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Abstract We consider the Schrodinger operator £ = —A +V on R", where n>3 and the nonnegative
potential V belongs to reverse Holder class RH; for s > %. In this paper, we discuss the boundedness of
Riesz transform 7, p = V*L~F and its commutator at the endpoint. We show that T, is bounded from
L'(R") into L*(R"), and prove that [b,T,p] is bounded from H}(R") (Hardy space related to £) into

[P (R"), where py = niz("ﬁf‘@ and b belongs to the BMO type space introduced by Bongioanni, Harboure and

Salinas.
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1 Introduction and results

Let £ = —A + V be the Schrodinger operator on R", where n > 3 and the nonnegative potential V belongs to
reverse Holder class RH, for s > n/2. Recall that given nonnegative V € Lj (R") for 1 <s<oo, V is said to

loc
belong to the reverse Holder class RH; if there exists a constant C = C(s, V) > 0 such that the reverse

Holder inequality
1 / s ¢
= [ Vi de) < —/ V(y)dy
CIAG Bl Ja
holds for every ball B C R".

The study of the theory of harmonic analysis related to Schrodinger operator is one of the most
interesting topic, which has attracted a great deal of attention of many researchers; see [1, 5, 7-15, 17, 20]
and references therein. In this paper, we consider the Riesz transform associated with the Schrodinger
operator as follows
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T,5=V'LP 0<a<f<n/2.

Let b be a locally integrable function. The commutator generated by linear operator 7 and b is defined by
[b, T|(f) = bT(f) — T(bf).

It is well known that when T is Calderén-Zygmund operator, Coifman, Rochberg and Weiss [2] proved that
[b, T] is bounded on LP(R")(1<p<oo) if and only if b € BMO(R"). At the endpoint p = 1, Pérez [16]
proved that if b € BMO(R"), the commutator [b, T] may not be of weak-type (1, 1) when T is a Calder6n-
Zygmund operator. In [6] Harboure et al. proved that, even if we restrict f belongs to Hardy space H' (R"),
[b, T|f still may not in L'(R").

It follows from [18] that Riesz transform related to £ is not a Calderén-Zygmund operator if the potential
V € RH,,n/2<s<n. This result implies that the boundedness of the commutators of Riesz transforms
associated with the Schrodinger operator depends on the potential function V. So the study for the com-
mutator generated by the function of BMO and Riesz transforms related to £ has attracted a large number of
scholars. We refer the reader to [5, 7-14, 19].

Let us recall some concepts related to Schrodinger operator.

As in [18], for a given potential V € RH with s > n/2, we define the auxiliary function

1
p(x)_sup{r>0:rn2/8( )V(y)dyﬁl}, x e R

It is well known that 0 < p(x) < oo for any x € R".
Following [1], the BMO type space BMOy(p) with 0> 0 is defined as a set of all locally integrable

functions b such that
r 0
—bgldy<C —
|er|/“ sarse(1+ )

for all x € R" and r > 0, where by = & [ b(y)dy. A norm for b € BMOy(p), denoted by [b],, is given by
the infimum of the constants in the 1nequa11tles above. Clearly, BMO(R") C BMOy(p).

Let us recall the concept of Hardy space related to Schrodinger operator. The Schrodinger operator £
generate Cy semigroup {e*“}, _ . The maximal function with respect to the semigroup {e~'*}, _ , is given
by

M®f(x) = sup [e”"“f (x)|
t>0
By [3], a function f € L'(R") is said to be in H}(R") if the maximal function M~f belongs to L' (R"). The
norm of such a function is defined by

Il ey = IMEF | -

In recent years, some researchers have studied the boundedness of the operator T, = V*L (0 <a<n/2)
and its commutator. Li and Peng in [10] proved that, if b € BMO(R"), the commutators [b, T} ;] and
[b, Ty 2,1 )2] are bounded from H}(R") into weak L'(R"). Let b € BMOy(p), Li and Wan in [14] proved that
the commutator [b,7T,,] is bounded on L”(R") for some p > 1; Hu and Wang in [7] showed that the
commutator is bounded from H}(R") into weak L'(R").

