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Abstract In this paper, a numerical approach for solving the nonlinear space-time fractional partial dif-
ferential equations with variable coefficients is proposed. The fractional derivatives are described in the
conformable sense. The numerical approach is based on shifted Chebyshev polynomials of the second kind
and finite difference method. The proposed scheme reduces the main problem to a system of nonlinear
algebraic equations. The validity and the applicability of the proposed technique are shown by numerical
examples.

Keywords Nonlinear space—time fractional partial differential equation x
Conformable fractional derivative xFinite difference method xNewton method X
Shifted Chebyshev polynomials of the second kind

Mathematics Subject Classification 35G31 x35R11 x65M70

1 Introduction

Fractional differential equations play a significant role in various fields of science and engineering such as
fluid mechanics, mechanics of materials, biology, plasma physics, finance, chemistry, image processing
(see, for example, [1-6]). In recent years, nonlinear fractional partial differential equations (NFPDEs) have
attracted the attention of many researchers. Since NFPDEs are much more complicated than other fractional
differential equations, it is difficult to find their solutions.

NFPDEs with Caputo fractional derivative have been studied in [7—17]. Ritz approximation method, new
fractional function method based on Legendre and Laguerre polynomials, differential transform method and
generalized Taylor’s formula, Haar wavelets technique and the method based on Crank - Nicholson
scheme have been applied to the nonlinear space - time fractional partial differential equations in [7-11].
Nonlinear time fractional partial differential equations have been solved by using variational iteration
method, Adomian decomposition method, Elzaki decomposition method and method of the separation of
variables in [13—15]. Analytical solutions of the space - time fractional Fisher equation and time fractional
nonlinear Klein - Gordon equation have been obtained by using residual power series method, Chebyshev
spectral collocation method and Sinc - Chebyshev collocation method in [12, 16, 17], respectively. Time
fractional Rosenou - Haynam and a class of mKdV equations with Atangana - Baleanu derivative over
Caputo - Fabrizio have been solved by using fractional homotopy perturbation transform method in [18].
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Oscillatory behavior of solutions of the nonlinear time fractional partial differential equation with damping
and forced term including Riemann - Liouville fractional derivative have been investigated by using
differential inequality method and integral average method [19].

Recently, a new derivative called conformable fractional derivative has been defined in [20, 21]. While
other derivatives such as Riemman-Liouville, Caputo and Griinwald - Letnikov are defined with complex
formulae, conformable fractional derivative is defined with simple formula. Generally, solutions of the
nonlinear conformable fractional partial differential equations (NCFPDEs) have been investigated in the
form of traveling wave solutions (see, for example, [22-25]). But, it is not possible to apply the methods
seeking traveling wave solutions to NCFPDEs with variable coefficients or with nonhomogenous. Con-
formable fractional transform method for solving linear and nonlinear conformable space - time fractional
partial differential equations has been presented in [26]. To our knowledge, there is not much work on the
solution of NCFPDEs with variable coefficients.

In the last decade, orthogonal functions and spectral methods have become important tools for fractional
differential equations. In general, a great number of publications explore the use of spectral methods for
solutions of the nonlinear fractional ordinary differential equations and linear fractional partial differential
equations including Caputo derivative (see, for example, [27-39]). However, the number of studies on the
solution of NFPDEs by using spectral methods is limited. In [12, 16, 17], spectral methods have been
applied to some special NFPDEs including Caputo derivative. The space - time fractional wave equation
with conformable derivative has been solved by using Chebyshev collocation method in [40].

In this paper, we consider nonlinear conformable space-time fractional partial differential equation of the
form:

T'ux,t  fx,tTiux,t Nuxt , 0<x<l, 0<tx T,
O<px 1,1<ox* 2,

with initial condition

ux,0 fix, O<x<l, 2

and the boundary conditions:
u0,t ht, O<txT, 3
ul,t hyt, O<tx T 4

where x is a space variable, ¢ is a time variable; the parameters y and o refer to the order of conformable
fractional derivative with respect to time variable and space variable, respectively. The functions f(x, ?),
fix,h t and hy t are given functions. N(u(x, t) ) represents the nonlinear term. To solve initial and
boundary value problem (1)-(4), we apply spectral collocation method which is based upon Chebyshev
polynomials of the second kind.

