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Abstract Let q be a multiplicative arithmetic function defined by qðpaÞ ¼ pa � pa�1 þ pa�2 � � � � þ ð�1Þa
for a prime power pa. For a positive integer n, we call n a quasi-imperfect number if 2qðnÞ ¼ nþ 1. In this
paper, we show that there are only four quasi-imperfect numbers with at most four distinct prime divisors.
We also pose some conjectures for further research.
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1 Introduction

For a positive integer n, let xðnÞ and rðnÞ denote the number of distinct prime factors of n and the sum of
the positive divisors of n, respectively. Then, n is said to be quasi-perfect if rðnÞ ¼ 2nþ 1. Up to now, no
quasi-perfect numbers are known, but necessary properties of them are described in many papers
[1–3, 5, 7, 8, 10].

As a variation of the sum-divisors function r, Iannucci [6] defines a multiplicative arithmetic function q
by qð1Þ ¼ 1 and

qðpaÞ ¼ pa � pa�1 þ pa�2 � � � � þ ð�1Þa ¼ paþ1 þ ð�1Þa

pþ 1

for every prime power paða > 1Þ. He says that n is imperfect if 2qðnÞ ¼ n and says n is k-imperfect if
kqðnÞ ¼ n for some integer k > 2. In fact, Martin [9] introduced the function q at the 1999 Western Number
Theory Conference and raised three questions(see Guy [4], p.72). In 2013, Tóth [11] pointed out the
function q has a double character.
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In analogy with the quasi-perfect numbers, n is said to be quasi-imperfect if

2qðnÞ ¼ nþ 1: ð1:1Þ

It is clear that if n is a quasi-imperfect number then n is odd. In this paper, we consider quasi-imperfect
numbers with xðnÞ 6 4 and obtain the following result:

Theorem 1.1 If n is a quasi-imperfect number with xðnÞ 6 4, then

n 2 f3; 3 � 5; 3 � 5 � 17; 3 � 5 � 17 � 257g:

Fermat’s numbers are defined by Fn ¼ 22n þ 1ðn > 0Þ. Fermat conjectured that these integers are all primes.
Indeed, the first few are primes, namely, F0 ¼ 3;F1 ¼ 5;F2 ¼ 17;F3 ¼ 257;F4 ¼ 65537. No prime Fn has
been found beyond F4. Based on the fact, we pose the following two conjectures for further research.

Conjecture 1 If n is a quasi-imperfect number with xðnÞ ¼ 5, then

n ¼ 3 � 5 � 17 � 257 � 65537:

Conjecture 2 If n is a quasi-imperfect number, then

n 2 f3; 3 � 5; 3 � 5 � 17; 3 � 5 � 17 � 257; 3 � 5 � 17 � 257 � 65537g:

Throughout this paper, we use the following notation: unless otherwise mentioned we take n ¼ pa1

1 � � � p
ak

k be
an old quasi-imperfect numbers with xðnÞ ¼ k and p1\. . .\pk distinct old primes and ai’s to be positive
integers. Let a ¼ ða1; . . .; akÞ and let ð�pÞ denote the Legendre symbol. For positive integer n and prime p, we

denote by mpðnÞ the nonnegative integer e such that pe divides n but peþ1 does not. We also define the
following functions which we shall use very often in the paper

Hðp1; � � � ; pk; aÞ ¼2 � p
a1þ1
1 þ ð�1Þa1

pa1

1 ðp1 þ 1Þ � � �
pakþ1

k þ ð�1Þak

pa1

k ðpk þ 1Þ �
1

pa1

1 � � � p
ak

k

;

f ðp1; � � � ; pk; aÞ ¼
pa1þ1

1 þ ð�1Þa1

pa1þ1
1

� � � p
akþ1
k þ ð�1Þak

pakþ1
k

;

gðp1; � � � ; pk; aÞ ¼
ðp1 þ 1Þ � � � ðpk þ 1Þðpa1

1 � � � p
ak

k þ 1Þ
2 � pa1þ1

1 � � � pakþ1
k

:

