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Abstract Suppose that the vertex set of a connected graph G is V(G) = {vy,...,v,}. Then we denote by
Trg(v;) the sum of distances between v; and all other vertices of G. Let Tr(G) be the n x n diagonal matrix
with its (i, i)-entry equal to Trg(v;) and D(G) be the distance matrix of G. Then Op(G) = Tr(G) + D(G) is
the distance signless Laplacian matrix of G. The largest eigenvalues of Qp(G) is called distance signless
Laplacian spectral radius of G. In this paper we give some graft transformations on distance signless
Laplacian spectral radius of the graphs and use them to characterize the graphs with the minimum and
maximal distance signless Laplacian spectral radius among non-starlike and non-caterpillar trees.

Keywords Graft transformation - Distance signless Laplacian spectral radius - Non-starlike tree -
Non-caterpillar tree

Mathematics Subject Classification 05C50 - 05C12

1 Introduction

Let G be a simple connected graph with the vertex set V(G) = {vy,...,v,}. The distance dg(u,v) between
the vertices u and v is the length of shortest path between u and v in G. For u € V(G), the transmission
Trg(u) of u is the sum of distances between u and all other vertices of G. Let Tr(G) be the n x n diagnonal
matrix with its (i, i)-entry equal to Trg(v;) and D(G) be the distance matrix of G. Then Qp(G) =
Tr(G) + D(G) is the distance signless Laplacian matrix of G. The largest eigenvalues p,(G) of Op(G) is the
distance signless Laplacian spectral radius of G.

The distance spectral radius of a connected graph has been studied extensively. S. Bose, M. Nath and S.
Paul [4] determined the unique graph with maximal distance spectral radius in the class of graphs without a
pendant vertex. G. Yu, Y. Wu, Y. Zhang and J. Shu [15] obtained respectively the extremal graph and
unicyclic graph with the maximum and minimum distance spectral radius. W. Ning, L. Ouyang and M. Lu
[8] characterized the graph with minimum distance spectral radius among trees with given number of
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460 D. Fan, G. Wang

pendant vertices. G. Yu, H. Jia, H. Zhang and J. Shu [14] characterized the unique graphs with the minimum
and maximum distance spectral radius among trees and graphs with given number of pendant vertices. For
more about the distance spectra of graphs see the surveys [3, 10] as well as the references therein.

M. Aouchiche and P. Hansen introduced in [1] the distance Laplacian and distance signless Laplacian
spectra of graphs, and proved in [2] that the star S, attains minimum distance Laplacian spectral radius
among all trees of order n. R. Xing and B. Zhou [11] gave the unique graph with minimum distance and
distance signless Laplacian spectral radii among bicyclic graphs. R. Xing, B. Zhou and J. Li [12] determined
the graphs with minimum distance signless Laplacian spectral radius among the trees, unicyclic graphs,
bipartite graphs, the connected graphs with fixed pendant vertices and fixed connectivity, respectively.
A. Niu, D. Fan and G. Wang [9] determined the extremal graph with the minimum distance Laplacian
spectral radius among bipartite graphs with the fixed connectivity and matching numbers. H. Lin and B.
Zhou [6] characterized the unique graphs with the minimum distance Laplacian spectral radius with fixed
number of pendant vertices and edge connectivity among graphs, the unique tree with the minimum distance
Laplacian spectral radius among trees with fixed bipartition.

A tree T is starlike if it contains at most one vertex of degree at least 3, and otherwise it is non-starlike. A
tree is caterpillar if the deletion of all pendant vertices yields a path, and otherwise it is non-caterpillar. Set

I(n) ={T|T is a non-caterpillar tree of order n. }

Rn) = {T|T is a nonstarlife tree of order n }

R. Xing, B. Zhou and F. Dong [13] determined the graphs with the minimum and maximal distance spectral
radius in T(n) and R(n) respectively. In this paper we give some graft transformations on distance signless
Laplacian spectral radius of the graphs and then use them to characterize the graphs with the minimum and
maximal distance signless Laplacian spectral radius in T(n) and R(n) respectively.

2 Trees with minimum distance Signless Laplacian spectral radius in R(n) and T(n)

Suppose that G is a connected graph with V(G) = {vi,va,...,v,}. Let x = (x,,, %y, . - .,xvn)T, where x,,

corresponds to v;, i.e. x(v;) = x,, for i = 1,2,...,n. Then
MOp(Gx=" > de(u,v)(x(u) + x(v))*
{uv}cv(G)

which shows that Op(G) is positive definite for n > 3.

