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Abstract Suppose that the vertex set of a connected graph G is VðGÞ ¼ fv1; . . .; vng. Then we denote by
TrGðviÞ the sum of distances between vi and all other vertices of G. Let Tr(G) be the n� n diagonal matrix
with its (i, i)-entry equal to TrGðviÞ and D(G) be the distance matrix of G. Then QDðGÞ ¼ TrðGÞ þ DðGÞ is
the distance signless Laplacian matrix of G. The largest eigenvalues of QDðGÞ is called distance signless
Laplacian spectral radius of G. In this paper we give some graft transformations on distance signless
Laplacian spectral radius of the graphs and use them to characterize the graphs with the minimum and
maximal distance signless Laplacian spectral radius among non-starlike and non-caterpillar trees.

Keywords Graft transformation � Distance signless Laplacian spectral radius � Non-starlike tree �
Non-caterpillar tree

Mathematics Subject Classification 05C50 � 05C12

1 Introduction

Let G be a simple connected graph with the vertex set VðGÞ ¼ fv1; . . .; vng. The distance dGðu; vÞ between
the vertices u and v is the length of shortest path between u and v in G. For u 2 VðGÞ, the transmission
TrGðuÞ of u is the sum of distances between u and all other vertices of G. Let Tr(G) be the n� n diagnonal
matrix with its (i, i)-entry equal to TrGðviÞ and D(G) be the distance matrix of G. Then QDðGÞ ¼
TrðGÞ þ DðGÞ is the distance signless Laplacian matrix of G. The largest eigenvalues qQðGÞ of QDðGÞ is the

distance signless Laplacian spectral radius of G.
The distance spectral radius of a connected graph has been studied extensively. S. Bose, M. Nath and S.

Paul [4] determined the unique graph with maximal distance spectral radius in the class of graphs without a
pendant vertex. G. Yu, Y. Wu, Y. Zhang and J. Shu [15] obtained respectively the extremal graph and
unicyclic graph with the maximum and minimum distance spectral radius. W. Ning, L. Ouyang and M. Lu
[8] characterized the graph with minimum distance spectral radius among trees with given number of
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pendant vertices. G. Yu, H. Jia, H. Zhang and J. Shu [14] characterized the unique graphs with the minimum
and maximum distance spectral radius among trees and graphs with given number of pendant vertices. For
more about the distance spectra of graphs see the surveys [3, 10] as well as the references therein.

M. Aouchiche and P. Hansen introduced in [1] the distance Laplacian and distance signless Laplacian
spectra of graphs, and proved in [2] that the star Sn attains minimum distance Laplacian spectral radius
among all trees of order n. R. Xing and B. Zhou [11] gave the unique graph with minimum distance and
distance signless Laplacian spectral radii among bicyclic graphs. R. Xing, B. Zhou and J. Li [12] determined
the graphs with minimum distance signless Laplacian spectral radius among the trees, unicyclic graphs,
bipartite graphs, the connected graphs with fixed pendant vertices and fixed connectivity, respectively.
A. Niu, D. Fan and G. Wang [9] determined the extremal graph with the minimum distance Laplacian
spectral radius among bipartite graphs with the fixed connectivity and matching numbers. H. Lin and B.
Zhou [6] characterized the unique graphs with the minimum distance Laplacian spectral radius with fixed
number of pendant vertices and edge connectivity among graphs, the unique tree with the minimum distance
Laplacian spectral radius among trees with fixed bipartition.

A tree T is starlike if it contains at most one vertex of degree at least 3, and otherwise it is non-starlike. A
tree is caterpillar if the deletion of all pendant vertices yields a path, and otherwise it is non-caterpillar. Set

TðnÞ ¼ fT jT is a non-caterpillar tree of order n. g
RðnÞ ¼ fTjT is a nonstarlike tree of order n g

R. Xing, B. Zhou and F. Dong [13] determined the graphs with the minimum and maximal distance spectral
radius in TðnÞ and RðnÞ respectively. In this paper we give some graft transformations on distance signless
Laplacian spectral radius of the graphs and then use them to characterize the graphs with the minimum and
maximal distance signless Laplacian spectral radius in TðnÞ and RðnÞ respectively.