Then we have Hðp1; � � � ; pk; aÞ ¼ 1 and

f ðp1; � � � ; pk; aÞ ¼ gðp1; � � � ; pk; aÞ: ð1:2Þ

2 Lemmas

Lemma 2.1 If n is a quasi-imperfect number with xðnÞ ¼ 2, then n ¼ 3 � 5:
Proof If p1 > 5, then

1 ¼ Hðp1; p2; aÞ > 2 � p1 � 1

p1

� p2 � 1

p2

� 1

p1p2

> 2 � 4
5
� 6
7
� 1

35
[ 1;

which is clearly false. Thus p1 ¼ 3. If p2 > 7, then

1 ¼ Hð3; p2; aÞ > 2 � 2
3
� 6
7
� 1

21
[ 1;

which is false. Thus p2 ¼ 5. If 2 j a1, then

1 ¼ Hð3; 5; aÞ[ 2 � 3
4
� 4
5
� 1

15
[ 1;

which is impossible. Thus . If 2 j a2, then
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1 ¼ Hð3; 5; aÞ[ 2 � 2
3
� 5
6
� 1

15
[ 1;

which is absurd. Thus . By (1.1), we have

2 � 3
a1þ1 � 1

4
� 5

a2þ1 � 1

6
¼ 3a1 5a2 þ 1;

or equally

ð3a1þ1 � 5Þð5a2 � 1Þ ¼ 16:

It follows that a1 ¼ a2 ¼ 1 and n ¼ 3 � 5.
This completes the proof of Lemma 2.1. h

Lemma 2.2 If n is a quasi-imperfect number with xðnÞ ¼ 3,then n ¼ 3 � 5 � 17:

Proof If p1 > 5, then

1 ¼ Hðp1; p2; p3; aÞ > 2 � 4
5
� 6
7
� 10

11
� 1

5 � 7 � 11
[ 1;

which is clearly false. Thus p1 ¼ 3. If p2 > 7, then

1 ¼ Hð3; p2; p3; aÞ > 2 � 2
3
� 6
7
� 10

11
� 1

3 � 7 � 11
[ 1;

which is false. Thus p2 ¼ 5. If p3 > 19, then

1 ¼ Hð3; 5; p3; aÞ > 2 � 2
3
� 4
5
� 18

19
� 1

3 � 5 � 19
[ 1;

which is false. Thus p3 2 f7; 11; 13; 17g. If 2 j a1, then

1 ¼ Hð3; 5; p3; aÞ[ 2 � 3
4
� 4
5
� 6
7
� 1

3 � 5 � 7 [ 1;

which is impossible. Thus . If a1 > 3, then

f ð3; 5; p3; aÞ > 34 � 1

34
� 5

2 � 1

52
� p

2
3 � 1

p2
3

[ gð3; 5; p3; aÞ;

which contradicts with (1.2). Thus a1 ¼ 1.
We are now going to obtain a bound for p3. Let p3 ¼ 7. Noting that m3ð3 � 5a2 7a3 þ 1Þ ¼ 0, we have 2 j a3

. If 2 j a2, then

4 � 5
a2þ1 þ 1

6
� 7

a3þ1 þ 1

8
¼ 3 � 5a2 7a3 þ 1;

or equally

5a2 7a3 � 5a2þ1 � 7a3þ1 þ 11 ¼ 0:

However, , a contradiction. If , then

4 � 5
a2þ1 � 1

6
� 7

a3þ1 þ 1

8
¼ 3 � 5a2 7a3 þ 1:

This implies that

0 ¼ 5a2 7a3 � 5a2þ1 þ 7a3þ1 þ 13 [ ð7a3 � 5Þ � 5a2 [ 0;

also a contradiction. Assume that p3 2 f11; 13g. Noting that m5ð3 � 5a2 11a3 þ 1Þ ¼ m3ð3 � 5a2 13a3 þ 1Þ ¼ 0,
we have 2 j a3. If 2 j a2, then
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1 ¼ Hð3; 5; p3; aÞ[ 2 � 2
3
� 5
6
� 11

12
� 1

3 � 5 � 11
[ 1;

which is impossible. Thus . If a2 > 3, then

f ð3; 5; p3; aÞ[ 32 � 1

32
� 5

4 � 1

54
[ gð3; 5; p3; aÞ;

which contradicts with (1.2). Thus a2 ¼ 1. By (1.1), we have pa3

3 ¼ 1, which is clearly false. Thus p3 ¼ 17.
By

1 ¼ Hð3; 5; 17; aÞ > 2 � 2
3
� 4
5
� 16

17
� 1

3 � 5 � 17
¼ 1;

we can know that the above equality holds only when a1 ¼ a2 ¼ a3 ¼ 1. It follows that n ¼ 3 � 5 � 17.
This completes the proof of Lemma 2.2. h

Lemma 2.3 If n ¼ 3a1 5a2 pa3

3 pa4

4 is a quasi-imperfect number, then n ¼ 3 � 5 � 17 � 257.

Proof Noting that m3ð3a1 5a2 pa3

3 pa4

4 þ 1Þ ¼ 0, we know that if 2 j a2, then a2 > 4. If p3 > 31, then

1 ¼ Hð3; 5; p3; p4; aÞ > 2 � 2
3
� 4
5
� 30

31
� 36

37
� 1

3 � 5 � 31 � 37
[ 1;

which is clearly false. Thus p3 2 f7; 11; 13; 17; 19; 23; 29g. Now we divide into the following four cases
according to the value of p3.

Case 1. p3 ¼ 7. Noting that m3ð3a1 5a2 7a3 pa4

4 þ 1Þ ¼ 0, we have 2 j a3. If 2 j a1 and 2 j a2, then

1 ¼ Hð3; 5; 7; p4; aÞ > 2 � 3
4
� 5
6
� 7
8
� 11

12
� 1

3 � 5 � 7 � 11
[ 1;

which is false. Thus or .
Subcase 1.1 p4 2 f11; 13; 19g. By (1.1), we have 2 j a4. If 2 j a1 and , then

3 6 m2ð2 � ð5a2þ1 � 1ÞÞ � 1 ¼ m2ð3a1 5a2 7a3 pa4

4 þ 1Þ ¼ 1;

a contradiction. Now let and 2 j a2. If a1 > 5, then

f ð3; 5; 7; p4; aÞ[ 36 � 1

36
[ gð3; 5; 7; p4; aÞ;

which contradicts with (1.2). Thus a1 6 3. Since , we have a1 ¼ 1. However,

f ð3; 5; 7; p4; aÞ 6 32 � 1

32
� 5

5 þ 1

55
� 7

3 þ 1

73
� p

3
4 þ 1

p3
4

\gð3; 5; 7; p4; aÞ;

which also contradicts with (1.2). Now we assume that and . If a1 ¼ 1, then

f ð3; 5; 7; p4; aÞ\ 32 � 1

32
� 7

3 þ 1

73
� p

3
4 þ 1

p3
4

\gð3; 5; 7; p4; aÞ;

a contradiction. Thus a1 > 3. By (1.1), it is clear that a1 > 9. If a2 > 3, then

f ð3; 5; 7; p4; aÞ[ 310 � 1

310
� 5

4 � 1

54
[ gð3; 5; 7; p4; aÞ;

a contradiction. Thus a2 ¼ 1. If p4 2 f11; 13g, then

f ð3; 5; 7; p4; aÞ\ 52 � 1

52
� 7

3 þ 1

73
� p

3
4 þ 1

p3
4

\gð3; 5; 7; p4; aÞ;

which is impossible. Thus p4 ¼ 19. If a3 > 4, then
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f ð3; 5; 7; 19; aÞ\ 52 � 1

