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Abstract In this paper, we are interested in the existence and multiplicity of positive solutions for the
following Kirchhoff–Schr€odinger–Newton system

� 1þ b

Z
X
jruj2dx

� �
Du ¼ ðk1 þ dÞuþ /juju; in X;

�D/ ¼ juj3; in X;

u ¼ / ¼ 0; on oX;

8>>><
>>>:

where X � R4 is a smooth bounded domain, b [ 0, d[ 0, k1 is the first eigenvalue of �D on X, and two
positive solutions are established via variational method.

Keywords Kirchhoff–Schr€odinger–Newton system � Critical exponent � Variational method

Mathematics Subject Classification 35D30 � 35E15

1 Introduction and main result

We consider the following Kirchhoff-Schr€odinger-Newton system
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� 1þ b

Z
X
jruj2dx

� �
Du ¼ ðk1 þ dÞuþ /juju; in X;

�D/ ¼ juj3; in X;

u ¼ / ¼ 0; on oX;

8>>><
>>>:

ð1:1Þ

where X is a smooth bounded domain in R4, b [ 0, d [ 0 and k1 is the first eigenvalue of �D on X.
The topic of the existence and multiplicity of solutions to problem

� aþ b

Z
X
jruj2dx

� �
Du ¼ hðx; uÞ; in X;

u ¼ 0; on oX;

8<
: ð1:2Þ

has been extensively studied and many classical results have been obtained on a bounded domain or
unbounded domain, see for example [1, 2, 7, 10–12, 15]. In addition, there are a lot of researches on the
existence of solutions for Kirchhoff type problem involving critical growth, see for example
[3, 8, 9, 13, 14, 16]. In particular, Naimen in [9] considered the following Kirchhoff type problem

� 1þ b

Z
X
jruj2dx

� �
Du ¼ kup�1 þ lu3; in X;

u ¼ 0; on oX;

8<
:

where X is a smooth bounded domain in R4, if l [ bS2, and a positive solution is obtained in the case of
p ¼ 2 with k\k1 (where k1 is the first eigenvalue of �D on X) or 2\p\4, k[ 0 small enough.

Recently, Zhong ang Tang in [17] considered the following equation

� 1þ b

Z
X
jruj2dx

� �
Du ¼ kuþ lu5; in X;

u ¼ 0; on oX;

8<
:

where X � R3 is a smooth bounded domain. With the help of the Nehari manifold, the authors obtained two
positive solutions provided k1\k\k1 þ d (here d is small enough), l [ 0.

Very recently, Zhao in [18] studied a Kirchhoff–Schr€odinger–Poisson of the form

aþ b

Z
R3

½jruj2 þ VðxÞu2�
� �

½�Duþ VðxÞu� þ klðxÞ/u ¼ f ðx; uÞ; in R3;

�D/ ¼ klðxÞu2; in R3;

8<
:

where k� 0, f has sublinear growth in u, and infinitely many solutions were obtained by using the symmetric
mountain pass theorem. However, the case of critical growth is not considered.

Based on the above studies, on one hand, for the cases of X � R4, it is difficult to establish the results of
[17]. On the other hand, [18] did not consider critical growth.

The main result can be described as follows.

Theorem 1.1 Assume b [ 0, then the system (1.1) admits two positive solutions provided d small enough.

2 Proof of theorem

Throughout this paper, the following notations are used. For simplicity, the space H1
0ðXÞ is equipped with

the norm kuk ¼ ð
R

X jruj2dxÞ
1
2 and the norm in LpðXÞ is denoted by jujp ¼ ð

R
X juj

pdxÞ
1
p. We denote by Sr

(respectively, Br) the sphere (respectively, the closed ball) of center zero and radius r, i.e., Sr ¼ fu 2
H1

0ðXÞ : kuk ¼ rg; Br ¼ fu 2 H1
0ðXÞ : kuk� rg. Let S be the best Sobolev constant, namely