2 Trees with minimum distance Signless Laplacian spectral radius in RðnÞ and TðnÞ

Suppose that G is a connected graph with VðGÞ ¼ fv1; v2; . . .; vng. Let x ¼ ðxv1
; xv2

; . . .; xvn
ÞT , where xvi

corresponds to vi, i.e. xðviÞ ¼ xvi
for i ¼ 1; 2; . . .; n. Then

xTQDðGÞx ¼
X

fu;vg�VðGÞ
dGðu; vÞðxðuÞ þ xðvÞÞ2

which shows that QDðGÞ is positive definite for n� 3.
Suppose that x is an eigenvector of QDðGÞ corresponding to the eigenvalue k. Then for each v 2 VðGÞ,

kxðvÞ ¼
P

u2VðGÞ
dGðu; vÞðxðuÞ þ xðvÞÞ:

By the Perron-Frobenius theorem, we know that there is the unique unit vector x [ 0 satisfies
QDðGÞx ¼ qQðGÞx, and we call x the Perron vector of G corresponding to qQðGÞ.

Suppose that G is a graph. If a vertex of G is of degree one then it is a pendant vertex. An edge and a path
are respectively pendant edge and pendant path if one of their end vertices are pendant vertices.

Suppose that uv is a cut edge of connected graph G. Then we denote by Guv the graph obtained from
G by contracting uv to a vertex u and attaching a pendant edge at u, and call such a process C-transformation
of G for the edge uv.

Lemma 2.1. Let uv be a cut edge of connected graph G. If uv is not a pendant edge and there exists a
pendant edge uz, then qQðGÞ[ qQðGuvÞ.
Proof. Let x be the Perron vector of Guv corresponding to qQðGuvÞ. By symmetry, we have xv ¼ xz.

Suppose that Gnfuvg ¼ G1 [ G2 where u 2 G1 and v 2 G2.
It can be easily observed that dGðu;wÞ ¼ dGuv

ðu;wÞ for w 2 VðG1Þ and that dGðw; vjÞ ¼ dGuv
ðw; vjÞ þ 1

for w 2 VðG1Þ and vj 2 VðG2Þnfvg. Thus,

123

460 D. Fan, G. Wang



qQðGÞ � qQðGuvÞ� xTðQDðGÞ � QDðGuvÞÞx
�

X

w2VðG1Þ

X

vj2VðG2Þnfvg
ðxw þ xvj

Þ2�
X

vj2VðG2Þnfvg
ðxv þ xvj

Þ2

¼
X

w2VðG1Þnfzg

X

vj2VðG2Þnfvg
ðxw þ xvj

Þ2þ
X

vj2VðG2Þnfvg
ðxz þ xvj

Þ2

�
X

vj2VðG2Þnfvg
ðxv þ xvj

Þ2 [ 0:

Suppose on the contrary that qQðGuvÞ ¼ qQðGÞ. Then xT QDðGÞx ¼ qQðGuvÞ.
Therefore, ðqQðGÞ � qQðGuvÞÞxu ¼

P
vj2VðG2Þnfvg

ðxu þ xvj
Þ[ 0. This contradiction shows that

qQðGÞ[ qQðGuvÞ. h

Lemma 2.2. Suppose that n ¼ n0 þ n1 þ n2 þ n3 þ 4 with maxfniji ¼ 1; 2; 3g[ 1. If G and G0 are shown
in Fig. 1, then qQðGÞ[ qQðG0Þ.

