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Abstract Let p be a multiplicative arithmetic function defined by p(p*) = p* — p*~ ' + p* 2 — ... + (—=1)*
for a prime power p”. For a positive integer n, we call n a quasi-imperfect number if 2p(n) = n + 1. In this
paper, we show that there are only four quasi-imperfect numbers with at most four distinct prime divisors.
We also pose some conjectures for further research.
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1 Introduction

For a positive integer n, let w(n) and ¢(n) denote the number of distinct prime factors of n and the sum of
the positive divisors of n, respectively. Then, n is said to be quasi-perfect if o(n) = 2n + 1. Up to now, no
quasi-perfect numbers are known, but necessary properties of them are described in many papers
[1-3, 5, 7, 8, 10].

As a variation of the sum-divisors function ¢, Iannucci [6] defines a multiplicative arithmetic function p
by p(1) =1 and

o o o—1 o—2 o px-‘rl +(_1)1
= — =+ -t (-1 ==
p(p*) =p" —p* +p (1) P

for every prime power p*(x > 1). He says that n is imperfect if 2p(n) = n and says n is k-imperfect if
kp(n) = n for some integer k > 2. In fact, Martin [9] introduced the function p at the 1999 Western Number
Theory Conference and raised three questions(see Guy [4], p.72). In 2013, Téth [11] pointed out the
function p has a double character.
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430 C.-F. Sun et al.

In analogy with the quasi-perfect numbers, » is said to be quasi-imperfect if
2p(n) =n+1. (1.1)

It is clear that if n is a quasi-imperfect number then n is odd. In this paper, we consider quasi-imperfect
numbers with w(n) < 4 and obtain the following result:

Theorem 1.1 If n is a quasi-imperfect number with o(n) < 4, then
ne{3 3-5 3-5-17, 3-5.17-257}.

Fermat’s numbers are defined by F,, = 2% + 1(n > 0). Fermat conjectured that these integers are all primes.
Indeed, the first few are primes, namely, Fy = 3,F; = 5,F, = 17, F3 = 257, F4 = 65537. No prime F, has
been found beyond F4. Based on the fact, we pose the following two conjectures for further research.

Conjecture 1 [f n is a quasi-imperfect number with w(n) = 5, then
n=3-5-17-257-65537.
Conjecture 2 If n is a quasi-imperfect number, then
ne{3, 3-5 3-5-17, 3-5-17-257, 3-5-17-257-65537}.

Throughout this paper, we use the following notation: unless otherwise mentioned we take n = p{' - - - p;* be
an old quasi-imperfect numbers with w(n) = k and p; <...<py distinct old primes and o;’s to be positive
integers. Let o = (o, ..., o) and let (1;) denote the Legendre symbol. For positive integer n and prime p, we
denote by v,(n) the nonnegative integer e such that p¢ divides n but p**! does not. We also define the
following functions which we shall use very often in the paper

H o P et
@1’...7pk’“)_ . 3(1( +1) PPN “1( +1) - 11_., ok )
P D1 Py \Pk Py Py
o +1 o o +1 Ok
ot DT T+ (=D
f(Plv"'?pk’a) = po’«H‘l 1 )
1 k
ey 2D G D 1)
8\P1; y Pk 0L) = 2.p71+1 . '.ka+1 '

Then we have H(py, -, px; o) = 1 and
f(Pla"‘;PkS“):g(Pla"'aPkéoc)- (12)

2 Lemmas

Lemma 2.1 If n is a quasi-imperfect number with w(n) =2, then n=3"-5.

Proof 1If p; > 5, then

pi-lp-1 146 1
Pi p»  pip2. 57 35

1 =H(pi,pro) =2

which is clearly false. Thus p; = 3. If p, > 7, then

26 1
1 =HQ3,prio) =2~ 2 —>1
(3717270() 37 21>7
which is false. Thus p, = 5. If 2 | «y, then
3 4 1
1=H(3,50)>2 > ~—— >1
(3,39)>2-7-5-75> 1

which is impossible. Thus 2 { 1. If 2 | o, then
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On quasi-imperfect numbers with at most four distinct prime divisors 431

which is absurd. Thus 2 { co. By (1.1), we have
3ntl—q 5ot

—3msn 4
4 6 T

or equally
(3171 —5)(5% — 1) = 16.
It follows that oy = oy =1 and n =3 -5.
This completes the proof of Lemma 2.1. O
Lemma 2.2 [If n is a quasi-imperfect number with o(n) = 3,then n =3-5-17.

