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Abstract In this paper, one-parameter families 7 = [ fHi@) =4 (coshz + ) forzeC: x> 0} and G =

cosh z

[g,\(z) =A (coshz — ﬁ) forzeC: A > 0} are considered and the dynamics of functions f, € JF and

g € G are investigated. It is shown that both the functions f; and g, have finite number of singular values and
the origin is always an attracting fixed point of g, (z). The dynamics of f;(z) and g, (z) on the extended complex
plane are studied by investigating the nature of the real fixed points and the singular values of f; and g;. It is
shown that a bifurcation and chaotic burst occur at a certain parameter value of A for the functions f; in the
family F but there is no bifurcation in the family G.
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1 Introduction

Let f(z) be a transcendental meromorphic function in the complex plane C. Let C=CuU {o0} denote the
extended complex plane. The main objects studied in the dynamics of a complex function are its Fatou and Julia
sets. The Fatou set F'(f) of f is the largest subset of C where the iterates f” of f are well defined and form a
normal family. The complement of F(f) is called the Julia set of f and denoted by J( f). According to Devaney
[6], on the Julia set J(f), (i) the function f is transitive (ii) the set of (repelling) periodic points is dense and
(iii) f has sensitive dependence on initial conditions.

Dynamics of one-parameter family of functions has been studied by many researchers in the end of 20th
and the beginning of 21st century. The dynamics of one-parameter family £ = {E;(z) = lexpz : A > 0}
of exponential function has been vastly studied by Devaney and his co-researchers [5,7,8]. It was proved that
the Julia set J(E,) is a nowhere dense subset entirely contained in the right half plane for 0 < A < % and
as soon as the parameter A crosses the value 1/e the Julia set explodes and becomes equal to the extended
complex plane. This phenomenon is called explosion in the Julia set or chaotic burst in the one-parameter family
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E ={E)(z) = Aexpz: A > 0}. This type of phenomenon is also seen in many other families of entire functions
such as Ab* + ub~% where b > 1, A(e* — 1)/z and A(sinh z)/z (refer [1,2,10-12]).
We define two one-parameter families of transcendental meromorphic functions

}'E{fk(z):k<coshz+ )forze(C:A>0},

cosh z

gz{gk(z)z)\<coshz— )forze@:k>0}.

cosh z

In this paper, we study the dynamics of functions fj € F and g, € G. In Section 2, the dynamics of fj is studied.
The function f; has two critical values and no other singular values. The nature of the real fixed points and
the dynamics of f; on the real line R, are investigated. The dynamics of f; on the complex plane is exhibited
and it is shown that a bifurcation occurs in the family of functions f, € F. In Section 3, the dynamics of g, is
investigated. The function g, has three singular values 0, £2Ai and 0 is always an attracting fixed point. It is
proved that the Fatou set of g, is equal to A(0), the basin of attraction of the origin. In Section 4, a comparison
between the dynamics of f, € F and g, € G is presented.

2 Dynamics of functions in F

The dynamics of the function fj € F is discussed in this section.

2.1 Basic properties of functions in F

On the real line R, the function f; (x) is positive and f; (x) — oo as |x| — o00. Itis easy to see that f; (x) attains
its minimum value 2 at x = 0.

Proposition 2.1 Let f, € F. Then, f, has only two critical values and no finite asymptotic value.

Proof Note that f](z) = )\% for z € C. So, f/(z) = 0 if and only if z = nzi where n € Z. Thus, the

critical values of f; are £21. Now, we show that f; has no finite asymptotic value. If possible, let w* be a

finite asymptotic value of f;. Then, there exists a continuous curve y (t), t > 0 such that llim y(t) = oo and
— 00

tlim . (y(@) = w*. Let y(¢t) = y1(¢t) + iy2(t) where y(t) and y»(¢) are real functions of 7. Then, we can
—00

write

cosh? (y1 (1)) + cos? (y2<r>)>

fuly () = xcosh (v (1)) cos (2(1)) (cosh2 1(0)) — sin? (72(0)

sinh? (y1 (1)) — sin® (3 (1)) )