Proof. Let x be the Perron vector of G0 corresponding to qQðG0Þ. By symmetry, we can set x ¼
ða; a; a; b; b; b; d; . . .; d|fflfflfflffl{zfflfflfflffl}

n�7

; eÞT labeled in Fig. 1. Without loss of generality, we assume that n3�n2�n1. Then

n3� 2, and hence

qQðGÞ � qQðG0Þ � xTðQDðGÞ � QDðG0ÞÞx

¼
X3

i¼1

ðni � 1Þððd þ aÞ2þðd þ bÞ2þðd þ cÞ2þð2n� 2ni � n0 � 12Þðd þ dÞ2Þ

[ 0:

h

Let TrmaxðGÞ be the maximum transmission of vertices of G. Then we have the following

Fig. 1 G and G0
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Lemma 2.3. [7]. Let G be a connected graph. Then qQðGÞ[ TrmaxðGÞ.
Lemma 2.4. Suppose that n ¼ n0 þ n1 þ n2 þ n3 þ 4 with n1 þ n2 þ n3 [ 4. If G and G� are the trees as
in Fig. 2, then qQðGÞ[ qQðG�Þ.

Proof. Let x be the Perron vector of G� corresponding to qQðG�Þ. By symmetry, we can set x ¼
ða; a; b; b; c; c; d; f ; e; . . .; e|fflfflffl{zfflfflffl}

n�8

ÞT labeled in Fig. 2. Without loss of generality we can assume that n3�n2�n1.

From QDðG�Þx ¼ qQðG�Þx, we have

ðqQðG�Þ � ð2n� 3ÞÞða� bÞ ¼ naþ 2cþ d þ ðn� 8Þeþ f ;

ðqQðG�Þ � ð2n� 4ÞÞðc� dÞ ¼ 2aþ 2bþ f þ ðn� 1Þcþ ðn� 8Þe;
ðqQðG�Þ � ð3n� 11ÞÞða� cÞ ¼ 2ða� bÞ þ 2aþ 2d;

ðqQðG�Þ � ð3n� 15Þð2c� aÞ ¼ 8bþ 16c� d:

8
>>><

>>>:

By Lemma 2.3, qQðG�Þ[ TrmaxðG�Þ ¼ 3n� 3 and n [ 8, and so we easily observe from the above
equations that a [ b, c [ d, a [ c and 2c [ a.

We also have ðqQðG�Þ � ð2n� 5ÞÞðb� dÞ ¼ 2bþ 4c� 2a, from which we obtain b [ d.
Thus we know that 2ðeþaÞ2þ2ðeþbÞ2þðeþf Þ2þðn�n3�6ÞðeþeÞ2�2ðeþcÞ2�ðeþdÞ2 [ 0:
It follows from n1 þ n2 þ n3 [ 4 that either n1� 2 and n2� 2 or n3� 3. Therefore,

qQðGÞ � qQðG�Þ� xTðQDðGÞ � QDðG�ÞÞx

¼
X2

i¼1

ðni�1Þð2ðeþcÞ2þðeþdÞ2þðeþf Þ2þðn�ni�7ÞðeþeÞ2Þþ

ðn3�2Þð2ðeþaÞ2þ2ðeþbÞ2þðeþf Þ2þðn�n3�6ÞðeþeÞ2�2ðeþcÞ2�ðeþdÞ2Þ
[ 0:

h

Fig. 2 G and G�

123

462 D. Fan, G. Wang



Let Bðn; n0; n1; . . .; nrÞ be the graph obtained from the star S1;r by attaching n0 edges to its center and ni

edges to the i-th pendant vertex for each i, where n0; n1; . . .; nr are integers satisfying n0� 0,

nr � nr�1� . . .� n1� 1 and
Pr

i¼0

ni ¼ n� r � 1.

Theorem 2.5 If T 2 TðnÞ with n� 7, then qQðTÞ� qQðBðn; n� 7; 1; 1; 1ÞÞ, where the equality holds if and
only if T ffi Bðn; n� 7; 1; 1; 1Þ.
Proof. Suppose that T 0 is a tree with minimal distance signless Laplacian spectral radius in TðnÞ. Let d be
the diameter of T 0. Now we verify that the following three claims are true. h

Claim 1. d ¼ 4.

