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Abstract Let Ry (n),R,(n) denote the numbers of representations of a positive integer n by the quaternary
quadratic forms gj(x1,x2,%3,%4) = 2(x] +x102 + X3) + 2x1%3 +X1%4 + X0x3 + 2200%4 + 2(x3 + X334 +x7),
(X1, x2,x3,x4) = 8(x% + x%) + x% + xﬁ, respectively, where x|, x», x3 and x4 are integers. In this paper, we
establish the asymptotic formulae for the sums . R;(n) and Y R*(n) for i = 1,2.

n<x n<x
Keywords Quaternary quadratic form - Asymptotic formula - Fourier coefficient - Cusp form

Mathematics Subject Classification 11F30 - 11F70

1 Introduction

The theory of quadratic forms is one of central problems in number theory. In the literature, many math-
ematicians such as Fermat, Lagrange, Gauss, Minkowski, Hasse and Siegel et al have made significant
contributions to the representations of positive integers by quadratic forms.
Let r¢(n) denote the number of representations of a positive integer n by the quadratic form
B3+, e
n:x%—i-x%—i—nui—x,%,

where xj, xp, - - -, x; are integers.

The average behavior of r;(n) is an old and interesting problem, which has also been studied by many
authors (see Landau [14]). In the 1990’s, Fomenko [6] and Miiller [16, 17] established, by the Rankin-
Selberg convolution method, that for k£ > 3,
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396 H. Lao et al.

Z r,%(n) = 4 O(x(]“l)%),

where ¢ = ¢(k) > 0 is a constant.
Fomenko [7] improved the estimate for k = 4,

> i) = 32630 + 0¥ (log x)F),

n<x

where ((s) is the Riemann zeta-function.

In this paper we are interested in the representation numbers of n by quaternary quadratic forms
g1(x1,x2,x3,x4) = 2(x% + x1% + x%) + 2x1x3 + X1X4 + X2x3 + 2x0%4 + 2(x§ + x3x4 + xﬁ) and
g2(x1,X2,X3,x4) = 8(x7 +x3) + x3 + x7. These interesting quaternary quadratic forms appeared in Elstrodt,
Grunewald and Mennicke [5], which are closely related to the special values of Eisenstein series on three-
dimensional hyperbolic space. Denote the number of representations of a positive integer n by

Ri(n) = R(n = gi(x1,x2,x3,%4)), i=1,2.

From [5] we learn that the formulae for representation numbers R;(i = 1,2) involve Fourier coefficients of
automorphic forms and sum-of-divisors function. Combining classical analytic method with property of
some primitive automorphic L-functions, we study the distribution of Fourier coefficients of holomorphic
cusp form over congruence subgroup and sum-of-divisors function. Then we establish the asymptotic
formulae for the numbers of representation of integers by two quaternary quadratic forms.

Theorem 1.1 For x>2, we have
2
ZRl (n) = §n2x2 + O(xlogx)
n<x

and
2065
S Rn) = 5238 + O(xz(logx)§).
351
n<x
Theorem 1.2 For x>2, we have

17
’;Rz(n) = 19—2n2x2 + O(xlogx)

and

SR = (o t3)x° + 0 (log ).

n<x

2 Some properties of primitive automorphic L-functions

In this section we introduce some properties of several primitive automorphic L-functions, which will be
used in section 3.

Let N be a positive integer, and i/ be a Dirichlet character modulo N. Denote by Hi(N) the set of all
normailzed Hecke primitive eigencuspforms of even integer weight k for the congruence subgroup

To(N) = {(a Z) €SLy(Z) : ¢ = O(modN)},

c

where SL,(Z) denotes the full modular group.
For f € H(N), it has Fourier expansion at the cusp co

o0

f@) = ar(n)e(nz)(Imz > 0),

n=1

where ¢(z) = ™. Deligne [4] proved that
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On the number of representations of integers... 397

lag(n)| < d(n)n'=

for all n > 1, where d(n) is the divisor function. The Dirichlet L-function attached to f has an Euler product
for Res > (k + 1)/2 in the following way [2]:

8

- 1;[( ng-)ﬁ-l)l (2.1)

where o, and f3, are two complex conjugates satisfying o, + f, = as(p) and o, 8, = Y(p)p*'.
Let y be a primitive Dirichlet character modulo ¢, the twisted symmetric square L-function associated to
fis defined by Shimura [21] as

L(sym’f ® 7,5 HH( >y ’C(p)> , Res>k.