Suppose that x is an eigenvector of Op(G) corresponding to the eigenvalue /. Then for each v € V(G),
Ax(v) = > dg(u,v)(x(u) +x(v)).

ucV(G)

By the Perron-Frobenius theorem, we know that there is the unique unit vector x > 0 satisfies
Op(G)x = py(G)x, and we call x the Perron vector of G corresponding to p,(G).

Suppose that G is a graph. If a vertex of G is of degree one then it is a pendant vertex. An edge and a path
are respectively pendant edge and pendant path if one of their end vertices are pendant vertices.

Suppose that uv is a cut edge of connected graph G. Then we denote by G,, the graph obtained from
G by contracting uv to a vertex u and attaching a pendant edge at u, and call such a process C-transformation
of G for the edge uv.

Lemma 2.1. Let uv be a cut edge of connected graph G. If uv is not a pendant edge and there exists a
pendant edge uz, then py(G) > po(Giy).

Proof. Let x be the Perron vector of G,, corresponding to py(G,y). By symmetry, we have x, = x;.
Suppose that G\{uv} = G| U G, where u € G| and v € G,.
It can be easily observed that dg(u, w) = dg,, (u,w) for w € V(G;) and that dg(w,v;) = dg,, (w,v;) + 1
for w € V(G) and v; € V(G2)\{v}. Thus,
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pQ(G) - PQ(GW) sz(QD(G) — Op(Guw))x

2 Z Z (xw + xv,-)z - Z (x + xvj)z

weV(Gy) v;eV(Ga)\{v} vieV(G)\{v}
= (xw + xvj)2+ Z (XZ + ij)z
weV(G)\{zheV(G2)\{v} vEeV(G)\{v}

_ Z (%, +xvj)2 > 0.

viEV(G)\{v}

Suppose on the contrary that py(Guy) = po(G). Then x" Qp(G)x = py(Guy).
Therefore,  (po(G) — po(Gw))xu = >, (x+x,)>0. This contradiction shows  that
po(G) > po(Guy). vyEV(G)\{v} g

Lemma 2.2. Suppose that n = ny + ny + ny + n3 + 4 with max{n;[i = 1,2,3} > 1. If G and G’ are shown
in Fig. 1, then py(G) > po(G').

Proof. Let x be the Perron vector of G’ corresponding to py(G’). By symmetry, we can set x =
(a,a,a,b,b,b,d, .. .,d,e)T labeled in Fig. 1. Without loss of generality, we assume that n3>n,>n;. Then
——

n—17
n3 > 2, and hence

Po(G) = po(G') 22" (0n(G) — On(G))x
= '3 (ni = 1)((d + a)*+(d +b)*+(d + ¢)*+(2n — 2n; — ng — 12)(d + d)*)

i=1

0.

\

Let Tt (G) be the maximum transmission of vertices of G. Then we have the following

Fig.1 G and G
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Lemma 2.3. [7]. Let G be a connected graph. Then py(G) > Trya(G).

Lemma 2.4. Suppose that n = ny + n; + ny + n3 + 4 with ny + ny + n3 > 4. If G and G* are the trees as
in Fig. 2, then py(G) > po(G¥).

Proof. Let x be the Perron vector of G* corresponding to py(G*). By symmetry, we can set x =
(a,a,b,b,c,c,d,f,e,..., e)T labeled in Fig. 2. Without loss of generality we can assume that n3>n,>n;.
——

n—38
From Op(G*)x = po(G*)x, we have

(po(G*) = (2n =3))(a—b) =na+2c+d+ (n—8)e+f,
(po(G*) = (2n—4))(c —d) =2a+2b+f+ (n—1)c+ (n—8)e,
(po(G*) = (Bn—11))(a — ¢) = 2(a—b) +2a +2d,

(po(G*) — (3n —15)(2c —a) = 8b + 16¢ — d.

By Lemma 2.3, po(G*) > Trpau(G*) =3n—3 and n> 8, and so we easily observe from the above
equations that @ > b, ¢ > d, a > c and 2¢ > a.

We also have (p(G*) — (2n —5))(b — d) = 2b + 4c — 2a, from which we obtain b > d.
Thus we know that 2(e+a)>+2(e+b)>+(e+f)*+(n—n3—6)(e+e)* —2(e+c)* — (e+d)* > 0
It follows from n; + n, 4+ n3 > 4 that either n; > 2 and n, > 2 or nz > 3. Therefore,

po(G) = po(G") 22" (Op(G) — Op(G"))x

2
Z 2e+c)* +(e+d)* +(e+f)’+(n—ni—T)(e+e)*

(n3—2)(2(e+a)*+2(e+b)*+(e+f)*+(n—n3—6)(e+e)* —2(e4c)* — (e+d)?)
> 0.

