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Abstract Let R1ðnÞ;R2ðnÞ denote the numbers of representations of a positive integer n by the quaternary

quadratic forms g1ðx1; x2; x3; x4Þ = 2ðx2
1 þ x1x2 þ x2

2Þ þ 2x1x3 þx1x4 þ x2x3 þ 2x2x4 þ 2ðx2
3 þ x3x4 þx2

4Þ;
g2ðx1; x2; x3; x4Þ ¼ 8ðx2

1 þ x2
2Þ þ x2

3 þ x2
4, respectively, where x1, x2, x3 and x4 are integers. In this paper, we

establish the asymptotic formulae for the sums
P

n� x
RiðnÞ and

P

n� x
R2

i ðnÞ for i ¼ 1; 2.

Keywords Quaternary quadratic form � Asymptotic formula � Fourier coefficient � Cusp form

Mathematics Subject Classification 11F30 � 11F70

1 Introduction

The theory of quadratic forms is one of central problems in number theory. In the literature, many math-
ematicians such as Fermat, Lagrange, Gauss, Minkowski, Hasse and Siegel et al have made significant
contributions to the representations of positive integers by quadratic forms.

Let rkðnÞ denote the number of representations of a positive integer n by the quadratic form

x2
1 þ x2

2 þ � � � þ x2
k , i.e.

n ¼ x2
1 þ x2

2 þ � � � þ x2
k ;

where x1, x2, � � �, xk are integers.
The average behavior of rkðnÞ is an old and interesting problem, which has also been studied by many

authors (see Landau [14]). In the 1990’s, Fomenko [6] and Müller [16, 17] established, by the Rankin-
Selberg convolution method, that for k� 3,

123

Communicated by Eknath Ghate

This work is supported by Shandong Provincial Natural Science Foundation (Grant No. ZR2018MA003).

H. Lao (&) � Z. Xie
School of Mathematics and Statistics, Shandong Normal University, Jinan, China
E-mail: lhxsdnu@163.com

Z. Xie
E-mail: xzhenxing9109@163.com

D. Wang
School of Mathematics and Statistics, Qilu University of Technology (Shandong Academy of Sciences), Jinan 250353,
Shandong, People’s Republic of China
E-mail: wangdan-10@hotmail.com

Indian J Pure Appl Math (2021) 52:395–406
https://doi.org/10.1007/s13226-021-00064-1



X

n� x

r2
k ðnÞ ¼ cxk�1 þ O xðk�1Þ4k�5

4k�3

� �
;

where c ¼ cðkÞ[ 0 is a constant.
Fomenko [7] improved the estimate for k ¼ 4,

X

n� x

r2
4ðnÞ ¼ 32fð3Þx3 þ O x2ðlog xÞ

5
3

� �
;

where fðsÞ is the Riemann zeta-function.
In this paper we are interested in the representation numbers of n by quaternary quadratic forms

g1ðx1; x2; x3; x4Þ = 2ðx2
1 þ x1x2 þ x2

2Þ þ 2x1x3 þ x1x4 þ x2x3 þ 2x2x4 þ 2ðx2
3 þ x3x4 þ x2

4Þ and

g2ðx1; x2; x3; x4Þ = 8ðx2
1 þ x2

2Þ þ x2
3 þ x2

4. These interesting quaternary quadratic forms appeared in Elstrodt,
Grunewald and Mennicke [5], which are closely related to the special values of Eisenstein series on three-
dimensional hyperbolic space. Denote the number of representations of a positive integer n by

RiðnÞ ¼ R n ¼ giðx1; x2; x3; x4Þð Þ; i ¼ 1; 2:

From [5] we learn that the formulae for representation numbers Riði ¼ 1; 2Þ involve Fourier coefficients of
automorphic forms and sum-of-divisors function. Combining classical analytic method with property of
some primitive automorphic L-functions, we study the distribution of Fourier coefficients of holomorphic
cusp form over congruence subgroup and sum-of-divisors function. Then we establish the asymptotic
formulae for the numbers of representation of integers by two quaternary quadratic forms.

