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Abstract In this paper, the authors first prove the characterizations of Herz Triebel-Lizorkin spaces by two
families of operators. Applying the characterizations of Herz Triebel-Lizorkin spaces, the author show that
the commutators of sublinear operators with Lipschitz functions are also bounded from Herz spaces to Herz
Triebel-Lizorkin spaces.
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1 Introduction and some definitions

In this paper, for f# > 0, the Lipschitz space /\,; is the space of functions f such that
fx+h) —f(x)]
115, = ) P

XhER" hA0 [P

In 1995, Paluszynski [1] showed that b € /\,; if and only if the commutator of the Calder6n-Zygmund
singular integral operator is bounded from L7(R") to F,f*oo(R”), I<p<ooand 0<f<]1.

It is worth noting that the result of Paluszynski depends on the following characterization of the Triebel-
Lizorkin spaces F/'>°(R"). Letfp = @fo(x)dx.

1
Broo (ony ~2 HSU 7/ — H .
HfHFP (R") Qp\Q\Hﬁ/" Qlf fol @)

The equivalent relation of (1) is proved by Seeger in [2], Theorem 1].

Inspired by the mentioned references, to raise a question, when replacing Triebel-Lizorkin spaces by
Herz Triebel-Lizorkin spaces, is (1) still valid? In this paper, the authors answered in the affirmative (see
Theorem 1.3). At the same time, according to the validated results, the authors generalizes the result of
Paluszynski (see Theorem 1.4 and Theorem 1.5).
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376 C. Fang, J. Zhou

Now, let us recall the definitions of Herz spaces and Herz Triebel-Lizorkin spaces. Let By = {x € R :
x| <2*}, Ex = Bi\Bi—1 and y; = y;, for k € Z. The definition of Herz spaces is given below.

Definition 1.1 Let 0<g <00, 1 <p<oo and o € R. The Herz spaces K;‘*q(R") are defined by
KR = {f € L (®") : |f

K;{.‘I([Qn) < 00}7

where

s = {55l )

It is well known that Herz spaces play an important role in harmonic analysis. The spaces were first
introduced by Herz [3], and the theory of these spaces was remarkably developed in part due to their
usefulness in applications. For instance, these spaces appear in the characterization of multipliers on Hardy
spaces [4] and in the regularity theory for elliptic and parabolic equations in divergence form [5, 6]. In 1996,
Li and Yang [7] obtained the boundedness of some sublinear operators on Herz spaces. In 2002, Lu, Wu and
Yang [8] obtained that the commutator of the singular integral operator with the Lipschitz function is
bounded on Herz spaces. More research on these function spaces can be found in the literature [9-11].

2rxm ‘

We now recall the Fourier analytical approach to Triebel-Lizorkin spaces. The set S denotes the usual
Schwartz class of infinitely differentiable rapidly decreasing complex-valued functions; by 8/, we denote its
dual space. The Fourier transform of a tempered distribution fis denoted by f: while its inverse transform is
denoted by f. Let ¢y, ¢ € S(R") with ¢, > 0 satisfying the following conditions:

@ {1, X[ <1,
X)) =
o 0, |x|>2.

Set ¢(x) = @y(x) — ¢(2x) with x € R". For j € N, let ¢;(x) = ¢(27x); then, we call {®;}en, a resolution
of unity. It follows that

Definition 1.2 Let {¢;} .y, be a resolution of unity, 0<g,r, f <00, 1 <p<oc and o € R. The set
/ <, ~ 1/r
eS (R H( 2P (@, % Vr) ‘ <oo}
{f (R") ,,Z(; [2%(e; )] Ky (R")

is named the Herz Triebel-Lizorkin space and denoted by K;/F: f(IR”). The quasi-norm of fin this space is
denoted by

71

- iB AV r 1/
KPP (RY) = H(Z 127 (¢ + f)"] )
j=0

Combining Definition 1.1 and Definition 1.2, we can now give the following characterization of Herz
Triebel-Lizorkin spaces K;‘*ngc([R{”).

