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Abstract In this paper, a numerical approach for solving the nonlinear space-time fractional partial dif-
ferential equations with variable coefficients is proposed. The fractional derivatives are described in the
conformable sense. The numerical approach is based on shifted Chebyshev polynomials of the second kind
and finite difference method. The proposed scheme reduces the main problem to a system of nonlinear
algebraic equations. The validity and the applicability of the proposed technique are shown by numerical
examples.
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1 Introduction

Fractional differential equations play a significant role in various fields of science and engineering such as
fluid mechanics, mechanics of materials, biology, plasma physics, finance, chemistry, image processing
(see, for example, [1–6]). In recent years, nonlinear fractional partial differential equations (NFPDEs) have
attracted the attention of many researchers. Since NFPDEs are much more complicated than other fractional
differential equations, it is difficult to find their solutions.

NFPDEs with Caputo fractional derivative have been studied in [7–17]. Ritz approximation method, new
fractional function method based on Legendre and Laguerre polynomials, differential transform method and
generalized Taylor’s formula, Haar wavelets technique and the method based on Crank - Nicholson
scheme have been applied to the nonlinear space - time fractional partial differential equations in [7–11].
Nonlinear time fractional partial differential equations have been solved by using variational iteration
method, Adomian decomposition method, Elzaki decomposition method and method of the separation of
variables in [13–15]. Analytical solutions of the space - time fractional Fisher equation and time fractional
nonlinear Klein - Gordon equation have been obtained by using residual power series method, Chebyshev
spectral collocation method and Sinc - Chebyshev collocation method in [12, 16, 17], respectively. Time
fractional Rosenou - Haynam and a class of mKdV equations with Atangana - Baleanu derivative over
Caputo - Fabrizio have been solved by using fractional homotopy perturbation transform method in [18].
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Oscillatory behavior of solutions of the nonlinear time fractional partial differential equation with damping
and forced term including Riemann - Liouville fractional derivative have been investigated by using
differential inequality method and integral average method [19].

Recently, a new derivative called conformable fractional derivative has been defined in [20, 21]. While
other derivatives such as Riemman-Liouville, Caputo and Grünwald - Letnikov are defined with complex
formulae, conformable fractional derivative is defined with simple formula. Generally, solutions of the
nonlinear conformable fractional partial differential equations (NCFPDEs) have been investigated in the
form of traveling wave solutions (see, for example, [22–25]). But, it is not possible to apply the methods
seeking traveling wave solutions to NCFPDEs with variable coefficients or with nonhomogenous. Con-
formable fractional transform method for solving linear and nonlinear conformable space - time fractional
partial differential equations has been presented in [26]. To our knowledge, there is not much work on the
solution of NCFPDEs with variable coefficients.

In the last decade, orthogonal functions and spectral methods have become important tools for fractional
differential equations. In general, a great number of publications explore the use of spectral methods for
solutions of the nonlinear fractional ordinary differential equations and linear fractional partial differential
equations including Caputo derivative (see, for example, [27–39]). However, the number of studies on the
solution of NFPDEs by using spectral methods is limited. In [12, 16, 17], spectral methods have been
applied to some special NFPDEs including Caputo derivative. The space - time fractional wave equation
with conformable derivative has been solved by using Chebyshev collocation method in [40].

In this paper, we consider nonlinear conformable space-time fractional partial differential equation of the
form:

Tl
t uðx; tÞ ¼ f ðx; tÞTa

x uðx; tÞ þ Nðuðx; tÞÞ; 0\x\1; 0\t� T ;

0\l� 1; 1\a� 2;
ð1Þ

with initial condition

uðx; 0Þ ¼ f1ðxÞ; 0\x\1; ð2Þ

and the boundary conditions:

uð0; tÞ ¼ h1ðtÞ; 0\t� T; ð3Þ

uð1; tÞ ¼ h2ðtÞ; 0\t� T ð4Þ

where x is a space variable, t is a time variable; the parameters l and a refer to the order of conformable
fractional derivative with respect to time variable and space variable, respectively. The functions f(x, t),
f1ðxÞ, h1ðtÞ and h2ðtÞ are given functions. N(u(x, t) ) represents the nonlinear term. To solve initial and
boundary value problem (1)-(4), we apply spectral collocation method which is based upon Chebyshev
polynomials of the second kind.