The product over primes also gives a Dirichlet series representation for L(sym?f ® y, s):

L(Symzf ® Xas) = ZM7 Res > k.

s
n=1 n

Lemma 2.1 Let f € Hi(N) and y be a primitive character modulo q. For any ¢ > 0, we have
2T
/ L(sym’f @ 7,0 + it) Pdr <10 (T)** 7" (2.2)
T
uniformly for k — 1/2 <o <k and T > 1. Moreover,
L(sym*f ® y, 0 +it) <. (q(|t] + 1))max{%<k_“)’0}+s (2.3)

uniformly for k — 1 +e¢<o<k+e.

Proof From Sankaranarayanan [20] we learn that L(sym?f ® y,s) converges absolutely in Res > k. Its
critical strip is k — 1 <o <k, and the critical line is ¢ = k — % Shimura [21] also showed L(sym2f ® 1, S)
satisfies a functional equation, so it is a general L-function introduced by [19]. The degree of L(sym’f ®
%,5) is 3. Then similarly to the proof of mean-value theorem [19, Theorem 4], we deduce the estimate (2.2).
The convexity bound (2.3) can be obtained by standard arguments similar to method in Jiang and Lii [12]. [

Lemma 2.2 Let y be a primitive character modulo q.
(i) For any ¢ > 0,

Lio +it, 7) < (q([t] + 1))"={50-0)0}+e (2.4)

uniformly for 1/2<¢ <1 and t>1 with g < 2.
(i) For T>2, ¢>1, and |o — 1/2| < (200log gT) "

Z / L(o +it, x)|*dt < ¢(q)T(logqT)*, (2.5)

x mod g

*
where Z denotes the sums over primitive characters, ¢(g) is the Euler function.
x mod ¢

Proof The first assertion was proved by Heath-Brown [8], and the second assertion was seen in Pan and
Pan [18]. O
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3 Distributions of a;(n) and o(n)

In order to prove Theorems 1.1-1.2, we need the following Propositions 3.1-3.4. Using the properties of
primitive automorphic L-functions, we investigate the distributions of as(n), o(n)as(n), and aj%(n) over

sparse sequences, where g(n) = > d.
dln

Proposition 3.1 Let f € Hi(N), and l,q € N with (I,q) = 1. For x> 2, we have

> arln) = 0(¥10g2x), (3.1)

where the O-constants depend on f.
Proof We learn from Theorem 5.3 in [10] that for f € Hy(N), any o € R and x > 2,
Zaf(n)e(om) = O(x%10g2x>, (3.3)

n<x

where the implied constant depends on f (not on o).

By virtue of
i (an) {q if n = 0 (modg),
el — =
p q 0 otherwise,

where a is a positive integer with 1 <a < g, we have
q

> aln)= lfo(— %l) Zaf(nk(%)-

n<x qa:l n<x

n = I(mod q)

Using (3.3), we get

Z ag(n) = O<x§ log 2x>,

n<x
n = I(mod q)

where the O-constant depends on f.
Similarly we have

S o) - ;Z(— “) n;a<n>af<n>e(“) )
n = I(mod q) -

We know from [23] that for Res > 2,

> 7~ s - =11 —pl)<1 _pﬁ)

n=1 p

By the above indentity and (2.1), using Lemma 1.6.1 in Bump [1] we have
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On the number of representations of integers... 399

S 1(-2)" (-8 (-3) " -2)"(-222)
= L(f,s — 1)L(fas)1;[(1 _M>

. (3.5)
=L(f,s — l)L(f,s)H(l _;//2(19»
_L(f,s — 1)L(f,s)
=Tl k) L(f,s — 1)G(s),

o0
where G(s) = > g%) is absolutely convergent for Res > (k + 1)/2.
From (3.3) amd Abel’s Lemma (see [3]), for f € Hy(N), o € R and x > 2, we have

Z ag(n)ne(an) = O (x%z log x) .

n<x
By the Dirichlet convolution on the right hand side of (3.5), we get

Zo(n)cy(n)e(%) =Y gm) Y af(nl)n1e<an;n2> = 0(x1ogx). (3.6)

n<x ny <x np <X
iy

Putting together (3.4) and (3.6), we conclude

Z a(n)as(n) = O(x% log x),

n<x

n = I(mod q)
where the O-constant depends on f. ]
Proposition 3.2 Let f € Hi(N), and l,q € N with (I,q) = 1. For any ¢ > 0 and x > 2, we have

Z a?(n) = CpgpX + O(Xk_§+*’),

n<x
n = I(mod q)

where Cj,r is a constant which depend on /, g and f, and the O-constant depends on f.

