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Abstract In this paper, the authors first prove the characterizations of Herz Triebel-Lizorkin spaces by two
families of operators. Applying the characterizations of Herz Triebel-Lizorkin spaces, the author show that
the commutators of sublinear operators with Lipschitz functions are also bounded from Herz spaces to Herz
Triebel-Lizorkin spaces.
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1 Introduction and some definitions

In this paper, for b [ 0, the Lipschitz space _Kb is the space of functions f such that

kfk _Kb
¼ sup

x;h2Rn;h 6¼0

jf ðxþ hÞ � f ðxÞj
jhjb

\1:

In 1995, Paluszynski [1] showed that b 2 _Kb if and only if the commutator of the Calderón-Zygmund

singular integral operator is bounded from LpðRnÞ to Fb;1
p ðRnÞ, 1\p\1 and 0\b\1:

It is worth noting that the result of Paluszynski depends on the following characterization of the Triebel-
Lizorkin spaces Fb;1

p ðRnÞ: LetfQ ¼ 1
jQj
R

Q f ðxÞdx:

kfk
Fb;1

p ðRnÞ �
�
�
� sup

Q

1

jQj1þb=n

Z

Q

jf � fQj
�
�
�

LpðRnÞ
:

The equivalent relation of (1) is proved by Seeger in [2], Theorem 1].
Inspired by the mentioned references, to raise a question, when replacing Triebel-Lizorkin spaces by

Herz Triebel-Lizorkin spaces, is (1) still valid? In this paper, the authors answered in the affirmative (see
Theorem 1.3). At the same time, according to the validated results, the authors generalizes the result of
Paluszynski (see Theorem 1.4 and Theorem 1.5).
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Now, let us recall the definitions of Herz spaces and Herz Triebel-Lizorkin spaces. Let Bk ¼ fx 2 R :
jxj\2kg; Ek ¼ BknBk�1 and vk ¼ vEk

for k 2 Z. The definition of Herz spaces is given below.

Definition 1.1 Let 0\q�1; 1� p�1 and a 2 R. The Herz spaces Ka;q
p ðRnÞ are defined by

Ka;q
p ðRnÞ ¼

n
f 2 Lp

locðRnÞ : kfkKa;q
p ðRnÞ\1

o
;

where

kfkKa;q
p ðRnÞ ¼

nX1

m¼0

�
�
�2amf vm

�
�
�

q

LpðRnÞ

o1=q

:

It is well known that Herz spaces play an important role in harmonic analysis. The spaces were first
introduced by Herz [3], and the theory of these spaces was remarkably developed in part due to their
usefulness in applications. For instance, these spaces appear in the characterization of multipliers on Hardy
spaces [4] and in the regularity theory for elliptic and parabolic equations in divergence form [5, 6]. In 1996,
Li and Yang [7] obtained the boundedness of some sublinear operators on Herz spaces. In 2002, Lu, Wu and
Yang [8] obtained that the commutator of the singular integral operator with the Lipschitz function is
bounded on Herz spaces. More research on these function spaces can be found in the literature [9–11].

We now recall the Fourier analytical approach to Triebel-Lizorkin spaces. The set S denotes the usual

Schwartz class of infinitely differentiable rapidly decreasing complex-valued functions; by S0 ; we denote its

dual space. The Fourier transform of a tempered distribution f is denoted by f̂ , while its inverse transform is

denoted by �f . Let u0;u 2 SðRnÞ with u0� 0 satisfying the following conditions:

u0ðxÞ ¼
1; jxj � 1;

0; jxj � 2:

�

Set uðxÞ ¼ u0ðxÞ � u0ð2xÞ with x 2 Rn: For j 2 N, let ujðxÞ ¼ uð2�jxÞ; then, we call fujgj2N0
a resolution

of unity. It follows that

X1

j¼0

ujðxÞ ¼ 1:

Definition 1.2 Let fujgj2N0
be a resolution of unity, 0\q; r;b�1; 1� p�1 and a 2 R. The set

n
f 2 S0ðRnÞ :

�
�
�
�X1

j¼0

j2jbðuj � bf Þ_jr
�1=r��

�
Ka;q

p ðRnÞ
\1

o

is named the Herz Triebel-Lizorkin space and denoted by Ka;q
p Fb

r ðRnÞ: The quasi-norm of f in this space is
denoted by

kfkKa;q
p Fb

r ðRnÞ ¼
�
�
�
�X1

j¼0

j2jbðuj � bf Þ_jr
�1=r��

�
Ka;q

p ðRnÞ
:

Combining Definition 1.1 and Definition 1.2, we can now give the following characterization of Herz
Triebel-Lizorkin spaces Ka;q

p Fb
1ðRnÞ.