2 Description of conformable fractional derivative and its properties

For a function f : 0,00 — R, the conformable fractional derivative of f of order 0 <o <1 in variable ¢ is
defined as (see, for example, [20])

l+a
. t &t- -]t
Tf t 11mf f .
e—0 &

Some important properties of the the conformable fractional derivative are as follows:

Theorem 2.1 (see, for example, [20]) Let o € 0, 1cand f, g be o differentiable at a point t > 0. Then

T! af bg t aT)ft DbIT/gt, Va,beR, 5
T fg v fiTigt gtTift, 6
T pt"™ VpeR. 7

If, in addition, f is differentiable, then
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T ft 17t 8

The fractional derivative starting from b of a function f : b,oo — R, of order o, where f” f exists, is
defined by (see, for example, [21])

T"ft TPf"t nez U{0}, n<axn 1, B a=n 9

3 Some properties of Chebyshev polynomials of the second kind

The Chebyshev polynomials U, x of the second kind are orthogonal polynomials of degree # in x defined
on the =1, 1¢o(see, for example, [41]) as follows:
sinn 1860
Un X -
sin 0
where x cos0 and 0 € 0, 7n¢
Shifted Chebyshev polynomials of the second kind U x of degree n in x on [0, 1] is given by
Ufx U, 2x =1 . These polynomials are orthogonal on the support interval [0, 1] as the following inner
product:

1
0, n/m,
<U*x,Ufx > /\/x+x2UnixUni1xdx { / },
0

n
) n m.

where Vx +x2 is weight function corresponding to UF x . The polynomials U¥ x may be generated by
using the recurrence relations

U;tx 22x+1 Urilx +U;—;2x, n 2.3, ..
with Uatx 1, Uf[x dx - 2.

The analytical form of the shifted Chebyshev polynomials of the second kind U x of degree n is given
by

n

T 20k 20
U:t =1 k22r[T2k .
nt ,; 2n2k 2 10

The function y(x) which belongs to the space of square integrable function in [0, 1] may be expressed in
terms of shifted Chebyshev polynomials of the second kind as

o0
yx ZbiUiix,
i0

where the coefficients b; are given by
1

8
b; E/yx Vx + x2UF x dx. 11
0

Consider only the first m 1 terms of shifted Chebyshev polynomials of the second kind, so we can write
Vm X Z b;U li X . 12
i 0

Theorem 3.1 Ify, x be approximated function of y(x) in terms of shifted Chebyshev polynomials of the
second kind given by Eq.(12), then its conformable fractional derivative can be written in the following form
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m m o i+2
Il+u g . g+l prt . o itk=+o
F, th al —ai" UFx, = Atf xp,1, Z ai tq Ajx,
i 0 i 2k
m
= At.N a; ty Uiixp ,p L2 ...m=+1,
0

i

(=)

m
F,, Z+1’i lLajt, ~ht,,
i 0
m
F,. 1 i 1Cll'tq %]’lz[q.

i 0

For the non-linear system (20) with unknown V¢ ¢ 1,...,N , the following iteration formula can be
written by using Newton iteration method

yak 1 yak o gEl yak g oyak ,

. 21
e yert g 1N, kK 0,1,..
where J5! V4% is the inverse of the Jacobian matrix, V¢* is approximate solution of V9. Using iteration
formula (21), approximate solution of the problem (1)-(4) is obtained.
When exact solution of the problem (1)-(4) is not known, it is not possible to compute absolute error
(AE). Assume that u,, x,t is a approximate solution of the problem (1)-(4). Let us define residual error
function (REF) as follws

8]

m m i+
REF x Ztﬁf“ al = al™' U x + Aif x,,1, Z a; 1g A} x
i 0 i 2

=~
(=]

" 22
=+ At.N Zai Iy Uiix , g 1,2, N.
i 0

The smallness of the REF shows that the approximate solution is close to the exact solution. Therefore, REF
can be used to measure correctness of the approximate solution.
5 Applications

Example 1 Let us consider the following nonlinear space-time fractional partial differential equation with
initial and boundary conditions