K,y (R")

Theorem 1.3 For 1 <p<oo, 0<g<oo, 0<fi<], —n/p<oz<n(1—l/p) Then

|V||K;~7F§(R”) ~ H su 1+[;/n K2 R”

The above theorem will be proved in next section.
Here and throughout the article, for a sublinear operator T and a locally integrable function b, we define
a commutator operator by

[b, TIf (x) = b(x)Tf (x) — T(bf) (x).
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The boundedness of commutators... 377

Let us return to the problem of Paluszynski in [1]. According to Theorem 1.3, the following result that the
commutators of some sublinear operators with Lipschitz functions are bounded from Herz spaces to Herz
Triebel-Lizorkin spaces can be verified.

Theorem 1.4 Let 0<fi<1, 0<g<oo, l<p<oo and —n/p<a<n(l — 1/p). If a sublinear operator T
satisfying the size condition

|HU”SCA¢%2L@“¢WWf

for any integrable function f with compact support and 7 is bounded on L”(R"), then for b € Aﬁ, [b, T} isa
bounded operator from K/(R") to K}F b (R").

Theorem 1.5 Ler 0<p<l, 0<i<n, 0<g<oo, l<pi<n/i,  1/py=1/p,—i/n,
—n/p1 + A<a<n(l — 1/py). If a sublinear operator T, satisfying the condition

|T5,(f) (x |<C/| nA@J¢ﬂW#

for any integrable function f with compact support and 7, maps L' (R") into [P2(R"), then for b € Aﬁ,
[b,T;] is a bounded operator from Ky(R") to K3IF b (R").

Note that the proofs of Theorem 1.4 and Theorem 1.5 are postponed until Section 3. To prove these
results, the characterizations of Herz Triebel-Lizorkin spaces are given in the next section.

2 The characterizations of Herz Triebel-Lizorkin spaces

To characterize Herz Triebel-Lizorkin spaces, in the following, we give some definitions and Lemmas.

Definition 2.1 Let {'¥;}; € S(R"), f € S (R") and a > 0, the Peetre’s maximal functions are defined as

. |V f ()] .
Y1) (x) = sup —~—————=,x € R",j € N.
() = S8 T it — )

We now give the property of the Peetre maximal operator on Herz Triebel-Lizorkin spaces and the
boundedness of the Hardy-Littlewood maximal operator M on vector-valued function spaces.

Lemma 2.2 ([12]) If 0<p,q,r < oo, [)’<R+1 k>1,0> —n/p,a>n/p. Then for all f € S/(R”),

i35 e0en)

K(®)

<[ (3 erereny’ ) Y

JjENy

K,f.‘] ( R”)

Lemma 2.3 ([10]) If 1 <p<oo,0<g<o0, —n/p<oa<n(l —1/p), | <r<oo, then there exists a positive
constant C such that for all sequences {f,-}io of locally integrable functions,

103 00)) e <€l
=0

Now, we shall introduce two families of operators.

K;,('q ( R”)

Definition 2.4 Q(x, 1) denotes a cube centered at x, with side length ¢ and sides parallel to the axes; let
0:(1) = O(x,1).
(i) Consider the family of operators S¥  defined by

q,r,m
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Shet @)= (| o [ s )
where A¥ is the difference operator, that is
Af(x) = Af (x) = f (x + h) = £ (),
AT () = AFF(x + h) — ASF(x), k> 1.
(ii) For a fixed ball O = Q,(¢), we define the oscillation
osc(f, Q) = osc (f,x,1)

r 1/r
PeP’” |Q|/lf d) ’

where the infimum is taken over all polynomials of degree not exceeding m. Further, we define the family of
operators

Dff(x) = (/OOC (oscznfl(f’xvt))qtlcjtﬂq)l/q

For ¢ = 0o or r = oo, we have the usual modifications and replace integrations by sup-norms. Some
properties of the above two families of operators can be found in [13] and [14].

In fact, if we can prove the characterizations (see Theorem 2.5) of Herz Triebel-Lizorkin spaces, then
Theorem 1.3 immediately follows.

Theorem 2.5 For 1<p<oo, 0<g<oo, —n/p<a<n(l —1/p), 1<r<oo,m> f/ag, and v € R, if

1 1 1 1
ﬁ > Opgr = max{O, V(l—7 — ;), V(; — ;)},
then Hf”quFﬁ RY) ~||Sﬂrmf||,(m R ™ ||qumf\|,(xq (&), Where ap >0, and v is the trace of a matrix (see
[2].p1D.