Let 0<a < ff<n/2. Sugano in [17], Li, Wan and Zhang in [15] obtained the LP([RR”) boundedness of 7, g.

Proposition 1.1  Suppose V € RH; with s > 5. Let 0<a<f<3. If 1 <p < 5 and pil—@,
then

LN
s

n

1T p ()| 2 ey < CIIF

In the article present, we investigate the boundedness of the operator T, g and its commutator at the endpoint
p =1, and get the following results:

L (R"):

Theorem 1.1  Suppose V € RH; with s > 5. Let 0<a < f<J,po = m Then
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1T ) o ey < ClIF Nl ey -
Theorem 1.2 Suppose V € RH, with s > 5 and b € BMOy(p). Let 0<a < <5 ,po =
||[baTz,/3](f) oy < ClbJolf [l -

In this paper, we shall use the symbol A<B to indicate that there exists a universal positive constant c,
independent of all important parameters, such that A <c¢B. A ~ B means that ASB and B<A.

W Then

2 Some preliminaries

Throughout this section, we always assume V € RH; for some s > 7. Firstly, we would like to recall some
important properties concerning the auxiliary function.
Lemma 2.1 [18] There exist constants C and ky > 1 such that

() e e

for all x,y € R".

A ball B(x, p(x)) is called critical. Assume that Q = B(xy, p(xo)), for x € Q, the inequality above tell us that
p(x) ~p(y), if |x —y[<Cp(x).

Lemma 2.2 [4] There exists constants ly > 0 such that

1 r\"
V(y)dy< (1 + —) .
=2 /B(x,r) ( ) p(x)

Secondly, we recollect some estimates for operators and their commutators related to £7*.

Lemma 2.3 [7, 20] Let K, be the kernel of operator L™*,0<a<}.

(i) For every N > 0, there exists a constant C such that
1 1

(1+ @)N e =y
p(x)
(i) For some ¢ > 0 and every N there exists a constant C such that

|K01(xay) - Ka(x’ Z)| + |Kot(y7x> - Ka(Z,X)l

Ko (%, 9)[S

)
St
ﬂ x_yn —20
(”pm)' |

whenever |y — z| < |x — y|/4.

Lemma 2.4 [14] Let b € BMOy(p) with 0 > 0, and let 0<a<5. For 1 <p<a/s, we have

| Toaf 1 ey SN2 ey and ([ [B, Toolf 1 ey S Bl 1 1 ey -
Lemma 2.5 [20] Let b € BMOy(p) with 0 > 0, and let 0<o<5. For 1<p< 3. 3507 —é 2“‘ , we have
IL7F Nl oy SIF ey @and (|18, L7°If | oy SIOJo I Nl o e -

Thirdly, we look back the atomic decomposition of Hardy space HJ(R").

Let 1 <g < oo. A measurable function a is called a HZ’q—atom associated with the ball B(x, r) if r < p(x)
and the following conditions hold:
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(i) supp a C B(x,r) fog some x & R" and r > 0;
(i) [l o) < BOs, I
(iii) if r<p(x)/4, then [y, a(x)dx = 0.

By [3], the Hardy space H‘IC([R”) admits the following atomic decomposition:

Lemma 2.6 f € H.(R") if and only if f can be written as f = > aj, where a; are HZ’q-atoms and
> 14| <oo. Moreover '

Il ~ inf { 3131 .

J
where the infimum is taken over all atomic decompositions of f into H z’q—atoms.
At last, we review a result for the function b € BMOy(p).

Lemma 2.7 [1] Let 1 <s<oo,b € BMOy(p), and B = B(x,r). Then

iz [ 160) — bbdy <l 12 '
28] Jop o)

for all k € N, with » > 0, where 0’ = (ko + 1)0 and ky is the constant appearing in Lemma 2.1.

3 Proofs of the main results
Proof of Theorem 1.1 Let f € L'(R"),r = p(x). We have
£l = [ Koy [ Kooy
[x—y|<r [x—=y| >r
= uy(x) + up(x).

