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Abstract The trigintaduonions form a 32-dimensional Cayley—Dickson algebra. In this paper, we intend to
make a new approach to introduce the concept of generalized Tribonacci trigintaduonions instead of and
study some properties of this trigintaduonions like Binet’s formula, generating function, summation for-
mula, norm value and matrix formulation.
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1 Introduction and Preliminaries

Tribonacci sequence is a generalization of the Fibonacci sequence. Tribonacci numbers are like the Fibo-
nacci numbers but instead of starting with two predetermined terms, the sequence starts with three pre-
determined terms and each term afterward is the sum of the preceding three terms. The Tribonacci numbers
are described by

=T\ +T,2+T,3 (1.1)

for n >4, with initial conditions T) = 1, 7> = 1 and 75 = 2. The generalized Tribonacci sequence is the
generalization of the sequences like Tribonacci, Padovan, Narayana and third-order Jacobsthal sequences.
The generalized Tribonacci sequence {U,}, - is defined by

Uo=pUy1+qUy 2+ 71U, 3 (12)

for n>3, where Uy =d, U; = e and U, = f are arbitrary integers and p, ¢, r are real numbers. To know
more about Fibonacci and Tribonacci sequences (see [1, 4, 8, 9, 13, 14, 16, 17, 19, 21, 22]).

If we consider p=g=r=1and Uy =0, Uy = U, = 1, then {U,} is known as Tribonacci sequence
and if we take p=¢g=r=1 and Uy=3, Uy =1, U, =3, then {U,} is known as Tribonacci—Lucas
sequence. As {U,} is a third-order recurrence sequence, its characteristic equation is x* — px> — gx — r = 0,
whose roots are
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w=up,q,r) =I3—)+A+B7
v=v(p,q,r) :§+ocA+oczB,

0 =96(p,q,r) :§+a2A+ocB,

where
P oopag 5 P pg r i
A=+ +5 p= (P4 T
(27+6+2+\/E), (27+6+2 ﬁﬁ)
. - P 22 - 3 > 43
with w = w(p,q,r) =57 — Gk + 25— %+ 5 and o = =50

Now, we assume that @(p, ¢, r) > 0, so that the Eq. (1.2) has one real and two non-real solutions with the
latter being conjugate complex. Now, the Binet formula for the generalized Tribonacci numbers can be
expressed as [7, 11]

Ku" Ly Mo"

RS TRy R (T ) R T

(1.3)

where
K=U,— (v+ 0)U; + voUy,
L=U, — (u+0)Ui + usl,
M=U, — (u+v)U + wU.

Now, we discuss some properties of Cayley—Dickson algebras. In the Cayley—Dickson process we extend
the field R of reals to complex C. It can be carried further to higher dimensions using a doubling process
yielding the quaternions, octonions, sedenions and trigintaduonions. Many authors have studied generalized
Tribonacci quaternions, octonions and sedenions which are of dimensions 4, 8 and 16 respectively.
Octonions and sedenions are hyper-complex numbers as quaternions have been studied in some of recent
papers [3, 12]. In this paper, we want to extend these ideas and study trigintaduonions which is 32-
dimensional Cayley—Dickson algebra. As far we know this idea is new to existing literature. Actually,
trigintaduonions is a 32-dimensional hyper-complex number that is a non-associative extension of a
sedenion. A trigintaduonions is defined by

31
T =1+ Z tey,
k=1

where 1,1, ...,13; are real numbers, eg is the identity (or unit) and ey, ..., e3; are called imaginaries. #; is
31 . . . . .. .

called the real part and Zki | Tkex 18 called it’s imaginary part. The trigintaduonions product can be

presented in the matrix-vector multiplication form as follows:

31 31 31
Ty =ap+ Zakeka T = by + Zbké’k? I3=T\T, =co+ ) cker.
=1 =1 =1

The operations requiring for the matrix-vector multiplication in trigintaduonions are quite a lot. Detailed
informations about these operations have been presented in the literature (see [5, 6, 24]).
Giil [10] introduced the k-Fibonacci and k-Lucas trigintaduonions as

31
TF, = g Finyie
i=0

and

31

TLk,n = § Lk,t1+iei
i=0
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where Fy, and L, are the nth k-Fibonacci number and k-Lucas number, respectively.
Now, we define generalized Tribonacci trigintaduonions. The nth generalized Tribonacci trigintaduo-
nions is defined by