Proof 1If p; > 5, then
1 =H(pi,p2,p3;0) 22z 5 —— — > 1,

which is clearly false. Thus p; = 3. If p, > 7, then
2 6 10 1
1 :H(37P27P3§°‘) 22 ''''' A A7 11 17
which is false. Thus p, = 5. If p3 > 19, then

2 4 18 1
IIH(3a57p37a)>2 ''''' A = 10 1)

4 6 1
1=H ) >2.2. 2.2 1
which is impossible. Thus 2 { cvy. If oy > 3, then
3#*—15-1 p2—1
f(3a5ap3;a) 2 34 : 52 : 3p2 >g(375ap3;a)a
3

which contradicts with (1.2). Thus oy = 1.
We are now going to obtain a bound for p3. Let p3 = 7. Noting that v3(3 - 527% + 1) = 0, we have 2 | o3
.If 2| o, then

Satl 4] 7mtl 4
4. 6+- 8+ —3.5%7% 41,

or equally
57277 — 5%t et 411 =0,

However, 5 { (7"‘3‘H — 11), a contradiction. If 2 { cvp, then

512+1 -1 70.3+1 +1

_3.507m 4,
6 g +

4

This implies that
0 =5%7% — 5%t L5t L 135 (7% —5).5% >0,

also a contradiction. Assume that p3 € {11,13}. Noting that vs(3 - 5211% + 1) = v3(3 - 5"213% 4+ 1) = 0,
we have 2 | a3. If 2 | o, then
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2 5 11 1
1=H(3,5,p30) >2-=-=-
which is impossible. Thus 2 J( ao. If on > 3, then
32-1 541
= s
which contradicts with (1.2). Thus o, = 1. By (1.1), we have p3* = 1, which is clearly false. Thus p3 = 17.
By

f(3,5,p3; ) > > ¢(3,5,p3;%),

2 4 16 1 .
3517 3-5-17

we can know that the above equality holds only when oy = o = a3 = 1. It follows that n =3 -5 - 17.
This completes the proof of Lemma 2.2. O

Lemma 2.3 If n =3"5%p3pi* is a quasi-imperfect number, then n =3 -5 - 17 - 257.
Proof Noting that v3(3*5%p3’p3* + 1) = 0, we know that if 2 | o, then ap > 4. If p3 > 31, then
2 4 30 36 1
1=H(3.5 o) >2.2. 1.2 2 - -
(:5ppi) 223537 55353737

which is clearly false. Thus p3 € {7,11,13,17,19,23,29}. Now we divide into the following four cases
according to the value of p;.

1,

Case 1. p; = 7. Noting that v3(3*1527%p}* 4+ 1) = 0, we have 2 | 03. If 2 | oy and 2 | o, then
35711 1
1=H Topaa) =222 . —— >,
(.3 Tps2) 22 4 6 g 3735711

which is false. Thus 2 { ay or 2 1 ava.
Subcase 1.1 py € {11,13,19}. By (1.1), we have 2 | ay. If 2 | oy and 2 t vy, then

3 (2 (52T — 1)) — 1 = n(395%27%p} +1) =1,

a contradiction. Now let 21 ;g and 2 | ap. If oy > 5, then
6

f(3,5,7,p4;05) > T > 8(375777174;0(),

which contradicts with (1.2). Thus oy < 3. Since 5 ¢ (?,C“l“‘1 — 1), we have oy = 1. However,
321 5+1 P+1 pi+1

3,5,7,pa; o) < .
f(a ) ,P47O‘) 32 55 73 pi

<g(3a 5a77p4; O‘)a

which also contradicts with (1.2). Now we assume that 2 t a and 2 { cva. If oy = 1, then
3—1 7+1 pi+1
T

f(33577ap4;a)< <g(335a77p4;a)5

a contradiction. Thus o > 3. By (1.1), it is clear that a; > 9. If a, > 3, then
310 54

a contradiction. Thus a, = 1. If p4 € {11, 13}, then

-1 7T+1 pj+1
2 7 p

f<3a5a77p4;a)> >g(3a577,P4§O‘)7

f(375777p4;a)<

<g(37577»P47°‘)a

which is impossible. Thus p, = 19. If a3 > 4, then
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-1 7+1 19 +1
52 7 193

a contradiction. Thus o3 = 2. By (1.1), we have
3utl 1 9%t 4]

. I . 5 =

f(3,5,7,19;2) < <g(3,5,7,19; 1),

8-43 3% .5.72.19% 4+ 1.