Since T 0 2 TðnÞ, neither d ¼ 2 nor d ¼ 3. Suppose by a way of contradiction that d� 5. Let P ¼
v1v2. . .vdþ1 be a path of T 0. Making a C-transformation of T 0 for the edges v2v3 and vd�1vd we obtain the
resulting graph T 0v2v3

and T 0vd�1vd
, respectively. Obviously, at least one of T 0v2v3

and T 0vd�1vd
falls into TðnÞ. By

Lemma 2.1, qQðT 0Þ[ qQðT 0v2v3
Þ and qQðT 0Þ[ qQðT 0vd�1vd

Þ. This contradicts minimality of T 0, and so d ¼ 4.

The Claim 1 shows that T 0 ffi Bðn; n0; n1; n2; . . .; nrÞ, where r� 3.

Claim 2. r ¼ 3.

Suppose on the contrary that r� 4. Let T 00 ¼ Bðn; n0 þ nr þ 1; n1; n2; . . .; nr�1Þ. Then T 00 2 TðnÞ, and by
Lemma 2.1, qQðT 0Þ[ qQðT 00Þ. This contradiction shows r ¼ 3, and so T 0 ffi Bðn; n0; n1; n2; n3Þ.

Claim 3. T 0 ffi Bðn; n� 7; 1; 1; 1Þ.
If some one of n1, n2 and n3 is greater than 1, then, by Lemma 2.2,
qQðBðn; n0; n1; n2; n3ÞÞ[ qQðBðn; n� 7; 1; 1; 1ÞÞ, and so T 0 ffi Bðn; n� 7; 1; 1; 1Þ. h

Theorem 2.6. If T 2 TðnÞ \RðnÞ and n� 8, then qQðTÞ� qQðBðn; n� 8; 1; 1; 2ÞÞ; where the equality
holds if and only if T ffi Bðn; n� 8; 1; 1; 2Þ.
Proof. Suppose that T 0 2 TðnÞ \RðnÞ is a graph with minimal distance signless Laplacian spectral radius,
where n� 8. Let d be the diameter of T 0. Now we verify the following three claims. h

Claim 1. d ¼ 4.

Suppose on the contrary that d� 5. Let P ¼ v1v2. . .vdþ1 be a path. Making a C-transformation of T 0 for the
edges v2v3 and vd�1vd we obtain the resulting graph T 0v2v3

and T 0vd�1vd
, respectively. Obviously, at least one of

T 0v2v3
and T 0vd�1vd

falls into TðnÞ \RðnÞ. By Lemma 2.1, qQðT 0Þ[ qQðT 0v2v3
Þ and qQðT 0Þ[ qQðT 0vd�1vd

Þ. This

contradicts minimality of T 0, and so d ¼ 4.
The Claim 1 shows that T 0 ffi Bðn; n0; n1; n2; . . .; nrÞ, where r� 3.

Claim 2. r ¼ 3.

Suppose on the contrary that r� 4. Let T 00 ¼ Bðn; n0 þ n1 þ 1; n2; n3; . . .; nrÞ. Thus T 00 2 TðnÞ \RðnÞ, and
by Lemma 2.1, qQðT 0Þ[ qQðT 00Þ. This contradiction shows r ¼ 3, and so T 0 ffi Bðn; n0; n1; n2; n3Þ.

Claim 3. T 0 ffi Bðn; n� 8; 1; 1; 2Þ.
If either one of n1 and n2 is not less than 2 or n3� 3, then by Lemma 2.4, qQðBðn; n0; n1;
n2; n3ÞÞ[ qQðBðn; n� 8; 1; 1; 2ÞÞ, and so T 0 ffi Bðn; n� 8; 1; 1; 2Þ. h

3 The tree with maximal distance Signless Laplacian spectral radius in RðnÞ or TðnÞ

Lemma 3.1. Let G ¼ G1 [ G2 [ G3, where VðGiÞ \ VðGjÞ ¼ v0 for 1	 i 6¼ j	 3 and VðGiÞ� 2 for

i ¼ 1; 2; 3. Suppose that u 2 VðG2Þnfv0g, and let eG be the graph obtained from G by moving G3 from v0 to

u. Let x ¼ ðxv1
; xv2

; � � � ; xvn
ÞT be a Perron vector corresponding to qQðGÞ. IfP

vi2VðG3Þnfv0g

P
vj2VðG1Þ

ðxvi
þ xvj
Þ2�

P
vi2VðG3Þnfv0g

P
vj2VðG2Þ

ðxvi
þ xvj
Þ2, then qQð eGÞ[ qQðGÞ.