2 Description of conformable fractional derivative and its properties

For a function f : ð0;1Þ ! R, the conformable fractional derivative of f of order 0\a\1 in variable t is
defined as (see, for example, [20])

Ta
t f ðtÞ ¼ lim

e!0

f ðt þ et1�aÞ � f ðtÞ
e

:

Some important properties of the the conformable fractional derivative are as follows:

Theorem 2.1 (see, for example, [20]) Let a 2 ð0; 1� and f, g be a differentiable at a point t [ 0. Then

Ta
t ðaf þ bgÞðtÞ ¼ aTa

t f ðtÞ þ bTa
t gðtÞ; 8a; b 2 R; ð5Þ

Ta
t ðfgÞðtÞ ¼ f ðtÞTa

t gðtÞ þ gðtÞTa
t f ðtÞ; ð6Þ

Ta
t ðtpÞ ¼ ptp�a; 8p 2 R: ð7Þ

If, in addition, f is differentiable, then
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Ta
t ðf ðtÞÞ ¼ t1�af

0 ðtÞ: ð8Þ

The fractional derivative starting from b of a function f : ½b;1Þ ! R, of order a, where f ðnÞðtÞ exists, is
defined by (see, for example, [21])

Ta
t ðf ðtÞÞ ¼ Tb

t ðf ðnÞðtÞÞ; n 2 Zþ [ f0g; n\a� nþ 1; b ¼ a� n: ð9Þ

3 Some properties of Chebyshev polynomials of the second kind

The Chebyshev polynomials UnðxÞ of the second kind are orthogonal polynomials of degree n in x defined
on the ½�1; 1� (see, for example, [41]) as follows:

UnðxÞ ¼
sinðnþ 1Þh

sin h
;

where x ¼ cos h and h 2 ½0;p�.
Shifted Chebyshev polynomials of the second kind U�nðxÞ of degree n in x on [0, 1] is given by

U�nðxÞ ¼ Unð2x� 1Þ. These polynomials are orthogonal on the support interval [0, 1] as the following inner
product:

\U�nðxÞ;U�mðxÞ[ ¼
Z1

0

ffiffiffiffiffiffiffiffiffiffiffiffiffi
x� x2
p

U�nðxÞU�mðxÞdx ¼
0; n 6¼ m;
p
8
; n ¼ m:

( )
;

where
ffiffiffiffiffiffiffiffiffiffiffiffiffi
x� x2
p

is weight function corresponding to U�nðxÞ. The polynomials U�nðxÞ may be generated by
using the recurrence relations

U�nðxÞ ¼ 2ð2x� 1ÞU�n�1ðxÞ � U�n�2ðxÞ; n ¼ 2; 3; :::;

with U�0ðxÞ ¼ 1, U�1ðxÞ ¼ 4x� 2:
The analytical form of the shifted Chebyshev polynomials of the second kind U�nðxÞ of degree n is given

by

U�nðxÞ ¼
Xn

k¼0

ð�1Þk22n�2k Cð2n� k þ 2Þxn�k

2n� 2k þ 2
: ð10Þ

The function y(x) which belongs to the space of square integrable function in [0, 1] may be expressed in
terms of shifted Chebyshev polynomials of the second kind as

yðxÞ ¼
X1
i¼0

biU
�
i ðxÞ;

where the coefficients bi are given by

bi ¼
8

p

Z1

0

yðxÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
x� x2
p

U�i ðxÞdx: ð11Þ

Consider only the first mþ 1 terms of shifted Chebyshev polynomials of the second kind, so we can write

ymðxÞ ¼
Xm

i¼0

biU
�
i ðxÞ: ð12Þ

Theorem 3.1 If ymðxÞ be approximated function of y(x) in terms of shifted Chebyshev polynomials of the
second kind given by Eq.(12), then its conformable fractional derivative can be written in the following form
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Fp ¼
Xm

i¼0

t1�l
q ðaq

i � aq�1
i ÞU�i ðxpÞ � Dtf ðxp; tqÞ

Xm

i¼2

Xi�2

k¼0

aiðtqÞAa
i;kxi�k�a

p

� Dt:Nð
Xm

i¼0

aiðtqÞU�i ðxpÞÞ; p ¼ 1; 2; :::;m� 1;

Fm ¼
Xm

i¼0

ð�1Þiðiþ 1ÞaiðtqÞ � h1ðtqÞ;

Fmþ1 ¼
Xm

i¼0

ðiþ 1ÞaiðtqÞ � h2ðtqÞ:

For the non-linear system (20) with unknown Vq ðq ¼ 1; :::;NÞ, the following iteration formula can be
written by using Newton iteration method

Vq;kþ1 ¼Vq;k � J�1ðVq;kÞ:FðVq;kÞ;
Vq;0 ¼Vq�1; q ¼ 1; :::;N; k ¼ 0; 1; :::

ð21Þ

where J�1ðVq;kÞ is the inverse of the Jacobian matrix, Vq;k is approximate solution of Vq. Using iteration
formula (21), approximate solution of the problem (1)-(4) is obtained.

