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Abstract The aim of this paper is to study the Hopfian property in the context of chain and duo rings. For
such rings, we characterize Hopfian free modules and show that a direct sum of cyclic R-modules is Hopfian if
and only if the sum is finite. This allows us to show that finitely generated modules over a local right duo ring,
which has the FGC-property, are Hopfian and cancel in direct sums. Moreover, being finitely, hopficity, and the
cancellation property are equivalent for modules over Artinian rings.
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In this paper, all rings have an identity element, and all modules are unital. A ring R is a right chain ring R if
a R ⊆ bR or bR ⊆ a R for all a, b ∈ R. Clearly, a right chain ring is a ring for which the lattice of right ideals is
linearly ordered by inclusion. In particular, every finitely generated right ideal is principal. Commutative chain
rings are called valuation rings. Examples of (non-commutative) chain rings can be found in [4], [5] and [7].
We begin our discussion with a summary of the basic properties of one-sided chain rings which we will use
throughout this paper.

Lemma 1 [4, Lemma 1.2 & Lemma 1.4] Let R be a right chain ring, and U (R) its set of units.

a) If M ∈ Mod-R and x ∈ M, then x R is indecomposable.
b) For every a ∈ R, Ra ⊆ U (R)a R.
c) A right ideal of R is a two-sided ideal exactly if u I ⊆ I for every u ∈ U (R).

A ring R is right duo if Rx ⊆ x R for all x ∈ R. It is easy to see that R is right duo if every right ideal of R
is two-sided. We refer the reader to [4] and [6] for examples of non-commutative right duo rings. Finally, a right
R-module M is Hopfian if every epimorphic endomorphism f : M → M is an automorphism.

For a subset S of a ring R, the right ideal

annr (S) = {a ∈ R | sa = 0 f or any s ∈ S}
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is the right annihilator of S. In a similar way, we define the left annihilator annl(S) and annihilators of a subset
of a module. The next result describes right annihilators in a right duo ring:

Lemma 2 Let M be a right module over a right duo ring R.

a) annr (x) = annr (x R) for all x ∈ M.
b) If M = ∑n

i=1 xi R, then annr (M) = ∩n
i=1annr (xi ).

An element a of a ring R is right repetitive if, for each finitely generated right ideal I of R, the right ideal∑∞
n=0 an I is finitely generated. Rings in which every element is right repetitive are called right repetitive rings.

To simplify our notation, we let Repr (R) denote the collection of right repetitive elements of R. It is easy to see
that a ∈ Repr (R) if and only if

∑∞
n=0 an x R is a finitely generated right ideal of R for any x ∈ R. Clearly, the

latter holds exactly if, for all x ∈ R, there exist a non-negative integer kx and r0, r1, ..., rkx −1 ∈ R such that

akx x = xr0 + axr1 + a2xr2 + ...akx −1xrkx −1.

Therefore, Repr (R) contains all the nilpotent elements. Moreover, rings that are integrally closed over their center
C(R), commutative rings and right Noetherian rings are further examples of right repetitive rings [9]. Goodearl
introduced the notion of right repetitive ring in [9] where he showed that every finitely generated module over a
ring R is Hopfian if and only if the matrix rings Mn(R) are right repetitive for all positive integers n. Goodearl’s
results naturally raises the question on closure properties of the collection of right repetitive elements of R.

Lemma 3 Let R be a ring, and a ∈ Repr (R).

a) If u ∈ U (R), then u−1au ∈ Repr (R).
b) If c ∈ C(R), then ac ∈ Repr (R).

Proof a) For x ∈ R, there exist a non-negative integer k and r0, r1, ..., rk−1 ∈ R such that

ak(ux) = �k−1
n=0an(ux)rn

because a is a right repetitive element of R. Hence

u−1(akux) = �k−1
n=0u−1an(ux)rn .

Since (u−1au)m = (u−1amu) for all m, we conclude

(u−1au)k x = �k−1
n=0(u

−1au)n xrn .

Thus, u−1au is repetitive.
b) As in a), there exist a non-negative integer k and r0, r1, ..., rk−1 ∈ R with the property that ak x = �k−1

n=0an xrn
for any x ∈ R. Hence,

(ac)k x = akck x = ck(ak x) = ck(�k−1
n=0an xrn) = �k−1

n=0(ac)n x(ck−nrn)

as required.
��

We now turn to repetitive elements in chain rings.