52
� 7

5 þ 1

75
� 193 þ 1

193
\gð3; 5; 7; 19; aÞ;

a contradiction. Thus a3 ¼ 2. By (1.1), we have

8 � 43 � 3
a1þ1 � 1

4
� 19a4þ1 þ 1

20
¼ 3a1 � 5 � 72 � 19a4 þ 1:

This implies that

0 ¼ 3a1 19a4 � 43 � 19a4þ1 þ 43 � 3a1þ1 � 53 [ ð3a1 � 43 � 19Þ � 19a4 [ 0;

it is impossible.
Subcase 1.2 p4 ¼ 17. If 2 j a1 and , then

m2ð2 � ð5a2þ1 � 1Þð17a4þ1 þ ð�1Þa4ÞÞ[ m2ð3a1 5a2 7a3 17a4 þ 1Þ þ 2;

a contradiction. Let and 2 j a2. By m2ð3a1 5a2 7a3 17a4 þ 1Þ ¼ 2, we have 2 j a4. If a1 > 3, then

f ð3; 5; 7; 17; aÞ[ 34 � 1

34
[ gð3; 5; 7; 17; aÞ;

a contradiction. Thus a1 ¼ 1. However,

f ð3; 5; 7; 17; aÞ 6 32 � 1

32
� 5

5 þ 1

55
� 7

3 þ 1

73
� 173 þ 1

173
\gð3; 5; 7; 17; aÞ;

a contradiction. Now we assume that and . If a1 ¼ 1, then

f ð3; 5; 7; 17; aÞ\ 32 � 1

32
� 7

3 þ 1

73
� 173 þ 1

173
\gð3; 5; 7; 17; aÞ;

a contradiction. Thus a1 > 3. If a2 ¼ 1, then

f ð3; 5; 7; 17; aÞ\ 52 � 1

52
� 7

3 þ 1

73
� 173 þ 1

173
\gð3; 5; 7; 17; aÞ;

a contradiction. Thus a2 > 3. It follows that

f ð3; 5; 7; 17; aÞ[ 34 � 1

34
� 5

4 � 1

54
� 172 � 1

172
[ gð3; 5; 7; 17; aÞ;

it is impossible.
Subcase 1.3 p4 > 23. If 2 j a1, then

1 ¼ Hð3; 5; 7; p4; aÞ > 2 � 3
4
� 4
5
� 7
8
� 22

23
� 1

3 � 5 � 7 � 23
[ 1;

which is false. Thus . Let 2 j a2. If a1 > 3, then

f ð3; 5; 7; p4; aÞ[ 34 � 1

34
� p

2
4 � 1

p2
4

[ gð3; 5; 7; p4; aÞ;

a contradiction. Thus a1 ¼ 1. However,

f ð3; 5; 7; p4; aÞ 6 32 � 1

32
� 5

5 þ 1

55
� 7

3 þ 1

73
� p

3
4 þ 1

p3
4

\gð3; 5; 7; p4; aÞ;

a contradiction. Now we assume that . If a1 ¼ 1, then

f ð3; 5; 7; p4; aÞ\ 32 � 1

32
� 7

3 þ 1

73
� p

3
4 þ 1

p3
4

\gð3; 5; 7; p4; aÞ;

a contradiction. Thus a1 > 3. By (1.1), we have a1 > 9. It follows that
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f ð3; 5; 7; p4; aÞ[ 310 � 1