Proof For a Dirichlet character y modulo ¢, the twisted L-function attached to f has an Euler product

L(f © 1,5) = iw
— H<1 _"@)1 (1 - /3!’7_(}’))1 (3.7)
P =

p

for Res > (k+1)/2.
From (2.1) and (3.7), and the Rankin-Selberg convolution method, we have

i at(n)y(n)

~ L(sym’f @ y, )L(s + 1 =k, ¥z)
L(2s +2 — 2k, y/*»?)

=L (Sa X)»

where L(2s +2 — 2k, y*%)"" is absolutely convergent and free from zeros for Res>k —1/2 +¢, and
L(sym?f ® y,s)L(s + 1 — k, ) has at most one simple pole at s = k in the whole s-plane.

For the principal character y, modulo g, using Perron’s formula (see e.g. Karatsuba [13, Theorem 4.1])
with o = 1, b = k + ¢, and A(n) = n*~1*%, we have
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2 1 kte+iT ¥ xk+e:
= — L y —_
S amnm =g [ b Sao(*5),

n<x k+e—iT

where T with 1 <T <x is a parameter to be chosen later. Then we move the line to Res = k — 1/2 4+ ¢. By
Cauchy’s residue theorem, we obtain

) Ll eiT Ll etiT k-+e+iT X
az(n)yy(n / / / Li(s, xo) —ds
”ZSX ! O 27—“ +&e—iT Ao iT Zk{]+8+iT ( ‘ §
X xk+s
Resd I x 0 (3.8)
+SekS{ 1(S,Xo)s}+ (T)

‘ xk+s
=Cx"+L+L+5+0 )

where C; = [] gl —%;QL(symzf(@ %0 1)L(2,xp(2))(3)7l for Y = v, C; =0 for Y # v, and ¢ is the least
common mukigple of N and g.
It remains to estimate the three integrals. For  # /,, by (2.2) and (2.5) we have

L < X —|—x2k21+8T It o Crtrerite,

For I, and I3, we deduce from (2.3) and (2.4) that

llk_]_,'_é ¢ )CI(J“g )CMJF
L+5L<< max To 0 < + — .
Ul <o <kte Ts T f e
This implies

+é&
L+DL+5L<K T+X2k2]+er+s (39)

As for W =1, replacing (2.4) and (2.5) by ((o+ir) < £!" and fo |{(o —1— it)|*dt < TlogT,
respectively, we know (3.9) also holds. Combining (3.8) with (3.9), and taking T = xS we get

Zaf C]X —l—O( _EH). (3.10)

n<x

If y is a primitive character modulo ¢, by the same method as in dealing with the case for y = y, and
¥ # Y, we conclude

ST @) < A
n<x (3 . 1 1)
1#10
 primitivecharacter
As is well known, a non-primitive character y modulo g can be induced by a unique primitive character y;,
modulo ¢y, qi|g, namely y(n;q) = Xl("' q1)%0(n; q). Using (3.11), we derive that

D) Y ap(muln) < 2 (3.12)

(p(cI) &=
By the orthogonality of Dirichlet character y(n) (see [18]), we know

Z af(n) = Wz;gmodq Z(l) Zn <x af (n)X(n> (313)

n<x
n = I(mod q)

Substituting (3.10) and (3.12) into (3.13), finally we get
> af(n) = Crpt + O(xk%“),

n<x
n = I(mod q)
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On the number of representations of integers... 401

where C;,r is a constant depending on /, g and f. O

Now we study the distribution of ¢'(n) (r € NT) over sparse sequences.
From [23] we learn that

S s 1),

< 2n) (s — 20— Dils)
; n {(2s —2) '

For the general cases, the following result can easily be verified.
For > 2 with t € NT, we have

> O't n t—1 2 1
> n( ) _ Us =08 (s—t41)--- (G (s = 2)(5 (s = 1)E(s)U(s), (3.14)
n=1
where Cf is the binomial coefficient, i = 1,2,...,t — 1, and
thlctfl _ thl _ CZ thlct72 _ C172cé
U(s) = H(l - tp2s72r+t2 t-— It)2s72t+3t + - ) (3.15)
p

admits a absolutely convergent Dirichlet series in Res >t — 1/2 + «.
On the basis of (3.14) and (3.15), by the argument similar to (6) in Mercier [15], we establish an
asymptotic formula of ¢’(n) over arithmetic progressions.