Proposition 4 Let R be a right chain ring. If a ∈ Repr (R) and d is a central unit of R, then a + d ∈ Repr (R).

Proof Let a ∈ Repr (R) and x ∈ R. We will show first that a + 1 ∈ Repr (R) . For this, we need to show that∑∞
n=0(a +1)n x R is a finitely generated right ideal of R. Since R is a right chain ring, the right ideals (a +1)x R,

ax R, and x R have to satisfy one of the following conditions:

(a + 1)x R ⊆ ax R ∩ x R or x R ⊆ (a + 1)x R or ax R ⊆ (a + 1)x R

First, if (a + 1)x R ⊆ ax R ∩ x R, then (a + 1)x = xs for some s ∈ R. Then we have,

(a + 1)n x = (a + 1)n−1(a + 1)x = (a + 1)n−1xs ∈ (a + 1)n−1x R
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Hopficity and duo rings 371

for a positive integer n. Thus, (a + 1)n x R ⊆ (a + 1)n−1x R, which in turn implies,

x R ⊆ �∞
n=0(a + 1)n x R ⊆ (a + 1)x R ⊆ x R

Therefore, �∞
n=0(a + 1)n x R = x R is a finitely generated right ideal of R as we wanted.

On the other hand, if x R ⊆ (a + 1)x R, then

ax = [−x + (a + 1)x] ∈ (a + 1)x R

And with this, ax R ⊆ (a+1)x R. Since in general, (a+1)x R ⊆ x R+ax R, we also have (a+1)x R = x R+ax R.
Finally, if ax R ⊆ (a + 1)x R, then

x = [−ax + (a + 1)x] ∈ (a + 1)x R,

and we conclude (a + 1)x R = x R + ax R as before.
We now show that

�m
n=0(a + 1)n x R = �m

n=0an x R

for all non-negative integers m in both of the latter cases. For this, note that by what has been shown so far, we
have x R + (a + 1)x R = x R + ax R, and clearly,

�k+1
n=0(a + 1)n x R ⊆ �k+1

n=0an x R

Observe that we can find non-negative integers �0, . . . , �k such that

ak+1x = [(a + 1)k+1x − (�k
n=0an�n)x] ∈ (a + 1)k+1x R + �k

n=0an x R

Now, by the induction hypothesis,

�k
n=0an x R = �k

n=0(a + 1)n x R

Therefore, ak+1x ∈ �k+1
n=0(a + 1)n x R, as we wanted. This implies

�∞
n=0(a + 1)n x R = �∞

n=0an x R

Since a is a right repetitive element, this right ideal is finitely generated, and thus a + 1 is also right repetitive.
Finally, note that a + d = (ad−1 + 1)d is right repetitive by Lemma 3. ��

We continue our discussion by considering repetitiveness for chain and duo rings:

Theorem 5 Let R be a ring.

a) If R is a right duo ring, then R is right repetitive.
b) If R is a right chain ring and all the units are right repetitive, then R is right duo.

Proof a) Let R be a right duo ring. If a, x ∈ R, then ax = xs for some s ∈ R and an x = an−1(ax) = an−1(xs)
for all positive integers n. Hence, an x R ⊆ x R for n 	= 0. Thus,

x R ⊆ �∞
n=0an x R = x R + �∞

n=1an−1x R ⊆ x R

which implies that a is right repetitive. Hence, R is a right repetitive ring.
b) Let R be a right chain ring such that every u ∈ U (R) is right repetitive. Then, there exist non-negative

integers k and � such that

�∞
n=0un x R = �k

n=0un x R = u�x R

Thus, for any r ∈ R, we can find s ∈ R such that u�+1xr = u�xs. Now, u a unit a unit of R, implies
ux R ⊆ x R. Then, by part c) of Lemma 1, x R is a two-sided ideal of R, for all x ∈ R, and therefore R is a
right duo ring. ��

Corollary 6 If R is a right chain ring, then every cyclic right R-module is Hopfian if and only if R is a right
duo ring.
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Proof If all the cyclic right modules are Hopfian, then all units of R are right repetitive according to [9, Lemma
2]. Now, apply the previous theorem. Also by the same result, all right duo rings are right repetitive, and the
conclusion holds by [9, Proposition 4]. ��

In particular, we are interested in the question when RR is hopfian. Here, RR denotes R viewed as a right
R-module. If R is a commutative ring, then RR is Hopfian [10, Proposition 8]. Likewise, rings satisfying the
a.c.c on right or left annihilators are also Hopfian. Additional examples can be found in [12]. However, not every
ring R need to be Hopfian as an R-module as Hiremath pointed out in the following example [10]. Let K be a
field, and V = ⊕∞

n=1 K be a countably infinite dimensional vector space over K . Then the ring R of all linear
operators of V is not Hopfian as an R-module.