310
� 5

2 � 1

52
� p

2
4 � 1

p2
4

[ gð3; 5; 7; p4; a1Þ;

a contradiction.
Case 2. p3 2 f11; 13g. Noting that m5ð3a1 5a2 pa3

3 pa4

4 þ 1Þ ¼ m3ð3a1 5a2 pa3

3 pa4

4 þ 1Þ ¼ 0, we have 2 j a3. If
2 j a1, then

1 ¼ Hð3; 5; p3; p4; aÞ > 2 � 3
4
� 4
5
� 11

12
� 12

13
� 1

3 � 5 � 11 � 13
[ 1;

which is clearly false. Thus . If a1 > 3, then

f ð3; 5; p3; p4; aÞ[ 34 � 1

34
� 5

2 � 1

52
� p

2
4 � 1

p2
4

[ gð3; 5; p3; p4; aÞ;

which is impossible. Thus a1 ¼ 1.
Now we let p3 ¼ 11. Noting that m3ð3a1 5a2 11a3 pa4

4 þ 1Þ ¼ 0, we have a3 > 4. If p4 6 53, then

f ð3; 5; 11; p4; aÞ 6 32 � 1

32
� 5

5 þ 1

55
� 115 þ 1

115
� p

3
4 þ 1

p3
4

\gð3; 5; 11; p4; aÞ;

a contradiction. Thus p4 > 59. If 2 j a2, then

1 ¼ Hð3; 5; 11; p4; aÞ > 2 � 2
3
� 5
6
� 11

12
� 58

59
� 1

3 � 5 � 11 � 59
[ 1;

which is clearly false. Thus . If a2 ¼ 1, then

f ð3; 5; 11; p4; aÞ 6 32 � 1

32
� 5

2 � 1

52
� 115 þ 1

115
� p

3
4 þ 1

p3
4

\gð3; 5; 11; p4; aÞ;

a contradiction. Thus a2 > 3. If p4 > 61, then

f ð3; 5; 11; p4; aÞ[ 32 � 1

32
� 5

4 � 1

54
� p

2
4 � 1

p2
4

[ gð3; 5; 11; p4; aÞ;

a contradiction. Thus p4 ¼ 59. If a2 ¼ 3, then

f ð3; 5; 11; 59; aÞ 6 32 � 1

32
� 5

4 � 1

54
� 115 þ 1

115
� 593 þ 1

593
\gð3; 5; 11; 59; aÞ;

a contradiction. Thus a2 > 5. However,

f ð3; 5; 11; 59; aÞ[ 32 � 1

32
� 5

6 � 1

56
� 592 � 1

592
[ gð3; 5; 11; 59; aÞ;

it is impossible.
Now we assume that p3 ¼ 13. If p4 6 29, then

f ð3; 5; 13; p4; aÞ 6 32 � 1

32
� 5

5 þ 1

55
� 133 þ 1

133
� p

3
4 þ 1

p3
4

\gð3; 5; 13; p4; aÞ;

a contradiction. Thus p4 > 31. Now we let p4 ¼ 31. If , then

f ð3; 5; 13; 31; aÞ 6 32 � 1

32
� 133 þ 1

133
� 313 þ 1

313
\gð3; 5; 13; 31; aÞ;

a contradiction. Thus 2 j a2. If a2 ¼ 4, then m521ð55 þ 1Þ ¼ 1. Thus m521ð3 � 5a2 13a3 31a4 þ 1Þ > 1. However,

1 ¼ �1

521

� �
¼ 3

521

� �
¼ 2

3

� �
¼ �1;

which is clearly false. If a2 ¼ 6, then m29ð57 þ 1Þ ¼ 1. Thus m29ð3 � 5a2 13a3 31a4 þ 1Þ > 1. However,
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1 ¼ �1