Let pp = m By Minkowski inequality and Lemma 2.3,

( R ‘V(x)“ul(x) ’Podx>1/ﬁo
— (/n V(x)*" (Lyq%avy)mdx) 1/po
< / ol ( /’“‘y'“%dx) /pody.

Thanks to 0 < f<n/2, we have apy<n/2<s. Lett = s/(apy), then ' = s/(s — opo). By Holder inequality,

V(x)*°
/ n—2f)po dx

cyl<r v =y

apo/s d 1/7
by
S V(x)'dx / = ).
(Acy <r ) ( vy <r |x — y|(”*2/f)1)01

Note (n —2f)pot' <n. By V € RH,, Lemma 2.2 and " — 2apy — (n — 2)po + % = 0 we have
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\% opo
/ 4@()” 7 dx
[x—y|<r |.X |

Y apo

< (r / V(x)dx> st (n=2B)pot

~ rn—2

[x—y|<r

< 20— (n=2P)poth<

Then
» 1/po
o 0
([ Ivermelra) ™ sil e,

Note

d
@IS [ e T
otz (14520 ey

By Minkowski inequality,

< - IV (x)"us () |p0dx>1/po

Po 1/po
)|d
= /V(x)“po / F0)ldy dy | dx
g \xfy\zr( + x— }’|) 'l 2
1/po
V(x)*°
s [ ol [ e
byl =r (1 +Txy>) x — ]

Since V € RH;, and n — (n — 2f8)po — 2apy = 0, by Lemma 2.2 we get

74 po
eyl 2 (1 +'p%)‘) e — |2
> 1

2—1Np0 2/ (n=2f)po __- _ / V(x)% dx
Z (er) [x—y| <2ir ( )

1 o%po
(n=2p)po—20po — / V(x)dx
(2]7‘) [x—y| <2ir

A

A
I
]
?
'\d

o0
§ 2 —i(N=ado)po <.
Then
» 1/po
o 0
([ Iveormmpa) sl
This completes the proof of Theorem 1.1. O
Proof of Theorem 1.2 Let us first prove the following result. U

Lemma 3.1 Suppose that V € RH; for s > 5,b € BMOy(p). Let 0<a<B<3. If 1<p;<; L and

L1 20 , then
P2 pP1 n
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1B, To g P 2 ey SO Lo 1 1 1 -
Proof We decompose the operator T, 5 as
T,p=VL P =170

Then

(b, Togl(f) = b, Tuall™P21(F)

= bToul P (f) = Toa(bL™ ) (1)

+ Tua(bL™P)(F) = Tl P ()

= [, TP F) + Toalb, £772)().

By Lemma 2.4, for 1 <p, <3, we have

I, T 2P (1)

2 R"

ey S (F)

and

1Taalb, £~ ey SN, £7 P21 -

By Lemma 2.5, for 1 <p; < m,]}? = pl] — @ we have

1= ()

LI’Z(R")§|V”U1 (R")>

and

116, £ 1 gy S Bl I 1 -

: 1 1 _ 2B
Duet01<p2<§,andp—2:p—l— (ﬂn >,Weget

Note 1<p; <5 (ﬂ 0 e have

1
2y 20

N n

Combining the above, we prove that, if 1 <p; < ,, 2 and =1l M, we have

||[b»Toc.,ﬁ](f)||m =) S[Py Ilf

(R
O

We now prove Theorem 1.2. Let f € H}(R"), by Lemma 2.6, we write f = > > 4;a;, where each a; is a
(1,1) -atom with

o0
> 141 <20l ezt )

R

where

1
1<l<m.

N n

Suppose that suppa; C B; = B(x;j, ;) with r; <p(x;). Write
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o]

[b, T plf (x) = Z ;“.i[vaot,ﬁ}a.i(x”SBj(x)

j==%0

+ ) Z % (b(x) - bB/)Tdﬁﬁaj(x)X(SB,)‘(x)
+ Z i (b(x) — bB,)Ta,ﬁaj(x)X(SB/)n (x)

Jir<p(x)/4
= " LTap((b — ba)ay) () ()

Jj=—00

o]

Note that

(/ |aj(x) dx)l <|B;|I".

