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Abstract We consider the Schrödinger operator L ¼ �Dþ V on Rn; where n� 3 and the nonnegative
potential V belongs to reverse Hölder class RHs for s [ n

2
: In this paper, we discuss the boundedness of

Riesz transform Ta;b ¼ VaL�b and its commutator at the endpoint. We show that Ta;b is bounded from

L1ðRnÞ into Lp0ðRnÞ; and prove that ½b; Ta;b� is bounded from H1
LðRnÞ (Hardy space related to L) into

Lp0ðRnÞ; where p0 ¼ n
n�2ðb�aÞ and b belongs to the BMO type space introduced by Bongioanni, Harboure and

Salinas.
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1 Introduction and results

Let L ¼ �Dþ V be the Schrödinger operator on Rn; where n� 3 and the nonnegative potential V belongs to
reverse Hölder class RHs for s [ n=2: Recall that given nonnegative V 2 Ls

locðRnÞ for 1\s\1; V is said to
belong to the reverse Hölder class RHs if there exists a constant C ¼ Cðs;VÞ[ 0 such that the reverse
Hölder inequality

1

jBj

Z
B

VðyÞsdy

� �1=s

� C

jBj

Z
B

VðyÞdy

holds for every ball B � Rn:
The study of the theory of harmonic analysis related to Schrödinger operator is one of the most

interesting topic, which has attracted a great deal of attention of many researchers; see [1, 5, 7–15, 17, 20]
and references therein. In this paper, we consider the Riesz transform associated with the Schrödinger
operator as follows
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Ta;b ¼ VaL�b; 0\a� b\n=2:

Let b be a locally integrable function. The commutator generated by linear operator T and b is defined by

½b;T �ðf Þ ¼ bTðf Þ � Tðbf Þ:

It is well known that when T is Calderón-Zygmund operator, Coifman, Rochberg and Weiss [2] proved that
[b, T] is bounded on LpðRnÞð1\p\1Þ if and only if b 2 BMOðRnÞ: At the endpoint p ¼ 1; Pérez [16]
proved that if b 2 BMOðRnÞ; the commutator [b, T] may not be of weak-type (1, 1) when T is a Calderón-

Zygmund operator. In [6] Harboure et al. proved that, even if we restrict f belongs to Hardy space H1ðRnÞ;
[b, T]f still may not in L1ðRnÞ:

It follows from [18] that Riesz transform related to L is not a Calderón-Zygmund operator if the potential
V 2 RHs; n=2\s\n: This result implies that the boundedness of the commutators of Riesz transforms
associated with the Schrödinger operator depends on the potential function V. So the study for the com-
mutator generated by the function of BMO and Riesz transforms related to L has attracted a large number of
scholars. We refer the reader to [5, 7–14, 19].

Let us recall some concepts related to Schrödinger operator.
As in [18], for a given potential V 2 RHs with s [ n=2; we define the auxiliary function

qðxÞ ¼ sup r [ 0 :
1

rn�2

Z
Bðx;rÞ

VðyÞdy� 1

( )
; x 2 Rn:

It is well known that 0\qðxÞ\1 for any x 2 Rn:
Following [1], the BMO type space BMOhðqÞ with h� 0 is defined as a set of all locally integrable

functions b such that

1

jBðx; rÞj

Z
Bðx;rÞ
jbðyÞ � bBjdy�C 1þ r

qðxÞ

� �h

for all x 2 Rn and r [ 0; where bB ¼ 1
jBj
R

B bðyÞdy: A norm for b 2 BMOhðqÞ; denoted by ½b�h; is given by
the infimum of the constants in the inequalities above. Clearly, BMOðRnÞ � BMOhðqÞ:

Let us recall the concept of Hardy space related to Schrödinger operator. The Schrödinger operator L
generate C0 semigroup fe�tLgt [ 0. The maximal function with respect to the semigroup fe�tLgt [ 0 is given
by