Proposition 7 Let R be a ring.

a) If R has no non-trivial idempotents, then RR is Hopfian.
b) If R is a right chain or a right duo ring then RR is Hopfian.

Proof a) Since an exact sequence 0 → I
i→ R

f→ R → 0 splits, R = I ⊕ K for some right ideal K of R, and
I = eR for some idempotent e of R. Since I is proper, e = 0, and f is an isomorphism, i.e. RR is Hopfian.
b) Since right chain rings are local, the result follows by a). On the other hand, if left multiplication by a ∈ R
is an epimorphism of R, then we can find b ∈ R such that ab = 1R . Thus, R = Rb ⊆ bR since R is right
duo. But, this implies ba = 1R , and multiplication by a is one-to-one.

��
In particular, the last result shows that a right chain ring R which is not duo, is Hopfian but not repetitive (by

Theorem 5). An example of this can be found in [4].

Proposition 8 Any finitely generated projective or finite dimensional non-singular right module over a ring with
finite right Goldie-dimension is Hopfian.

Proof Let P be a finitely generated projective right R-module. If f : P → P is an epimorphism, then the
projectivity of P projective yields P ∼= P ⊕ K er f . Note that P has finite right Goldie dimension since
F ∼= P ⊕N for some finitely generated free module F and a submodule N of F . Thus, dim(P)+dim(K er f ) =
dim(P) < ∞ implies K er f = 0. The case of a finite dimensional non-singular module may be discussed in
the same way. ��

Hiremath showed that free Hopfian modules are finitely generated [10, Proposition 12]. Combining this with
the above, we have,

Corollary 9 If R be a local ring or a ring with finite right Goldie-dimension, then a free R-module is Hopfian
if and only if it is finitely generated.

Proof By Hiremath’s result and Proposition 8, it is enough to show the converse for local and one-sided duo
rings. Suppose first that R is a local ring. If f is an epimorphism in EndR(Rn

R), we have that Rn
R

∼= Rn
R ⊕ K er f .

Then, recall that a module with a local endomorphism ring cancels in direct sums (Azumaya, Warfield). Thus,
we can cancel RR one by one since EndR(R) = R, and then K er f = 0. ��

It is important to recall that free modules of finite rank over non-commutative rings need not to be Hopfian.
However, for chain and duo rings the following it is also true.

Theorem 10 Let R be a right duo and right chain ring. For every index-set J , a right R-module of the form
M = ⊕ j∈J x j R is Hopfian if and only if J is finite.

Proof Suppose M = (⊕∞
i=1xi R) ⊕ x R. We define an endomorphism g of M by g(x1) = 0, g(xn) = xn−1 for

n > 1, and g(x) = x , respectively. Clearly g is an epimorphism but not an automorphism.
For the converse, assume that J is finite, say M = ⊕n

i=1xi R. We induct on the number n of cyclic summands.
If n = 1, M is a cyclic R-module and by Corollary 6, M is Hopfian. Let be f : M → M an epimorphism
with K er f := K . Suppose that the result is true for any module with is the direct sum of less than n cyclic
submodules. Consider the family of right ideals {annr (xi )}n

i=1. Since R is a right chain ring we may assume
that this family of ideals satisfies annr (xi ) ⊆ annr (xi+1) for any i . Observe, that R a right duo ring implies that
annr (xi ) is an ideal for any i = 1, ..., n. Therefore, we have that I := annr (M) = annr (x1) by Lemma 2.
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Moreover, each module xi R has a local endomorphism ring. To see this, let hi ∈ End(xi R), and consider
the commutative diagram

0 −−−−→ annr (xi ) −−−−→ R −−−−→ xi R −−−−→ 0
⏐
⏐
�h0

⏐
⏐
�h

⏐
⏐
�hi

0 −−−−→ annr (xi ) −−−−→ R −−−−→ xi R −−−−→ 0

where h0 and h are obtained by the projectivity of R. Hence, h is left multiplication by some rh ∈ R. Furthermore,
left multiplication by s ∈ R induces an endomorphism of xi R if and only if s annr (xi ) ⊆ annr (xi ). Since
annr (xi ) is an ideal, End(xi R) is an epimorphic image of R, and hence local.