123

The effect of a graft transformation on... 463



Proof. It can be easily observed that dGðu; v0Þ ¼ deGðu; v0Þ and that for vi 2 VðG3Þnfv0g, vj 2 VðG1Þ,
deGðvi; vjÞ ¼ dGðvi; vjÞ þ dGðu; v0Þ; and for vi 2 VðG3Þnfv0g, vj 2 VðG2Þ, deGðvi; vjÞ	 dGðvi; vjÞ þ dGðu; v0Þ.

Thus,

qQð eGÞ � qQðGÞ� xTðQDð eGÞ � QDðGÞÞx

: � dGðu; v0Þ
X

vi2VðG3Þnfv0g

X

vj2VðG1Þ
ðxvi
þ xvj
Þ2 �

X

vj2VðG2Þ
ðxvi
þ xvj
Þ2

0

@

1

A

� 0:

Suppose on the contrary that qQð eGÞ ¼ qQðGÞ. Then xT QDðGÞx ¼ qQð eGÞ.
Therefore, ðqQð eGÞ � qQðGÞÞxv0

¼
P

vk2VðG3Þnfv0g
dGðu; v0Þðxv0

þ xvk
Þ[ 0. This contradiction shows that

qQð eGÞ[ qQðGÞ. h

Lemma 3.2. [5]. Let Gp;q be the connected graph obtained from a graph G of order at least two by
attaching two pendant paths of length p and q at a vertex u of G. If q� p� 1, then qQðGp�1;qþ1Þ[ qQðGp;qÞ.

Denote by Tðn; k; t1; t2Þ the graph obtained from a path P‘ of order ‘ (‘� 2) by attaching t1� 1 edges at
an end of P‘ and t2� 1 edges at other end of P‘, where t1 þ t2 ¼ k and ‘þ k ¼ n. Clearly,
Pn ffi Tðn; 2; 1; 1Þ. Let

Dðn; kÞ ¼ fTðn; k; t1; t2Þjt1� 1; t2� 1 and t1 þ t2 ¼ k� 2g:

Let n1; n2; . . .; nr be positive integers satisfying n1	 n2	 . . .	 nr and
Pr

i¼1

ni ¼ n� 1. Then we denote by
Sðn; n1; n2; . . .; nrÞ the tree obtained by adding an edge between a fixed vertex u and an end vertex of the path
Pni

for each 1	 i	 r.

Theorem 3.3. If T 2 TðnÞ, then qQðSðn; 2; 2; n� 5ÞÞ� qQðTÞ, where the equality holds if and only if
T ffi Sðn; 2; 2; n� 5Þ.
Proof. It is clear that there is such a vertex v in T that N(v) contains at least three non-pendant vertices.
Thus, if n1; n2; . . .; nr are respectively orders of r connected components of T � v then at least three of them
are not less than two. By Lemma 3.2, qQðSðn; n1; n2; . . .; nrÞÞ� qQðTÞ. We can further see by Lemma 3.2

that qQðSðn; 2; 2; n� 5ÞÞ� qQðSðn; n1; n2; . . .; nrÞÞ: h

Let Bðn; kÞ ¼ fT jT is a tree of order n with k pendant vertices ; where 2	 k	 n� 2g. Let P(n; i, j)
be the tree obtained from the path P ¼ v1v2. . .vn�3 by attaching a pendant edge at vi and a pendant path of
length 2 at vj.