, then ﬁ + +—1=0. By Holder inequality and Lemma 3.1 we get

il ( ]
$B;
B 11
o7 ( / Gj(x>|ldx>
B

S
< BB S B,

_ 1
Choose ¢ > 1 such that L i =1 m

n

Ilof
|[b T, plaj(x ’po dx) rj-’"'/

Then

i ’IJA 1j

==

<3 il

Lo R Jj=—00

00

<l D 14l

Jj=—00
< 1ol e
For any x € B;,y € 2°7'B; \ 2*B;, we have |x — y| ~ [x — x;| ~2*r;, and by Lemma 2.1 we get
1 < 1

N~ -
Jx=y| 2kp \ Ko+l
(1 + ﬂ<x>) (1 + n<x,-'>)

1/0(R")

By Lemma 2.7,

1/s
# |b(x) — b |p05/dx < k[b]po <1 4 2krj )9170.
|2k+13j| 2415 ! ~ 0 ,()(Xj)

Due to 0 <opy <5 <s, we have
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1
|2641B)[ Jye1,

1/s'
1 .
S b(x) — by [’ d
- <|2k+13j| 2’<+‘Bj| (X) B/| x)

| opo/s
X | = V(x)'d
<|2k+lBj| i, (x) X)

2k, po 1 %po
< k[plo (1 ] Vi(x)d
< Kl ( +p(xj)) 2H1B)| Jyeip, (x)dx

ok 6'po+loopo
J
P(Xj)>

Note fB,- la;(y)|dy <1,(2B — 20— n)py —n =0, and r;j/p(x;) >1/4. Then, taking N > (ko + 1)(0' + loo)
we get

|b(x) — b |V (x)*"dx

< Kol (24r) 2 (1 n

[[A2(x) !\'230<Rn>

=S [ b~ b V™
k>3 2 B)\2B;

Po
1 1
<\ / )y | ax
b (14 22)77 @)
1 1
S ;
~ 2P0, (n=2B)po
k>3 2kp \ kog+1 (2"rj)
<1+p<xf>>
Po
<[ Ibla) = bV ( / |aj<y>|dy>
J J
k 2B—20—n)po—n
S G R
k>3 2k, \ \Rp-+1 0% ) p
N (1+ﬂ(x,'j)>
k
< Iy < by

Therefore,

> hidy

—

< Bl o
o (R")

When x € 2B\ 2*B;, and y € B;, by Lemma 2.3 and Lemma 2.1 we have 6 > 0 such that

1 r
|Kp(x,y) — Kg(x, )| < S VT (i
(1 + P(%‘)) !

Then, by the vanishing condition of a; we get
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143,015 ) =

Lo (R") [b(x) — bg, IV (x)™

»

%

w
S—

X
/N
.

Po
|Kp(x,y) — K/f(x,xj')llaj(y)dy> dx

g

p
< 1 e
S - _
k=3 (1 Z:rj))kojol(zkrj)(n"ré 2B
px;

X
T
3
=

b(x) — by [V (x)"d ( / |a,-<y>|dy>

k r
S by e ) M
k>3 2y, (-0—hx)po (21;)°
(1+P(Xf))
k
< by 7S [b]y’
k>1
So
Y dAy|| S Lol e
i Lo (RY)
Note that
1 1/1
(b = bs,)aj] 1 gery < ( /B |b<x>b3,|’dx> ( /B |aj<x>|ldx>
S [B] |B~|*’+%“(1+ i >O/< [b]
~ p(x)) ~
and

Ag@) < D AITap(1(B = ba)a;]) () x5 (x)

j=—00

< Tup (i Mj(b - bB/)aj|> (X)

By Theorem 1.1 we know that T, s is bounded from L'(R") into L°(R"). Then

o0 o0
> s <[t 3 150~ ba)al)
fer o (RY) femr Do (@)
o0
S D2 14 —bg)ajl
et LR
< ) 1l = bs)ajl g
Jj=—00
N [b]()Hf”Hz(R”)'

Combining the estimates above, we get
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H [b> Ta,[flf”u}o(Rn)S[b]OHf”Hé(R")'
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