S :¼ inf
u2H1

0
ðXÞnf0g

R
X jruj2dx

R
X juj

4dx
� �1

2

:

With the help of the Lax-Milgram theorem, for every u 2 H1
0ðXÞ, as the second equation of system (1.1) has
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a unique solution /u 2 H1
0ðXÞ, we substitute /u to the first equation of system (1.1) and then the system

(1.1) can be transformed into the following equation

� 1þ b

Z
X
jruj2dx

� �
Du ¼ ðk1 þ dÞuþ /ujuju; in X;

u ¼ 0; on oX:

8<
: ð2:1Þ

We can easily prove that ðu;/Þ 2 H1
0ðXÞ � H1

0ðXÞ is a solution of system (1.1) if and only if u solves (2.1)
and / ¼ /u. The energy functional associated with problem (2.1) is defined by

IðuÞ ¼ 1

2
kuk2 þ b

4
kuk4 � 1

6

Z
X

/ujuj3dx� k1 þ d
2

Z
X
juj2dx:

Lemma 2.1 (see [5]) For every u 2 H1
0ðXÞ, there exists a unique solution /u 2 H1

0ðXÞ of

�D/ ¼ juj3; in X;

and
ð1Þ /u� 0 for x 2 X, and for each t 6¼ 0, /tu ¼ t3/u.
ð2Þ
R

X /ujuj3dx ¼
R

X jr/uj2dx� S�4kuk6.
ð3Þ Assume that un * u in H1

0ðXÞ, thenR
X /un

junj3dx�
R

X /un�ujun � uj3dx ¼
R

X /ujuj3dxþ onð1Þ.
Lemma 2.2 Assume that b [ 0, there exist constants q; a [ 0 such that I satisfies the following conditions:

(i) IðuÞ[ a if u 2 Sq, and infu2Bq IðuÞ\0.
(ii) There exists e 2 H1

0ðXÞ such that IðeÞ\0 when kek[ q.

Proof (i) By Lemma 2.1, we have

IðuÞ ¼ 1
2
kuk2 þ b

4
kuk4 � 1

6

R
X /ujuj3dx� ðk1þdÞ

2

R
X juj

2dx� �d
2k1
kuk2 þ b

4
kuk4 � 1

6S4 kuk6: ð2:2Þ

Then there exist q; d0 [ 0 such that IjSq
[ a when d 2 ð0; d0Þ. Furthermore, for given q, let u1 be

correspondent eigenfunction for k1 and it holds that

lim
t!0þ

Iðtu1Þ
t2
¼ � d

2

Z
X

u2
1dx\0:

Then there exists u small enough such that IðuÞ\0. We can well define

d ¼ inf
u2Bq

IðuÞ\0:

(ii) For any u 2 H1
0ðXÞnf0g, t [ 0,

IðtuÞ� t2

2
kuk2 þ bt4

4
kuk4 � t6

6

R
X /ujuj3dx

! �1 as t! þ1:

Then there exists t0 [ 0 large enough such that Iðt0uÞ\0 and kt0uk[ q. Letting e ¼ t0u, then the con-
clusion follows. The proof is complete. h

We define

c	 ¼ bS4

4
þ b3S8

24
þ S2ðb2S4 þ 4Þ

3
2

24
:

Lemma 2.3 If fung � H1
0ðXÞ is a ðPSÞc sequence for I with c\c	 � d2

3bk2
1

. Then there exists u 2 H1
0ðXÞ such

that un ! u in H1
0ðXÞ and

R
X /un

junj3dx!
R

X /ujuj3dx.