Theorem 1.1 For x� 2, we have
X

n� x

R1ðnÞ ¼
2

9
p2x2 þ O x log xð Þ

and

X

n� x

R2
1ðnÞ ¼

2065

351
fð3Þx3 þ O x2ðlog xÞ

8
3

� �
:

Theorem 1.2 For x� 2, we have

X

n� x

R2ðnÞ ¼
17

192
p2x2 þ O x log xð Þ

and

X

n� x

R2
2ðnÞ ¼

1235

1120
fð3Þx3 þ O x2ðlog xÞ

5
3

� �
:

2 Some properties of primitive automorphic L-functions

In this section we introduce some properties of several primitive automorphic L-functions, which will be
used in section 3.

Let N be a positive integer, and w be a Dirichlet character modulo N. Denote by HkðNÞ the set of all
normailzed Hecke primitive eigencuspforms of even integer weight k for the congruence subgroup

C0ðNÞ ¼
a b

c d

� �

2 SL2ðZÞ : c � 0 ðmod NÞ
� �

;

where SL2ðZÞ denotes the full modular group.
For f 2 HkðNÞ, it has Fourier expansion at the cusp 1

f ðzÞ ¼
X1

n¼1

af ðnÞeðnzÞðImz [ 0Þ;

where eðzÞ ¼ e2piz. Deligne [4] proved that
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jaf ðnÞj � dðnÞnk�1
2

for all n� 1, where d(n) is the divisor function. The Dirichlet L-function attached to f has an Euler product
for Res [ ðk þ 1Þ=2 in the following way [2]:

Lðf ; sÞ ¼
X1

n¼1

af ðnÞ
ns

¼
Y

p

1� af ðpÞ
ps
þ wðpÞ

p2s�kþ1

� ��1

¼
Y

p

1� ap

ps

� ��1

1�
bp

ps

� ��1

;

ð2:1Þ

where ap and bp are two complex conjugates satisfying ap þ bp ¼ af ðpÞ and apbp ¼ wðpÞpk�1.
Let v be a primitive Dirichlet character modulo q, the twisted symmetric square L-function associated to

f is defined by Shimura [21] as

Lðsym2f � v; sÞ ¼
Y

p

Y2

i¼0

1�
a2�i

p bi
pvðpÞ

ps

 !�1

; Res [ k:

The product over primes also gives a Dirichlet series representation for Lðsym2f � v; sÞ:

Lðsym2f � v; sÞ ¼
X1

n¼1

asym2fðnÞvðnÞ
ns

; Res [ k:

Lemma 2.1 Let f 2 HkðNÞ and v be a primitive character modulo q. For any e [ 0, we have
Z 2T

T

jLðsym2f � v;rþ itÞj2dt �f ;e ðqTÞ3ðk�rÞþe ð2:2Þ

uniformly for k � 1=2� r� k and T � 1. Moreover,

Lðsym2f � v; rþ itÞ �f ;e qðjtj þ 1Þð Þmax 3
2
ðk�rÞ;0f gþe ð2:3Þ

uniformly for k � 1þ e� r� k þ e.

Proof From Sankaranarayanan [20] we learn that Lðsym2f � v; sÞ converges absolutely in Res [ k. Its

critical strip is k � 1� r� k, and the critical line is r ¼ k � 1
2
. Shimura [21] also showed Lðsym2f � v; sÞ

satisfies a functional equation, so it is a general L-function introduced by [19]. The degree of Lðsym2f �
v; sÞ is 3. Then similarly to the proof of mean-value theorem [19, Theorem 4], we deduce the estimate (2.2).
The convexity bound (2.3) can be obtained by standard arguments similar to method in Jiang and Lü [12]. h

Lemma 2.2 Let v be a primitive character modulo q.
(i) For any e [ 0,

Lðrþ it; vÞ � qðjtj þ 1Þð Þmax 1
3
ð1�rÞ;0f gþe; ð2:4Þ

uniformly for 1=2� r� 1 and t� 1 with q� t2.
(ii) For T � 2, q� 1, and r� 1=2j j � ð200 log qTÞ�1

,

∗

χ mod q

T

0
|L(σ + it, χ)|4dt ϕ(q)T (log qT )4, ð2:5Þ

where
∗

χ mod q

denotes the sums over primitive characters, uðqÞ is the Euler function.