Proof The proof follows the ideas in [2], applying the property of the Peetre maximal operator on Herz
Triebel-Lizorkin spaces and the boundedness of the Hardy-Littlewood maximal operator M on vector-
valued function spaces, the author show that the characterizations of Herz Triebel-Lizorkin spaces. The
whole proof is divided into three steps.

Step 1. Clearly, S, .f < CD, . f; then, ||S}, . fllxza@n) < CIID,f g -

Step 2. According to the argument  of Trlebel [15], pp 82, 103], it is obvious that

izt gy < ClISG o 2o -
Step 3. By the proof of Theorem 1 in [2], we can obtain

D] uf 2o ) < CIDY < f s e

where 7 > 0, with < min(1, g, p).
Now we decompose

f=hithinfou= > W+f.

2kt >1

Then

*© _ dt \Va
Dg,r.mf(x) < (/0 (OSCT ](fO,taxa t))q tl+/3q)

*© dt \1a
q
+</O (osc ' (i, x,1)) [1+[3q>
=141l

To estimate /, let a > 0, since osc™ ! (fo,, x,1) < (M(fOt)) and T <g, we may apply Lemma 2.3 to get
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||1||K;.qch</ooc( Y v *f)qtlitﬁqy/q‘

2kt >1
1/
<c| (2 menr) ]
k
To estimate /I, obviously, we can get

sci"il(fl,,x t)
‘C
<c( [ 13 @)

l

Os 2k <1

K;‘JI (sz)

[(]?,LI ( Rll )

where Q,(t) is a cube with x as its center and ¢ as its edge. Using Lemma 2.2, we have

oy <) (713 @omerin )|

2kt <1

KR

ka * £\ q 1/a

<cf(3S2wing) |
k

< C|V||K;=4F{‘(R")‘

The proof is completed. O

K39(R")

Remark 2.6 Obviously, if we take r = oo from the above Theorem, we get Theorem 1.3.

3 Proofs of Theorem 1.4 and Theorem 1.5

In this section, we first recall some lemmas, then give the proofs of main Theorem.

Lemma 3.1 For 0<f<l1, 1<g<oo, we have

Ifll5, ~ H,,/,l / o

~ - _ q

for g = oo the formula should be interpreted appropriately.

Lemma 3.2 ([7], Corollary 2.1]) Let 0<g<oo, l<p<oo and —n/p<a<n(l —1/p). If a sublinear
operator T satisfies the condition

ITf(x)| <C /R ) |xwy;||n dy,x & suppf

for any integrable function f with compact support and 7 is bounded on L”(R"), then T is bounded on
K'z’q(R”) and K(R"), where K;’q(R") is non-homogeneous spaces (see [7], p1]).

Proof of Theorem 1.4 Fix a cube Q = Q(xg, 1) and x € Q. For f € I7(R") and let f* = fy,0, /> = f — f°.
So, we have
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S b= (110
_M/Q)[b—bQ,T]f— ([b—bQ’T]f)Q’

< ﬁ L[~ po.1l = 70 o)) v0)|

§|Q|1;+M,/Q‘(b—bQ)Tf’
g [, [T = e)

G —msup [T((b o)) ) = T (6 = bof™) x|

= D; + D, + Ds.
Firstly, using Lemma 3.1 to estimate Dy, it follows that
|Q|l+ﬁ/n/ ’ )Tf’
< oty (2 [ )
0 |f’/" IQI 7]

< lIbll5,M (T7) ().
Thus, D1 <|1b]l 5, M (TF) (x).-

To estimate D,, let 1 <t<p, according to the boundedness of 7, we have

D1 = g |, |6 = boir)
A Lt
sW(/Q\T(wa) ) le
<tor ([ 1w poyer)”
S 10" sup b0s) ~bol gy [ 1)
< lll, (1)) (o)

In view of Dj, let Q* C Q, then
[bo- = bo| < Clbll5, 10",

So, we have

@ Springer




The boundedness of commutators... 381

(b= b)) () = T((b — bo)f ™) (x0)|
[ ) - bl (o)
(20)°

(beg —2])

A

o0

3 / 2270 (b(2) — byl
n—2 J 2"O\2"=1Q
+ |barg — bol)If (2)|dz

272" b 4, M (f) (x)

A

Mg

<

~

2
o0

22l 4 M) ()

m=2

3
||

SIblg, Q1™ > 27 b () (x)

m=2
S lblig, 101" M(F) ().