+ iAsinh (y1 (1)) sin (y2(1)) (cosh2 (1) —sin® (1))

. . 1 cosh? 1)) cos® 1))—sinh? 1)) sin? t
i, [COShz(” (1) = sin* 020 + Coshzgigt;;COSZEJ]:zEt§;+sinh2E}}::Et;;Siﬂ282§t;;] = "l
since w* is an asymptotic value. This implies that y; (¢) is bounded and y» (¢) is unbounded as t — oo.
Without loss of generality, let us assume that y,(f) — oo as t — c0. On the curve y (t), we are choosing
two sequences {z,} and {z},} such that z, = x, + 2n7i and z), = x}, + 2n + D)zwi forn € N with n > ng
for some ng € N. Note that both the sequences tend to co along the curve y (¢). It is easy to see that g, (z,) =

2 204/
A cosh(xn)% > Aand g (z),) = —X cosh(x;)% < —A. So, for w* to be an asymptotic value,

tlim f>. (¥ (t)) must exist which is not possible for the above choices of y (). Hence f; has no finite asymptotic
— 00

value. O
By Proposition 2.1 and results in [3,4,9], the following results can be concluded.
Theorem 2.2 Let f) € F. Then, the Fatou set of f, does not contain wandering domains.

Theorem 2.3 Let f) € F. Then, the Fatou set of f,. has no Baker domains.
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386 M. Bera, M. G. P. Prasad

2.2 Real dynamics of functions from F

In this subsection, the dynamics of f, € F on the real line R is investigated.
Define s, (x) = fi(x) — x where f,(x) = A (coshx + m) for x € R and A(> 0) is a real parameter.

Note that /1 (x) — oo as |x| — o0o. Observe that 1} (x) = A% — 1, (x) < Oforx < 0and 7} (x) — ooas
— Asinhzx

b (3 + sinh? x) > 0 for x > 0, it follows that A} (x) has a unique zero x;° (say).

x — o0. Since hf (x)
This x} is given by

1 1

P 1 1 4 |’ 1 4 I°

Note that x} > 0 and

< 0 forx < xj,
R, (x) § = 0 forx = x7}, 2.2)
> 0 for x > x}.

Thus £, (x) has a unique minimum at x§ and the minimum value is &) (x}) = A (cosh x5+ ﬁ) —xj.
A

Throughout this paper, set
1
t:=Ailcoshxf + —— | —
* ( oot cosh x;f) a
where x; is given by (2.1).
The existence and nature of the real fixed points of fj are discussed in the following theorem.

Theorem 2.4 Let f)(x) = X (Coshx + #)for x € R and A(> 0) be a real parameter.

cosh x
(a) Ift;,, <O, then f)(x) has a repelling fixed point r; (say) and an attracting fixed point a;_ (say) with 0 < a) <
X5 <.
(b) Ift, =0, then fy(x) has a unique rationally indifferent fixed point x.
(c) Ift;, > O, then f5(x) has no fixed points.

Proof Set h) (x) = fo(x) —x forx € R.
(a) Caset, <O0:

Since hy (x}) < 0 for t; < 0, it follows that /; (x) has only two zeros a, and r (say) with 0 < a; < xJ < ry.
So,

> 0 for x € (—00, ay) U (ry, 00),
h;(x){ =0 forx =a, orry, (2.3)
< 0 forx € (ay,ry).

Thus, a;, and r;, are the fixed points of f; (x) (see Fig. 1). Now by (2.2), h’A(rA) > (0 and consequently f)((rk) > 1.
So, r; is the repelling fixed point of fj (x). Since h/k(x) is increasing and 0 < a; < x;‘, it follows that —1 =
1 (0) < R} (ap) < hi(x3) =0.Thus, 0 < fJ(ax) < 1 and hence a;, is the attracting fixed point of f; (x).