Proof The first assertion was proved by Heath-Brown [8], and the second assertion was seen in Pan and
Pan [18]. h
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3 Distributions of af ðnÞ and rðnÞ

In order to prove Theorems 1.1-1.2, we need the following Propositions 3.1-3.4. Using the properties of
primitive automorphic L-functions, we investigate the distributions of af ðnÞ, rðnÞaf ðnÞ, and a2

f ðnÞ over
sparse sequences, where rðnÞ ¼

P

djn
d.

Proposition 3.1 Let f 2 HkðNÞ, and l; q 2 N with ðl; qÞ ¼ 1. For x� 2, we have
X

n� x
n � lðmod qÞ

af ðnÞ ¼ O x
k
2 log 2x

� �
;

ð3:1Þ

X

n� x
n � lðmod qÞ

rðnÞaf ðnÞ ¼ O x
kþ2

2 log x
� �

;
ð3:2Þ

where the O-constants depend on f.

Proof We learn from Theorem 5.3 in [10] that for f 2 HkðNÞ, any a 2 R and x� 2,
X

n� x

af ðnÞeðanÞ ¼ O x
k
2 log 2x

� �
; ð3:3Þ

where the implied constant depends on f (not on a).
By virtue of

Xq

a¼1

e
an

q

� �

¼
q if n � 0 ðmod qÞ;
0 otherwise;

�

where a is a positive integer with 1� a� q, we have

X

n� x
n � lðmod qÞ

af ðnÞ ¼
1

q

Xq

a¼1

e � al

q

� �X

n� x

af ðnÞe
an

q

� �

:

Using (3.3), we get
X

n� x
n � lðmod qÞ

af ðnÞ ¼ O x
k
2 log 2x

� �
;

where the O-constant depends on f.
Similarly we have

X

n� x
n � lðmod qÞ

rðnÞaf ðnÞ ¼
1

q

Xq

a¼1

e � al

q

� �X

n� x

rðnÞaf ðnÞe
an

q

� �

: ð3:4Þ

We know from [23] that for Res [ 2,

X1

n¼1

rðnÞ
ns
¼ fðsÞfðs� 1Þ ¼

Y

p

1� 1

ps

� ��1

1� p

ps

� ��1

:

By the above indentity and (2.1), using Lemma 1.6.1 in Bump [1] we have
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X1

n¼1

rðnÞaf ðnÞ
ns

¼
Y

p

1� ap

ps

� ��1

1�
bp

ps

� ��1

1� app

ps

� ��1

1�
bpp

ps

� ��1

1�
apbpp

p2s

� �

¼ Lðf ; s� 1ÞLðf ; sÞ
Y

p

1�
apbpp

p2s

� �

¼ Lðf ; s� 1ÞLðf ; sÞ
Y

p

1� wðpÞ
p2s�k

� �

¼ Lðf ; s� 1ÞLðf ; sÞ
Lð2s� k;wÞ ¼ Lðf ; s� 1ÞGðsÞ;

ð3:5Þ

where GðsÞ ¼
P1

n¼1

gðnÞ
ns is absolutely convergent for Res [ ðk þ 1Þ=2:

From (3.3) and Abel’s Lemma (see [3]), for f 2 HkðNÞ, a 2 R and x� 2, we have
X

n� x

af ðnÞneðanÞ ¼ O x
kþ2

2 log x
� �

:

By the Dirichlet convolution on the right hand side of (3.5), we get

X

n� x

rðnÞaf ðnÞe
an

q

� �

¼
X

n2 � x

gðn2Þ
X

n1 � x
n2

af ðn1Þn1e
an1n2

q

� �

¼ O x
kþ2

2 log x
� �

: ð3:6Þ

Putting together (3.4) and (3.6), we conclude
X

n� x
n � lðmod qÞ

rðnÞaf ðnÞ ¼ O x
kþ2

2 log x
� �

;

where the O-constant depends on f. h

Proposition 3.2 Let f 2 HkðNÞ, and l; q 2 N with ðl; qÞ ¼ 1. For any e [ 0 and x� 2, we have
X

n� x
n � lðmod qÞ

a2
f ðnÞ ¼ Cl;q;f x

k þ O xk�2
5
þe

� �
;

where Cl;q;f is a constant which depend on l, q and f, and the O-constant depends on f.