Lemma 3.4. Let T 2 TðnÞ \RðnÞ \Bðn; Þ. Then we have

maxfqQðPðn; 2; 3ÞÞ;qQðPðn; 2; n� 5ÞÞg� qQðTÞ;

where the equality holds if and only if T ffi Pðn; 2; 3Þ or T ffi Pðn; 2; n� 5Þ.
Proof. Suppose that T0 2 TðnÞ \RðnÞ \Bðn; Þ is a tree with the maximum distance signless Laplacian
spectral radius. Let d be the diameter of T0, and P ¼ u1u2. . .udþ1 be a path in T0. Then there exist one

pendant path P1 of length p� 1 at some ui and another one pendant path P2 of length q� 2 at another vertex
ujð6¼ uiÞ. We assume without loss of generality that q� p. Now we verify the following three claims. h

Claim 1. p ¼ 1 and q ¼ 2.
Set P1 ¼ uiz1z2. . .zp and P2 ¼ ujw1w2. . .wq. Suppose on the contrary that p� 2. Note that p	 i� 1.

Hence we let T 00 ¼ T0 � zp�1zp þ u1zp. Clearly, T 00 2 TðnÞ \RðnÞ \Bðn; Þ, and by Lemma 3.2,
qQðT 00Þ[ qQðT0Þ. This contradiction shows that p ¼ 1.

Similarly, we can prove that q ¼ 2.
The Claim 1 shows that T0 ffi Pðn; i; jÞ, where 2	i\j	n� 5 and P ¼ u1u2. . .un�3.
Claim 2. i ¼ 2.
Suppose that un�2 and un�1 are respectively the neighbors of ui and uj in T0. Let x be a Perron vector

corresponding to qQðT0Þ. Suppose on the contrary that i� 3. Let U1 ¼ fu1; u2; . . .; ui�1g, U2 ¼
fuiþ1; uiþ2; . . .; un�3; un�1; ung and U3 ¼ fui; un�2g. If

P
vi2U3nfuig

P
vj2U1

ðxvi
þ xvj
Þ2�

P
vi2U3nfuig

P
vj2U2

ðxvi
þ xvj
Þ2,
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then let T 00 ¼ T0 � uiun�2 þ un�1un�2, and otherwise T 00 ¼ T0 � uiun�2 þ ui�1un�2. Thus
T 00 2 TðnÞ \RðnÞ \Bðn; Þ, and by Lemma 3.1, qQðT 00Þ[ qQðT0Þ. This contradicts maximality of T0, and

so i ¼ 2.
The Claim 2 shows that T0 ffi Pðn; 2; jÞ.
Claim 3. T0 ffi Pðn; 2; 3Þ or T0 ffi Pðn; 2; n� 5Þ.
Suppose on the contrary that T0�Pðn; 2; 3Þ and T0�Pðn; 2; n� 5Þ. Then 4	 j	 n� 6. Let

U1 ¼ fu1; u2; . . .; uj�1; un�2g, U2 ¼ fujþ1; ujþ2; . . .; un�3g and U3 ¼ fuj; un�1; ung. IfP
vi2U3nfujg

P
vj2U1

ðxvi
þ xvj
Þ2�

P
vi2U3Þnfujg

P
vj2U2

ðxvi
þ xvj
Þ2, then let T 000 ¼ T0 � ujun�1 þ ujþ1un�1, and otherwise

T 000 ¼ T0 � ujun�1 þ uj�1un�1. Thus T 000 2 TðnÞ \RðnÞ \Bðn; Þ, and by Lemma 3.1, qQðT 000 Þ[ qQðT0Þ. This

contradicts maximality of T0, and so T0 ffi Pðn; 2; 3Þ or T0 ffi Pðn; 2; n� 5Þ. h
Suppose that P ¼ v1v2. . .vs is a path of a graph G and u 2 VðGÞ. Then we let

dGðu;PÞ ¼ minfdGðu; viÞj1	 i	 sg:
Theorem 3.5. Let T 2 TðnÞ \RðnÞ. Then we have

maxfqQðPðn; 2; 3ÞÞ;qQðPðn; 2; n� 5ÞÞg� qQðTÞ;

where the equality holds if and only if T ffi Pðn; 2; 3Þ or T ffi Pðn; 2; n� 5Þ.
Proof. Suppose that T0 2 TðnÞ \RðnÞ is a tree with the maximum distance signless Laplacian spectral
radius. Let A ¼ fw1;w2; . . .;wn3