Theorem 1.3 For 1\p\1; 0\q�1; 0\b\1, �n=p\a\nð1� 1=pÞ; Then

kfkKa;q
p Fb

1ðRnÞ �
�
�
� sup

Q

1

jQj1þb=n

Z

Q

jf � fQj
�
�
�

Ka;q
p ðRnÞ

:

The above theorem will be proved in next section.
Here and throughout the article, for a sublinear operator T and a locally integrable function b, we define

a commutator operator by

½b;T �f ðxÞ ¼ bðxÞTf ðxÞ � Tðbf ÞðxÞ:
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Let us return to the problem of Paluszynski in [1]. According to Theorem 1.3, the following result that the
commutators of some sublinear operators with Lipschitz functions are bounded from Herz spaces to Herz
Triebel-Lizorkin spaces can be verified.

Theorem 1.4 Let 0\b\1; 0\q�1; 1\p\1 and �n=p\a\nð1� 1=pÞ: If a sublinear operator T
satisfying the size condition

jTf ðxÞj �C

Z

Rn

jf ðyÞj
jx� yjn dy; x 62 supp f

for any integrable function f with compact support and T is bounded on LpðRnÞ, then for b 2 _Kb;
�
b; T

�
is a

bounded operator from Ka;q
p ðRnÞ to Ka;q

p Fb
1ðRnÞ:

Theorem 1.5 Let 0\b\1; 0\k\n; 0\q\1; 1\p1\n=k; 1=p2 ¼ 1=p1 � k=n;
�n=p1 þ k\a\nð1� 1=p1Þ. If a sublinear operator Tk satisfying the condition

jTkðf ÞðxÞj �C

Z

Rn

jf ðyÞj
jx� yjn�k dy; x 62 suppf

for any integrable function f with compact support and Tk maps Lp1ðRnÞ into Lp2ðRnÞ; then for b 2 _Kb;�
b;Tk

�
is a bounded operator from Ka;q

p1
ðRnÞ to Ka;q

p2
Fb
1ðRnÞ:

Note that the proofs of Theorem 1.4 and Theorem 1.5 are postponed until Section 3. To prove these
results, the characterizations of Herz Triebel-Lizorkin spaces are given in the next section.

2 The characterizations of Herz Triebel-Lizorkin spaces

To characterize Herz Triebel-Lizorkin spaces, in the following, we give some definitions and Lemmas.

Definition 2.1 Let fWjgj 2 SðRnÞ; f 2 S0ðRnÞ and a [ 0; the Peetre’s maximal functions are defined as

ðW�j ÞaðxÞ ¼ sup
y2Rn

jWj � f ðyÞj
1þ j2 jðx� yÞja ; x 2 Rn; j 2 N0:

We now give the property of the Peetre maximal operator on Herz Triebel-Lizorkin spaces and the
boundedness of the Hardy-Littlewood maximal operator M on vector-valued function spaces.

Lemma 2.2 ([12]) If 0\p; q; r�1; b\Rþ 1; k� 1; a [ � n=p; a [ n=p: Then for all f 2 S0ðRnÞ;

kfkKa;q
p Fb

r ðRnÞ 	
�
�
�
�X1

j2N0

�
2jbðW�kf Þa

	q
�1=q��

�
Ka;q

p ðRnÞ

	
�
�
�
�X1

j2N0

�
2jbðWk � f Þ

	q
�1=q��

�
Ka;q

p ðRnÞ
:

Lemma 2.3 ([10]) If 1\p\1; 0\q�1; �n=p\a\nð1� 1=pÞ; 1\r\1; then there exists a positive
constant C such that for all sequences ffjg1j¼0 of locally integrable functions,

�
�
�
�X1

j¼0

�
Mfj

	q
�1=q��

�
Ka;q

p ðRnÞ
�C

�
�
�
�X1

j¼0

f q
j

�1=q��
�

Ka;q
p ðRnÞ

:

Now, we shall introduce two families of operators.