(b) Caser, =0:

If 1), = 0, then ki, (x5) = 0 and A (x}) = 0 consequently f(x}) = x; and f; (x}) = 1. Thus, x} is a rationally
indifferent fixed point of fj (x). Now for x # xJ, hy(x) > hy(x}) = 0. So, h;(x) has no zero other than x;.
Hence f; (x) has only one fixed point x} (see Fig. 2).

(c) Caset, > 0:

If 1, > 0, then h, (x) > hy(x3) > 0. Thus, f3(x) has no fixed points for #;, > 0 (see Fig. 3). This completes the
proof of the theorem.

O

In the following theorem, the dynamics of f; € F on the real line R is established.
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T\ 4

0 0.5 1 1.5 2 2.5 3
Fig. 1 Fixed points of f fors, <0

6

hlz)

0 1 1 1 1 1
0 0.5 1 1.5 2 2.5 3

Fig. 2 Fixed point of fj for#, =0

8

0 1 1 1 1 1
0 0.5 1 1.5 2 2.5 3

Fig. 3 No fixed point of f; for#, > 0

Theorem 2.5 Let f)(x) = XA (coshx + )for x € R and A(> 0) be a real parameter.

cosh x
(a) Ifty <O, then f}!'(x) — ay asn — oo for |x| < r; and f}!(x) — oo asn — oo for |x| > r;.
(b) Ift, =0, then f'(x) — xJ asn — oo for |x| < xJ and f}'(x) — o0 as n — oo for |x| > xJ.
(c) Ift;, > O, then f]'(x) — oo asn — oo forall x € R.

Proof (a) Caset, < O0:
If ,, < 0, by Theorem 2.4(a), fi(x) has an attracting fixed point @, and a repelling fixed point r; with
0 <a; < xi <r.Ifay, <x <r, by (2.3), we have

HL(xX) —ap <x —a;. 2.4

If 0 < x < a;, by mean value theorem, | fi(x) — a,| = |f)i(c)||x —ay |, where 0 < x < ¢ < a,. Since f)i(x) is
strictly increasing for x > 0, f;(0) = O and f; (ax) < 1, it follows that | f; (c)| < 1. So, | fo(x) —ax| < |x — a;|
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388 M. Bera, M. G. P. Prasad

for 0 < x < ay. This inequality together with (2.4), gives that | fi(x) —a)| < |x —ay| for 0 < x < r) and
x # ay. Thus, f'(x) — aj asn — oo for 0 < x < ry. Since fi(—x) = f;.(x), it follows that f;'(x) — a; as
n — oo for —r; < x < 0. Notice that f3(x) > x and f](x) > 1if x > r;. Therefore, the sequence { ' (x)} is
monotonically increasing and not bounded above for x > r;. Hence f;'(x) — oo asn — oo for x > ry. Again
in view of f3(—x) = fi(x), f;'(x) — oo asn — oo for x < —r;. This completes the proof of (a).

(b) Caser, =0:

If ;, = 0, by Theorem 2.4(b), f3 (x) has a unique rationally indifferent fixed point x}'. If 0 < x < xJ', by mean
value theorem, | f3,(x) — xJ| = | f; (¢)||x — x5|, where 0 < x < ¢ < x}. Since f;(0) =0, f;(x;) = l and f; (x)
is strictly increasing for x > 0, it follows that | f; (c)| < 1.So, | fi(x) —x}| < [x —x}[for0 < x < x;. Therefore,
f(x) = xfasn — oofor0 < x < xf.Ifx > xj, then f'(x) — ooasn — oo, since fj(x) > x and
f1(x) > 1forx > x. Since fj (x) is an even function, it follows that f]'(x) — x; asn — oo for —x; < x <0
and f;'(x) — ooasn — oo forx < —xj.