Proposition 3.3 Let I,q € N with (I,q) =1 and t >2 with t € NT. For x >2, we have

C(1,q,1)
t _ » 1 t+1 !
E a'(n) = 1 X 4+ 0(xX' logx), (3.16)

where

Ot = T B) LT WL+ UG+ ”H(l L) o) +) |

(P(‘I) i pt+l p2t+2

where U(s) is given by (3.15).

Remark 3.4 Letl g € N with (I,q) = 1. For x > 2, Mercier [15] proved
n < a(p) , o(p?) >
a(n) = 1+—-+ 4+ ] ¥+ 0O(xlogx).
,;c & 12¢(q) g o ( )
n = I(mod q)

4 Proof of Theorems 1.1-1.2

Proof of Theorem 1.1 (i) Elstrodt, Grunewald and Mennicke [5] showed that
Ri(n) = R(n = Z(X% + x1x + x%)
+2x1x3 + x1X4 + X2X3 + 2x0x4 + 2(x§ + x3x4 + xi))
1201(n,3), n = 0 (mod 3),
= 0, n 1 (mod 3),
601(n,3), n = 2 (mod 3).

where a1(a,b) := > d, a1(a,b) =0 if a is not a natural number. Hence,
d|abld
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=12 a<x o(m,3)+6>. a<x  01(n,3)
Z Ry (I’l) n=0(mod3) n=2(mod3)
n<x

In view of ¢(n,3) = o(n) — 35(4), we transform the summation into four parts

ZRl(n)=6zn§x a(n)—36zn§§a(n)+6z n<x  o(n)—6> n<e o(n)

n=0(mod3)
n<x

It is well known that for x > 2 (see e.g. [24]),

. (4.1)
Thus

Su=6) _ a(n)= e 0<x(logx)-%).

(4.2)
For S5, we resort to the asymptotic formula in [15]
(1 1 1
a(n) =— (P_ +—— —>x2 + O(xlogx),
; 12\po ' P} P}
n=0(modpy)
where pg is a prime. Hence,
11 5,
Si3=6 HZ; a(n) = TR + O(xlogx). (4.3)
n=0(mod3)
By Remark 3.1, we get
Z a(n) = A1x* + O(xlog x),
n<x
n=1(mod3)
where
n? alp) o(p?) o 1+3 1+3+3? 2
A = 1+ =2 =1 - =22
: 12(/)(3);%( Tt T ) 24< LR T ) 81"
Thus we have
_ _ 4 55
Sy =6 ,,Z; a(n) =5 X + O(xlogx). (4.4)
n= 1(_m0d3)

From (4.2)-(4.4), we conclude

> Ri(n)

n<x

2
5 x> + O(xlogx).

(ii) Note that

1446%(n) 4 129607 (%) — 8640 (n)a(2), n = 0(mod3),
Ri(n) 0, n = 1(mod3),
3652(n), n = 2(mod3).
Then we have
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S R =T pe,, TOHIOL e 70)

= 0 (mod3) n=0(mod3)

n<x

For 511, we invoke [22, Lemma 2.3]: for x> 2, we have

> o*m) = w0 0(#(log s 1)),

= 18¢

tlm

where the O-constant is independent of x and ¢,

astn) = SO s = TT (14 2).

—1
kjm plm P
and for klm,
o~ Ai(nm) ?(q)
Bi(k;m) = Z o Alm) =D
(”7%):] i
Thus
Si =144 Z a*(n) = M)ﬁ + O(xz(logx)g)
= 3 (4.5)
n=0(mod3)

For S, 12, we need the following estimate concerning the average of the function az(n),

Z a*(n) = %(3))63 + 0<x2(logx)§), x>2 (4.6)

n<x

which can be found in [22]. Thus

Su=1206 S & (g) — 1296 S o2 (k) = 40L(3)%° + o(xz(logx)%).

n<x k

<
n=0(mod3) -

[

By the multiplicative property of a(n), we get

— ny — - o o—1 " N 2
Z 0(")0(E> - Zn3|§nx 6(”)0(3) Z 1<a< }g? 0'(3 )0'(3 )Z 133131 1% (’11)
3
n<x
n= 0 (mod3)

In addition,

= o’ ny)— mS'—ZGz n
Z O'Z(nl) Zmﬁ%« ( ) Z 3‘,1]3 ( )

m< sy
3[/11
It is clear that
27 1
3 _DB*F—1)3 =40~
T enE -z =eo(;
I<a< 25

Consequently
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Si3 =864 .<x  a(n)a(2)
n=0 (mod3)

