0<s<a and for eachy € E, y € 4, L(s,y,V,-) is convex on V.

(iv) Let p € L;([0,4a]; R) be a nonnegative function such that

2
p(s) +nlyl+ralllly + arlvly < L (s, 5,4, v),
where ri,r, >0 and o, > 0 are constants.
By the same analysis as in Lemma 3.1, we have the following result.

Lemma 5.1 Suppose assumptions in Lemma 3.1 hold, and let y be the solution of problem (5.1) corre-
sponding to v € Ay, then there exists py > 0 such that H)’”%c < Py

Lemma 5.2 If the Cy-semigroup T(-) is compact, then the operator S : sz(J ; V) — PC defined by
t
(Sk)(t) = / D(t — s)k(s)ds,
0

is completely continuous.

Proof  Suppose that {k,(-)},~; C L%(J; V) is bounded. For each n> 1, we have

2
E|(Ska) ()]* = E

/ D — s (s)ds
0

2
SM||kn”L§,(J;V)'

This shows that Sk, is bounded. Now we prove that Sk,(-) is equicontinuous on J. Let ¢ > 0 be small
enough such that 0 <e<t; <t <a. Then
2

E|(Skn)(12) — (Ska)(11)]” < 3E

/0 "D — 5) = D11 — )k (5)ds

2
+ 3k

/ttlr['D(tz —5) = D(t; — 5)|kn(s)ds

2
+ 3E

/l2 D(t, — s)ky(s)ds

t—¢

<3 [0 D=9 = Dl = )Pl
2 2

+ 6M*‘3Hkn||1,§f(J;v) +3M(1, — tl)Hansz(J;V)'

By Lemma 24 (ii), D(¢) is uniformly continuous for ¢ € (0, a]. Thus E|(Sk,)(t2) — (Skn)(t1)| — 0ast, — #
and ¢ — 0. Therefore, the set {Sk,(-)},~, is equicontinuous on (0, a]. Moreover, its equicontinuity at
t = 0 is trivial. -

Finally, we assert the relative compactness of the set {Sk,(-)},~, in E for each 7€ J. Clearly
{Sk,(0)},~, is compact. Let ¢ € (0,a] be fixed. Let ¢ > 0 be small enough such that r — ¢ > ¢. Using

definition of D(-), we have
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1—s

D(t—s)=T()D(t—s—¢)+ / T(t — s — 1)L(D,)dx.

t—s—¢&

Now define

(S, (1) = / — $)kn(s)ds

/ D(t — s — &)k, (s)ds + 2°(t, ky),

where 2(1.k,) = [ T - S5 ©)L(D; )k, (s)dds.

1—s—¢

Since [EU “D(t — 5 — )ku(s)ds|” < oo, the compactness of T (z) yields that the set {T'(¢) [ "D(t—s —
&)kn(s)ds}, - is relatively compact in E.
Next for 0 <egy <e, define

1—s—&y _
25%(t, k) / / T(t — s — 1)L(D, )k, (s)dzds
' 11— 1—s—&y
—TF()/ / T(t — s — &y — 1)L(D;)k,(s)dzds.
t

Now it is not difficult to check that E|[“ [" 7" T(t—s—g — I)L(Df)kn(s)drds‘2<oo. Again the
compactness of T(gy) implies that for any fixed 0<t§a such that e<r/2 the set {z°(t,k,)}, > is
relatively compact in E. Hence, we can find a finite set {zj : 1<j<m;} in E such that

m

{2t k) bzt € USon(@),
j=1

where S;/,(z;) is the open sphere in E with centre at z; and radius 6/2 > 0. If My := max;; IT(1)]?, then
El2(1, kn) — 2% (1, k) | < eoMrloaM || 72, ) = r(e0).

If we choose & small enough such that r(g) < /2, then

(k)b < LUSa(e):

j=1

Therefore, for any fixed ¢ € (0, a] and O<s<t/ 2, the set {z°(¢,k)}, > is relatively compact in E. Finally

2
E[(Skn) (1) — (S%,) (1) < 2F Jou(5)ds +2[E/ D(t — )y (s)ds

S4M8Hkn||L2f(J;V)
— 0 ase— 0.