(c) Caset, > 0:

If ;. > 0, by Theorem 2.4(c), fi(x) has no fixed points. Since fj (x) > 24, fi(x) > x forall x € Rand f(x) is
strictly increasing for x > 0, the sequence { i (x)} is monotonically increasing and not bounded above. Thus,
f1(x) — oo asn — oo for all x € R. This completes the proof. O

Theorem 2.5 shows that a bifurcation occurs in the dynamics of fj (x), x € R, in the family F. If t, < 0 (£,=0),
by Theorem 2.5, it follows that under iteration of f}, the orbits of all the points in [—r;, r; ] (in [—x}, x}']), remain
bounded and orbits of all the points in R\ [—ry, r) ] (in R\ [—x;f, x;‘]), become unbounded. But when ¢, > 0, by
Theorem 2.5, there are no real points whose orbits are bounded under iteration of f;. Thus, a bifurcation occurs
in the real dynamics of f; when f;, = 0.

2.3 Complex dynamics of f

In the present subsection, the chaotic burst in the dynamics of functions in the family F, is discussed by describing
the dynamics of f; € F in the complex plane C.

2.3.1 Dynamics of f; fort, <0

If ), < 0, by Theorem 2.4(a), f; has a real attracting fixed point a; and a real repelling fixed point r,. The basin
of attraction A(a; ) of the real attracting fixed point a,,_ is defined as

Alay) = {ZG(CIff(Z)—)aA asn — oo}.
The following proposition describes the fate of the forward orbits of all the singular values of f;(z) forz, < O.

Proposition 2.6 Let A(ay) be the basin of attraction of the real attracting fixed point a;, of f).(z) for t, < 0.
Then, A(ay) contains all the singular values and their forward orbits.

Proof Observe that 0 < 2A < a; < r;, fort; < 0. By Theorem 2.5(a), f;'(£21) — a; as n — oo. Thus, A(a;.)
contains all the singular values and their forward orbits. O

In the following theorem the Fatou set of f) is described for #; < O.

Theorem 2.7 Let A(ay) be the basin of attraction of the real attracting fixed point a,_of f,.(z) fort, < 0. Then,
the Fatou set of f; is equal to the basin of attraction A(ay).

Proof The Fatou set of f; has no basin of attraction other than A(a;). Let A(z;) be a basin of attraction of the
attracting periodic point z; # a;. Clearly, A(ay) N A(zy) is an empty set. Then, A(z,) contains at least one
singular value ( [3], p. 164) but all the singular values are in A(a, ). Thus, A(a;) is the only basin of attraction
of f)L.

The Fatou set of fj cannot contain a parabolic domain. Let U be a parabolic domain, contained in the Fatou
set of fj, then U must contain at least one singular value ( [3], p. 164) which contradicts that all the singular
values and their forward orbits are in A(ay).
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Fig. 4 Basin of attraction in the Fatou set of fj
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Fig. 5 Parabolic Domain in the Fatou set of f;

The Fatou set of f, cannot contain Siegel disks and Herman rings. If U is a Siegel disk or a Herman ring,
then the boundary of U is contained in the closure of the forward orbits of the singular values of f; ( [3], p. 164)
but all the singular values and their forward orbits are in A(ay).

By Theorems 2.2 and 2.3 , the Fatou set of fj does not contain wandering domains and Baker domains.

Thus, A(a;) is the only possible stable domain. Therefore, the Fatou set of f is A(ay). O

Figure 4 gives an idea on the basin of attraction of f; when A = 0.5. In the Fig. 4, the points for which the
forward orbits are attracted by the attracting cycle are in black color.

Remark 2.8 Whent, < 0,

e By Theorem 2.5(a), f;'(x) — a; asn — oo forx € (—ry,r;). Hence A(ay) contains the interval (—ry, r3.)
on the real axis.

e Observe that f,(2nmwi) = 21 € (—ry, ry) for n € Z. Thus, the basin of attraction A(a,) contains the set
{2nmi : n € Z}. Hence the Fatou set of f; is unbounded.