(4.7)
_(2430((3) 54m2A5(3)\ ) 8
= < B BT >x + O(x (log x) )
For the last sum we have
- 13{(3
S14 =36 ;{ a*(n) = 2C§ )x3 + O(x* log x).
n= 2 (mod3)
For A5(3) in (4.5) and (4.7) we show that
_ Bl (k;3) oo Al 3n
A ( ) Ek|3 Z nn3__
_(11L3) 110G 1 Fe(n)\,, . 67L2)(3) _ 67
- (3@*?1; N TP )Cm 5 @ e
Therefore,
2, 2065 8
2 Ri(n) = Z37 £ + 0 (2 (og9).
O

Proof of Theorem 1.2 (i) Elstrodt, Grunewald and Mennicke [5] proved the following result: if n = 2*m
with o € N, and m odd, then

201(n,2) +2a(n), o«=0, m = 1(mod4),
0, o=0,m = 3(mod4),
40(n,2), o=1,m= 1(mod4),
Ry(n) = 0, a=1,m = 3 (mod4), (4.8)
401(n,2), o=2,
851(n,2), o =3,
2401(n,2), o>4,
where a(n) is defined by the equation
0o
Za )(Imz > 0),

where 17%(4z)n*(8z) is the unique normalized cusp form of weight 2 on I'5(32), and 5(z) is defined in the
half-plane H = {z : Imz > 0} by the equation

00 = e(5) T101 -~ eln).

n=1

For n = 2*m with o € N and m odd, we have
o1(n,2) = a(n) — 20(3) = a(m). (4.9)

Putting together (4.8) and (4.9), we get
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20(m) 4+ 2a(m), n=m,m = 1(mod4),
0, n=m,m = 3(mod4),
4a(m), n=2m,m= 1(mod4),
Ry(n) = 0, n=2m,m = 3(mod4),
4a(m), n=4m,
8a(m), n = 8m,
246 (m), n=2"mou>4
Hence
2 m< o(m)+2 m<x a(lm)+4 wm<x o(m
ZRz(n) = 2 m= 1 (n'fod4) (m) 2 mz](n?od4) (m) 2 m= 1 (I§n0d4) (m) (4.10)
n<x
Using Remark 3.1, we obtain
S =23 mex o(m) =5+ O(xlogx),
m=1(mod4) i (411)
S =43 w<z  o(m) =52+ O(xlogx).
m=1(mod4)
Taking k = 2 in (3.1), we have
Sy =2 a(m) = O(xlogx).
22 mZ:X (m) (xlog x) (4.12)
m=1(mod4)
According to (4.1), we have
— .2 2
5, = 4 ngoltm =52 + 0(x(tog1)!), @13)
Sas
Adding up the expressions (4.10)-(4.13), we obtain
17
;Rz(n) = @nzx2 + O(xlogx).
(ii) Recalling the expression of Ry(n) in (i), we have
46%(m) + 8a(m)a(m) +4a*(m), n=m, m = 1(mod4),
0, n=m, m = 3(mod4),
1662 (m), n=2m,m = 1(mod4),
R3(n) = 0, n=2m,m = 3(mod4),
1662 (m), n = 4m,
6402 (m), n = 8m,
5764%(m), n="2"m,0a>4.
Thus
4 < a’(m) +8 <x o(m)a(m)+4 < a*(m
ZR%(I’Z) = Z mErrll(rrfod4) ( ) Z mErrll(n;\Od4) ( ) ( ) Z mznf(nfod4) ( ) (414)
n<x
Firstly, by Proposition 3.3 with r =2 we get
_ =AY m<x d(m) = {(3)x + O(x* logy),
So1 m=1(mod4) ~ (4.15)

Next, putting k = 2 in (3.2) gives
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Sy =8 a(m)a(m) = O(x*logx).
b 2 olmjaln) = O(<logs) @19
m=1(mod4)

As for S3, we see by Proposition 3.2 that

Sy; = 4 Z a*(m) = Cx* + O(X%“’),

m<x (4.17)
m=1(mod4)
where C is a constant.
For the remaining sums, using (4.6) we have
=165 < 6*(m) =2 3x3—|—0(x2 Io x%),
5o > <4 (m) 241(( ) (logx) (4.18)
S26
Finally we get from (4.14)-(4.18) that
1235 s
R (n) = —2((3)x° 0(21 )
Z 3(n) = {155 L3 + 0 (log)
O
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