29

� �
¼ 3

29

� �
¼ 2

3

� �
¼ �1;

which is clearly false. Thus a2 > 8. However,

f ð3; 5; 13; 31; aÞ 6 32 � 1

32
� 5

9 þ 1

59
� 133 þ 1

133
� 313 þ 1

313
\gð3; 5; 13; 31; aÞ;

which is absurd. Thus p4 > 37. If 2 j a2, then

1 ¼ Hð3; 5; 13; p4; aÞ > 2 � 2
3
� 5
6
� 13

14
� 36

37
� 1

3 � 5 � 13 � 37
[ 1;

which is clearly false. Thus . If a2 ¼ 1, then

f ð3; 5; 13; p4; aÞ 6 32 � 1

32
� 5

2 � 1

52
� 133 þ 1

133
� p

3
4 þ 1

p3
4

\gð3; 5; 13; p4; aÞ;

which is impossible. Thus a2 > 3. However,

f ð3; 5; 13; p4; aÞ[ 32 � 1

32
� 5

4 � 1

54
� p

2
4 � 1

p2
4

[ gð3; 5; 13; p4; aÞ;

it is impossible.
Case 3. p3 ¼ 17. If p4 > 263, then

1 ¼ Hð3; 5; 17; p4; aÞ > 2 � 2
3
� 4
5
� 16

17
� 262

263
� 1

3 � 5 � 17 � 263
[ 1;

which is false. Thus 19 6 p4 6 257. If 2 j a1, then

1 ¼ Hð3; 5; 17; p4; aÞ[ 2 � 3
4
� 4
5
� 16

17
� 18

19
� 1

3 � 5 � 17 � 19
[ 1;

which is absurd. Thus . If a1 > 3, then

f ð3; 5; 17; p4; aÞ > 34 � 1

34
� 5

2 � 1

52
� 172 � 1

172
� p

2
4 � 1

p2
4

[ gð3; 5; 17; p4; aÞ;

which is impossible. Thus a1 ¼ 1. If p4 ¼ 19, then 2 j a4. If 2 j a2, then

f ð3; 5; 17; 19; aÞ 6 32 � 1

32
� 5

5 þ 1

55
� 173 þ 1

173
� 193 þ 1

193
\gð3; 5; 17; 19; aÞ;

a contradiction. If , then

f ð3; 5; 17; 19; aÞ 6 32 � 1

32
� 173 þ 1

173
� 193 þ 1

193
\gð3; 5; 17; 19; aÞ;

a contradiction. Thus p4 > 23. If 2 j a2, then

1 ¼ Hð3; 5; 17; p4; aÞ[ 2 � 2
3
� 5
6
� 16

17
� 22

23
� 1

3 � 5 � 17 � 23
[ 1;

which is absurd. Thus . If a2 > 5, then

f ð3; 5; 17; p4; aÞ > 32 � 1

32
� 5

6 � 1

56
� 172 � 1

172
� p

2
4 � 1

p2
4

[ gð3; 5; 17; p4; aÞ;

a contradiction. Thus a2 2 f1; 3g. If p4 ¼ 23, then 2 j a4. If a2 ¼ 3, then

1 ¼ Hð3; 5; 17; 23; aÞ[ 2 � 2
3
� 5

4 � 1

6 � 53
� 16

17
� 23

24
� 1

3 � 53 � 17 � 23
[ 1;

which is absurd. Thus a2 ¼ 1. By (1.1), we have
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16 � 17a3þ1 þ ð�1Þa3

18
� 23a4þ1 þ 1

24
¼ 3 � 5 � 17a3 23a4 þ 1;

or equally

ð14 � 17a3 � ð�1Þa3 23Þð14 � 23a4 � 17Þ ¼ ð�1Þa3 405� 378:

We deduce that the above equality can not hold whether a3 is odd or not. Thus p4 > 29. If a2 ¼ 3, then

f ð3; 5; 17; p4; aÞ > 32 � 1

32
� 5

4 � 1

54
� 172 � 1

172
� p

2
4 � 1

p2
4

[ gð3; 5; 17; p4; aÞ;

a contradiction. Thus a2 ¼ 1. By (1.1), we can obtain

16 � 17a3þ1 þ ð�1Þa3

18
� p

a4þ1
4 þ ð�1Þa4

p4 þ 1
¼ 3 � 5 � 17a3 pa4

4 þ 1;