When exact solution of the problem (1)-(4) is not known, it is not possible to compute absolute error
(AE). Assume that umðx; tÞ is a approximate solution of the problem (1)-(4). Let us define residual error
function (REF) as follws

REFðxÞ ¼
Xm

i¼0

t1�l
q ðaq

i � aq�1
i ÞU�i ðxÞ � Dtf ðxp; tqÞ

Xm

i¼2

Xi�2

k¼0

aiðtqÞAa
i;kxi�k�a

� Dt:Nð
Xm

i¼0

aiðtqÞU�i ðxÞÞ; q ¼ 1; 2; :::;N:

ð22Þ

The smallness of the REF shows that the approximate solution is close to the exact solution. Therefore, REF
can be used to measure correctness of the approximate solution.

5 Applications

Example 1 Let us consider the following nonlinear space-time fractional partial differential equation with
initial and boundary conditions

T0:7
t uðx; tÞ ¼ T1:4

x uðx; tÞ � x5:6t4ð1� tÞ4u2ðx; tÞ þ u6ðx; tÞ
� 0:56tðt � 1Þ þ t0:3ð2t � 1Þx1:4; 0\x\1; 0\t\1;

ð23Þ

uðx; 0Þ ¼ 0; 0\x\1; ð24Þ

uð0; tÞ ¼ 0; uð1; tÞ ¼ t2 � t; 0\t� 1: ð25Þ

Note that the exact solution to this problem is ueðx; tÞ ¼ x1:4ðt2 � tÞ. By using the iteration formula (21) with
zero initial condition , we obtain approximate solution of the problem for m ¼ 2; 4; 15. In Table 1, the
absolute error (AE) between the exact solution ueðx; tÞ and the approximate solution umðx; tÞ, m ¼ 2; 4; 15,

at t ¼ 0:5 for the values N ¼ 102; 104 are given. Table 1 shows how the change of the values m and N effects
the obtained results. As shown in Table 1, as the values m and N increase, the approximate solution

approaches the exact solution. Fig.1 presents 3D plot of the approximate solution u4ðx; tÞ for N ¼ 102,
0\x\1 and 0\t\1. Fig.2 presents contour plot of the approximate solution u4ðx; tÞ and the exact solution

ueðx; tÞ for N ¼ 102, 0\x\1 and 0\t\1. It is clear from Fig.2 that the obtained numerical solution u4ðx; tÞ
is in very good agreement with the exact solution ueðx; tÞ.
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Example 2 Consider nonlinear space-time fractional partial differential equation with initial and boundary
conditions

T0:8
t uðx; tÞ ¼ x1:5T1:5

x uðx; tÞ � uðx; tÞ þ u2ðx; tÞ
� x4 expð2:5t0:8Þ; 0\x\1; 0\t� 1;

ð26Þ

uðx; 0Þ ¼ x2; 0\x\1; ð27Þ

uð0; tÞ ¼ 0; uð1; tÞ ¼ expð1:25t0:8Þ; 0\t� 1: ð28Þ

The exact solution is ueðx; tÞ ¼ x2 expð1:25t0:8Þ. By using the iteration formula (21) for m ¼ 4 with the

initial data V0 ¼ ð5=16; 1=4; 1=16; 0; 0Þ�, the AE and REF for the approximate solution u4ðx; tÞ are com-

puted for N ¼ 102; 104; 106 at t ¼ 0:75. The influence of the value N on the values AE and REF is presented
in Table 2. It is seen from Table 2 that the values of the REF and AE approach zero as the value of the N
increases. Also, the value of the REF is much smaller than the value of the AE. Fig.3 shows 3D plot of the

approximate solution u4ðx; tÞ for N ¼ 104, 0\x\1 and 0\t\1. Fig.4 presents contour plot of the

approximate solution u4ðx; tÞ and the exact solution ueðx; tÞ for N ¼ 104, 0\x\1 and 0\t\1. It is seen

