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Abstract In this paper, we are interested in the existence and multiplicity of positive solutions for the
following Kirchhoff—Schrodinger—Newton system

—(1 +b/ |Vu2dx>Au = (A +0)u+ ¢lulu, in Q,
Q

—Ad = |ul, in Q,
u=¢ =0, on 0Q,

where Q C R* is a smooth bounded domain, b > 0, § > 0, A1 is the first eigenvalue of —A on Q, and two
positive solutions are established via variational method.
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1 Introduction and main result

We consider the following Kirchhoff-Schrodinger-Newton system
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—(l + b/ |Vu2dx)Au =4 +0)u+ dluju, in Q,
Q

—Ad = |ul, in Q,
u=¢ =0, on 0Q,

(1.1)

where Q is a smooth bounded domain in R*, » > 0, § > 0 and /, is the first eigenvalue of —A on Q.
The topic of the existence and multiplicity of solutions to problem

- +b/V2d>A:h,,'Q,
<a , |Vu|"dx | Au = h(x,u), in (1.2)
u=20, on 0Q,

has been extensively studied and many classical results have been obtained on a bounded domain or
unbounded domain, see for example [1, 2, 7, 10-12, 15]. In addition, there are a lot of researches on the
existence of solutions for Kirchhoff type problem involving critical growth, see for example
[3, 8,9, 13, 14, 16]. In particular, Naimen in [9] considered the following Kirchhoff type problem

—(1 + b/ |Vu|2dx) Au= '+, in Q,
Q
u=0, on 0Q,

where Q is a smooth bounded domain in R*, if u > bS?, and a positive solution is obtained in the case of
p = 2 with A< A, (where 4, is the first eigenvalue of —A on Q) or 2<p <4, 1 > 0 small enough.
Recently, Zhong ang Tang in [17] considered the following equation

—(1 +b/ |Vu|2dx>Au = Ju+ u®, in Q,
Q
u=>0, on 0Q,

where Q C R? is a smooth bounded domain. With the help of the Nehari manifold, the authors obtained two
positive solutions provided 4; <A<A4; + ¢ (here ¢ is small enough), x> 0.
Very recently, Zhao in [18] studied a Kirchhoff-Schrodinger—Poisson of the form

(a + b/RB[|Vu|2 + V(x)u2]> [—Au + V(x)u] + A(x)pu = f(x,u), in R,
—A¢ = A (x)u?, in R?,

where 4 > 0, fhas sublinear growth in u, and infinitely many solutions were obtained by using the symmetric
mountain pass theorem. However, the case of critical growth is not considered.

Based on the above studies, on one hand, for the cases of Q C R, it is difficult to establish the results of
[17]. On the other hand, [18] did not consider critical growth.

The main result can be described as follows.

Theorem 1.1 Assume b > 0, then the system (1.1) admits two positive solutions provided é small enough.

2 Proof of theorem

Throughout this paper, the following notations are used. For simplicity, the space H}(Q) is equipped with
the norm |[u| = (J, |Vu[?dx)? and the norm in I7(Q) is denoted by lul, = (Jq |uldx)r. We denote by S,
(respectively, B,) the sphere (respectively, the closed ball) of center zero and radius r, ie., S, = {u €
H}(Q) : |Jul| = r}, B, = {u € H}(Q) : |Ju]| <r}. Let S be the best Sobolev constant, namely

Vuld
Si= inf JolVuldx a
MEH()(Q)\{O} (fQ ‘u|4dx)2

With the help of the Lax-Milgram theorem, for every u € H{(Q), as the second equation of system (1.1) has
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a unique solution ¢, € H}(Q), we substitute ¢, to the first equation of system (1.1) and then the system
(1.1) can be transformed into the following equation

— <1 + b/ Vu|2dx> Au= (A + 0)u+ ¢,|ulu, in Q,
Q
u=>0, on 0Q.

(2.1)

We can easily prove that (u, ¢) € H}(Q) x H}(Q) is a solution of system (1.1) if and only if u solves (2.1)
and ¢ = ¢,. The energy functional associated with problem (2.1) is defined by

1 b 1 A+0
1) =5 l? + 3l 5 [ s =252 [ fuax.