MLf ðxÞ ¼ sup
t [ 0

je�tLf ðxÞj

By [3], a function f 2 L1ðRnÞ is said to be in H1
LðRnÞ if the maximal function MLf belongs to L1ðRnÞ: The

norm of such a function is defined by

kfkH1
LðR

nÞ ¼ kMLfkL1ðRnÞ:

In recent years, some researchers have studied the boundedness of the operator Ta;a ¼ VaL�að0\a\n=2Þ
and its commutator. Li and Peng in [10] proved that, if b 2 BMOðRnÞ; the commutators ½b;T1;1� and

½b; T1=2;1=2� are bounded from H1
LðRnÞ into weak L1ðRnÞ: Let b 2 BMOhðqÞ; Li and Wan in [14] proved that

the commutator ½b; Ta;a� is bounded on LpðRnÞ for some p [ 1; Hu and Wang in [7] showed that the

commutator is bounded from H1
LðRnÞ into weak L1ðRnÞ:

Let 0\a� b\n=2: Sugano in [17], Li, Wan and Zhang in [15] obtained the LpðRnÞ boundedness of Ta;b:

Proposition 1.1 Suppose V 2 RHs with s [ n
2
: Let 0\a� b\ n

2
: If 1\p1\ 1

a
sþ

2ðb�aÞ
n

and 1
p2
¼ 1

p1
� 2ðb�aÞ

n ;
then

kTa;bðf ÞkLp2 ðRnÞ �CkfkLp1 ðRnÞ:

In the article present, we investigate the boundedness of the operator Ta;b and its commutator at the endpoint
p ¼ 1; and get the following results:

Theorem 1.1 Suppose V 2 RHs with s [ n
2
: Let 0\a� b\ n

2
; p0 ¼ n

n�2ðb�aÞ : Then
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kTa;bðf ÞkLp0 ðRnÞ �CkfkL1ðRnÞ:

Theorem 1.2 Suppose V 2 RHs with s [ n
2

and b 2 BMOhðqÞ: Let 0\a� b\ n
2
; p0 ¼ n

n�2ðb�aÞ : Then

k½b;Ta;b�ðf ÞkLp0 ðRnÞ �C½b�hkfkH1
LðR

nÞ:

In this paper, we shall use the symbol A.B to indicate that there exists a universal positive constant c,
independent of all important parameters, such that A� cB: A�B means that A.B and B.A:

2 Some preliminaries

Throughout this section, we always assume V 2 RHs for some s [ n
2
: Firstly, we would like to recall some

important properties concerning the auxiliary function.

Lemma 2.1 [18] There exist constants C and k0� 1 such that

C�1 1þ jx� yj
qðxÞ

� ��k0

� qðyÞ
qðxÞ �C 1þ jx� yj

qðxÞ

� � k0
1þk0

for all x; y 2 Rn:

A ball Bðx; qðxÞÞ is called critical. Assume that Q ¼ Bðx0;qðx0ÞÞ; for x 2 Q; the inequality above tell us that
qðxÞ� qðyÞ; if jx� yj\CqðxÞ:
Lemma 2.2 [4] There exists constants l0 [ 0 such that

1

rn�2

Z
Bðx;rÞ

VðyÞdy. 1þ r

qðxÞ

� �l0

:

Secondly, we recollect some estimates for operators and their commutators related to L�a:

Lemma 2.3 [7, 20] Let Ka be the kernel of operator L�a; 0\a\ n
2
:

(i) For every N [ 0; there exists a constant C such that

Kaðx; yÞj j. 1

1þ jx�yj
qðxÞ

� �N

1

jx� yjn�2a :

(ii) For some d [ 0 and every N there exists a constant C such that

jKaðx; yÞ � Kaðx; zÞj þ jKaðy; xÞ � Kaðz; xÞj

.
1

1þ jx�yj
qðxÞ

� �N

jy� zjd

jx� yjnþd�2a ;

whenever jy� zj � jx� yj=4:

Lemma 2.4 [14] Let b 2 BMOhðqÞ with h[ 0; and let 0\a\ n
2
: For 1\p\a=s; we have

kTa;afkLpðRnÞ.kfkLpðRnÞ and k½b; Ta;a�fkLpðRnÞ.½b�hkfkLpðRnÞ:

Lemma 2.5 [20] Let b 2 BMOhðqÞ with h[ 0; and let 0\a\ n
2
: For 1\p\ n

2a ;
1
p� 1

q ¼ 2a
n ; we have

kL�afkLqðRnÞ.kfkLpðRnÞ and k½b;L�a�fkLqðRnÞ.½b�hkfkLpðRnÞ:

Thirdly, we look back the atomic decomposition of Hardy space H1
LðRnÞ:

Let 1\q�1: A measurable function a is called a H1;q
L -atom associated with the ball Bðx; rÞ if r\qðxÞ

and the following conditions hold:
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(i) supp a � Bðx; rÞ for some x 2 Rn and r [ 0;
(ii) kakLqðRnÞ � jBðx; rÞj

1=q�1;
(iii) if r\qðxÞ=4; then

R
Bðx;rÞ aðxÞdx ¼ 0:

By [3], the Hardy space H1
LðRnÞ admits the following atomic decomposition:

Lemma 2.6 f 2 H1
LðRnÞ if and only if f can be written as f ¼

P
j kjaj; where aj are H1;q

L -atoms andP
j jkjj\1: Moreover

kfkH1
L
� inf

�X
j

jkjj
�
;

where the infimum is taken over all atomic decompositions of f into H1;q
L -atoms.

At last, we review a result for the function b 2 BMOhðqÞ:
Lemma 2.7 [1] Let 1� s\1; b 2 BMOhðqÞ; and B ¼ Bðx; rÞ: Then

1

j2kBj

Z
2kB

jbðyÞ � bBjsdy

� �1=s

.½b�hðk þ 1Þ 1þ 2kr

qðxÞ

� �h0

for all k 2 N; with r [ 0; where h0 ¼ ðk0 þ 1Þh and k0 is the constant appearing in Lemma 2.1.

3 Proofs of the main results

Proof of Theorem 1.1 Let f 2 L1ðRnÞ; r ¼ qðxÞ: We have

L�bf ðxÞ ¼
Z
jx�yj\r

Kbðx; yÞf ðyÞdyþ
Z
jx�yj � r

Kbðx; yÞf ðyÞdy

¼ u1ðxÞ þ u2ðxÞ:

Let p0 ¼ n
n�2ðb�aÞ : By Minkowski inequality and Lemma 2.3,

Z
Rn

��VðxÞau1ðxÞ
��p0 dx

� �1=p0

¼
Z

Rn
VðxÞap0

Z
jx�yj\r

jf ðyÞj
jx� yjn�2b dy

 !p0

dx

 !1=p0

.

Z
Rn
jf ðyÞj

Z
jx�yj\r

VðxÞap0

jx� yjðn�2bÞp0
dx

 !1=p0

dy:

Thanks to 0\b\n=2; we have ap0\n=2\s: Let t ¼ s=ðap0Þ; then t0 ¼ s=ðs� ap0Þ: By Hölder inequality,Z
jx�yj\r

VðxÞap0

jx� yjðn�2bÞp0
dx

.

Z
jx�yj\r

VðxÞsdx

 !ap0=s Z
jx�yj\r

dx

jx� yjðn�2bÞp0t0

 !1=t0

:

Note ðn� 2bÞp0t0\n: By V 2 RHs, Lemma 2.2 and nap0

s � 2ap0 � ðn� 2bÞp0 þ n
t0 ¼ 0 we have
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Z
jx�yj\r

VðxÞap0

jx� yjðn�2bÞp0
dx

.
r�2

rn�2

Z
jx�yj\r

VðxÞdx

 !ap0

r
nap0

s r�ðn�2bÞp0þn
t0

. r
nap0

s �2ap0�ðn�2bÞp0þn
t0.1:

Then

Z
Rn

��VðxÞau1ðxÞ
��p0 dx

� �1=p0

.kfkL1ðRnÞ:

Note

ju2ðxÞj.
Z
jx�yj � r

jf ðyÞjdy

1þ jx�yj
qðxÞ

� �N

jx� yjn�2b
:

By Minkowski inequality,

Z
Rn

��VðxÞau2ðxÞ
��p0 dx

� �1=p0

¼
Z

Rn
VðxÞap0

Z
jx�yj � r

jf ðyÞjdy

1þ jx�yj
qðxÞ

� �N

jx� yjn�2b
dy

0
B@

1
CA

p0

dx

0
B@

1
CA

1=p0

.