Definition 2.4 Q(x, t) denotes a cube centered at x, with side length t and sides parallel to the axes; let
QxðtÞ ¼ Qðx; tÞ:
ðiÞ Consider the family of operators Sb

q;r;m defined by
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Sb
q;r;mf ðxÞ ¼

�Z 1

0

� 1

jQ0ðtÞj

Z

Q0ðtÞ
jDm

h f ðxÞjrdh
	q=r dt

t1þbq

�1=q

;

where Dk
h is the difference operator, that is

D1
hf ðxÞ ¼ Dhf ðxÞ ¼ f ðxþ hÞ � f ðxÞ;

Dkþ1
h f ðxÞ ¼ Dk

hf ðxþ hÞ � Dk
hf ðxÞ; k� 1:

ðiiÞ For a fixed ball Q ¼ QxðtÞ; we define the oscillation

oscm
r ðf ;QÞ ¼ oscm

r ðf ; x; tÞ

¼ inf
P2Pm

� 1

jQj

Z

Q

jf ðyÞ � PðyÞjrdy
�1=r

;

where the infimum is taken over all polynomials of degree not exceeding m. Further, we define the family of
operators

Db
q;r;mf ðxÞ ¼

�Z 1

0

�
oscm�1

r ðf ; x; tÞ
	q dt

t1þbq

�1=q

:

For q ¼ 1 or r ¼ 1, we have the usual modifications and replace integrations by sup-norms. Some
properties of the above two families of operators can be found in [13] and [14].

In fact, if we can prove the characterizations (see Theorem 2.5) of Herz Triebel-Lizorkin spaces, then
Theorem 1.3 immediately follows.

Theorem 2.5 For 1\p\1; 0\q�1; �n=p\a\nð1� 1=pÞ; 1\r�1; m [ b=a0; and m 2 R; if

b [ rp;q;r ¼ max 0; mð1
p
� 1

r
Þ; mð1

q
� 1

r
Þ

� 


;

then kfk
Ka;q

p Fb
r ðRnÞ 	 kSb

q;r;mfkKa;q
p ðRnÞ 	 kDb

q;r;mfkKa;q
p ðRnÞ; where a0 [ 0; and m is the trace of a matrix (see

[2],p1]).

Proof The proof follows the ideas in [2], applying the property of the Peetre maximal operator on Herz
Triebel-Lizorkin spaces and the boundedness of the Hardy-Littlewood maximal operator M on vector-
valued function spaces, the author show that the characterizations of Herz Triebel-Lizorkin spaces. The
whole proof is divided into three steps.

Step 1. Clearly, Sb
q;r;mf �CDb

q;r;mf ; then, kSb
q;r;mfkKa;q

p ðRnÞ �CkDb
q;r;mfkKa;q

p ðRnÞ:
Step 2. According to the argument of Triebel [15], pp. 82, 103], it is obvious that

kfkKa;q
p Fb

r ðRnÞ �CkSb
q;r;mfkKa;q

p ðRnÞ:

Step 3. By the proof of Theorem 1 in [2], we can obtain

kDb
q;r;mfkKa;q

p ðRnÞ �CkDb
q;s;mfkKa;q

p ðRnÞ;

where s[ 0, with s\ minð1; q; pÞ:
Now we decompose

f ¼ f0;t þ f1;t; f0;t ¼
X

2kt� 1

wk � f :

Then

Db
q;s;mf ðxÞ�

�Z 1

0

�
oscm�1

s ðf0;t; x; tÞ
	q dt

t1þbq

�1=q

þ
�Z 1

0

�
oscm�1

s ðf1;t; x; tÞ
	q dt

t1þbq

�1=q

¼: I þ II:

To estimate I, let a [ 0; since oscm�1
s ðf0;t; x; tÞ�

�
Mðf s

0;tÞ
	1=s

and s\q; we may apply Lemma 2.3 to get
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kIkKa;q
p
�C

�
�
�
�Z 1

0

� X

2kt� 1

Wk � f
	q dt

t1þbq

�1=q��
�

Ka;q
p ðRnÞ

�C
�
�
�
�X

k

2kaqjWk � f jq
�1=q��

�
Ka;q

p ðRnÞ
:

To estimate II, obviously, we can get

oscm�1
s ðf1;t; x; tÞ

�C
�Z

QxðtÞ
j
X

2kt� 1

ð2ktÞma0ðW�kf ÞaðzÞj
sdz
�1=s

;

where QxðtÞ is a cube with x as its center and t as its edge. Using Lemma 2.2, we have

kIIkKa;q
p ðRnÞ �C

�
�
�
� Z 1

0

j
X

2kt� 1

ð2ktÞma0ðW�kf Þaj
q dt

t

�1=q��
�

Ka;q
p ðRnÞ

�C
�
�
�
�X

k

2kaqðW�kf Þqa
�1=q��

�
Ka;q

p ðRnÞ

�Ckfk
Ka;q

p Fb
r ðRnÞ:

The proof is completed. h

Remark 2.6 Obviously, if we take r ¼ 1 from the above Theorem, we get Theorem 1.3.

3 Proofs of Theorem 1.4 and Theorem 1.5

In this section, we first recall some lemmas, then give the proofs of main Theorem.

Lemma 3.1 For 0\b\1, 1\q�1, we have

kfk _Kb
� sup

Q

1

jQj1þb=n

Z

Q

jf � fQj

� sup
Q

1

jQjb=n

� 1

jQj

Z

Q

jf � fQjq
�1=q

;

for q ¼ 1 the formula should be interpreted appropriately.

Lemma 3.2 ([7], Corollary 2.1]) Let 0\q�1; 1\p\1 and �n=p\a\nð1� 1=pÞ: If a sublinear
operator T satisfies the condition

jTf ðxÞj �C

Z

Rn

jf ðyÞj
jx� yjn dy; x 62 suppf

for any integrable function f with compact support and T is bounded on LpðRnÞ, then T is bounded on
_K
a;q
p ðRnÞ and Ka;q

p ðRnÞ; where _K
a;q
p ðRnÞ is non-homogeneous spaces (see [7], p1]).

Proof of Theorem 1.4 Fix a cube Q ¼ QðxQ; tÞ and x 2 Q. For f 2 LpðRnÞ and let f 0 ¼ f v2Q, f1 ¼ f � f 0.
So, we have
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1

jQj1þb=n

Z

Q

�
�
�
�
b;T

�
f �

��
b; T

�
f
	

Q

�
�
�

¼ 1

jQj1þb=n

Z

Q

�
�
�
�
b� bQ; T

�
f �

��
b� bQ;T

�
f
	

Q

�
�
�

.
1

jQj1þb=n

Z

Q

�
�
�
�
b� bQ; T

�
f � T

�
ðb� bQÞf1

	
ðxQÞ

�
�
�

.
1

jQj1þb=n

Z

Q

�
�
�ðb� bQÞTf

�
�
�

þ 1

jQj1þb=n

Z

Q

�
�
�Tððb� bQÞf 0Þ

�
�
�

þ 1

jQjb=n
sup
y2Q

�
�
�T
��

b� bQ

	
f1
	
ðyÞ � T

�
ðb� bQÞf1

	
ðxQÞ

�
�
�

¼ D1 þ D2 þ D3:

Firstly, using Lemma 3.1 to estimate D1; it follows that

1

jQj1þb=n

Z

Q

�
�
�ðb� bQÞTf

�
�
�

.
1

jQjb=n
sup
y2Q
jbðyÞ � bQj

� 1

jQj

Z

Q

�
�Tf
�
�
�

. kbk _Kb
M
�
Tf
	
ðxÞ:

Thus, D1.kbk _Kb
M
�
Tf
	
ðxÞ:

To estimate D2; let 1\t\p, according to the boundedness of T, we have

D2 ¼
1

jQj1þb=n

Z

Q

�
�
�Tððb� bQÞf 0Þ

�
�
�

.
1

jQj1þb=n

�Z

Q

�
�
�T
�
ðb� bQÞf 0

	��
�
t

1=t�

�Q
�
�1�1=t

. jQj�b=n�1=t
�Z

Q

jðb� bQÞf 0jt
�1=t

. jQj�b=n
sup
y2Q
jbðyÞ � bQj

� 1

jQj s
Z

Q

jf jt
�1=t

. kbk _Kb

�
Mðjf jtÞ

	1=tðxÞ:

In view of D3; let Q� 
 Q; then

jbQ� � bQj . Ckbk _Kb
jQjb=n:

So, we have
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�
�
�T
�
ðb� bQÞf1

	
ðyÞ � T

�
ðb� bQÞf1

	
ðxQÞ

�
�
�

.

Z

ð2QÞc
jy� xQj
ðjxQ � zjÞnþ1

jbðzÞ � bQjjf ðzÞjdz

.

X1

m¼2

Z

2mQn2m�1Q

2�mj2mQj�1ðjbðzÞ � b2kQj

þ jb2kQ � bQjÞjf ðzÞjdz

.

X1

m¼2

2�mj2mQjb=nkbk _Kb
Mðf ÞðxÞ

þ
X1

m¼2

2�mj2mQjb=nkbk _Kb
Mðf ÞðxÞ

. kbk _Kb
jQjb=n

X1

m¼2

2�mþbmMðf ÞðxÞ

. kbk _Kb
jQjb=nMðf ÞðxÞ:

It is apparent that D3.kbk _Kb
Mðf ÞðxÞ:

We finally obtain

1

jQj1þb=n

Z

Q

�
�
�
�
b; T

�
f �

��
b;T

�
f
	

Q

�
�
�

. kbk _Kb

�
M
�
Tf
	
ðxÞ þ

�
Mðjf jtÞðxÞ

	1=t þMf ðxÞ
�
;

we now take the supremum over all Q such that x 2 Q; and the norm of Ka;q
p ðRnÞ on both sides. By

Theorem 1.3 and Lemma 3.2, it follows that
�
�
�
�
b; T

�
f
�
�
�

Ka;q
p Fb

1ðRnÞ
.kbk _Kb

��
�M
�
Tf
	��

Ka;q
p ðRnÞþ

�
��Mðjf jtÞ

	1=t��
Ka;q

p ðRnÞ þ
�
�Mf

�
�

Ka;q
p ðRnÞ

�

. kbk _Kb
kfkKa;q

p ðRnÞ:

The proof is completed. h

We now turn to the commutator of fractional type operator for the above problem. Firstly, replace LpðRnÞ
by Ka;q

p ðRnÞ; we can obtain the following lemma.

Lemma 3.3 Let 1\p1\p2\1; 1=p1 � 1=p2 ¼ a=n: Suppose for each cube Q we have a function hQ,
defined on this cube. Then, for 0� c;

�
�
� sup

Q

1

jQj1þc=n

Z

Q

jhQj
�
�
�

Ka;q
p2
ðRnÞ

�C k sup
Q

1

jQj1þc=nþa=n

Z

Q

jhQj
�
�
�

Ka;q
p1
ðRnÞ

;

where the constant C depends only on p1; p2; q; a and n.

Lemma 3.4 Let 0\k\n; 1\p1\n=k; 1=p2 ¼ 1=p1 � n=k; �n=p1 þ k\a\nð1� 1=p1Þ;
0\q1\q2�1. If a sublinear operator Tk satisfies the condition

jTkðf ÞðxÞj �C

Z

Rn

jf ðyÞj
jx� yjn�k dy; x 62 supp f
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for any integrable function f with compact support and Tk maps Lp1ðRnÞ into Lp2ðRnÞ; then Tk maps
Ka;q1

p1
ðRnÞ into Ka;q2

p2
ðRnÞ: The proof of Lemma 3.4 is shown in Theorem 2.3 of [7].