Lemma 2.1 (see [5]) For every u € H}(Q), there exists a unique solution ¢, € H}(Q) of
—Ag = [uf’,in Q,
and

(1) ¢, >0 for x € Q, and for each t # 0, ¢,, = >

(2) Jo bulul’dx = Jo [V, [dx < S~ ul".
(3) Assume that u, — u in Hy(Q), then

3 3 3
fQ ¢u,,|uﬂ| dx — fQ d)un—u|u" - Lt| dx = fQ ¢u|u| dx+0n(1)'

Lemma 2.2 Assume that b > 0, there exist constants p, o > 0 such that I satisfies the following conditions:

ue

() I(u) > aif u €S,, and inf,cp, I(u) <O.
(ii) There exists e € H}(Q) such that I(e) <0 when |le|| > p.

Proof (i) By Lemma 2.1, we have
2 4 3 Ji+d 2 51112 4 6
100) = 3 ual® + 5 lull* = & Joy bl = S o juPde > 2 ul® + 5 ull* = g full®. (22)

Then there exist p,dp > 0 such that I|g > o when 0 € (0,dy). Furthermore, for given p, let ¢; be
correspondent eigenfunction for /; and it holds that

I
lim 2021) _ —5/ P3dx <0,
Q

—0t 2 2
Then there exists # small enough such that I(u) <0. We can well define
d = inf I(u) <O.

u€B,
(ii) For any u € H}(Q)\{0}, r > 0,

2 2 4 4 6 3
H(ru) < 5 lul|” + 2 [|ul|” =5 o dulul”dx
— —00 as t — +o00.

Then there exists fo > 0 large enough such that I(fou) <0 and ||fou|| > p. Letting e = fou, then the con-

clusion follows. The proof is complete. O
We define
bS*  bSE  S2(bPS*+ 4)°
LS PSSy
TR 24

Lemma 2.3 [f{u,} C H}(Q) is a (PS), sequence for I with c <c* — % Then there exists u € H}(Q) such
that u, — w in HY(Q) and [, ¢,, |u’dx — [, ,|ul>dx. l
Proof Let {u,} C H}(Q) be such that

I(u,) — ¢, I'(u,) — Oasn — oc. (2.3)

By (2.3), we see that
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I+c+t ( Ml > 1(1n) — §{I' (1), 1)
4 )
= a1+ o] = 252 fo i,

which implies that {u,} is bounded in H}(Q). Then up to a subsequence, we may assume that, there exists
u € H)(Q) such that u, — u weakly in H}(Q).

Set w, = u, — u, then ||w,|| — 0. Otherwise, just suppose that lim,_,, ||w,|| = ! > 0. From (2.3), letting
n — oo, for every ¢ € H}(Q), it follows

(14 b|jul* + blz)/(Vu, Vo)dx — / o, |ul>pdx — (21 + 0) / updx = 0. (2.4)
Q Q Q
Taking the test function ¢ = u in (2.4), it holds that
(1 +bljull* + b2)|ul|* — / dululdx — (4 +6) / |u*dx = 0. (2.5)
Q Q

By Lemma 2.1, putting ¢ = u, in (2.3) again, there holds
o(1) = wall® + > + Bliwa [* + 28l1w, |2 lua]> + bl
— Joy b, IWalPdx — [y luldx — (24 + ) [, ul*dx.
It follows from (2.5) and (2.6) that

Iwall* = Bllwall* + Bllwal | fl]* - /Q¢W,,Iwn|3dx =o(1). (2.7)

By Lemma 2.1, we have fg ¢ wn|3dx§ S’4Hwn||6, then

Wy

bS* 4+ (/25 4 454 (1 + bu]]?)
5 .
On one hand, by Young inequality and (2.5), one gets

A +5 bl
I(u )——II P+ || == /I Pdx *Tllullz_ ° ul? +1 || I *—H ¥ _*—H I~

P>

31911

On the other hand, we easily conclude from (2.3) and (2.7) that
_ 172 _ b4 _ bR 2 bS* _ VbASB+4S*  2b3S844bst hZS“\/bZSS 45* _ b 2
) =c—3P =51 =5 |lu||” <o — % — 5= — 25000 — 5 — O |