Table 1 AE for m ¼ 2; 4; 15 and N ¼ 102; 104 at t ¼ 0:5 in Example 1

x m ¼ 2 m ¼ 4 m ¼ 15

N ¼ 102 N ¼ 104 N ¼ 102 N ¼ 104 N ¼ 102 N ¼ 104

0.1 5:10�3 5:10�3 8:10�4 9:10�4 10�4 9:10�6

0.2 6:10�3 6:10�3 4:10�5 3:10�4 3:10�4 9:10�6

0.3 6:10�3 6:10�3 4:10�4 4:10�5 4:10�4 10�7

0.4 4:10�3 5:10�3 5:10�4 7:10�5 5:10�4 4:10�6

0.5 3:10�3 3:10�3 4:10�4 9:10�5 5:10�4 3:10�6

0.6 10�3 2:10�3 3:10�4 3:10�4 5:10�4 7:10�8

0.7 10�4 6:10�4 2:10�4 3:10�4 5:10�4 4:10�6

0.8 5:10�4 2:10�4 2:10�4 2:10�4 4:10�4 10�6

0.9 6:10�4 4:10�4 2:10�4 5:10�5 2:10�4 10�6

Fig. 1 The behavior of the approximate solution of the problem (23)-(25)
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Fig. 2 The contour plot of the approximate solution u4ðx; tÞ and the exact solution ueðx; tÞ for the problem (23)-(25)

Table 2 AE and REF for m ¼ 4 and N ¼ 102; 104; 106 at t ¼ 0:75 in Example 2

x N ¼ 102 N ¼ 104 N ¼ 106

AE REF AE REF AE REF

0.1 2:10�5 9:10�8 3:10�6 3:10�11 9:10�8 7:10�15

0.2 6:10�5 8:10�8 3:10�6 3:10�11 10�7 9:10�15

0.3 2:10�4 7:10�8 3:10�6 6:10�11 10�7 2:10�14

0.4 4:10�4 4:10�8 10�6 4:10�11 10�7 2:10�14

0.5 5:10�4 7:10�17 8:10�8 10�17 10�7 4:10�17

0.6 6:10�4 3:10�7 10�6 3:10�11 10�7 2:10�14

0.7 6:10�4 7:10�7 2:10�6 3:10�11 7:10�8 3:10�14

0.8 5:10�4 6:10�7 3:10�6 6:10�12 4:10�8 2:10�14

0.9 3:10�4 9:10�7 2:10�6 7:10�12 2:10�8 2:10�14

Fig. 3 The behavior of the approximate solution of the problem (26)-(28)
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from Fig.4 that the obtained numerical solution u4ðx; tÞ is in very good agreement with the exact solution
ueðx; tÞ.

Example 3 Consider the following initial and boundary value problem

T0:3
t uðx; tÞ ¼ t0:3ðx3 þ 2ÞT1:7

x uðx; tÞ � 6t0:3x1:3uðx; tÞ � u4ðx; tÞ

� ðx3 þ 2Þ
�

sinðt0:3Þ 3

10
� ðx3 þ 2Þ3 cos4ðt0:3Þ

�
; 0\x\1; 0\t\1;

uðx; 0Þ ¼ x3 þ 2;

uð0; tÞ ¼ 2 cosðt0:3Þ; uð1; tÞ ¼ 3 cosðt0:3Þ:

The exact solution is ueðx; tÞ ¼ ðx3 þ 2Þ cosðt0:3Þ. By using the presented method for m ¼ 4 with the initial

data V0 ¼ ð71=32; 7=32; 3=32; 1=64; 0Þ�, we obtain approximate solution of the problem. In Table 3, the

AEs of the approximate solution u4ðx; tÞ for N ¼ 102;N ¼ 106 at t ¼ 0:25; 0:5; 0:75; 1; 5 are given. Table 3
shows that AEs decrease as the value of the N increase for different values of t and x. Figs.5.a-5.b show

behavior of AE and REF for N ¼ 106, 0\x\1 at t ¼ 0:75. In Fig. 5.a, the value of the AE for u4ðx; 0:75Þ
takes its the maximum value at around x ¼ 0:5 as 8:10�9. When the points x approach 0 and 1, the values of

the AE approach 10�10. In Fig. 5.b, the value of the REF for u4ðx; 0:75Þ is approximately 10�15 along the
0\x\1. Figs.5.a-5.b show that the value the REF is closer to zero than the value of the AE.