31 31
T, = 2; Uytiei = U, + Z U, yiei, (14)

where U, is the nth generalized Tribonacci number defined in Eq. (1.2). For all non-negative integer n, it can
be easily shown that the following iterative relation holds:

fn :pfn,1 +qf,1,2+r7/"\n,3. (15)

For negative values of n, by using the recurrence (1.5) we extend the sequence {fn}nzo backwards or
equivalently, by using the recurrence

T_,=- ff(nfl) - f*(ﬂ*Z) + T\f(n73)-

RS
SIS
N | =

Thus, the recurrence (1.5) holds for all integer n. The conjugate of T, is defined by

_ 31
T,=U,— E Uppiei = U, — Upp1e1 — Uyppes — -+ — Upyzies).

i=1

The norm of generalized Tribonacci trigintaduonions is defined by

~2 ~ ~ =
||TnH :Nz(Tn) =TT, = Ui + Un2+1 +ot UZ+31~

2 Main Results

In this section we introduce some properties of generalized Tribonacci trigintaduonions like Binet’s for-
mula, generating function, summation formula and norm value.

Theorem 2.1 Binet’s formula for generalized Tribonacci trigintaduonions is

-~ Kup" Lw" M35

T E=0) W= G-wE-W

where K, L and M are defined in Eq. (1.3) and
I=eo+pey + (Pey + -4 ey,
V=-ey+ver+vier+ -+ vle,
o =eg+de; +%er+ -+ ey

Proof By using Binet’s formula for the generalized Tribonacci numbers (1.3) and definition of (1.4), we
have
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7o i U KL L My
T e =0) = =0) (G- w6 —v)
K/.tn+l Lvn+l M5n+l
( + + >81
(m=v)(u=23) (v=w-0) (G—w©@-v)
Kﬂn+2 Lvn+2 M5n+2
(s )
(H=v)(u=0) (v—p@—=95) (- -v)
Kun+31 Lvn+31 M5n+31
( + + )e“
(m=v)(u—=20) (v—pw—0) (6—pw(©0—-v)
K L M3s"
(=v)(u=20) (v=p(=20) (6-w(©@—v)
which is the Binet’s formula for the generalized Tribonacci trigintaduonions. O

Theorem 2.2 The generating functions for the generalized Tribonacci trigintaduonions is
NN T T\ — pTo)x+ rT_ x>

o) =S T = 0+ (T1 —pTo)x+rT .

n=0

Proof Now, we define g(x) = ZZO:() T,x". Compute that

) =To+ Tix+ Tox® + T3+ + T + -

pxg(x) = pTox +pT1x* + pTox® +pTax* + -+ +pTy X" + - -

gx’g(x) = qTox* + qT\x° + qTox* + qT3° + -+ qT, X" + - -

rx3g(x) =rTox> + rTApc4 + rAsz5 + rI3x6 +-o T sx"+ -

By using recurrence T, = pT,_| +qT,—» + rT,_3 and above defined table, we have

1 —px—qgx?—rx3

(1= px —gx® — r2)g(x) =g(x) — prg(x) — gx’g(x) — rx’g(x)
=To+ (T, —pTo)x+ (T, — pT\ — qT)x*
+ (T3 —pTy — qT\ — rTo)x’
+ (T4 —pTs —qTr —rTy)x* + -
+ (fn —pTot — T — rfn_3)x” + .
=To+ (fl —pfo)x—k (YA“z —pfl — qfo)xz.
Since 7A“z — pfl — qYA“O =rT_ 1, then the generating function for generalized Tribonacci trigintaduonions is

(x) = 7Awo + (T\l —Pfo)x + rf—l)CZ
s = 1 — px — gx* — rx '

O

In the next theorem, we discuss another form of Binet formula for the generalized Tribonacci trigin-
taduonions by using generating function.