‘g PS4} 22 2
= o= B - SO > B

3b)
This is a contradiction. Therefore, [ = 0, then u,, — u in HA(Q). Note that
0< Jo bulunl’dx — [o b, Jul*dx < S™#[w, || + 0(1) — 0,
and 50 [, ¢, [us|*dx — [, ¢,ul’dx as n — co. The proof is complete. O

For N = 4, it is well known that S is attained by the functions v,(x) = 7 where x € R* and ¢ > 0. Let
n € Cy°(Q) be a cut-off function such that 0<yn <1, |Vy|<C and #( xs =1 for |x|<2R, n(x) =0 for
|x| > 3R. Define u,(x) = 5(x)v,(x). It is known ( [6]) that

/ |Vu,[*dx = §* + 0(8),/ |u|*dx = §* + O(&%);
Q Q

/ lu,[2dx = O(e] 1n8|),/ lu,|9dx = O(e "), for q € (2,4).
Q

Lemma 2.4 We have sup,zol(l‘us) <c" - Wéz

Proof Since —A¢, = ul, by the Young inequality, one obtains
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/ugdx:/quunVugdx
Q Q

1 1 1 1 ’
< —/ |v¢u,|2dx+—/ |Vu8|2dx:—/ ¢u_u§dx+—/ |V, |*dx.
2 Ja ‘ 2 Ja 2 )" " 2 Ja

Thus it holds that
Jo Guddx>2 [yutdx — |u,]|* =252 + O(e?) — §* + O(e) = §* + O(e).

Then we have

2, bt M0 3 (A1 + )t )
o) =Sl + o el = [ gl =500 | P

2 bt* 1 e
D O R L L *dx+ 0
<58+ st -8 = O0 [+ 00
Set
2 bt* 1%
HN==84+—8"-—8
8(1) =5 ) g
and

Since lim, ., g() = —00, g(0) = 0, and lim, ¢+ g(¢) > 0, it follows that sup, ., g(¢) attained at T > 0, that
is
g (1| = TS* + bT3s* — T°§* = 0.
Observing that
7 bS? + V25t + 4
= f .

Note that g(¢) is increasing in the interval [0, 71, then
1 b S bS* +V/b25* +4  bS*2b°S* + 4 4 2bS*\V/D2SH + 4
g <T? (18?4 Lg2) =2 2 PV A DO s ks
3 12 3 2 12 4
be“ n S2V/b284 + 4 N 20388 + 4bS* + 20%S0/b2SH + 4 _
6 6 48 v

As lim, . h(t) = —oo0, it follows that sup,. o A(t) attained at 7, > 0. Similar to the paper [8], there exist
t1,t > 0 such that

Hh<t;<hHh<+ o0,

where 7,1, are independent of ¢, J.
Note that [, |u,|*dx = O(¢|Ing|). Let & = 6% be enough small, then we have

242
I(tu,) <c"+ Cie — G, %d In gl

- = c¢* +6*(C) — G3Ind) <c* —ﬁéz,
provided o <5léec—31, and so the proof is complete. O
Proof of Theorem 1.1 Set , = min{Jdy,d,} and o € (0, ,). Define

= {y € C([0, 1], Hy(Q)) : (0) = 0, (1) = e}.

And let {u,} C H}(Q) be a nonnegative (I(u,) = I(|u,|)) (PS). sequence for I, namely
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I(u,) — ¢, I'(u,) — 0,

where ¢ = inf,cr max,c(oI(7(¢)). Then by the mountain-pass theorem [4] and Lemmas 2.3-2.4, we can

assume that there exists u; € H}(Q) such that u, — u; in H}(Q) and

I(uy) :nlinolol(u,,) =c>a>0,

which implies that u#; Z 0. Note that u#; > 0. Then the strong maximum principle suggests that u; is a
positive solution of problem (2.1), which implies that (u;, ¢, ) is a positive solution of system (I.1).
Besides, by Lemma 2.2-2.3, it is easy to prove that system (1.1) has a positive local minimizer solution u;
with I(u;) = d <0. The proof is complete. O
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