Proof Let fung � H1
0ðXÞ be such that

IðunÞ ! c; I0ðunÞ ! 0asn!1: ð2:3Þ

By (2.3), we see that
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1þ cþ oð1Þkunk� IðunÞ � 1
6
hI0ðunÞ; uni

¼ 1
3
kunk2 þ b

12
kunk4 � k1þd

3

R
X junj2dx;

which implies that fung is bounded in H1
0ðXÞ. Then up to a subsequence, we may assume that, there exists

u 2 H1
0ðXÞ such that un * u weakly in H1

0ðXÞ.
Set wn ¼ un � u, then kwnk ! 0. Otherwise, just suppose that limn!1 kwnk ¼ l [ 0. From (2.3), letting

n!1, for every u 2 H1
0ðXÞ, it follows

ð1þ bkuk2 þ bl2Þ
Z

X
ðru;ruÞdx�

Z
X

/ujuj2udx� ðk1 þ dÞ
Z

X
uudx ¼ 0: ð2:4Þ

Taking the test function u ¼ u in (2.4), it holds that

ð1þ bkuk2 þ bl2Þkuk2 �
Z

X
/ujuj3dx� ðk1 þ dÞ

Z
X
juj2dx ¼ 0: ð2:5Þ

By Lemma 2.1, putting u ¼ un in (2.3) again, there holds

oð1Þ ¼ kwnk2 þ kuk2 þ bkwnk4 þ 2bkwnk2kuk2 þ bkuk4

�
R

X /wn
jwnj3dx�

R
X /ujuj3dx� ðk1 þ dÞ

R
X juj

2dx:
ð2:6Þ

It follows from (2.5) and (2.6) that

kwnk2 þ bkwnk4 þ bkwnk2kuk2 �
Z

X
/wn
jwnj3dx ¼ oð1Þ: ð2:7Þ

By Lemma 2.1, we have
R

X /wn
jwnj3dx� S�4kwnk6

, then

l2�
bS4 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2S8 þ 4S4ð1þ bkuk2Þ

q

2
:

On one hand, by Young inequality and (2.5), one gets

IðuÞ ¼ 1

3
uk k2þ b

12
uk k4� k1 þ d

3

Z
X
juj2dx� bl2

4
uk k2� �d

3k1

uk k2þ b

12
uk k4� bl2

4
uk k2� � bl2

4
uk k2� 1

3bk2
1

d2:

On the other hand, we easily conclude from (2.3) and (2.7) that

IðuÞ ¼ c� 1
3

l2 � b
12

l4 � bl2

3
kuk2� c� bS4

6
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2S8þ4S4
p

6
� 2b3S8þ4bS4

48
� b2S4

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2S8þ4S4
p

24
� bl2

4
kuk2

¼ c� bS4

4
� b3S8

24
� S2ðb2S4þ4Þ

3
2

24
� bl2

4
kuk2� � bl2

4
kuk2 � 1

3bk2
1

d2:

This is a contradiction. Therefore, l ¼ 0, then un ! u in H1
0ðXÞ. Note that

0�
R

X /un
junj3dx�

R
X /ujuj3dx� S�4kwnk6 þ oð1Þ ! 0;

and so
R

X /un
junj3dx!

R
X /ujuj3dx as n!1. The proof is complete. h

For N ¼ 4, it is well known that S is attained by the functions veðxÞ ¼ e1=2

eþjxj2, where x 2 R4 and e [ 0. Let
g 2 C10 ðXÞ be a cut-off function such that 0� g� 1, jrgj �C and gðxÞ ¼ 1 for jxj\2R, gðxÞ ¼ 0 for
jxj[ 3R. Define ueðxÞ ¼ gðxÞveðxÞ. It is known ( [6]) thatZ

X
jruej2dx ¼ S2 þ OðeÞ;

Z
X
juej4dx ¼ S2 þ Oðe2Þ;

Z
X
juej2dx ¼ Oðej ln ejÞ;

Z
X
juejqdx ¼ Oðe

4�q
2 Þ; for q 2 ð2; 4Þ:

Lemma 2.4 We have supt� 0 IðtueÞ\c	 � 1
3bk2

1

d2.