This implies that
0=3"19% —43.19% £ 43.3%%!1 _ 53> (3% —43.19)-19% > 0,

it is impossible.
Subcase 1.2 py = 17. If 2 | oy and 2 { vy, then

va(2- (52T — D7 4 (=1)™)) > vy(31527%17% 4+ 1) + 2,

a contradiction. Let 2 { oy and 2 | 0. By vp(3%15%27%17% 4 1) = 2, we have 2 | oy. If o > 3, then
4

£(3.5.7,17;9) > > ¢(3,5,7,17;2),

34

a contradiction. Thus «; = 1. However,

-1 541 P+1 17 +1
32 53 73 173

a contradiction. Now we assume that 2 { 1 and 2 { awp. If o = 1, then

-1 7+1 17 +1
32 73 173

a contradiction. Thus o; > 3. If «p = 1, then

-1 7T+1 17 +1
52 73 173

a contradiction. Thus o, > 3. It follows that

315 -1 177 -1
34 54 172

f(3,5,7,17;0) < <g(3,5,7,17;0),

£(3,5,7,17;a) <

<g(3,5,7,17;0),

f(3,5,7,17;0) > >8(3,5,7,17;2),

it is impossible.
Subcase 1.3 ps > 23. If 2| o, then

1:H(35557ap4;a)>2 ''''''' —_— 17

which is false. Thus 2 J( «q. Let 2 | op. If oy > 3, then
-1 pi-1
34 pi

f(3,5,7,pa; o) > > g(3,5,7, pa; o),

a contradiction. Thus «; = 1. However,
3¥-15+1 P+1 pi+1

: <g(3,5,7, pa;
32 55 73 pi g(7 ) 7P47<x),

f(375777p4; OC) <

a contradiction. Now we assume that 2 J( ao. If oy = 1, then
31 7 +1 pj+1

< 3’5?77 ; I
32 73 Pi g( P4 O()

f(3a 577ap4; {X) <

a contradiction. Thus o > 3. By (1.1), we have o > 9. It follows that

@ Springer




434 C.-F. Sun et al.

39 -1 5 -1 pi—1
310 52 pi

f(3,5,7,pa; ) > > g(3,5,7,pa;o11),

a contradiction.
Case 2. p3 € {11, 13}. Noting that vs(3%15%2p3’pi* + 1) = v3(3*15%pFp}* + 1) = 0, we have 2 | o3. If
2 | a1, then

34 11 12 1

=H ; 22 _________ 2.5.11.13 1,
(3357p3ap47a) 4 5 12 13 3-5-11-13 ~

which is clearly false. Thus 2 J( aq. If oy > 3, then
3*—152-1p2—-1

F3:5,p3,p439) > —— == > 8(3,5,p3,p43 %),
Py

which is impossible. Thus o; = 1.
Now we let p; = 11. Noting that v3(3"5%211%p;* + 1) = 0, we have o3 > 4. If py < 53, then

321 5+1 11°5+1 pi+1
32 5° 115 pi

f(3357117p4;a)< <g(375,11,174§°‘)a

a contradiction. Thus py > 59. If 2 | o, then
2 5 11 58 1
—HG,5, 1, pga)>2-2.2. S
3.5 1pia) 223013 5573751159
which is clearly false. Thus 2 { ag. If o, = 1, then
32-1 51 115+1 pj+1
32 52 115 pi

f(355711ap4;a)< <g(375,11,P4§O‘)7

a contradiction. Thus oy > 3. If p4 > 61, then
3¥-15-1p;—1
5

f(3,5,11,p4;01)> >g(3a57117P4§“),

a contradiction. Thus py = 59. If o, = 3, then
P21 51 1141 59 +1
32 54 113 593

a contradiction. Thus o, > 5. However,

£(3,5,11,59; %) <

<g(3,5,11,59; %),

321 59-1 5921
32 56 592

£(3,5,11,59; %) > ¢(3,5,11,59; ),

it is impossible.
Now we assume that p; = 13. If py < 29, then

321 5+1 13341 p+1
32 5 133 i

f(355a13ap4;a> < <g(3757137p4;(x>a

a contradiction. Thus py > 31. Now we let py = 31. If 2 { v, then
-1 1341 310 +1
32 133 313
a contradiction. Thus 2 | ay. If oy = 4, then vsp;(5° + 1) = 1. Thus vsp;(3 - 5%213%31% + 1) > 1. However,