Since I is an ideal, M can be viewed as an R/I -module. Note that x1 R ∼= R/I , and let k be the largest
sub-index such that

I = annr (x1 R) = annr (x2 R) = . . . = annr (xk R)

Then, F = ⊕k
i=1xi R is a free R/I -module, and M = F ⊕ (⊕n

i=k+1xi R). Since M ∼= M/K , we can find an
R/I -submodule N of M containing K with the property N/K ∼= ⊕n

i=k+1xi R. Thus,

M/N ∼= (M/K )/(N/K ) ∼= F.

But F projective as an R/I -module implies M/K ∼= F ⊕ (N/K ), and M = F ⊕ N as an R/I -module since
F ∼= M/N . Now, observe that xi R is indecomposable for any i since R is a right chain ring.

Since End(xi R) is local for all i = 1, . . . , n, we have N ∼= N/K ∼= ⊕n
i=k+1xi R by Azumaya’s Theorem

[1]. Hence, there is an epimorphism N → N with kernel K . Finally, since N ∼= ⊕n
i=k+1xi R, this epimorphism

has to be an isomorphism, i.e. K = 0, by induction hypothesis. ��
A ring R is a right right FGC-rings if all finitely generated right R-modules are direct sums of cyclic modules.

Classic examples of FGC-rings are the principal ideal and Bezout domains. Recently, the (non-commutative)
local duo FGC-rings were characterized by M. Behboodi and G. Behboodi in [2], as serial (chain) rings R such
that for every non-zero ideal I of R, R/I is a linearly compact R-module.

Corollary 11 Let R be a local right duo FGC-ring. Then, any finitely generated module is Hopfian and cancels
in direct sums.

Proof The hopficity of such modules follows from the previous theorem since R is a chain ring by the description
of the FGC-rings in [2]. On the other hand, the cancellation property is given by the fact that in a right duo
and right chain ring any cyclic module has a local endomorphisms ring (as it is showed the previous proof), in
combination with the Azumaya-Warfield theorems ( [1] and [8]). ��

It is important to mention that the latter result partially addresses a question by Fuchs and Salce ( [8], p.193,
Problem 12): Which are the domains R, over which the finitely generated (finitely presented) modules cancel in
direct sums?

Moreover,

Theorem 12 Let R be a local right duo FGC-ring. Then, if R is a right Artinian ring, then the following
conditions are equivalent for any R-module M.

a) M is finitely generated.
b) M is Hopfian.
c) M cancels in direct sums.

Proof a) �⇒ b) and c), are clear from the previous corollary.
b) �⇒ a) According to [3, Theorem 3.9], any right module over a right Artinian duo FGC-ring is a direct
sum of cyclic submodules, i.e., any module has the form M = ⊕i∈I xi R. By Theorem 10, such module has
to be finitely generated.
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c) �⇒ a) Without loss of generality, we may assume that M = ⊕∞
i=0xi R with xi R 	= 0 for all non-negative

integers i . Since R is a right chain ring {annr (xi )}∞i=0 is linearly ordered under inclusion. By Hopkins’
Theorem [1, p.172], this chain eventually stabilizes on both sides. Thus, there is only a finite number of
non-isomorphic cyclic summands in M . Hence, infinitely many of the xi R are isomorphic. Let N be a non-
zero direct summand of M which is the direct sum of infinitely isomorphic cyclic summands of M. Thus,
N ∼= ⊕ω R/I for some right ideal I of R. Then, N ⊕ R/I ∼= N . Since the direct summands of M also cancel
in direct sums, N has the cancellation property. Therefore, R/I = 0, a contradiction. Hence, M must be
finitely generated.

��
Rings over which only Noetherian modules are Hopfian are called S-rings. In [11], M. Sangharé described

the duo right S-rings as Artinian right principal ideal rings, or equivalently, as right Kothë rings. It is evident
then, that the local duo right S-rings satisfy the latter result.
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