If 1, = 0, by Theorem 2.4(b), fi has a real rationally indifferent fixed point x;‘. Then, the parabolic domain
P = P(xj) corresponding to the rationally indifferent fixed point x} is given by

P=Pux)={zeC: fl'(z) > x asn — oo}.

The dynamics of fj € F for #, = 0 is similar to that of the dynamics of f; for #, < 0 except that instead of a
basin of attraction, a parabolic domain is its Fatou set.

Theorem 2.9 Let P be the parabolic domain of f, corresponding to the real rationally indifferent fixed point
x; for ty, = 0. Then P contains all the singular values and their forward orbits and P is equal to the Fatou set

of f

Figure 5 gives an idea on the parabolic domain of f), when A = 0.54. In this figure, the points for which the
forward orbits are attracted by the parabolic cycle are in black color.
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Remark 2.10 Whent, =0,

e By Theorem 2.5(b), f;'(x) — x} asn — oo for x € [—x}, xJ]. Hence P contains the interval [—x}, x;] on
the real axis.

e Note that f (2nmi) = 21 € (—xj, x]) for n € Z. Thus, the parabolic domain P contains the set {2nmi :
n € Z}. Hence the Fatou set of fj is unbounded.

2.3.2 Dynamics of f, fort, >0

The dynamics of f3(z) for z € C and 1, > 0 is studied here. It is shown that the Julia set of fj is equal to the
complex plane.

Theorem 2.11 Let f, € F andt) > 0. Then, the Julia set J(f)) = C.

Proof If t, > 0, by Theorem 2.5(c), forward orbits of all the singular values of f; tend to infinity under iteration.
It remains to show that the Fatou set of f, is empty if forward orbits of all the singular values of fj tend to
infinity under iteration.

In view of Theorems 2.2 and 2.3 , the Fatou set of f; cannot contain wandering domains and Baker domains.
So the possible choices of Fatou components are (i) basin of attraction, (ii) parabolic domain, (iii) Siegel disk or
(iv) Herman ring.

The Fatou set of f; has no basin of attraction and parabolic domain. If the Fatou set of f) contains either a
basin of attraction or a parabolic domain U then, U contains at least one singular value w ( [3], p. 164). Then,
the forward orbit of the singular value w will tend to the attracting cycle or to the parabolic cycle. But all the
singular values of f; tend to oo under iteration of f. So, the Fatou set of f; cannot contain basin of attraction
or parabolic domains.

The Fatou set of f cannot contain Siegel disks or Herman rings. If U is a Siegel disk or a Herman ring, then
the boundary of U is contained in the closure of the forward orbits of the singular values of f; (z) but this is not
true, since closure of the forward orbits of the singular values of f;(z) is a countable subset of R having all its
point are isolated. So, the Fatou set of f is empty and hence the Julia set of f; is C. O

Theorems 2.7 and 2.9 and Remarks 2.8 and 2.10 shows that the Fatou set of f is non-empty and unbounded for
. < 0. So, the Julia set of f is nowhere dense subset of the extended complex plane for 7, < 0. Theorem 2.11
shows that the Julia set of f; is equal to the extended complex plane for 7, > 0. Thus, the chaotic burst in the
dynamics of f; from the family F occurs when #, crosses the value 0.

3 Dynamics of functions in G

In this section, the dynamics of the function g, € G is investigated. At first the dynamics on the real line R is
explored and then the dynamics on the complex plane is studied.

3.1 Basic properties of functions in G

Observe that g, (z) is an even function and it is periodic of minimal period 27i.
In the following proposition, it is shown that g; (z) has finite number of singular values.

Proposition 3.1 Let g, € G. Then, g, has only three (finite) singular values 0, £2\i.

Proof g, (z) = X (1 + @
Thus, the critical values of g, are 0, £2Ai.