or equally

ð�1Þa3 � 8pa4þ1
4 þ ð�1Þa4 � 8 � 17a3þ1 þ ð�1Þa3þa4 8 ¼ ð135� p4Þ � 17a3 pa4

4 þ 9p4 þ 9: ð2:1Þ

If p4 6 131, then 2 j a3 or 2 j a4. However,

f ð3; 5; 17; p4; aÞ\ 32 � 1

32
� 5

2 � 1

52
� 173 þ 1

173
� p

3
4 þ 1

p3
4

\gð3; 5; 17; p4; aÞ;

a contradiction. Thus p4 > 137. If 2 j a3, then

1 ¼ Hð3; 5; 17; p4; aÞ[ 2 � 2
3
� 4
5
� 17

18
� 136

137
� 1

3 � 5 � 17 � 137
[ 1;

which is false. Thus . If a3 > 3, then

f ð3; 5; 17; p4; aÞ > 32 � 1

32
� 5

2 � 1

52
� 174 � 1

174
� p

2
4 � 1

p2
4

[ gð3; 5; 17; p4; aÞ;

a contradiction. Thus a3 ¼ 1. By (2.1), we have . It follows that

255pa4

4 � pa4þ1
4 þ p4 þ 257 ¼ 0:

Thus p4 ¼ 257 and a4 ¼ 1. Further n ¼ 3 � 5 � 17 � 257.
Case 4. p3 2 f19; 23; 29g. If p4 > 79, then

1 ¼ Hð3; 5; p3; p4; aÞ > 2 � 2
3
� 4
5
� 19

20
� 78

79
� 1

3 � 5 � 19 � 79
[ 1;

a contradiction. Thus p4 6 73. If 2 j a1, then

1 ¼ Hð3; 5; p3; p4; aÞ[ 2 � 3
4
� 4
5
� 18

19
� 22

23
� 1

3 � 5 � 19 � 23
[ 1;

which is false. Thus . If 2 j a2, then

1 ¼ Hð3; 5; p3; p4; aÞ[ 2 � 2
3
� 5
6
� 18

19
� 22

23
� 1

3 � 5 � 19 � 23
[ 1;

which is false. Thus . If a1 > 3, then

f ð3; 5; p3; p4; aÞ[ 34 � 1

34
� 5

2 � 1

52
� 192 � 1

192
� 232 � 1

232
[ gð3; 5; p3; p4; aÞ;

a contradiction. Thus a1 ¼ 1. If a2 > 3, then

f ð3; 5; p3; p4; aÞ[ 32 � 1

32
� 5

4 � 1

54
� 192 � 1

192
� 232 � 1

232
[ gð3; 5; p3; p4; aÞ;

a contradiction. Thus a2 ¼ 1. By

123

436 C.-F. Sun et al.



f ð3; 5; 19; p4; aÞ 6 32 � 1

32
� 5

2 � 1

52
� 193 þ 1

193
� 233 þ 1

233
\gð3; 5; 19; p4; aÞ;

we have p3 2 f23; 29g. Now let p3 ¼ 23. If p4 > 53, then

1 ¼ Hð3; 5; 23; p4; aÞ > 2 � 2
3
� 4
5
� 22

23
� 52

53
� 1

3 � 5 � 23 � 53
[ 1;

which is impossible. Thus p4 2 f29; 31; 37; 41; 43; 47g. If p4 2 f29; 31; 37; 41; 43g, then

f ð3; 5; 23; p4; aÞ 6 32 � 1

32
� 5

2 � 1

52
� 233 þ 1

233
� 293 þ 1

293
\gð3; 5; 23; p4; aÞ;

a contradiction. Thus p4 ¼ 47. If 2 j a3, then

1 ¼ Hð3; 5; 23; 47; aÞ[ 2 � 2
3
� 4
5
� 23

24
� 46

47
� 1

3 � 5 � 23 � 47
[ 1;

which is absurd. Thus . It implies that 2 j a4 since m23ð3 � 5 � 23a3 47a4 þ 1Þ ¼ 0. By (1.1), we can
obtain