Proof For a Dirichlet character v modulo q, the twisted L-function attached to f has an Euler product

Lðf � v; sÞ ¼
X1

n¼1

af ðnÞvðnÞ
ns

¼
Y

p

1� apvðpÞ
ps

� ��1

1�
bpvðpÞ

ps

� ��1 ð3:7Þ

for Res�ðk þ 1Þ=2.
From (2.1) and (3.7), and the Rankin-Selberg convolution method, we have

X1

n¼1

a2
f ðnÞvðnÞ

ns

¼ Lðsym2f � v; sÞLðsþ 1� k;wvÞ
Lð2sþ 2� 2k;w2v2Þ

¼: L1ðs; vÞ;

where Lð2sþ 2� 2k;w2v2Þ�1
is absolutely convergent and free from zeros for Res� k � 1=2þ e, and

Lðsym2f � v; sÞLðsþ 1� k;wvÞ has at most one simple pole at s ¼ k in the whole s-plane.
For the principal character v0 modulo q, using Perron’s formula (see e.g. Karatsuba [13, Theorem 4.1])

with a ¼ 1, b ¼ k þ e, and AðnÞ ¼ nk�1þe, we have
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X

n� x

a2
f ðnÞv0ðnÞ ¼

1

2pi

Z kþeþiT

kþe�iT

L1ðs; v0Þ
xs

s
dsþ O

xkþe

T

� �

;

where T with 1� T � x is a parameter to be chosen later. Then we move the line to Res ¼ k � 1=2þ e. By
Cauchy’s residue theorem, we obtain

X

n� x

a2
f ðnÞv0ðnÞ ¼

1

2pi

Z 2k�1
2
þe�iT

kþe�iT

þ
Z 2k�1

2
þeþiT

2k�1
2
þe�iT

þ
Z kþeþiT

2k�1
2
þeþiT

 !

L1ðs; v0Þ
xs

s
ds

þ Res
s¼k

L1ðs; v0Þ
xs

s

� �

þ O
xkþe

T

� �

¼C1xk þ I1 þ I2 þ I3 þ O
xkþe

T

� �

;

ð3:8Þ

where C1 ¼
Q

pjq0
1� 1

p

� �
Lðsym2f � v0; 1ÞL 2;w2

0v
2
0

� 	�1
for w ¼ w0, C1 ¼ 0 for w 6¼ w0, and q0 is the least

common multiple of N and q.
It remains to estimate the three integrals. For w 6¼ w0, by (2.2) and (2.5) we have

I2 � x
2k�1

2
þe þ x

2k�1
2
þeT�1þ3

4
þ1

4
þ1

4
þe � x

2k�1
2
þeT

1
4
þe:

For I1 and I3, we deduce from (2.3) and (2.4) that

I1 þ I3 � max
2k�1

2
þe� r� kþe

T
11k
6
�1þe x

T
11
6

� �r

� xkþe

T
þ x

2k�1
2
þe

T
1

12

:

This implies

I1 þ I2 þ I3 �
xkþe

T
þ x

2k�1
2
þeT

1
4
þe: ð3:9Þ

As for w ¼ w0, replacing (2.4) and (2.5) by fðrþ itÞ � t
1
3
ð1�rÞ and

R T

0
jfðrþ itÞj4dt � T log T ,

respectively, we know (3.9) also holds. Combining (3.8) with (3.9), and taking T ¼ x
2
5, we get

X

n� x

a2
f ðnÞv0ðnÞ ¼ C1xk þ O xk�2

5
þe

� �
: ð3:10Þ

If v is a primitive character modulo q, by the same method as in dealing with the case for v ¼ v0 and
w 6¼ w0, we conclude

X

n� x
v 6¼v0

v primitivecharacter

a2
f ðnÞvðnÞ � xk�2

5
þe:

ð3:11Þ

As is well known, a non-primitive character v modulo q can be induced by a unique primitive character v1

modulo q1; q1jq, namely vðn; qÞ ¼ v1ðn; q1Þv0ðn; qÞ. Using (3.11), we derive that

1

uðqÞ
X

v 6¼v0

�vðlÞ
X

n� x

a2
f ðnÞvðnÞ � xk�2

5
þe: ð3:12Þ

By the orthogonality of Dirichlet character vðnÞ (see [18]), we know

X

n� x
n � lðmod qÞ

a2
f ðnÞ
¼ 1

uðqÞ
P

vmodq �vðlÞ
P

n� x a2
f ðnÞvðnÞ

ð3:13Þ

Substituting (3.10) and (3.12) into (3.13), finally we get
X

n� x
n � lðmod qÞ

a2
f ðnÞ ¼ Cl;q;f x

k þ O xk�2
5
þe

� �
;
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where Cl;q;f is a constant depending on l, q and f. h

Now we study the distribution of rtðnÞ (t 2 Nþ) over sparse sequences.
From [23] we learn that

X1

n¼1

rðnÞ
ns
¼ fðs� 1ÞfðsÞ;

X1

n¼1

r2ðnÞ
ns
¼ fðs� 2Þf2ðs� 1ÞfðsÞ

fð2s� 2Þ :

For the general cases, the following result can easily be verified.
For t� 2 with t 2 Nþ, we have

X1

n¼1

rtðnÞ
ns
¼ fðs� tÞfCt�1

t ðs� t þ 1Þ � � � fC2
t ðs� 2ÞfC1

t ðs� 1ÞfðsÞUðsÞ; ð3:14Þ

where Ci
t is the binomial coefficient, i ¼ 1; 2; . . .; t � 1, and

UðsÞ ¼
Y

p

1� Ct�1
t Ct�1

t � Ct�1
t � C2

t

p2s�2tþ2
� Ct�1

t Ct�2
t � Ct�2

t C1
2

p2s�2tþ3
þ � � �

� �

ð3:15Þ

admits a absolutely convergent Dirichlet series in Res [ t � 1=2þ e.
On the basis of (3.14) and (3.15), by the argument similar to (6) in Mercier [15], we establish an

asymptotic formula of rtðnÞ over arithmetic progressions.

Proposition 3.3 Let l; q 2 N with ðl; qÞ ¼ 1 and t� 2 with t 2 Nþ. For x� 2, we have

X

n� x
n � lðmod qÞ

rtðnÞ ¼ Cð1; q; tÞ
t þ 1

xtþ1 þ O xt log xð Þ; ð3:16Þ

where

Cð1; q; tÞ ¼ fCt�1
t ð2ÞfCt�2

t ð3Þ � � � fC1
t ðtÞfðt þ 1ÞUðt þ 1Þ

uðqÞ
Y

pjq
1þ rtðpÞ

ptþ1
þ rtðp2Þ

p2tþ2
þ � � �

� ��1

;

where U(s) is given by (3.15).

Remark 3.4 Let l; q 2 N with ðl; qÞ ¼ 1. For x� 2, Mercier [15] proved

X

n� x
n � lðmod qÞ

rðnÞ ¼ p2

12uðqÞ
Y

pjq
1þ rðpÞ

p2
þ rðp2Þ

p4
þ � � �

� ��1

x2 þ O x log xð Þ:

4 Proof of Theorems 1.1-1.2

Proof of Theorem 1.1 (i) Elstrodt, Grunewald and Mennicke [5] showed that

R1ðnÞ ¼ R n ¼ 2ðx2
1 þ x1x2 þ x2

2Þ
�

þ2x1x3 þ x1x4 þ x2x3 þ 2x2x4 þ 2ðx2
3 þ x3x4 þ x2

4Þ
	

¼
12r1ðn; 3Þ; n � 0 ðmod 3Þ;

0; n � 1 ðmod 3Þ;
6r1ðn; 3Þ; n � 2 ðmod 3Þ:

8
><

>:

where r1ða; bÞ :¼
P

d j a; b 6j d
d, r1ða; bÞ ¼ 0 if a is not a natural number. Hence,
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X

n� x

R1ðnÞ
¼ 12

P
n� x

n� 0 ðmod 3Þ
r1ðn; 3Þ þ 6

P
n� x

n� 2 ðmod 3Þ
r1ðn; 3Þ

In view of r1ðn; 3Þ ¼ rðnÞ � 3rðn
3
Þ, we transform the summation into four parts

X

n� x

R1ðnÞ
¼ 6

P
n� x

rðnÞ � 36
P

n� x
3

rðnÞ þ 6
P

n� x
n� 0 ðmod 3Þ

rðnÞ � 6
P

n� x
n� 1 ðmod 3Þ

rðnÞ

It is well known that for x� 2 (see e.g. [24]),

X

n� x

rðnÞ ¼ p2

12
x2 þ O xðlog xÞ

2
3

� �
: ð4:1Þ

Thus

S11 ¼ 6
P

n� x
rðnÞ ¼ p2

2
x2 þ O xðlog xÞ

2
3

� �
: ð4:2Þ

For S13, we resort to the asymptotic formula in [15]

X

n� x
n� 0 ðmod p0Þ

rðnÞ ¼ p2

12

1

p0

þ 1

p2
0

� 1

p3
0

� �

x2 þ Oðx log xÞ;

where p0 is a prime. Hence,

S13 ¼ 6
X

n� x
n� 0 ðmod 3Þ

rðnÞ ¼ 11

54
p2x2 þ Oðx log xÞ: ð4:3Þ

By Remark 3.1, we get
X

n� x
n� 1 ðmod 3Þ

rðnÞ ¼ A1x2 þ Oðx log xÞ;

where

A1 ¼
p2

12uð3Þ
Y

pj3
1þ rðpÞ

p2
þ rðp2Þ

p4
þ � � �

� ��1

¼ p2

24
1þ 1þ 3

32
þ 1þ 3þ 32

34
þ � � �

� ��1

¼ 2

81
p2:

Thus we have

S14 ¼ 6
X

n� x
n� 1 ðmod 3Þ

rðnÞ ¼ 4

27
p2x2 þ Oðx log xÞ: ð4:4Þ

From (4.2)-(4.4), we conclude

X

n� x

R1ðnÞ ¼
2

9
p2x2 þ Oðx log xÞ:

(ii) Note that

R2
1ðnÞ ¼

144r2ðnÞ þ 1296r2ðn
3
Þ � 864rðnÞrðn

3
Þ; n � 0 ð mod 3Þ;

0; n � 1 ð mod 3Þ;
36r2ðnÞ; n � 2 ð mod 3Þ:

8
><

>:

Then we have

123

402 H. Lao et al.



X

n� x

R1
2ðnÞ ¼ 144

P
n� x

n� 0 ðmod 3Þ
r2ðnÞ þ 1296

P
n� x

n� 0 ðmod 3Þ
r2 n

3

� 	

For ~S11, we invoke [22, Lemma 2.3]: for x� 2, we have

X

m� x
tjm

r2ðmÞ ¼ p2A2ðtÞx3

18t
þ O x2ðlog xÞ

5
3SðtÞ

� �
;

where the O-constant is independent of x and t,

A2ðmÞ ¼
X

kjm

B1ðk; mÞ
k

SðmÞ ¼
Y

pjm
1þ 2

p� 1

� �

;

and for k|m,

B1ðk; mÞ ¼
X1

n¼1
ðn;mkÞ¼1

A1ðnmÞ
n2

;A1ðmÞ ¼
X

qjm

uðqÞ
q2

:

Thus

~S11 ¼ 144
X

n� x
n� 0 ðmod 3Þ

r2ðnÞ ¼ 8p2A2ð3Þ
3

x3 þ O x2ðlog xÞ
5
3

� �
: ð4:5Þ

For ~S12, we need the following estimate concerning the average of the function r2ðnÞ,
X

n� x

r2ðnÞ ¼ 5fð3Þ
6

x3 þ O x2ðlog xÞ
5
3

� �
; x� 2 ð4:6Þ

which can be found in [22]. Thus

~S12 ¼ 1296
X

n� x
n� 0 ðmod 3Þ

r2 n

3

� �
¼ 1296

X

k� x
3

r2ðkÞ ¼ 40fð3Þx3 þ O x2ðlog xÞ
5
3

� �
:

By the multiplicative property of rðnÞ, we get

X

n� x
n� 0 ðmod 3Þ

rðnÞr n

3

� �¼
P

n� x
3jn

rðnÞr n
3

� 	
¼
P

1� a� logx
log3

rð3aÞrð3a�1Þ
P

n1 � x
3a

3 6jn1

r2ðn1Þ

In addition,

X

n1 � x
3a

36jn1

r2ðn1Þ
¼
P

n1 � x
3a

r2ðn1Þ �
P

n1 � x
3a

3jn1

r2ðn1Þ

It is clear that

X

1� a� logx
log3

ð3aþ1 � 1Þð3a � 1Þ3�3a ¼ 27

26
þ O

1

x

� �

:

Consequently
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~S13 ¼ 864
P

n� x
n� 0 ðmod 3Þ

rðnÞr n
3

� 	

¼ 2430fð3Þ
13

�

� 54p2A2ð3Þ
13

�

x3 þ O x2ðlog xÞ
8
3

� �
:

ð4:7Þ

For the last sum we have

~S14 ¼ 36
X

n� x
n� 2 ðmod 3Þ

r2ðnÞ ¼ 13fð3Þ
27

x3 þ Oðx2 log xÞ:

For A2ð3Þ in (4.5) and (4.7) we show that

A2ð3Þ
¼
P

kj3
B1ðk;3Þ

k ¼
P1

n¼1
ðn;3Þ¼1

A1ð3nÞ
n2 þ 1

3

P1
n¼1

A1ð3nÞ
n2

¼ 11

9

fð3Þ
fð4Þ þ

11

81

X1

n¼1

uð3nÞ
n4
� 1

729

X1

n¼1

uð9nÞ
n4

 !

fð2Þ ¼ 67

45

fð2Þfð3Þ
fð4Þ ¼ 67

3p2
fð3Þ:

Therefore,

X

n� x

R2
1ðnÞ ¼

2065

351
fð3Þx3 þ O x2ðlog xÞ

8
3

� �
:

h

Proof of Theorem 1.2 (i) Elstrodt, Grunewald and Mennicke [5] proved the following result: if n ¼ 2am
with a 2 N, and m odd, then

R2ðnÞ ¼

2r1ðn; 2Þ þ 2aðnÞ; a ¼ 0; m � 1 ðmod 4Þ;
0; a ¼ 0; m � 3 ðmod 4Þ;

4r1ðn; 2Þ; a ¼ 1; m � 1 ðmod 4Þ;
0; a ¼ 1; m � 3 ðmod 4Þ;

4r1ðn; 2Þ; a ¼ 2;

8r1ðn; 2Þ; a ¼ 3;

24r1ðn; 2Þ; a� 4;

8
>>>>>>>>>>><

>>>>>>>>>>>:

ð4:8Þ

where a(n) is defined by the equation

g2ð4zÞg2ð8zÞ ¼
X1

n¼1

aðnÞeðnzÞðImz [ 0Þ;

where g2ð4zÞg2ð8zÞ is the unique normalized cusp form of weight 2 on C0ð32Þ, and gðzÞ is defined in the
half-plane H ¼ fz : Imz [ 0g by the equation

gðzÞ ¼ e
z

24

� �Y1

n¼1

1� eðnzÞð Þ:

For n ¼ 2am with a 2 N and m odd, we have

r1ðn; 2Þ ¼ rðnÞ � 2r
n

2

� �
¼ rðmÞ: ð4:9Þ

Putting together (4.8) and (4.9), we get
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R2ðnÞ ¼

2rðmÞ þ 2aðmÞ; n ¼ m; m � 1 ðmod 4Þ;
0; n ¼ m; m � 3 ðmod 4Þ;

4rðmÞ; n ¼ 2m; m � 1 ðmod 4Þ;
0; n ¼ 2m; m � 3 ðmod 4Þ;

4rðmÞ; n ¼ 4m;