T0

g be the set of all vertices in T0 which are of degree at least three. It is

obvious that n3
T0
� 2. Let P ¼ u1u2. . .udþ1 be a path, where d is the diameter of T0. Next we distinguish two

cases. h

Case 1. jA \ VðPÞj � 2.

Suppose for a contradiction that A*VðPÞ. Without loss of generality we assume that w‘ 2 A n VðPÞ such

that dT0
ðw‘;PÞ ¼ maxfdT0

ðwi;PÞ j 1	 i	 n3
T0
g. Then there are at least two pendant paths at w‘, say, P1 ¼

w‘z1. . .zp and P2 ¼ w‘v1. . .vq (p� q� 1). Let T 00 ¼ T0 � vq�1vq þ zpvq. Since jA \ VðPÞj � 2, we have
jAnfw‘gj� 2, and so T 00 2 TðnÞ \RðnÞ. By Lemma 3.2, qQðT 00Þ[ qQðT0Þ. This contradicts maximality of

T0, and so A � VðPÞ.
Suppose by a way of contradiction that n3

T0
� 3. Let dT0

ðw1;w2Þ ¼ maxfdT0
ðwp;wqÞ j 1	 p 6¼ q	 n3

T0
g.

Then there are two pendant paths at w1, say, P3 ¼ w1y1. . .ys and P4 ¼ w1f1. . .ft (s� t� 1). Let
T 00 ¼ T0 � ft�1ft þ ysft. Thus T 00 2 TðnÞ \RðnÞ, and by Lemma 3.2, qQðT 00Þ[ qQðT0Þ. This contradicts

maximality of T0, and so n3
T0
¼ 2.

Suppose for a contradiction that dT0
ðw1Þ� 4. Then there exist three pendant paths at w1 in T0, say

P3 ¼ w1y1. . .ys, P4 ¼ w1f1. . .ft and P5 ¼ w1h1. . .hm (s� t�m� 1). Let T 00 ¼ T0 � hm�1hm þ fthm. Thus
T 00 2 TðnÞ \RðnÞ, and by Lemma 3.2, qQðT 00Þ[ qQðT0Þ. This contradicts maximality of T0, and so

dT0
ðw1Þ ¼ 3. Similarly, we can prove dT0

ðw2Þ ¼ 3. Therefore, T0 2 TðnÞ \RðnÞ \Bðn; Þ, and from
Lemma 3.4 we know that the assertion is true.

Case 2. jA \ VðPÞj ¼ 1.

Let A \ VðPÞ ¼ fw1g. Since n3
T0
� 2, AnVðPÞ 6¼£. Suppose on the contrary that n3

T0
� 3. Let w2 2 Anfw1g

such that dT0
ðw1;w2Þ ¼ maxfdT0

ðw1;wjÞ j 2	 j	 n3
T0
g. Then there are two pendant paths at w2, say, P6 ¼

w2a1. . .ar and P7 ¼ w2b1. . .bj (r� j� 1). Let T 000 ¼ T0 � bj�1bj þ arbj. Since jAnfw2gj� 2,
T 000 2 TðnÞ \RðnÞ, and by Lemma 3.2, qQðT 000 Þ[ qQðT0Þ. This contradicts maximality of T0, and so

n3
T0
¼ 2.

By similar argument as Case 1, we can verify that dT0
ðw1Þ ¼ dT0

ðw2Þ ¼ 3, and so
T 2 TðnÞ \RðnÞ \Bðn; Þ. By Lemma 3.4, we know that the assertion is true. h
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