16 � 23a3þ1 � 1

24
� 47a4þ1 þ 1

48
¼ 3 � 5 � 23a3 47a4 þ 1;

or equally

23a3 � 47ð Þ 47a4 þ 23ð Þ ¼ �1008:

However, the above equality cannot hold. Now we assume that p3 ¼ 29. If p4 > 37, then

1 ¼ Hð3; 5; 29; p4; aÞ > 2 � 2
3
� 4
5
� 28

29
� 36

37
� 1

3 � 5 � 29 � 37
[ 1;

a contradiction. Thus p4 ¼ 31. However,

f ð3; 5; 29; 31; aÞ 6 32 � 1

32
� 5

2 � 1

52
� 293 þ 1

293
� 313 þ 1

313
\gð3; 5; 29; 31; aÞ;

a contradiction.
This completes the proof of Lemma 2.3. h

3 Proofs

Proof of Theorem 1.1 It is clear that n ¼ 3 is the only quasi-imperfect number when xðnÞ ¼ 1. By Lemma
2.1 and Lemma 2.2, it is sufficient to prove Theorem 1.1 for xðnÞ ¼ 4. If p1 > 5, then

1 ¼ Hðp1; p2; p3; p4; aÞ > 2 � 4
5
� 6
7
� 10

11
� 12

13
� 1

5 � 7 � 11 � 13
[ 1;

which is clearly false. Thus p1 ¼ 3. If p2 > 11, then

1 ¼ Hð3; p2; p3; p4; aÞ > 2 � 2
3
� 10

11
� 12

13
� 16

17
� 1

3 � 11 � 13 � 17
[ 1;

which is false. Thus p2 2 f5; 7g. By Lemma 2.3, if p2 ¼ 5, then n ¼ 3 � 5 � 17 � 257. Now we assume that
p2 ¼ 7. Noting that m3ð3a1 7a2 pa3

3 pa4

4 þ 1Þ ¼ 0, we have 2 j a2. If p3 > 13, then

1 ¼ Hð3; 7; p3; p4; aÞ > 2 � 2
3
� 7
8
� 12

13
� 16

17
� 1

3 � 7 � 13 � 17
[ 1;

which is impossible. Thus p3 ¼ 11. If p4 > 19, then

1 ¼ Hð3; 7; 11; p4; aÞ > 2 � 2
3
� 7
8
� 10

11
� 18

19
� 1

3 � 7 � 11 � 19
[ 1;

which is absurd. Thus p4 2 f13; 17g. If 2 j a1, then
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1 ¼ Hð3; 7; 11; p4; aÞ > 2 � 3
4
� 7
8
� 10

11
� 12

13
� 1

3 � 7 � 11 � 13
[ 1;

a contradiction. Thus . If a1 > 3, then

f ð3; 7; 11; p4; aÞ > 34 � 1

34
� 112 � 1

112
� 132 � 1

132
[ gð3; 7; 11; p4; aÞ;

a contradiction. Thus a1 ¼ 1. If p4 ¼ 13, then 2 j a4 and

f ð3; 7; 11; 13; aÞ 6 32 � 1

32
� 7

3 þ 1

73
� 113 þ 1

113
� 133 þ 1

133
\gð3; 7; 11; 13; aÞ;

a contradiction. Now let p4 ¼ 17. If 2 j a3, then

1 ¼ Hð3; 7; 11; 17; aÞ > 2 � 2
3
� 7
8
� 11

12
� 16

17
� 1

3 � 7 � 11 � 17
[ 1;

a contradiction. Thus . However,

3 6 m2ð2 � 2 � ð11a3þ1 � 1Þð17a4þ1 þ ð�1Þa4ÞÞ � 3 ¼ m2ð3a1 7a2 11a3 17a4 þ 1Þ ¼ 1;

a contradiction.
This completes the proof of Theorem 1.1. h
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