-E)-G)-0)-

which is clearly false. If o, = 6, then v29(57 + 1) = 1. Thus vy(3 - 5213%31% + 1) > 1. However,

£(3,5,13,31;0) < <4(3.5,13,31;2),

@ Springer



On quasi-imperfect numbers with at most four distinct prime divisors 435

—1 3 2
1 = —_— = —_— = — = —l,
29 29 3
which is clearly false. Thus a, > 8. However,
32-1 541 133+1 31°+1
32 59 133 313
which is absurd. Thus ps > 37. If 2 | o, then

£(3,5,13,31;2) < <5(3,5,13,31;2),

25 13 36 !
— . > _________ - ,
P=HGS5Bpso) 223 10 3373 5. 13.37 7 )

which is clearly false. Thus 2 { cva. If o, = 1, then
32-1 52-1 13 +1 pi+1

3,5,13, pas ) < .
f( b 7p4’(x) 32 52 133 p?l

<g(375, 13,p47 OC),

which is impossible. Thus o, > 3. However,
3?-15-1 p;—1

f(3,5713,[)4;0() > 32 : 54 péz1 >g(3357137p47a)7

it is impossible.
Case 3. p; = 17. If p4 > 263, then
2 4 16 262 1
F=HES1Tps2) 22355363 73517263
which is false. Thus 19 < py < 257. If 2 | oy, then

3 4 16 18 1
1=H(3,5,17,pg;0) >2-~-—- -

1,

which is absurd. Thus 2 { cvy. If oy > 3, then
#1521 172—1 p2—1
2 1R

f(3,5,17, py;00) = > g(3,5,17,ps; ),

which is impossible. Thus oy = 1. If py = 19, then 2 | oy. If 2 | o, then
-1 5+1 177+1 19°+1
32 55 173 193

a contradiction. If 2 { cvg, then

-1 1741 19°+1
32 173 193

a contradiction. Thus py > 23. If 2 | o, then

£(3,5,17,19;4) <

<g(3,5,17,19; a),

25 16 22 1
1=H(3,5,17,ps;0) >2-=.=. - >,

which is absurd. Thus 2 { cvo. If op > 5, then
215611721 p2—1
2 s 2

f(3ﬂ5a17ap4aa)> >g(3?57177p4;(x)a

a contradiction. Thus o, € {1,3}. If py = 23, then 2 | ay. If ap = 3, then
2 5%—1 16 23 1
1=H(3,517,23;0) >2 =+ —  — - — — —_— >
(3,5,17,23;) 3 6-5 17 24 3-53.17-23

which is absurd. Thus oy = 1. By (1.1), we have

1,
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175+ 4 (=)™ 235+ 41
18 24

16 - =3.5.17%23% 4 1,

or equally
(14 17" — (=1)%23)(14 - 23" — 17) = (—1)"405 — 378.
We deduce that the above equality can not hold whether o3 is odd or not. Thus p4 > 29. If o, = 3, then

2151 172—1 p2—1
E T

f(3,5,17, py; ) > > g(3,5,17,ps; ),

a contradiction. Thus o = 1. By (1.1), we can obtain

17a3+1+(_1)“% pZ4+1+(_1)“4

16 -
18 pa+1

=3.5-17%p* +1,

or equally
(=)™ - 8pith 4 (—1)™ - 8- 17%F! 4 (=1)"F™8 = (135 — py) - 17%p% + 9py + 9. (2.1)

If py < 131, then 2 | 3 or 2 | oy. However,
32-15-117°+1 pi+1

: : . <g(3,5,17, py;
32 52 17% pi g( [ 7P470<)>

F(3,5, 17, pg;00) <

a contradiction. Thus ps > 137. If 2 | a3, then
2 4 17 136 1

I=HG,51Tps0>23 5 5 137~ 55 1715 > &

which is false. Thus 2 { a3. If a3 > 3, then
21 -1 171 p2—1
2 s )

f(3,5,17, py; ) > 8(3,5,17,ps; ),

a contradiction. Thus oz = 1. By (2.1), we have 2 { 4. It follows that
255p% — pit! 4 py +257 = 0.