Z
Rn
jf ðyÞj

Z
jx�yj � r

VðxÞap0

1þ jx�yj
qðxÞ

� �Np0

jx� yjðn�2bÞp0

dx

0
B@

1
CA

1=p0

dy:

Since V 2 RHs; and n� ðn� 2bÞp0 � 2ap0 ¼ 0; by Lemma 2.2 we getZ
jx�yj � r

VðxÞap0

1þ jx�yj
qðxÞ

� �Np0

jx� yjðn�2bÞp0

dx

.

X1
j¼1

2�jNp0ð2jrÞn�ðn�2bÞp0
1

ð2jrÞn
Z
jx�yj � 2jr

VðxÞap0 dx

.

X1
j¼1

2�jNp0ð2jrÞn�ðn�2bÞp0�2ap0
1

ð2jrÞn�2

Z
jx�yj � 2jr

VðxÞdx

 !ap0

.

X1
j¼1

2�jðN�al0Þp0
.1:

Then

Z
Rn

��VðxÞau2ðxÞ
��p0 dx

� �1=p0

.kfkL1ðRnÞ:

This completes the proof of Theorem 1.1. h

Proof of Theorem 1.2 Let us first prove the following result. h

Lemma 3.1 Suppose that V 2 RHs for s [ n
2
; b 2 BMOhðqÞ: Let 0\a� b\ n

2
: If 1\p1\ 1

a
sþ

2ðb�aÞ
n

and
1
p2
¼ 1

p1
� 2ðb�aÞ

n ; then
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k½b; Ta;b�ðf ÞkLp2 ðRnÞ.½b�hkfkLp1 ðRnÞ:

Proof We decompose the operator Ta;b as

Ta;b ¼ VaL�b ¼ Ta;aL�ðb�aÞ:

Then

½b;Ta;b�ðf Þ ¼ ½b;Ta;aL�ðb�aÞ�ðf Þ
¼ bTa;aL�ðb�aÞðf Þ � Ta;aðbL�ðb�aÞÞðf Þ
þ Ta;aðbL�ðb�aÞÞðf Þ � Ta;aL�ðb�aÞðbf Þ
¼ ½b; Ta;a�L�ðb�aÞðf Þ þ Ta;a½b;L�ðb�aÞ�ðf Þ:

By Lemma 2.4, for 1\p2\ s
a ; we have

k½b;Ta;a�L�ðb�aÞðf ÞkLp2 ðRnÞ.½b�hkL�ðb�aÞðf ÞkLp2 ðRnÞ;

and

kTa;a½b;L�ðb�aÞ�ðf ÞkLp2 ðRnÞ.k½b;L�ðb�aÞ�ðf ÞkLp2 ðRnÞ:

By Lemma 2.5, for 1\p1\ n
2ðb�aÞ ;

1
p2
¼ 1

p1
� 2ðb�aÞ

n we have

kL�ðb�aÞðf ÞkLp2 ðRnÞ.kfkLp1 ðRnÞ;

and

k½b;L�ðb�aÞ�fkLp2 ðRnÞ.½b�hkfkLp1 ðRnÞ:

Due to 1\p2\ s
a ; and 1

p2
¼ 1

p1
� 2ðb�aÞ

n ; we get

1� 2ðb� aÞ
n

\p1\
1

a
s þ

2ðb�aÞ
n

:

Note 1\p1\ n
2ðb�aÞ ; we have

1\p1\
1

a
s þ

2ðb�aÞ
n

:

Combining the above, we prove that, if 1\p1\ 1
a
sþ

2ðb�aÞ
n

and 1
p2
¼ 1

p1
� 2ðb�aÞ

n ; we have

k½b; Ta;b�ðf ÞkLp2 ðRnÞ.½b�hkfkLp1 ðRnÞ:

h

We now prove Theorem 1.2. Let f 2 H1
LðRnÞ; by Lemma 2.6, we write f ¼

P1
j¼�1 kjaj; where each aj is a

ð1; lÞq-atom with

X1
j¼�1

jkjj � 2kfkH1
LðR

nÞ;

where

1\l\
1

a
s þ

2ðb�aÞ
n

:

Suppose that suppaj � Bj ¼ Bðxj; rjÞ with rj\qðxjÞ: Write
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½b;Ta;b�f ðxÞ ¼
X1

j¼�1
kj½b;Ta;b�ajðxÞv8Bj

ðxÞ

þ
X

j:rj � qðxjÞ=4

kj

	
bðxÞ � bBj



Ta;bajðxÞvð8BjÞcðxÞ

þ
X

j:rj\qðxjÞ=4

kj

	
bðxÞ � bBj



Ta;bajðxÞvð8BjÞcðxÞ

�
X1

j¼�1
kjTa;bððb� bBj

ÞajÞðxÞvð8BjÞcðxÞ

¼
X4

i¼1

X1
j¼�1

kjAijðxÞ

Note that

Z
Bj

jajðxÞjldx

 !1=l

.jBjj
1
l�1:

Choose t [ 1 such that 1
p0t ¼ 1

l �
2ðb�aÞ

n ; then 1
p0t0 þ 1

l � 1 ¼ 0: By Hölder inequality and Lemma 3.1 we get

��A1;j

��
Lp0 ðRnÞ.

Z
8Bj

��½b; Ta;b�ajðxÞ
��p0t

dx

 ! 1
p0 t

r
n

p0 t0

j

. ½b�hr
n

p0 t0

j

Z
Bj

jajðxÞjldx

 !1=l

. ½b�hjBjj
1

p0 t0þ
1
l�1
. ½b�h:

Then ����
X1

j¼�1
kjA1j

����
Lp0 ðRnÞ

.

X1
j¼�1

jkjj A1j

�� ��
Lp0 ðRnÞ

. ½b�h
X1

j¼�1
jkjj

. ½b�hkfkH1
LðR

nÞ:

For any x 2 Bj; y 2 2kþ1Bj n 2kBj; we have jx� yj � jx� xjj � 2krj; and by Lemma 2.1 we get

1

1þ jx�yj
qðxÞ

� �N .
1

1þ 2krj

qðxjÞ

� � N
k0þ1

:

By Lemma 2.7,

1

j2kþ1Bjj

Z
2kþ1Bj

jbðxÞ � bBj
jp0s0dx

 !1=s0

. k½b�p0

h 1þ 2krj

qðxjÞ

� �h0p0

:

Due to 0\ap0\ n
2
\s; we have
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1

j2kþ1Bjj

Z
2kþ1Bj

jbðxÞ � bBj
jp0 VðxÞap0 dx

.
1

j2kþ1Bjj

Z
2kþ1Bj

jbðxÞ � bBj
jp0s0dx

 !1=s0

	 1

j2kþ1Bjj

Z
2kþ1Bj

VðxÞsdx

 !ap0=s

. k½b�p0

h 1þ 2krj

qðxjÞ

� �h0p0 1

j2kþ1Bjj

Z
2kþ1Bj

VðxÞdx

 !ap0

. k½b�p0

h ð2
krjÞ�2ap0 1þ 2krj

qðxjÞ

� �h0p0þl0ap0

:

Note
R

Bj
jajðyÞjdy� 1; ð2b� 2a� nÞp0 � n ¼ 0; and rj=qðxjÞ� 1=4: Then, taking N [ ðk0 þ 1Þðh0 þ l0aÞ

we get ��A2;jðxÞ
��p0

Lp0 ðRnÞ

¼
X
k� 3

Z
2kþ1Bjn2kBj

jbðxÞ � bBj
jp0 VðxÞap0

	
Z

Bj

1

1þ 2krj

qðxÞ

� � N
k0þ1

1

ð2krjÞn�2b jajðyÞjdy

0
B@

1
CA

p0

dx

.