Example 4 Consider the following initial and boundary value problem

Tl
t uðx; tÞ ¼ Ta

x uðx; tÞ þ uðx; tÞð1� uðx; tÞÞðuðx; tÞ � kÞ; 0\x\1; 0\t\1; ð29Þ

uðx; 0Þ ¼ 1

2
ð1þ kÞ þ 1

2
ð1� kÞ tanhð

ffiffiffi
1

8

r
ð1� kÞxÞ; ð30Þ

uð0; tÞ ¼ 1

2
ð1þ kÞ þ 1

2
ð1� kÞ tanhð1

4
ð1� k2Þ t

l

l
Þ; ð31Þ

uð1; tÞ ¼ 1

2
ð1þ kÞ þ 1

2
ð1� kÞ tanhð

ffiffiffi
1

8

r
ð1� kÞ þ 1

4
ð1� k2Þ t

l

l
Þ: ð32Þ

Note that for a ¼ 2; l ¼ 1, Eq. (29) is the generalized Fisher equation (see, for example, [42]). Generalized
Fisher equation has many applications in ecology, physiology and in general phase transition problems (see,
for example, [12]). For a ¼ 2 and 0\l� 1, Eq. (29) has the exact solution

Fig. 4 The contour plot of the approximate solution u4ðx; tÞ and the exact solution ueðx; tÞ for the problem (26)-(28)
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Table 3 AE for m ¼ 4 and N ¼ 102; 106 at different values of t in Example 3

x N ¼ 102 N ¼ 106

t ¼ 0:25 t ¼ 0:5 t ¼ 0:75 t ¼ 1 t ¼ 0:25 t ¼ 0:5 t ¼ 0:75 t ¼ 1

0.1 7:10�5 5:10�5 4:10�5 3:10�5 7:10�9 5:10�9 4:10�9 3:10�9

0.2 10�4 8:10�5 6:10�5 5:10�5 10�8 8:10�9 6:10�9 5:10�9

0.3 10�4 9:10�5 8:10�5 6:10�5 10�8 9:10�9 7:10�9 6:10�9

0.4 10�4 10�4 8:10�5 7:10�5 10�8 10�8 8:10�9 7:10�9

0.5 10�4 10�4 8:10�5 7:10�5 10�8 10�8 8:10�9 7:10�9

0.6 10�4 9:10�5 7:10�5 6:10�5 10�8 9:10�9 7:10�9 6:10�9

0.7 10�4 8:10�5 6:10�5 5:10�5 10�8 8:10�9 6:10�9 5:10�9

0.8 8:10�5 6:10�5 5:10�5 4:10�5 8:10�9 6:10�9 5:10�9 4:10�9

0.9 5:10�5 3:10�5 3:10�5 2:10�5 5:10�9 3:10�9 3:10�9 2:10�9

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0

1

2

3

4

5

6

7

8

9
x 10−9

x

A
E

(a) AE.

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
−16

−14

−12

−10

−8

−6

−4

−2

0

2
x 10−14

x

R
E

F

(b) REF.

Fig. 5 AE and REF for N ¼ 106 at t ¼ 0:75 in Example 3
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ueðx; tÞ ¼ 1
2
ð1þ kÞ þ 1

2
ð1� kÞ tanhð

ffiffi
1
8

q
ð1� kÞxþ 1

4
ð1� k2Þ tl

lÞ. Note that we obtain the exact solution by

using extended tanh method (see, for example, [25]). In [12], Eq. (29) has been written in the case l ¼ 1 and
the derivative in x has been defined in the Caputo sense. In [12], space fractional Fisher equation has been
solved by using Chebyshev collocation method via Chebyshev polynomials of the first kind and finite
method.