Now we claim that either g, has no finite asymptotic value or only possible finite asymptotic value of g;
is 0. Let w be a finite asymptotic value of g, (z). Then, there exists a continuous curve y (f), t > 0 such that
zlinolo y(t) = oo and zlinolo g (y(@) = w. Let y(¢) = y1(¢) + iy2(t) where y;(¢) and y»(¢) are real functions of

) sinh z for z € C. Note that g} (z) = 0 if and only if sinhz = 0 or coshz = =i.

t. Then, g, (y(¢)) can be written as

sinh?(y (1)) — sin?(y2(1)) >

cosh?(y1 (1)) — sin?(y2 (1))
cosh?(y1 (1)) + cos? (ya(t)) )

cosh?(y1 (1)) — sin>(y2(1)) )

&1 (y (1)) = Acosh(y (1)) cos(y2(1)) <

i sinh(yy (7)) sin(y2(2)) (

@ Springer



Dynamics of two families of meromorphic... 391

4
3 L
2 L
1 L
0
-1 1 1 |
-1 0 1 2 3
Fig. 6 Fixed points of g; (x)
2
: o cosh(n()— e .
Now lim |gi(y (1)) = |w| implies lim - cohn @) — |w|. So, w to be an asymptotic value y;(r)
t— 00 t—00 _ sin2( (1)
cosh2 (y1 ()

should be bounded as t — oo and y»(¢) is unbounded as t — oo. Without loss of generality, let us assume that
y2(t) — ocoast — 00.Onthe curve y (1), we are choosing two sequences {z,,} and {z, } such that z,, = x,, +2nwi
and z,, = x), + 2n + i for n € N with n > ng for some ng € N. Clearly, along the curve y (¢) both the

sinh? (x,,) N sinh?(x))
cosh(x,,) > 0 and g(z,) = —2 cosh(x})

value w does not exist or if such w exists then w must be zero. Thus, the singular values of g, (z) are 0, £2Ai. O

sequences tend to co. Note that g, (z,) = A < 0. So, either asymptotic

3.2 Real dynamics of functions from G

On the real line R, the function g, (x) = A (coshx — ﬁ) is positive for x # 0 and g, (0) = 0. Thus, g, (x)
has a unique minimum value 0 at x = 0. It is easy to see that g, (x) — oo as |x| — oo.

The existence and nature of the real fixed points of g, (x) are investigated in the following theorem:
Theorem 3.2 Let g, € G. Then, g, (x) has a super attracting fixed point 0 and a repelling fixed point r)_(say).
Proof Define h; (x) = g, (x) —x for x € R and » > 0. Clearly, h;(x) — o0 as |x| — oo. Observe that

hy(x) = A (1 + Coskllzx)sinhx — 1 forx € R and A} (x) — o0 as x & oo. Since A} (x) < —1forx <0

cosh.x cosh? x
has global minimum at x = x}. Now £, (x;) < h;(0) = 0 implies %, (x) has two zeros 0 and r (say) with
0 < xf <. So,

and 2}/ (x) = A (Si“hz" + L) > 0 for all x € R, i} (x) has a unique zero x} (say) in (0, c0). Hence h; (x)

> 0 forx € (=00, 0) U (r;, 00),
hy(x)§ =0forx =0 or r;, (3.1
< 0 forx € (0,ry).

Thus, the fixed points of g (x) are 0 and r;, (see Fig. 6). Now g} (0) = 0 implies 0 is a super attracting fixed
point of g, (x). Since A} (x) is strictly increasing, it follows that 4} () > h}(x) = 0. So, g} (r;) > 1 and
consequently 7 is a repelling fixed point of g, (x). This completes the proof.