Fig. 2 G and G*
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Let B(n;ng,ny,...,n,) be the graph obtained from the star S; , by attaching ny edges to its center and n;
edges to the i-th pendant vertex for each i, where ng,n;,...,n, are integers satisfying ng>0,
r
n>n_1>...2m>land ) nj=n—r—1.
i=0

Theorem 2.5 IfT € I(n) withn>17,then py(T) > po(B(n;n —7,1,1,1)), where the equality holds if and
only if T = B(nyn—17,1,1,1).

) ) 3

Proof. Suppose that 7’ is a tree with minimal distance signless Laplacian spectral radius in T(n). Let d be
the diameter of 7’. Now we verify that the following three claims are true. O

Claim 1. d=4.

Since T’ € T(n), neither d =2 nor d = 3. Suppose by a way of contradiction that d>5. Let P =
Viva...vg.1 be a path of T'. Making a C-transformation of 7’ for the edges v,v; and v,_1v, we obtain the
resulting graph 77 and 7/ respectively. Obviously, at least one of 7] , and 7,  falls into T(n). By

2V3 Vd-1Vd’ Vd—1Vd
Lemma 2.1, po(T") > po(T},,,) and po(T") > po(T;, ,,)- This contradicts minimality of 7", and so d = 4.
The Claim 1 shows that 7" = B(n;ng, ny,ny, .. .,n,), where r > 3.

Claim 2. r=3.

Suppose on the contrary that r >4. Let 7" = B(n;ng + n, + 1,ny,n2,...,n,_1). Then T” € I(n), and by
Lemma 2.1, po(T") > po(T"). This contradiction shows r = 3, and so T" = B(n; ng, ny, ny, n3).

Claim 3. T' =~ B(n;n—17,1,1,1).

If some one of =n, n, and n3; is greater than 1, then, by Lemma 2.2,
po(B(n;ng,ny,na,n3)) > po(B(n;n—17,1,1,1)), and so T = B(n;n — 7,1, 1,1). O
Theorem 2.6. If T € T(n) N R(n) and n>8, then py(T) > po(B(n;n —8,1,1,2)), where the equality
holds if and only if T = B(n;n — 8,1,1,2).

Proof. Suppose that 77 € T(n) N R(n) is a graph with minimal distance signless Laplacian spectral radius,
where n > 8. Let d be the diameter of T’. Now we verify the following three claims. O

Claim 1. d=4.

Suppose on the contrary that d > 5. Let P = vv;...v44 be a path. Making a C-transformation of 7" for the
edges v,v3 and v,_jv; we obtain the resulting graph Tém and 7/ . respectively. Obviously, at least one of

Vd—1Va’

T' and T/  falls into T(n) N R(n). By Lemma 2.1, po(T") > po(T,,,,) and po(T") > po(T;, ) This

V2v3 . Vd— I.Vd . i
contradicts minimality of 77, and so d = 4.
The Claim 1 shows that 7" = B(n;ng,ny,ny, .. .,n,), where r > 3.

Claim 2. r=3.

Suppose on the contrary that r >4. Let 7" = B(n;ng + ny + 1,na,n3,...,n,). Thus 7" € T(n) N R(n), and
by Lemma 2.1, po(T") > po(T"). This contradiction shows r = 3, and so T’ = B(n; ng, ny,nz,n3).

Claim 3. 7'~ B(n;n—38,1,1,2).

If either one of n; and n is not less than 2 or n3>3, then by Lemma 2.4, p,(B(n;ng,ni,
ny,n3)) > po(B(n;n —8,1,1,2)), and so 7' = B(n;n — 8, 1,1,2).