This completes our assertion. Thus by the Ascoli—Arzela theorem, we obtain the compactness of S. Clearly,
S is linear and continuous. Hence it is completely continuous. O

Theorem 5.3 Assume that Cy-semigroup T(-) is compact. If assumptions in Lemma 5.1 and (Hs) hold,
then problem (P) admits at least one optimal pair.

Proof The main objective of this result is to minimize the performance index J(y",v), where
(y",v) € Vaa = {(y,v) : y satisfies the equation (5.2) together with the control function v € A,,}.
Now, without loss of all inclusive statements, we assume that

inf{T(y,v) : (y,v) € PC((—00,al;E) X A} = e<o0.

Then assumption (Hs(iv)) yields that ¢ > — oo. Also, there is a minimizing sequence of feasible pairs
{(",v") }ieny € Vaa such that J(y", V") converges to & as n — 00.
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Since the set {V"},.y C Ay is bounded in the separable reflexive space L%(J;V), there exists a
subsequence, still labelled by {v"} and v* € L%-(J; V) such that v" — v weakly in L% (J; V). Furthermore,
the convexity and closeness of 4,; together with Mazur’s Lemma implies that W e Auq. Let y* and yo be
the solutions of (5. 1) associated to V" and 1, respectively. Then

+f0 [L(¢;) + BV (L) + (L yD]d + [y Dt — )g(Lyh)aw(()
y'(1) = +k - & Ly —W)WQM%HELPU—@MM%IEL
pe9, t<0, A
and
+f0 — OIL(@) + BOW() + (L yDdl + oDt — gL, y2)dw(()
Y () = +f0 - fz h(£,3°(C=), n)N(d¢, dn) +0<2t:<t9(f— tk)lk(y,k)» rel,
pe9, t<0. k

By the boundedness of {v"}, .y and Lemma 5.1, it follows that for some p, > 0
EY e < por 1= 0,1,2, .
If + <0, then E|y"(t) — y°(r)]* = 0. For ¢ € J, by hypotheses (H,)-(Hy), we get
E sup [y"(s) —»"(s)”

0<s<t

< SEIE, (1) + SaME /0 F(s,7) — F(5,y°) s

t t
1 5e,ME / 18(5,57) — g(s,2)Pds + SdME / L (5,5 (=), 1) — h(s,3°(s— ), ) PA(dn)ds
+ Sd;ME

. 1/2
( /0 /Z 115,y (s=) ) —h(s,yo(s—),n)l4?~(dn)dS>

+5Mm > RGL) — KO

o<n <t

<5[6, (0 + S(a+ e | A (RE sup Q) — (O )ds

0<(<s

T 10d2M/ (E sup [y"(8) —y°(O))ds

0<{<s

+ SMmK; qu([E sup |y'(s) =>°()P),

0<s<t

where &,(f) = [; D(t — s)B(s)"(s) — v°(s)]ds. Thus

t

E sup Iy”(s)—y°(s>|2§Nlo[E|én(t)|2+Nn/ A(E sup [y"(0) — ()% ds,
0<s<t 0 0<{<s

where Ny z%, Ni Zwand «/f/l( ) Jf/(Rz ) r=0.

1-5MmR2 Z qk 1—-5MmR2 E Gk
k=1 k=1

Using Lemma 5.2, we get &,(t) — 0 PC as n — oo. Thus by the dominated convergence theorem, we
derive
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lim E sup Iy”(S)—yO(S)IQSNn/O A1 (lim E sup [y"(0) —»°(O))ds.

n—00 g<s<y "m0 0<(<s
Thus, Bihari inequality yields that
lim E sup [y"(s) —y°(s)* = 0.