8rðmÞ; n ¼ 8m;

24rðmÞ; n ¼ 2am; a� 4:

8
>>>>>>>>>>><

>>>>>>>>>>>:

Hence

X

n� x

R2ðnÞ ¼
2
P

m� x
m� 1 ðmod 4Þ

rðmÞ þ 2
P

m� x
m� 1 ðmod 4Þ

aðmÞ þ 4
P

2m� x
m� 1 ðmod 4Þ

rðmÞ
ð4:10Þ

Using Remark 3.1, we obtain

S21 ¼ 2
P

m� x
m� 1 ðmod 4Þ

rðmÞ ¼ p2

32
x2 þ O x log xð Þ;

S23 ¼ 4
P

m� x
2

m� 1 ðmod 4Þ
rðmÞ ¼ p2

64
x2 þ O x log xð Þ:

ð4:11Þ

Taking k ¼ 2 in (3.1), we have

S22 ¼ 2
X

m� x
m� 1 ðmod 4Þ

aðmÞ ¼ O x log xð Þ:
ð4:12Þ

According to (4.1), we have

S24

¼ 4
P

m� x
4
rðmÞ ¼ p2

48
x2 þ O xðlog xÞ

2
3

� �
;

S25

ð4:13Þ

Adding up the expressions (4.10)-(4.13), we obtain

X

n� x

R2ðnÞ ¼
17

192
p2x2 þ O x log xð Þ:

(ii) Recalling the expression of R2ðnÞ in (i), we have

R2
2ðnÞ ¼

4r2ðmÞ þ 8rðmÞaðmÞ þ 4a2ðmÞ; n ¼ m; m � 1 ðmod 4Þ;
0; n ¼ m; m � 3 ðmod 4Þ;

16r2ðmÞ; n ¼ 2m; m � 1 ðmod 4Þ;
0; n ¼ 2m; m � 3 ðmod 4Þ;

16r2ðmÞ; n ¼ 4m;

64r2ðmÞ; n ¼ 8m;

576r2ðmÞ; n ¼ 2am; a� 4:

8
>>>>>>>>>>><

>>>>>>>>>>>:

Thus

X

n� x

R2
2ðnÞ ¼

4
P

m� x
m� 1 ðmod 4Þ

r2ðmÞ þ 8
P

m� x
m� 1 ðmod 4Þ

rðmÞaðmÞ þ 4
P

m� x
m� 1 ðmod 4Þ

a2ðmÞ
ð4:14Þ

Firstly, by Proposition 3.3 with t ¼ 2 we get

~S21

¼ 4
P

m� x
m� 1 ðmod 4Þ

r2ðmÞ ¼ 7
16

fð3Þx3 þ O x2 log xð Þ;

~S24

ð4:15Þ

Next, putting k ¼ 2 in (3.2) gives
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~S22 ¼ 8
X

m� x
m� 1 ðmod 4Þ

rðmÞaðmÞ ¼ O x2 log x
� 	

:
ð4:16Þ

As for ~S23, we see by Proposition 3.2 that

~S23 ¼ 4
X

m� x
m� 1 ðmod 4Þ

a2ðmÞ ¼ Cx2 þ O x
8
5
þe

� �
;

ð4:17Þ

where C is a constant.
For the remaining sums, using (4.6) we have

~S25

¼ 16
P

m� x
4
r2ðmÞ ¼ 5

24
fð3Þx3 þ O x2ðlog xÞ

5
3

� �
;

~S26

ð4:18Þ

Finally we get from (4.14)-(4.18) that

X

n� x

R2
2ðnÞ ¼

1235

1120
fð3Þx3 þ O x2ðlog xÞ

5
3

� �
:

h
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9. A. Ivić, Two inequalities for the divisor function, Univ. u Novom Sadu, Zb. Rad. Prirod.-Mat. Fak., 7 (1977), 17-22.
10. H. Iwaniec, Topics in Classical Automorphic Forms, American Mathematical Society, Providence, RI, 1997.
11. H. Iwaniec and E. Kowalski, Analytic Number Theory, American Mathematical Society, Providence, RI, 2004.
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