It is apparent that Dg,SHbHA M(f)(x).

We finally obtain
1
W/Q‘[bﬂf— ([b’T]f)Q’

S1l5, (M (1) ) + (M) @)+ My ()

we now take the supremum over all Q such that x € Q, and the norm of K} (R") on both sides. By
Theorem 1.3 and Lemma 3.2, it follows that

1ty e PN (2 P
1/
H( ) t‘ Ky (R") + HMf’ K;“"(R"))
S 1Bl&, W N k2o -
The proof is completed. U

We now turn to the commutator of fractional type operator for the above problem. Firstly, replace L7 (R")
by K(R"), we can obtain the following lemma.

Lemma 3.3 Let 1 <p; <p,<oo, 1/p; — 1/p, = a/n. Suppose for each cube Q we have a function h?,
defined on this cube. Then, for 0 <7y,

1 / 0
| sup— [ 1]
o 10" Jo
1
[y
SC || SZP|Q|]+V/H+1/n/Q|h |‘

where the constant C depends only on py, p>, g, « and n.

K (R)

n 4
K (R")

Lemma 34 Ler 0<i<n, 1l<pi<n/i, 1/pp=1/pi—n/l  —n/pi+i<oa<n(l—1/p)),
0<q) <qy < o0. If a sublinear operator T) satisfies the condition

() (x |<C/| de,xi‘suppf
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for any integrable function f with compact support and 7; maps L”'(R") into L/*(R"), then T, maps
K41 (R") into K4 (R"). The proof of Lemma 3.4 is shown in Theorem 2.3 of [7].

Proof of Theorem 1.5 Fix to xg as the center of a cube Q. For g € L', let g° = gy, and g™ = g — g°. By
Theorem 1.3 and Lemma 3.3, we can obtain

Hb T)( )|

0 qF/}
Kl

langhas i o

S ngpW/Q}[b—bQ,Tﬂ(g)—([b—bgsz](g))Q!’Km
1

N or [

/|b bQ7TA /L((b bQ)gOC)(xQ)}‘qu
o sl
H Wsupmb r)) 0.

s g 70~ bo)g™) )

—Ti((b —bg)g™)(

=FE +E,+Ej.

Firstly, to estimate E;, each x € Q, we get by Lemma 3.1,

|Q|”‘/" IQI/ | (®)

up |(b() / T8
IQIﬁ/" IQI
< lbll5, M (73(s)) ).
according to Lemma 3.4, we then obtain

ESIbllg, | T9)

4 (R")~ <HbHAﬁ||g||K” R

Estimate E,, choose r, 1 <r<py, and 7 such that (1/r — 1/F) = (a/n). Such 7 exists, since r<p; <n/o,
it follows that

1 / 0
—— | |Ta((b — bo)g")
|Q|1+(O£+,B)/n 0 | |

! #
<|Q|H—M/,,Hn ((b—bo)e")| 10"

SIQI I (b — bo)g”|,
1/r
< lell, ((1s1)""

Thus, we obtain E;S||b||;, ||g|\KM RY)-
We now estimate Ej, analogous to D5 estimates, we have
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So

1 ~ -
QT T;((b—bo)g™)(y) = T:((b — bo)g )(XQ)‘
< 1 / ly — xol|b(z) — f’QIIg(Z)I de
01" Jagy xg — 2™
] o0
< 271{ 2k —14a/n b — bold
S G 2 fagrag PO BB — ol
< p—kkotkp__ 1 1 / ~ b dz
Z 2kQ|ﬁ/n|2kQ| volls(a)
+ 7k+kl | k |ﬁ/n|| || |dz
; o vizal

S 11bll,M (g)(x)-

Es <[5, I8l o e

P1

where completes the proof of Theorem 1.5. O
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