=00 <5<t

This implies that y" — y° as n — oco. Finally, assumption (Hs) and Balder’s theorem [24] yield that

e = lim [E/ E(s,y"(s),yf,v"(s))dsZ[E/ L(5,5°(5),5°,0°(s))ds = T(°, W) > e
0 0

n—0o0

That is, 7 procures its minimum at (y°,1°) € PC((—00,a]; E) x A4 Hence, the proof is completed. [

6 Example

Consider the following infinite-delayed stochastic system steered by Poisson jumps and impulses

da(t,v) = (%z(t, 0) + [ T (= v, x)2(C X dxdl + [ (v, Ov(E, t)dC) dr

+F(t,z(t — p,v))dt + G (t,z(t — p,v))dp(2)

+ [5 Hi(t,z(t—,v),n)N(dt,dn),p > 0, v € (0,n),7 € [0,5], t # t, ©6.1)
Az(tg,0) = L(z, (-, 0)),k=1,2,- - \m

z(t,0) = z(t,m) =0, 0<r <5,

2(t,0) = ¢o(t,v), t<0, 0<v<m,

where ¢y(-,-) is Fo-measurable, ff(-) is the standard Wiener process.
The Poisson counting measure N(dt,dy) is induced by p and the compensating martingale measure is
given by

N(dt,dn) = N(dt,dy) — dti(dy).

To write the problem (6.1) in abstract form (5.1), set E = L,([0,7]), H = R and V = L,([0, 5]). Define the
E-valued operator A by A¢ = ¢" with D(A) ={¢ € E: & " € E;and £(0) = &(n) = 0}. Then clearly

Aé = i —k*(E, &) € € D(A), where & (x) = \/%sin(kx) (k € N) form a complete orthonormal basis of
norma]ii:zled eigenvectors of A. Moreover, A generates a strongly continuous semigroup {7'(#)}, -, where
T(1)¢ = > e & ) L € E.

Consikgelr the phase space ¥ = Cy X Ly (g : E) with

Il = I+ [

—0Q0

0

GGIRIE

where g|[/()||* is Lebesgue integrable on (—o0,0) and ¢ : (—c0,0) — R is the Lebesgue integrable pos-
itive function. Observe that for an appropriate function g, the space ¥ satisfies axioms (A;) and (A4,) [18].
Now, we assume the following:

i (¢ -, +) is measurable on C([0, 7] x [0,7]), and 1,({,0,-) = p,({,n,-) = 0 for { <0. Moreover,

/(/ooQ /|,u1€vz|dzdl>dv<oo

(ii) The function ¢y(t,v) € L (Q;%).

(iii)  The real valued function u, is continuous on [0, 7] x [0, 7t].
We take the control v : 7z([0, 7]) — R such that the map { — v(-, ) is measurable and v € L,(7 z([0, 7])). Let
U={veV:|vly<p} where p, € L([0,51iRY), and Uy = {v € Ly(T2([0, 7)) 5 [v(+1) 05 < 21 (1
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ae. t€0,5]}. Set y(r)(-) =z(t,-) and @(t)(-) = ¢y(t,-). Define the maps L:% — E, B(t):V — E,
f:00,5| x99 —E g:[0,5]x%9—>R,h:[0,5|XExZ—Eandl:¥%— E by

L)) = Eb(-y)) = / ] / " (Cyon) $(C mydn dC,

()()(y)=0u( Ov(L, r)de,
Fe ) () = Fi(t, (-, y)),

gt ¥)(y) = Gi(t, (),

h(t,z,n)(-) = Hi(t,2(-),n),
L)) = Ly (- y)).

Now, for any {y € 4, by hypothesis (1) it follows that
2

ILG)|)? < m (Cyym) W(C m)dn dC| dy

< /0 i ( / 0: [ e wic i dC) P
<[ [ In ( I |u1<<,y,n>|2dn>%< I Ilﬁ(C,n)lzdnde] P
<[ [(/3:%/0 lmé,y,n)Pdndc)

( RGN d@)]dy
< (A/;@/O i (Coym)l dCdy> 11

2
2
= lollylls-

This shows that (H;) hold. 5
Now, consider the performance index J(z",v) = E / L(t, 2'(1), z/, v(t))dt, where

220,500 = [ (R0 + b oP)ae+ [ [ 1w opanas

with respect to the problem (6.1). Further, we impose suitable conditions on F, G|, H, and I} so that they
verify the hypotheses of Theorem 5.3. Thus, problem (6.1) has at least one optimal state-control pair.
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