T[0'7u x,t T)}Au x,t = x>0 1+ %7 x,t u xt 3
<056t t=1 2 2r+1x" 0<x<l1, 0<r<1,

ux,0 0, O<x<l, 24

w0, 0, ult A+t 0<rx 1. 25

Note that the exact solution to this problem is u, x,t  x'# > +t . By using the iteration formula (21) with
zero initial condition , we obtain approximate solution of the problem for m 2, 4, 15. In Table 1, the
absolute error (AE) between the exact solution u, x,¢ and the approximate solution u,, x,t ,m 2, 4, 15,
att 0.5 for the values N 10%; 10* are given. Table 1 shows how the change of the values m and N effects
the obtained results. As shown in Table 1, as the values m and N increase, the approximate solution
approaches the exact solution. Fig.1 presents 3D plot of the approximate solution uy x,¢ for N 107,
O<x<1and O<r<1. Fig.2 presents contour plot of the approximate solution us x,¢ and the exact solution
u, x,t for N 10%,0<x<1and 0<t<1.Itis clear from Fig.2 that the obtained numerical solution u4 x, ¢
is in very good agreement with the exact solution u, x,1 .
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Table 1 AE form 2,4,15and N 10%,10* at¢ 0.5 in Example 1

X m 2 m 4 m 15
N 10? N 10* N 10? N 10* N 10% N 10*

0.1 5.10%3 5.10%3 8.107* 9.10%4 104 9.10%¢
0.2 6.1073 6.1073 4.10%3 3.1074 3.10%* 9.10%°
0.3 6.10%3 6.10%3 4.10%* 4.10%3 4.10%4 10%7
0.4 4.10%3 5.10%3 5.10%* 7.10%° 5.10%* 4.107°
0.5 3.1073 3.1073 4.107* 9.10%3 5.10%* 3.10%°
0.6 10%3 2.10%3 3.10%* 3.10%* 5.10%* 7.10%8
0.7 104 6.1074 2.10%* 3.10%4 5.10%* 4.107°
0.8 5.10%* 2.10%* 2.10%* 2.10%* 4.10%4 10%°
0.9 6.10%* 4.10%4 2.10%* 5.10%3 2.10%4 10+°

t-axis x-axis

Fig. 1 The behavior of the approximate solution of the problem (23)-(25)

Example 2 Consider nonlinear space-time fractional partial differential equation with initial and boundary
conditions

8 15715 . 2
Tl0 uxt x° T ux,t +-uxt u xt

26
~xtexp 2.5°% | 0<x<1, O<rx 1,

ux,0 x*, 0<x<lI, 27

w0, 0, ulst expl25°% 0<rx 1. 28

The exact solution is u, x,t  x*>exp 1.25t°% . By using the iteration formula (21) for m 4 with the
initial data V° 5/16,1/4,1/16,0,0 * the AE and REF for the approximate solution u4 x,t are com-
puted for N 10%,10*,10° atr  0.75. The influence of the value N on the values AE and REF is presented
in Table 2. It is seen from Table 2 that the values of the REF and AE approach zero as the value of the N
increases. Also, the value of the REF is much smaller than the value of the AE. Fig.3 shows 3D plot of the
approximate solution uy x,¢ for N 10*, O0<x<1 and 0<t<1. Fig.4 presents contour plot of the
approximate solution u4 x,¢ and the exact solution u, x,t for N 10* 0<x<1 and 0<t<1. It is seen

@ Springer




Numerical solution of the nonlinear conformable space—time... 413

08} P
0.7F &
06}

05

t-axis

04

01

0 0.1 02 03 04 05 06 07 08 0.9 1
X-axiIs

Fig. 2 The contour plot of the approximate solution u4 x,¢ and the exact solution u, x,¢ for the problem (23)-(25)

Table 2 AE and REF form 4and N 10%,104,10° at +  0.75 in Example 2

x N 10? N 10* N 10°
AE REF AE REF AE REF

0.1 2.10%5 9.10%8 3.10%° 3.10%1 9.10%8 7.10%15
0.2 6.10%° 8.1078 3.10%° 3.10%11 10%7 9.10%15
0.3 2.10%* 7.10%8 3.10%° 6.1071 107 2.10%14
04 4.10%4 4.10%8 10+° 4.1071 10%7 2.10%14
0.5 5.1074 7.10717 8.1078 107" 1077 4.10717
0.6 6.10%4 3.10%7 10%° 3.10%1 10%7 2.10%14
0.7 6.1074 7.10%7 2.10%° 3.10%!1 7.10%8 3.10%14
0.8 5.1074 6.10%7 3.10%° 6.10712 4.1078 2.10%14
0.9 3.10% 9.10%7 2.10%° 7.10%12 2.10%8 2.10%14

t-axis x-axis

Fig. 3 The behavior of the approximate solution of the problem (26)-(28)
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Fig. 4 The contour plot of the approximate solution u4 x,¢ and the exact solution u, x,¢ for the problem (26)-(28)

from Fig.4 that the obtained numerical solution u4 x,¢ is in very good agreement with the exact solution
Ue X, T .