X
k� 3

1

1þ 2krj

qðxjÞ

� � Np0
k0þ1

1

ð2krjÞðn�2bÞp0

	
Z

2kþ1Bj

jbðxÞ � bBj
jp0 VðxÞap0 dx

Z
Bj

jajðyÞjdy

 !p0

. ½b�p0

h

X
k� 3

k

1þ 2krj

qðxjÞ

� �	 N
k0þ1
�h0�l0a



p0

ð2krjÞð2b�2a�nÞp0�n

. ½b�p0

h

X
k� 3

k

2
ðk�2Þ

	
N

k0þ1
�h0�l0a



p0

. ½b�p0

h :

Therefore, ����
X1

j¼�1
kjA2j

����
Lp0 ðRnÞ

. ½b�hkfkH1
LðR

nÞ:

When x 2 2kþ1Bj n 2kBj; and y 2 Bj; by Lemma 2.3 and Lemma 2.1 we have d[ 0 such that

jKbðx; yÞ � Kbðx; xjÞj.
1

1þ 2krj

qðxjÞ

� �N=ðk0þ1Þ
rd

j

ð2krjÞnþd�2b :

Then, by the vanishing condition of aj we get
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��A3;jðxÞ
��p0

Lp0 ðRnÞ ¼
X
k� 3

Z
2kþ1Bjn2kBj

jbðxÞ � bBj
jp0 VðxÞap0

	
Z

Bj

jKbðx; yÞ � Kbðx; xjÞjjajðyÞjdy

 !p0

dx

.

X
k� 3

1

1þ 2krj

qðxjÞ

� � Np0
k0þ1

rdp0

j

ð2krjÞðnþd�2bÞp0

	
Z

2kþ1Bj

jbðxÞ � bBj
jp0 VðxÞap0 dx

Z
Bj

jajðyÞjdy

 !p0

. ½b�p0

h

X
k� 3

k

1þ 2krj

qðxjÞ

� �	 N
k0þ1
�h0�l0a



p0

rd
j

ð2krjÞd
ð2krjÞðn�2bþ2aÞp0�n

. ½b�p0

h

X
k� 1

k

2kd
. ½b�p0

h :

So ����
X1

j¼�1
kjA3j

����
Lp0 ðRnÞ

. ½b�hkfkH1
LðR

nÞ:

Note that

kðb� bBj
ÞajkL1ðRnÞ �

Z
Bj

jbðxÞ � bBj
jl
0
dx

 !1=l0 Z
Bj

jajðxÞjldx

 !1=l

. ½b�hjBjj
1
l0þ

1
l�1

1þ rj

qðxjÞ

� �h0

. ½b�h;

and

jA4jðxÞj �
X1

j¼�1
jkjjTa;bðjðb� bBj

ÞajjÞðxÞvð8BjÞcðxÞ

� Ta;b

X1
j¼�1

jkjðb� bBj
Þajj

 !
ðxÞ:

By Theorem 1.1 we know that Ta;b is bounded from L1ðRnÞ into Lp0ðRnÞ: Then����
X1

j¼�1
kjA4;jðxÞ

����
Lp0 ðRnÞ

.

����Ta;b

� X1
j¼�1

jkjðb� bBj
Þajj
�����

Lp0 ðRnÞ

.

����
X1

j¼�1
jkjðb� bBj

Þajj
����

L1ðRnÞ

.

X1
j¼�1

jkjjkðb� bBj
ÞajkL1ðRnÞ

. ½b�hkfkH1
LðR

nÞ:

Combining the estimates above, we get
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��½b; Ta;b�f
��

Lp0 ðRnÞ.½b�hkfkH1
LðR

nÞ:
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