Theorem 2.3 For any integer n, the nth generalized Tribonacci trigintaduonions is

~ (B =pW)To+uT 4+ rT_p" (VP =pW)To+vT | +rT_ )V

fn= (= o) (i) v —0)(v -1
((6* = pd)To + 6T, +rT_,)d"
RIS

Proof In this theorem, we use generating function. Since
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1 —px—gx* —r® = (1 — pux) (1 — vx)(1 — dx).
Now, the generating function of T, is given by
(x) _ fo + (f] 7pf0)x + r7/"\_1x2 B 7/:() + (f] 7pf())x + rf_lxz
80 = 1 —px — gx® — rx3 (1= wx)(1 —vx)(1 — ox)
D n E n F
T-w) (-w (-
D(1 —vx)(1 —ox) + E(1 — px)(1 — 0x) + F(1 — px) (1 — vx)
(1= ) (1 = wx)(1 = ox)
_ (D+E+F)+ (—Dv—Dé—Eu—E — Fuu— Fv)x + (Dvd + Eud + Fuv)x*
B (1= 0)(1 — ) (1 — ov) |
We need to determine the value of D, E and F, then the following system of equations should be solved:
D+E+F =T,
—Dv—DS—Eu—ES—Fu—Fv=T, — pT,
Dvo+ Eud + Fuv = rT_.

Then, we get
o Tt w4270 —puTo _ (@ —pwTo +uTy +rT,
(2 — v — pd + vo (n=0)(n—v) ’
rT_i +vT| +v2To — pvT, (v —pW)To+ VT +rT_,
N v — v + ud — v N (v=239)(v—p) ’
. V’I/:,l + 57/:1 + (52T\() —pé’fo _ (52 —pé)’fo + 5?1 + I”I/:,l
P ps—ve (6 —w)(6—v)
and
(12 —pw)To+uTy +rT_| S, (v? — )T0+vT1+rT o »
gx) = X'
(t=20)(p—v) ,,Z:; (v—5 z;
(P —pd)To+ 0T +rT_| &
o"x"
(6 —m)(6—v) ,,X;
i( 12 —p)To+ uT) +rT Dt (VP =p)To+vT| +rT )V
e (n=08)(u—v) (v=20)(v—p)
n ((5 —p5)T() + 5T1 + I’T1)5"> .
(6 —u)(6—v)

Then, we get the Binet formula for the generalized Tribonacci trigintaduonins is

(12 = pi)To + uTy + rT ) (v = py)To +vT1 +rT_ )"

fn= (= o) (i —) * (v =0)(v -
N ((6% = pd)To + 6T, + rT ;)"
CEICED)

O
Now, we discuss the formula which gives the summation of the first n generalized Tribonacci numbers.

Lemma 2.1 ([15]) For every integer n >0, we have
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iUk — Un+2 + (1 7p)Un+l +rUn + (P+q* l)UO + (P - 1)U1 - U2 (2 1)
k=0 Pp.gr

where ¢ = ¢, ., =p+q+r—1L
Theorem 2.4 The summation formula for the generalized Tribonacci trigintaduonions is

zn: T\k _ 7/:}1“1'2 + (1 _p)fz1+l + rT\n + /lp,qu
(/)P“Lr

)

where @ =@,,, =p+q+r—1, A=l =o+e(0— U +erw— U+ U)) + es(w —
([)(U()+U]+U2)+"'+€3](w7q0(Uo+U]+"'+U3o)) and
0=wpgr=pP+qg—1Uo+ (p— 1)U = Us.

Proof By using Eq. (1.4), we have

ka: ZUk+€IZUk+1+eZZUk+2+"‘+eSIZUk+31
=0 k=0 k=0 =0 =0
=(Uo+--+Uy) +ei(Uy 4+ Uppi) +e2(Un + -+ + Unya)
+ -+ en(Usi + -+ + Ungar).
From Eq. (2.1) and by using notation w,,, = (p +¢q — 1)Uy + (p — 1)Uy — Us, we have

(ppquTk n+2+(1_ ) n+1+rU +wpqr)

+e1(Uns + (1 = p)Upsa + rUpy1 + @ — @Up)
+ eZ(Un+4 + (1 _p)Un+3 +rUpir + @ — Q)(UO + Ul))

+ 31 (Uns3s + (1 = p)Unyz2 + rUngz1 + @ — @(Up + Uy + - - + Ux))
—Tn+2+(1_ ) n+1+rT +j~pq,r7

where  1,,, =w+ei(w— @Uy) +erx(w— Uy +Up))+es(w—@Up+ Ui +Us))+---+e31(w— ¢
(Up+U; + ---+ Usp)). Thus, we have

ZT _ n+2+(1_ ) n+1+rT +/qur
(pp,qr

Theorem 2.5 The norm of generalized Tribonacci trigintaduonions is given by
(v = K2y + (= 0)’ LV + (4 — v)’M>56" — 2N
e

T 112
ITall” =

where,

¢ = ¢, v,0) = (n—v)(1—0)(v—9),
=1+ 4t + -+ u®,

v:1+v2+v4+~-~+v62,
S=1+48+8+ - +%
gv_1+uv+(,uv) +(,uv)3+‘ +(uv
@_1—%#54—(#52 (u 2 53)
vo=1+vd+ (v6)" + (vé)” + + (vd) N
N = (u—0)(v— )KLuv ()" +(u V)( — O)KMud (10)" + (1t — v)(1 — O)LM 5 (v3)".