Proof of Theorem 1.5 Fix to xQ as the center of a cube Q. For g 2 Lp1 ; let g0 ¼ gv2Q and g1 ¼ g� g0: By
Theorem 1.3 and Lemma 3.3, we can obtain

�
�½b;Tk�ðgÞ

�
�

Ka;q
p2

Fb
1

.

�
�
� sup

Q3�

1

jQj1þb=n

Z

Q

�
�½b;Tk�ðgÞ �

�
½b; Tk�ðgÞ

	
Q

�
�
�
�
�

Ka;q
p2

.

�
�
� sup

Q3�

1

jQj1þb=n

Z

Q

�
�½b� bQ;Tk�ðgÞ �

�
½b� bQ; Tk�ðgÞ

	
Q

�
�
�
�
�

Ka;q
p2

.

�
�
� sup

Q3�

1

jQj1þb=n

Z

Q

�
�½b� bQ;Tk�ðgÞ � Tk

�
ðb� bQÞg1

	
ðxQÞ

�
�
�
�
�

Ka;q
p2

.

�
�
� sup

Q3�

1

jQj1þb=n

Z

Q

�
�ðb� bQÞTkðgÞ

�
�
�
�
�

Ka;q
p2

þ
�
�
� sup

Q3�

1

jQj1þa=nþb=n
sup
y2Q

�
�Tk
�
ðb� bQÞg0

	
ðyÞ
�
�
�
�
�

Ka;q
p1

þ
�
�
� sup

Q3�

1

jQja=nþb=n
sup
y2Q

�
�Tk
�
ðb� bQÞg1

	
ðyÞ

� Tk
�
ðb� bQÞg1

	
ðxQÞ

�
�
�
�
�

Ka;q
p1

¼ E1 þ E2 þ E3:

Firstly, to estimate E1, each x 2 Q; we get by Lemma 3.1,

1

jQjb=n

1

jQj

Z

Q

�
�ðb� bQÞTkðgÞ

�
�

.
1

jQjb=n
sup
y2Q
jðbðyÞ � bQÞj

� 1

jQj

Z

Q

jTkðgÞj
�

. kbk _Kb
M
�
TkðgÞ

	
ðxÞ;

according to Lemma 3.4, we then obtain

E1.kbk _Kb

�
�TkðgÞ

�
�

Ka;q
p2
ðRnÞ.kbk _Kb

kgkKa;q
p1
ðRnÞ:

Estimate E2; choose r, 1\r\p1; and �r such that ð1=r � 1=�rÞ ¼ ða=nÞ: Such �r exists, since r\p1\n=a;
it follows that

1

jQj1þðaþbÞ=n

Z

Q

�
�Tkððb� bQÞg0Þ

�
�

.
1

jQj1þðaþbÞ=n

�
�Tkððb� bQÞg0Þ

�
�

�r
jQj1=�r

0

. jQj�1�ðaþbÞ=nþ1�1=�rkðb� bQÞg0kr

. kbk _Kb

�
MðjgjrÞ

	1=r
:

Thus, we obtain E2.kbk _Kb
kgkKa;q

p1
ðRnÞ:

We now estimate E3; analogous to D3 estimates, we have
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1

jQja=nþb=n

�
�
�Tk
�
ðb� bQÞg1

	
ðyÞ � Tk

�
ðb� bQÞg1

	
ðxQÞ

�
�
�

.
1

jQja=nþb=n

Z

ð2QÞc
jy� xQjjbðzÞ � bQjjgðzÞj

jxQ � zjnþ1�a dz

.
1

jQja=nþb=n

X1

k¼2

Z

2kQn2k�1Q

2�kj2kQj�1þa=njgðzÞjjbðzÞ � bQjdz

.

X1

k¼2

2�kþkaþkb 1

j2kQjb=n

1

j2kQj

Z

2kQ

jbðzÞ � b2kQjjgðzÞjdz

þ
X1

k¼2

2�kþka 1

jQjb=n
j2kQjb=nkbk _Kb

1

j2kQj

Z

2kQ

jgðzÞjdz

. kbk _Kb
MðgÞðxÞ:

So

E3. kbk _Kb
kgkKa;q

p1
ðRnÞ:

where completes the proof of Theorem 1.5. h
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