By using presented method for m ¼ 4, we obtain approximate solution of the problem. In Table 4, we

compute the REF for parameters N ¼ 40;N ¼ 105, a ¼ 1:6, k ¼ 0:75, l ¼ 1 at t ¼ 1. In [12], REF has been
computed for m ¼ 4;N ¼ 40 by using the Chebyshev spectral collocation method. In Table 4, comparison
between the our approximation and the obtained results in [12] is made. This comparison shows that the
proposed method has the higher accuracy than the previous results. Furthermore, in Table 4, REF for

N ¼ 105, l ¼ 0:5; 1 at t ¼ 0:5 is computed in different values of x. Table 4 shows that REF of the space
fractional problem (i.e. l ¼ 1, a 6¼ 2) is more close to zero than REF of the space-time fractional problem

(i.e. l 6¼ 1, a 6¼ 2 ). Figs. 6.a-6.b give behavior of REF for l ¼ 1, a ¼ 1:5, k ¼ 0:5, N ¼ 40; 105 at t ¼ 1. In

[12], maximum value of REF for N ¼ 40, m ¼ 4 has been obtained as 6:10�4. In our method, maximum

values of REF are obtained as 7:10�5ðN ¼ 40Þ and 3:10�8ðN ¼ 105Þ. This comparisons show the
thoroughness for the proposed method. In Table 5, the values of the AE and REF are given for a ¼ 2,

k ¼ 0:5, l ¼ 1; 0:5, N ¼ 105 at t ¼ 0:5; 1. For l ¼ 1; a ¼ 2, Eq. (29) is non-fractional partial differential
equation. Table 5 shows the values of the AE and REF for the non-fractional problem. For l ¼ 0:5; a ¼ 2,
Eq. (29) is time-fractional partial differential equation. In Table 5, the values of the AE and REF are also
given for the time-fractional problem. It is seen that the values of the AE and REF of the non-fractional
problem is similar to those of the time fractional problem. Table 5 shows that the obtained solutions are very
close to the exact solution for both of the problems. Furthermore, the values of the REF are much smaller
than the values of the AE for both of the problems.

6 Conclusion

In this paper, using the shifted Chebyshev polynomials of the second kind and its properties together with
the Chebyshev collocation method, nonlinear conformable space-time fractional partial differential equation
with variable coefficient is reduced to a system of ordinary differential equations. The obtained nonlinear
system is solved by using finite difference method and Newton method. The numerical results obtained by
the proposed technique are compared with the exact solution and previously published works to illustrate
validity and applicability of the proposed technique. From the numerical results, it is obvious that the
proposed method gives high accuracy and efficiency even for small values m.

Table 4 REF for m ¼ 4, a ¼ 1:6, k ¼ 0:75 in Example 4

x t ¼ 1; l ¼ 1 t ¼ 0:5; l ¼ 1 t ¼ 0:5; l ¼ 0:5

N ¼ 40 N ¼ 105 [12] (m=4,N=40) N ¼ 105 N ¼ 105

0 5:10�6 2:10�9 3:10�3 10�9 4:10�8

0.2 2:10�7 10�10 5:10�5 5:10�11 2:10�9

0.4 2:10�7 8:10�11 6:10�5 4:10�11 10�9

0.6 2:10�7 7:10�11 3:10�6 3:10�11 10�9

0.8 10�7 5:10�11 2:10�6 3:10�11 7:10�10

1 7:10�7 3:10�10 8:10�7 10�10 4:10�9
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Table 5 AE and REF for a ¼ 2, k ¼ 0:5, N ¼ 105 in Example 4

x l ¼ 1 l ¼ 0:5

t ¼ 0:5 t ¼ 1 t ¼ 0:5 t ¼ 1

AE REF AE REF AE REF AE REF

0.1 6:10�10 10�11 10�10 8:10�12 10�8 4:10�12 6:10�9 10�12

0.2 2:10�8 9:10�12 9:10�9 6:10�12 2:10�8 3:10�12 10�8 10�12

0.3 2:10�8 10�11 10�8 9:10�12 2:10�8 4:10�12 2:10�8 2:10�12

0.4 2:10�8 10�11 10�8 6:10�12 3:10�8 3:10�12 2:10�8 10�12

0.5 10�10 0 5:10�10 0 3:10�8 10�16 2:10�8 0
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0.8 2:10�8 8:10�12 10�8 5:10�12 3:10�8 2:10�12 8:10�9 2:10�12

0.9 2:10�9 10�11 2:10�9 6:10�12 10�8 2:10�12 6:10�9 3:10�12
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(a) REF for N = 40.
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(b) REF for N = 105.

Fig. 6 REF for l ¼ 1, a ¼ 1:5, k ¼ 0:5, N ¼ 40; 105 at t ¼ 1 in Example 4
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