Proof By using definition of norm and Binet’s formula of U,, we have
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U, = (v—0)Kp" + (6 — p)Lv" + (. — v)M3".

Then,
¢2U,21 =(v— 5)2K2H2n +(5— #)szvzn
+ (= V)" M?5*" +2(v — 6)(6 — w)KL(uv)"
+2(v—0)(p— v)KM(ud)" +2(6 — pu)(u — v)LM (vd)"
and

GNP =¢*(Us + Upyy + Up g+ + Us )
=(v— 8K ™" + (8 — )’ L™
+ (10— v)’MP58*" 4+ 2(v — 8)(6 — )KLy (uv)"
+2(v — 8) (1 — v)KMpd (pd)" +2(3 — ) (1 — v)LMvd (vd)",

where 11, v, 3, w, % and v are defined above. This completes the proof.

3 Matrix representation of generalized Tribonacci trigintaduonions

Suppose the sequence {X, } which is defined by the third-order recurrence relation
Xp=Xp 1+ X0 +Xn—37 Xo=X; = 07 X =1

The numbers X,, can be expressed by using Binet’s formula

v 'un N P N o
=) p=0) vy =9)  (d—-w)(0—v)
and for negative numbers X_,, it is expressed by
X, X,
X, = le xﬁ =X2, | — X 2Xo.

Now, we define the square matrix P of order 3 as:

p q r

P=|1 0 0

010

such that det P = r and

X2 qXpp1 17X rXan
P' = | Xup1 gXn + rX,1 rX,
Xn an,1 + an72 an,1

To know more about (3.1) matrix (see [2]). Matrix formulation of 7;, can be given as

Unia P q r U,
U |l=[1 00 U,
U, 01 0 Uy

The matrix P was defined and used in [18]. To know more above matrix, see [20] and [23].
Now, we define the matrix P, as

T, 7i3 + fz 7i3
PI) - T3 T2 + Tl T2
T, T1+Ty T,

The matrix P, can be called generalized Tribonacci trigintaduonions matrix.
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Theorem 3.1 For n>0, the following holds:

p g r\" in+4 Cﬂin+3 +r in+2 l’in+3
P {1 0 0] = Zn+3 quz + rTgfl an+2 : (3:3)
010 T2 qT 1 +1T, rT, 1

Proof We prove by mathematical induction on 7. If n = 0, then the result is clear. Now, we suppose it is
true for n = k, we have

] Tiva qTiys +1Tiyn 1Tiys
PoP" =\ Tiys qTgio + 1T 1Tii
Tiio qTi +rTy 1Ty

By using Eq. (1.5), then for k >0, we have fk+3 = pfkﬂ + qfk+] + rT. Now, by induction hypothesis,
we have

PP = (P,PYP

fk+4 CIT\k+3 + rYA"k+2 ka+3 P q r

= fk+3 q fk+2 +r fkﬂ r fk+2 1 00

fk+2 qT\k-H + rfk ka+1 010
pTiea + T3 +rTis qTies+rTiys rTig
= Pfk+3 +q fk+2 + rfkﬂ q fk+3 + ”fk+2 rfk+3
pTii2+qTest +rTe  qTiia+rTiry rTiga
fk+5 q fk+4 + rfk+3 r fk+4

= ka q ka +r 7Awk+2 r fk+3

Tivs qTiir+rTin rTio

Hence, (3.3) holds for all non-negative integers n. O
Corollary 3.2 For n>0, the following holds:

Tyir = ToXpin + (T + To)Xpi1 + T1 X,
Proof The proof of the corollary can be easily seen by the coefficient (3.1) of the matrix P, and (3.3). [

Note that if the matrix P replace with the matrices Q and R, then we obtain the same results as the matrix P,
matrices Q and R are defined by

p 1 0 010
O=1¢qg 0 1 and R=(|0 0 1
r 0 0 p q r
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