Proof Since �D/ue
¼ u3

e , by the Young inequality, one obtains
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Z
X

u4
e dx ¼

Z
X
r/ue

ruedx

� 1

2

Z
X
jr/ue

j2dxþ 1

2

Z
X
jruej2dx ¼ 1

2

Z
X

/ue
u3

e dxþ 1

2

Z
X
jruej2dx:

:

Thus it holds thatR
X /ue

u3
e dx� 2

R
X u4

e dx� kuek2 ¼ 2S2 þ Oðe2Þ � S2 þ OðeÞ ¼ S2 þ OðeÞ:

Then we have

IðtueÞ ¼ t2

2
kuek2 þ bt4

4
kuek4 � t6

6

Z
X

/ue
juej3dx� ðk1 þ dÞt2

2

Z
X
juej2dx

� t2

2
S2 þ bt4

4
S4 � t6

6
S2 � k1t2

2

Z
X
juej2dxþ OðeÞ:

Set

gðtÞ ¼ t2

2
S2 þ bt4

4
S4 � t6

6
S2;

and

hðtÞ ¼ gðtÞ � k1t2

2

Z
X
juej2dxþ OðeÞ:

Since limt!1 gðtÞ ¼ �1; gð0Þ ¼ 0; and limt!0þ gðtÞ[ 0, it follows that supt� 0 gðtÞ attained at T [ 0, that
is

g0ðtÞjT ¼ TS2 þ bT3S4 � T5S2 ¼ 0:

Observing that

T2 ¼ bS2 þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2S4 þ 4
p

2
:

Note that g(t) is increasing in the interval [0, T], then

gðtÞ� T2 1

3
S2 þ b

12
S4T2

� �
¼ S2

3

bS2 þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2S4 þ 4
p

2
þ bS4

12

2b2S4 þ 4þ 2bS2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2S4 þ 4
p

4

¼ bS4

6
þ S2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2S4 þ 4
p

6
þ 2b3S8 þ 4bS4 þ 2b2S6

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2S4 þ 4
p

48
¼ c	::

As limt!1 hðtÞ ¼ �1, it follows that supt� 0 hðtÞ attained at te [ 0. Similar to the paper [8], there exist
t1; t2 [ 0 such that

t1� te� t2\þ1;

where t1; t2 are independent of e; d.
Note that

R
X juej2dx ¼ Oðej ln ejÞ. Let e ¼ d2 be enough small, then we have

IðteueÞ� c	 þ C1e� C2
k1t2

1

2
ej ln ej

¼ c	 þ d2 C1 � C3lndð Þ\c	 � 1
3bk2

1

d2;

provided d\d1,e

C1þ 1

3bk2
1

C3 , and so the proof is complete. h

Proof of Theorem 1.1 Set d	 ¼ minfd0; d1g and d 2 ð0; d	Þ. Define

C ¼ c 2 Cð½0; 1�;H1
0ðXÞÞ : cð0Þ ¼ 0; cð1Þ ¼ e

� �
:

And let fung � H1
0ðXÞ be a nonnegative (IðunÞ ¼ IðjunjÞ) ðPSÞc sequence for I, namely

123

Near resonance for a Kirchhoff–Schrödinger–Newton system 367



IðunÞ ! c; I0ðunÞ ! 0;

where c ¼ infc2C maxt2½0;1� IðcðtÞÞ: Then by the mountain-pass theorem [4] and Lemmas 2.3–2.4, we can

assume that there exists u1 2 H1
0ðXÞ such that un ! u1 in H1

0ðXÞ and

Iðu1Þ ¼ lim
n!1

IðunÞ ¼ c [ a[ 0;

which implies that u1 6
 0. Note that u1� 0. Then the strong maximum principle suggests that u1 is a
positive solution of problem (2.1), which implies that ðu1;/u1

Þ is a positive solution of system (1.1).

Besides, by Lemma 2.2–2.3, it is easy to prove that system (1.1) has a positive local minimizer solution u2

with Iðu1Þ ¼ d\0. The proof is complete. h
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