Thus py = 257 and oy = 1. Further n =3 -5 17 - 257.
Case 4. p; € {19,23,29}. If p4 > 79, then
2 419 78 1

_ . >2-— === — 2 = 10 A0 )
1 =H(3,5,p3,ps;0) =2 3520 79 3-5-19'79>1

a contradiction. Thus py < 73. If 2 | o4, then
3 4 18 22 1

1:H . 2 ..... - 1
(3:5:p3:p4i9) > 2 5 15" 337375 79.23 ~

which is false. Thus 2 t a. If 2 | o, then
2 5 18 22 1

1:H(375,P3,P4§0‘)>2'§'6'E'§—73.5_19_23 > 1,

which is false. Thus 2 { ag. If o > 3, then

3*—1 521 192—-1 232 -1
f(3757p3ap4; OC) > 34 : 52 ! 192 : 232 > 8(37571937174%0‘)’

a contradiction. Thus o; = 1. If ap > 3, then
321 5%—1 192—-1 2321

32 ! 54 ' 192 : 232 >g(3757l73a174§06)7

f(3757p3ap4; O() >

a contradiction. Thus oy = 1. By
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321 521 199+1 23341
32 52 193 233
we have p3 € {23,29}. Now let p; = 23. If py > 53, then

2 4 22 52 1
1=H(3,5,23,pg;0) 22 = - — - — —

f(3,5,19,ps;00) <

352353 3.523.53
which is impossible. Thus py € {29,31,37,41,43,47}. If p, € {29,31,37,41,43}, then

32-152-1 23 +1 29°+1
32 52 233 293
a contradiction. Thus py = 47. If 2 | o3, then

f(375,23,p4;06) g

2 4 23 46 1
1 =H(3,5,23,47;0) >2-2.=. =2 2 _

3524 47 3-5-23-47

<g(375’ 19’p4; a)?

1,

<g(3757 237P4§ OC),

1,

which is absurd. Thus 2 { 3. It implies that 2 | a4 since vp3(3 -5 -23%47% 4+ 1) = 0. By (1.1), we can

obtain

230(3-&-1 —1 47oc4+1 + 1

16— 48

—=3.5.23%47% 4 1,

or equally

(23% — 47)(47% +23) = —1008.

However, the above equality cannot hold. Now we assume that p3 = 29. If ps > 37, then

2 4 28 36 1
L=HG.5.29.p6) 223555377 35.20. 37
a contradiction. Thus p4 = 31. However,
32—1’52—1’293+1'313+1
32 52 293 313

£(3,5,29,31;2) <

a contradiction.
This completes the proof of Lemma 2.3.

3 Proofs

1,

<g(3,5,29,31; ),

Proof of Theorem 1.1 Tt is clear that n = 3 is the only quasi-imperfect number when w(n) = 1. By Lemma

2.1 and Lemma 2.2, it is sufficient to prove Theorem 1.1 for w(n) = 4. If p; > 5, then

4 6 10 12 1
1 =H(p1,p2,p3,pa350) 22 o5 v —

571113 5.7-11-13

which is clearly false. Thus p; = 3. If p, > 11, then

2 10 12 16 1
1 :H(3aP27P3;P4§0‘) = 2

1,

3TN B 17 3111317

1,

which is false. Thus p, € {5,7}. By Lemma 2.3, if p, = 5, then n =3 -5 - 17 - 257. Now we assume that

p2 = 7. Noting that v3(3"7%p3pi* + 1) = 0, we have 2 | ap. If p3 > 13, then

27 12 16 1
1=HQ3,7,p3,ps;0) 22 = =-— — —

38313317 371317

which is impossible. Thus p3 = 11. If ps > 19, then
2 7 10 18 1
P=HG T psie) 2234 17 19 7 3.7 1119

which is absurd. Thus ps € {13,17}. If 2 | oy, then

WV

1,

> 1,
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1=H(3,7,11,ps;0) = 2> — >,

a contradiction. Thus 2 J( aq. If oy > 3, then
34—1.112—1.132—1
34 112 132

a contradiction. Thus a; = 1. If p, = 13, then 2 | a4 and
-1 741 1P+1 1341
32 73 113 133

a contradiction. Now let p, = 17. If 2 | o3, then

f(377a117p41a) >

> g(3a77 1171747 OC)’

£(3,7,11,13;0) < <g(3,7,11,13; ),

2 7 11 16 1
= . > e -
1=H(3,7,11,17;0) > 2 33 17 3.7.11.17>17

a contradiction. Thus 2 t «v3. However,
3K (202 (11— D)(17%H 4 (=1)*)) — 3 = vy (31 7211%17% + 1) = 1,

a contradiction.
This completes the proof of Theorem 1.1. O
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