Example 3 Consider the following initial and boundary value problem
Ttmu X, t 23 2 T;ju x,t + 6193w x,t —ut x,t

3
X 2 (sin 3 E+ ¥ 23cost 3 ),0<x<1,0<t<1,

ux,0 x 2,
w0, 2cos ™, ul,zt 3cos 3

The exact solution is u, x,t x> 2 cos 193 . By using the presented method for m 4 with the initial

data VO  71/32,7/32,3/32,1/64,0 %, we obtain approximate solution of the problem. In Table 3, the
AEs of the approximate solution uy x, ¢ for N 102N 10%atr 0.25,0.5,0.75,1,5 are given. Table 3
shows that AEs decrease as the value of the N increase for different values of ¢ and x. Figs.5.a-5.b show
behavior of AE and REF for N 10°, 0<x<1at¢t 0.75.In Fig. 5.a, the value of the AE for u4 x,0.75
takes its the maximum value at around x 0.5 as 8.107°. When the points x approach 0 and 1, the values of
the AE approach 107!°. In Fig. 5.b, the value of the REF for uy x,0.75 is approximately 107! along the
0<x<1. Figs.5.a-5.b show that the value the REF is closer to zero than the value of the AE.

Example 4 Consider the following initial and boundary value problem

THu x,t Trux,t  uxt l+uxt wuxt +k, O<x<l, O<r<l, 29
1 1 1
u x,0 51 k 21+ktanh\/;1+kx, 30
1 1 1 "
w0, =1 k = 1=+ktanh- 1+k —, 31
2 2 4 M
1 1 1 1 *
It =1 k = l=ktanhy/-1+k - 1+k —. 32
AR 2 an \/; 4 u

Note that foroe 2, u 1, Eq. (29) is the generalized Fisher equation (see, for example, [42]). Generalized
Fisher equation has many applications in ecology, physiology and in general phase transition problems (see,
for example, [12]). For o« 2 and O<pux 1, Eq. (29) has the exact solution
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Table 3 AE form 4and N 107, 10° at different values of 7 in Example 3
x N 10? N 10°
t 025 t 05 t 075 t 1 t 025 t 05 t 075 t 1
0.1 7.10%3 5.10%3 4.10%3 3.10%° 7.10%° 5.10%° 4.10%° 3.10%°
0.2 1074 8.10%3 6.1073 5.10%7 1078 8.10%° 6.1079 5.1079
0.3 1074 9.10%3 8.10%° 6.10%° 1078 9.1079 7.1079 6.1079
0.4 10+ 1074 8.10%3 7.10%3 1078 1078 8.1077 7.10%°
0.5 1074 1074 8.10%° 7107 1078 1078 8.10%7 7.10%°
0.6 1074 9.10%3 7.10%3 6.10%3 1078 9.1079 7.1079 6.1079
0.7 1074 8.10%3 6.10%3 5.10%3 1078 8.10%° 6.107° 5.1079
0.8 8.10%° 6.10%3 5.10%° 4.10%3 8.10%° 6.10%° 5.10%° 4.10%°
0.9 5.10%3 3.10%3 3.10%° 2.10%° 5.10%° 3.10%° 3.10%° 2.10%°
x10°

9 T T T T T T T T T

8 J

7+ J

6 J

5F J

1]
<

41 4

3 1

2t J

1+ J

00 0‘1 0‘2 0‘3 014 015 0‘6 017 0‘8 0‘9 1

X
(a) AE.
x10™"

Fig. 5 AE and REF for N

REF

_14, -
_16 L L L L L L Il Il Il
0 01 02 03 04 05 06 07 08 09 1
X
(b) REF.
10% at r  0.75 in Example 3
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Table 4 REF form 4,a 1.6,k 0.75 in Example 4