O

The dynamics of g, € G on the real line R is investigated in the following theorem:

Theorem 3.3 Let g (x) = A (coshx — =) for x € Rand A > 0. Then g}'(x) — 0 as n — oo for |x| < r;,

coshx

and g5 (x) — oo asn — oo for |x| > ;.
Proof By Theorem 3.2, g; (x) has super attracting fixed point 0 and a repelling fixed point r; with 0 < xJ < r;.
By (3.1), for 0 < x < r;, we have 0 < g;(x) < x. Thus, g}'(x) — Oasn — oofor0 < x < r,. Since
gr(—x) = gi(x), it follows that g}’ (x) — O asn — oo for —r; < x < 0.

Notice that g (x) > x and g} (x) > 1forx > ry. Therefore, the sequence {g} (x)} is monotonically increasing
and not bounded above and hence g} (x) — oo asn — oo for x > r;. Since g; (x) is an even function, it follows
that g7 (x) — oo asn — oo for x < —r;. This completes the proof. O
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3.3 Complex dynamics of g,

In this subsection, the dynamics of g, € G on the complex plane is investigated.
By Theorem 3.2, g, (z) has an attracting fixed point 0 and a real repelling fixed point 7, . The basin of attraction
A(0) of the attracting fixed point O is defined as

A(0)={zeC: gl (z) > 0asn — oo}.
Remark 3.4 By Theorem 3.3, on the real line R, the basin of attraction A(0) contains the interval (—r;, r3).
The following proposition describes the fate of the forward orbits of the singular values of f; (z).

Proposition 3.5 Let g, € G. Then, the basin of attraction A(0) either contains all the singular values and their
forward orbits or contains no singular values other than 0.

Proof By Proposition 3.1, the singular values of g, (z) are 0, £2Xi. The basin of attraction A(0) always contains

the singular value 0, since g;(0) = 0. Observe that g, (£2Ai) = —)\% e R.If |k%| < ry, then by

Theorem 3.3, g/ (—A sin” 2’\) — 0asn — oo. Thus, A(0) contains all the singular values and their forward orbits

cos 2\
£
sin” 2\
for A 55 < ra

If |)Lscig§22i‘| = r;, then g} (£2Xi) = r; forall n € N with n > 2. In this case 0 is the only singular value
contained in A(0).

Again, if|)»scig§22f| > 1, by Theorem 3.3, g} (—A SC‘E:ZZ)%) — oo?sn — oo and consequently g (£24i) — oo
sin” 2\

as n — o0o. Hence A(0) contains only the singular value 0 if [AZ°==*| > r;. This completes the proof. O

Remark 3.6 e Observe that g; (£2Ai) = 0 for . = %= where n € N. So, basin of attraction A(0) contains all
the singular values and their forward orbits when A = “F and n € N.

e Note that lim g, (+2Ai) = — lim AS?2% ) for p e N. So, if A is sufficiently closed to Z-, A(0)
A%%

P % cos 2\ 2

contains all the singular values and their forward orbits.
The following theorem describes the Fatou set of g :
Theorem 3.7 Let g) € G. Then, the Fatou set of g, is equal to the basin of attraction A(0).

Proof The Fatou set of g; does not contain Baker domains and wandering domains, since g; has three singular
values. So, only possible choices of the Fatou components of F(g;) are basin of attraction, parabolic domain,
Siegel disk and Herman ring. Now we will show that F'(g;) has no Fatou components other than A(0). We prove
this by dividing into two cases: (i) A(0) contains all the singular values and their forward orbits and (ii) only
singular value contained in A(0) is O.

Case(i): A(0) contains all the singular values and their forward orbits

The Fatou set of g, (z) has no basin of attraction other than A(0). If possible, let A(z,) be a basin of attraction
of the attracting periodic point z; # 0. Clearly, A(z;) N A(0) = @. Then, A(z,) contains atleast one singular
value ( [3], p. 164) which contradicts the fact that A(0) contains all the singular values and their forward orbits.

The Fatou set of g, (z) cannot contain a parabolic domain. If the Fatou set of g, (z) contains a parabolic
domain P, then P must contain a singular value ( [3], p. 164) but all the singular values and their forward orbits
are in A(0), giving a contradiction.