3 The tree with maximal distance Signless Laplacian spectral radius in R(n) or T(n)

Lemma 3.1. Let G=G;UG,UGs, where V(G;)NV(Gj) =vo for 1<i#j<3 and V(G;)>2 for
i =1,2,3. Suppose that u € V(G2)\{vo}, and let G be the graph obtained from G by moving Gs from vy to
u. Let x=(x,,%,,---,%,) be a Perron vector corresponding  to po(G). If

> (xy, +XVj)2 2 > > (x, +xvj)2’ then pQ(é) > po(G).
vieV(G3)\{w} v;eV(Gy) vieV(G3)\{vo} vieV(Gr)
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Proof. It can be easily observed that dg(u,vy) = dg(u,vo) and that for v; € V(G3)\{wo}, v; € V(G),
dg(\/i, Vj) = d(;(vi, Vj) + dc;(u, Vo); and for v; € V(G3)\{V0}, Vi € V(Gz), dg(\/i, Vj) < (;(V,'7 Vj) + d(;(u, V()).
Thus,

po(G) — po(G) >x"(0p(G) — Op(G))x

>do(uv) > | D wAn)l - Y +x)

V,EV(G3)\{V0} VjGV(Gl) VjEV(Gz)
>0.
Suppose on the contrary that pQ((N}) = po(G). Then x" Qp(G)x = pQ((~7).
Therefore, (py(G) — po(G))xy, = > dg(u,vo)(xy, +x,,) > 0. This contradiction shows that
po(G) > po(G). nev(Gy\ o} -

Lemma 3.2. [5]. Let G,, be the connected graph obtained from a graph G of order at least two by
attaching two pendant paths of length p and q at a vertex u of G. If g > p > 1, then py(Gp—1,4+1) > po(Gpq)-

Denote by T(n,k;t,,1,) the graph obtained from a path Py of order £ ({ > 2) by attaching t; > 1 edges at
an end of Py and t,>1 edges at other end of Py, where t| +t, =k and ¢+ k =n. Clearly,
P,=Tn,2;1,1). Let

D(n,k) = {T(n,k;t1,0)|t1 > 1,5>1 and t; + 1, = k> 2}.

p
Let ny,ny,...,n, be positive integers satisfying n; <ny <...<n, and > n; =n — 1. Then we denote by
S(n;ny,ny, ..., n,) the tree obtained by adding an edge between a fixed vertéx u and an end vertex of the path
P,, for each 1 <i<r.

Theorem 3.3. If T € T(n), then py(S(n;2,2,n —5)) > py(T), where the equality holds if and only if
T=~8n;2,2,n—25).

Proof. It is clear that there is such a vertex v in T that N(v) contains at least three non-pendant vertices.

Thus, if ny, ny, . . ., n, are respectively orders of r connected components of 7 — v then at least three of them
are not less than two. By Lemma 3.2, p,(S(n;ny,na,...,n.)) > po(T). We can further see by Lemma 3.2
that py(S(n;2,2,n —5)) > po(S(n;ny,na, ... n,)). O

Let B(n,k) = {T|T is a tree of order n with k pendant vertices , where 2 <k <n —2}. Let P(n; i, j)
be the tree obtained from the path P = vyv;...v,_3 by attaching a pendant edge at v; and a pendant path of
length 2 at v;.

Lemma 3.4. Let T € T(n) N R(n) N B(n, ). Then we have
max{pg(P(n:2.3)), po(P(n: 2.n — 5))} > po(T).
where the equality holds if and only if 7 = P(n;2,3) or T = P(n;2,n — 5).

Proof. Suppose that Ty € T(n) N R(M) N B(n,) is a tree with the maximum distance signless Laplacian
spectral radius. Let d be the diameter of Ty, and P = uju,. . .uz; be a path in Ty. Then there exist one
pendant path P! of length p > 1 at some u; and another one pendant path P? of length ¢ > 2 at another vertex
uj(# u;). We assume without loss of generality that ¢ > p. Now we verify the following three claims. [

Claim 1. p =1 and ¢ = 2.

Set P! = u;z12. ..z, and P* = ujw ws...w,. Suppose on the contrary that p >2. Note that p <i — 1.
Hence we let T =Ty — zp_12p + u1z,. Clearly, T) € T(n)NR(n)NB(n,), and by Lemma 3.2,
po(Ty) > po(To). This contradiction shows that p = 1.

Similarly, we can prove that ¢ = 2.

The Claim 1 shows that Ty = P(n;i,j), where 2<i<j<n —5 and P = ujuy. . .u,_3.

Claim 2. i = 2.

Suppose that u,_» and u,_; are respectively the neighbors of u; and u; in Ty. Let x be a Perron vector
corresponding to pQ(To). Suppose on the contrary that i>3. Let U = {uj,uz,...,ui1}, U=

{ui+17 Ujt2, .- Up-3, I/t,1,1,un} and U3 = {uia un72}- If Z Z (xvi +xvj)2 > Z Z (-xv; +ij)zs
vieUs\{u;} vieU vieUs\{u;} vi€eUz
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then let T} =Ty — uuy—p + Up_1up—», and  otherwise  Tj = Ty — wuy_o + Uj_1up—.  Thus
Ty € T(n) N R(n) N B(n, ), and by Lemma 3.1, p,(Ty) > po(To). This contradicts maximality of Tp, and
soi=2.