X t Lo 1 t 05, u |1 t 05, u 05
N 40 N 10 [12] (m=4,N=40) N 10 N 10

0 5.10%6 2.10%9 1073 1079 4.1078

0.2 2.10%7 10+10 5.10%5 510711 2.107°

0.4 2.10%7 8.10%1! 6.1075 4.1011 10%°

0.6 2.10%7 7.10°11 3.10%6 3,10+ 10+°

0.8 10%7 510711 2.10%6 3.10+! 7.10%10

1 7.10%7 3.10+10 8.10%7 1010 4.10%°

ue x,t 51 k 1 1+k tanh \/g I+kx § 1<k % . Note that we obtain the exact solution by

using extended tanh method (see, for example, [25]). In [12], Eq. (29) has been written in the case ¢ 1 and
the derivative in x has been defined in the Caputo sense. In [12], space fractional Fisher equation has been
solved by using Chebyshev collocation method via Chebyshev polynomials of the first kind and finite
method.

By using presented method for m 4, we obtain approximate solution of the problem. In Table 4, we
compute the REF for parameters N 40,N  10°, o 1.6,k 0.75,u latt 1.In[12], REF has been
computed for m 4, N 40 by using the Chebyshev spectral collocation method. In Table 4, comparison
between the our approximation and the obtained results in [12] is made. This comparison shows that the
proposed method has the higher accuracy than the previous results. Furthermore, in Table 4, REF for
N 10°,u 05,1 atr 0.5 is computed in different values of x. Table 4 shows that REF of the space
fractional problem (i.e. ¢ 1, « / 2) is more close to zero than REF of the space-time fractional problem
(i.e.u / 1, / 2).Figs. 6.a-6.b give behavior of REF foru 1,a 1.5,k 05N 40; 100ats 1.In
[12], maximum value of REF for N 40, m 4 has been obtained as 6.107. In our method, maximum
values of REF are obtained as 7.107> N 40 and 3.10°® N 10° . This comparisons show the
thoroughness for the proposed method. In Table 5, the values of the AE and REF are given for a0 2,
k 05 u 1,05N 10°att 0.5,1.Foru 1,0 2, Eq. (29) is non-fractional partial differential
equation. Table 5 shows the values of the AE and REF for the non-fractional problem. For u = 0.5,a 2,
Eq. (29) is time-fractional partial differential equation. In Table 5, the values of the AE and REF are also
given for the time-fractional problem. It is seen that the values of the AE and REF of the non-fractional
problem is similar to those of the time fractional problem. Table 5 shows that the obtained solutions are very
close to the exact solution for both of the problems. Furthermore, the values of the REF are much smaller
than the values of the AE for both of the problems.

6 Conclusion

In this paper, using the shifted Chebyshev polynomials of the second kind and its properties together with
the Chebyshev collocation method, nonlinear conformable space-time fractional partial differential equation
with variable coefficient is reduced to a system of ordinary differential equations. The obtained nonlinear
system is solved by using finite difference method and Newton method. The numerical results obtained by
the proposed technique are compared with the exact solution and previously published works to illustrate
validity and applicability of the proposed technique. From the numerical results, it is obvious that the
proposed method gives high accuracy and efficiency even for small values m.
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(b) REF for N = 10°.

Fig. 6 REFforu 1,0 1.5,k 05,N 40,105att 1 in Example 4

Table 5 AE and REF foroo 2,k 0.5,N 10°in Example 4

X w1 w05

t 05 o1 t 05 t 1

AE REF AE REF AE REF AE REF
0.1 6.10%10 1071 1071 8.10712 1078 4.10712 6.107° 10712
0.2 2.10%8 9.10%12 9.10%° 6.10712 2.10%8 3.10%12 10+8 10412
0.3 2.10%8 10¥H 10+8 9.10712 2.10%8 4.10712 2.10%8 2.10%12
0.4 2.10%8 101 10%8 6.10%12 3.10%8 3.10%12 2.10%8 10%12
0.5 10%10 0 5.10%10 0 3.10%8 10%16 2.10%8 0
0.6 2.10%8 10+H1 10+8 6.10712 4.10%8 2.10%12 10+8 2.10%12
0.7 2.10%8 101! 10%8 8.10712 3.10%8 3.10%12 10+8 3.10712
0.8 2.10%8 8.10712 10%8 5.10%12 3.10%8 2.10%12 8.10%° 2.10%12
0.9 2.10%° 10711 2.10%° 6.10712 1078 2.10%12 6.107° 3.10712
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