Now, the Fatou set of g, (z) cannot contain a Siegel disk or a Herman ring. If the Fatou set of g, (z) contains
a Siegel disk or a Herman ring U, then the boundary of U is contained in the closure of the forward orbits of the
singular values of g, (z) ([3], p. 164). But this is not true, since A(0) contains all the singular values and their
forward orbits. So, all possible Fatou components other than A(0) is excluded. Thus, the Fatou set of g, (z) is
A(0).

Case(ii): only singular value contained in A(0) is 0

. L . in?
Note that only singular value contained in A(0) is O whenever |1 %5 22){‘ | > ry.

Observe that if |\ Sc‘gizzf | = r;, forward orbits of the singular values of g, (z) is a subset of {0, £2xi, £r;}.

Note that +2Ai € J(g,), since g%(j:ZAi) =r, € J(gy) for |)»*C12s222£‘| =r.

@ Springer



Dynamics of two families of meromorphic... 393

-4
-4 -3 -2 -1 0 1 2 3 4

Fig. 7 Basin of attraction in the Fatou set of g;

Table 1 Comparison of the dynamics of f; and g,

Dynamics of f; (z) = A(coshz + Col—hz) A>0 Dynamics of g, (z) = A(coshz — co;—hz), A>0
[ is critically finite g;. 18 critically finite

Singular values of f; are £2A Singular values of g; are 0, £2Ai

f3(z) is an even function g5.(2) is an even function

fi.(z) is periodic function of period 2i g5 (z) is periodic function of period 2i

fo.(x) has no real fixed point for 7, > 0 fj(x) has g, (x) has super-attracting fixed point O and real
real rationally fixed point x; for #;, = 0 fi(x) has real repelling fixed point r; for any A > 0

attracting fixed points a;, and real repelling fixed point

r) fort; <0

Bifurcation in the dyngmics of f; occurs whent, =0 No bifurcation in the dynamics q£ o

The Julia set of f; is C forz;, > 0 The Julia set of g, can never be C

If |Xscig§22i‘| > 1y, define § = {g}(£2Ai) : n € N}. Clearly S is a countable set of R and all points of §

are isolated points in R. So closure of the forward orbits of the singular values of g, (z) are {0, £2Ai} U S for
|ksci§§22){‘.| > 1. Again £2i € J(gy), since g} (£21i) — oo as n — oo for |ASC1(‘)‘:22;‘

So, in this case J (g, ) contains the singular values +21i.

The Fatou set of g; cannot contain a parabolic domain or a basin of attraction other than A(0). If U is a
parabolic domain or a basin of attraction with U # A(0), then U must contains atleast one singular value ( [3],
p- 164). Now 0 € A(0) implies atleast one of £2i is in U. But this is not possible, since £21i € J(g,).

Again the Fatou set of g; cannot contain a Siegel disk or a Herman ring. If U is a Siegel disk or a Herman
ring, then the boundary of U is contained in the closure of the forward orbits of the singular values of g, ( [3],
p. 164). But closure of the forward orbits of the singular values of g is either a finite set or a countable set having
all points are isolated points, giving a contradiction. In this case also, all possible Fatou components other than
A(0) is excluded. So, the basin of attraction A(0) equals to the Fatou set of g;. |

| > r) and oo € J(g))-

Figure 7 gives an idea on the basin of attraction of g, when A = 1. In Fig 7 the points for which the forward
orbits are attracted by the attracting cycle are in black color.

Theorem 3.7 shows that the Fatou set of g, is non empty for any A > 0. Also the Fatou set of g, is unbounded,
since g, (z) is a periodic function.

4 Comparison of the dynamics of f, and g,

1

In this section, the dynamical properties of f3(z) = A(coshz + coshz

compared and presented in a tabular form. (See table 1)

) and gy (z) = A(coshz — ) are

1
coshz
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