The Claim 2 shows that Ty =2 P(n;2, ).

Claim 3. 7 = P(n;2,3) or Ty = P(n;2,n —5).

Suppose on the contrary that T,2P(n;2,3) and To2P(n;2,n—5). Then 4<j<n—6. Let
Up = {ur,up, .. uj_1,uy2}, Us = {ujs 1,42, - Up 3} and Us = {uj, tp_1, u, }. If

S0 (xy —Q—xvj)2 >y > (%, +xvj)2, then let 7( = Ty — uju,—1 + uj11u,—1, and otherwise
vieUs\{u;} viel vi€Us)\{u;} vi€Uz
Ty = To — wjtty—1 + tj_1u,—1. Thus g € T(n) N R(n) N B(n, ), and by Lemma 3.1, py(Ty) > po(To). This
contradicts maximality of Ty, and so Ty = P(n;2,3) or Ty = P(n;2,n —5). O

Suppose that P =wvv,...v; is a path of a graph G and u€ V(G). Then we Ilet
dg(u, P) = min{dg(u,v;)|1 <i<s}.

Theorem 3.5. Let T € T(n) N R(n). Then we have
max{po(P(n;2,3)), po(P(n:2,n = 5))} = po(T),
where the equality holds if and only if 7 =2 P(n;2,3) or T = P(n;2,n — 5).

Proof. Suppose that Ty € T(n) N R(n) is a tree with the maximum distance signless Laplacian spectral
radius. Let A = {w;,w»,.. oW } be the set of all vertices in T which are of degree at least three. It is
0

obvious that n3T0 >2.Let P = ujuy. . .uyy be a path, where d is the diameter of 7. Next we distinguish two
cases. O

Case 1. |[ANV(P)|>2.

Suppose for a contradiction that A ¢ V(P). Without loss of generality we assume that wy € A \ V(P) such
that dr, (wg, P) = max{dz,(w;,P) | 1 <i<nj }. Then there are at least two pendant paths at wy, say, P! =
wezi...zp and P2 =wyi...v, (p>q>1). Let T) =Ty — vg_1vy + z,v,. Since |[ANV(P)|>2, we have
|A\{w¢}| >2, and so Tj € T(n) N R(n). By Lemma 3.2, p,(Ty) > po(To). This contradicts maximality of
Ty, and so A C V(P).

Suppose by a way of contradiction that nj, > 3. Let dy, (w1, w2) = max{dz,(wp, wy) | 1 <p # q<n3}.
Then there are two pendant paths at w;, say, P> =wy;...y, and P* =wfi...f; (s>t>1). Let
Ty = To — fi-1fy +yofi- Thus Ty € T(n) N R(n), and by Lemma 3.2, py(T;) > po(To). This contradicts
maximality of Ty, and so n%ﬂ =2.

Suppose for a contradiction that dr,(w1) >4. Then there exist three pendant paths at wy in Ty, say
PP =wyi..y, PP =wifi.. f, and P> = why...h, (s>t>m>1). Let T, = To — hy—1hy + fihy,. Thus
Ty € T(n) N R(n), and by Lemma 3.2, py(Ty) > po(To). This contradicts maximality of Tp, and so
dr,(w1) = 3. Similarly, we can prove dr,(wz) = 3. Therefore, Tp € T(n) N R(n) N B(n,), and from
Lemma 3.4 we know that the assertion is true.

Case 2. |[ANV(P)|=1.
Let AN V(P) = {w}. Since nj, >2, A\V(P) # . Suppose on the contrary that nj, >3. Let wy € A\{w;}
such that dr, (wy, w) = max{dz,(wi,w;) | 2<j<nj }. Then there are two pendant paths at w,, say, P® =

wadi. . .d, and P7 = Wzbl. . .bj (I" Z] > 1) Let T(l)/ = T() — bjflbj + a,bj. Since |A\{W2}| > 2,
Ty € T(n) N R(n), and by Lemma 3.2, py(Ty) > po(To). This contradicts maximality of 7y, and so

3
ny, = 2.

By similar argument as Case 1, we can verify that dr,(w1)=dg(w2) =3, and so
T € T(n) N R(n) NB(n, ). By Lemma 3.4, we know that the assertion is true. O
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