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Abstract In this paper, we will establish a formula that relates the product [ ] ._, ( ool

) to generalized and

homogeneous multiple harmonic sums, this would allow us to derive new identities and congruences. The
congruences considered in this paper are congruences in C, which are also valid in Z, and Z. In order to
prove these congruences, we employ well-known theorems for symmetric functions and harmonic numbers.
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1 Introduction and preliminaries

Let p be a fixed prime. Throughout this paper N, Z,,, Q, Q,, C and C, will respectively, denote the set of
natural numbers, the ring of p-adic integers, the field of rational numbers, the field of p-adic rational

numbers, the field of complex numbers and the completion of the algebraic closure of Q,. We denote v, the

normalized exponential valuation of C, with |[p| = p~™»®) = p~1.

For an ultrametric field (I, |- |) (that is a field endowed with an ultrametric norm see [6, 11]), the
valuation ring of K which is also a maximal subring is defined by

Ok ={xeK: |x|<1} ={xeK:v,(x)>0},
and the maximal ideal of Oy is the set
My = {x € K: |x|<1} = {x € K:v,(x) > 0}.
In particular, we have
Oq, = Z, and Mg, = pZ,,.

The field C, is complete, ultrametric, nonlocally compact, algebraically closed, with an infinite residual
field isomorphic to Fpx = (J,cp Fpr (see [1, 10, 11] for more details), we also have that

IC, | = {Ix[:xeC,} ={p":veQ}=p”and v(C,) = {v,(x) :x€C,} = Q.
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468 W. Kehila

The congruence relation on C,, is defined by
a = b(mod p") if and only if |a — b| <|p|” where v € Q.

The generalized harmonic number of order n of m is defined by

m 1
H(n;m) =) —.
— "
i=1
For (ny,...,n) € N¥ we define the multiple harmonic number of order m by
1
H(ny,...,ngm) = )

1|
1 <ji<jr<<je<mll Ik

and the star multiple harmonic number of order m by

1
H*(nl,...,nk;m) = Z T gt

)
1<ji<jp <~ <je<mll Ik

When n; = ... =mn; these sums are called the homogeneous multiple harmonic numbers and the star
homogeneous multiple harmonic numbers respectively.
Hereinafter, we will consider only the homogeneous case and we fix m = p — 1 for both generalized
harmonic numbers, and (star) multiple harmonic numbers, furthermore we denote
p—1 1

H(n;p—1)=H(n) := Z:: —,

~

(n) . *(n)  _ !
H;7 = Z — and H, " = —.
1<ji<jp<-<je<p-1/1"Jk 1<ji<p < <jp<p—1I1 Jk
Let X,X>,...,X,, be m variables. We define the k-th elementary symmetric function
ex(Xi,.. ., Xm) = Z X, X,

I<ji<p<—-<jkr<m

and k-th power sum symmetric polynomial
m
(X1, X2, Xp) = > XE.
i=1

The elementary symmetric functions can also be characterized by

m m

[T =x0) =Y "(-Dfett.

i=1 =0
When fixing m =p — 1, and X; = ll for an arbitrary nonnegative integer n, we obtain the following

1 1 1 .
ek(laﬁa"'am): > =H,",

- no
1 <jr<pp<-<jp<p-1I1 Ik

1 p-!

1 1
sk(l,g,...,m) = ;in—k:H(nk).

Another interesting symmetric function is the complete homogeneous symmetric polynomial defined by

hk(Xl,XQ,...,Xm) = Z XiIXiz"'Xik'

1<ii<i<--<ig<m

It can also characterized by the following identity of formal power series in ¢
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. m
> Xt = [Ty = I =

k>0 i=1j>0

When fixing m = p — 1 and X; = & we denote

2—W) -

1 1 1 ,

he(1

N 1 :
1<ji <jp<—<je<p—1T1 Tk

The exponential complete Bell polynomials can be defined by means of the following exponential
generating function

v M
exp ijj—' =1+ ZBn(xl, . .,xn);,
j>1 ' n>1 :
where {x1,x2,...} is an arbitrary sequence. The exact expressions of them reads as
| ‘ : ,
n: X1\/! [X2\/2 X\ Jn
Biwi,anyom) = Y (F) (E) (_') ’
j1+2j2+~‘+njn:n-]l ULARRAV/EES : n:

where the summation takes over all nonnegative integers ji,ja,...,j,. This explicit definition implies the
following relation

Bn(axlaa2x21 < '7anxn) = aan(x]aXZa e .,Xn). (1)

They also satisfy various combinatorial and algebraic identities (see for instance [4, 5]).

2 Congruences for binomial coefficients with roots of unity and generalized harmonic numbers

Theorem 1 For all nonnegative integers n € N, we have the following formulas

1 _
en =— B, (s1, —1lsy, 253, —3lsq, ..., (—=1)" l(n = 1)lsy,),
n!

1
hy, z—'Bn(sl, 1157, 2153, ..., (n — 1)lsy).
n!

Proof See [7] (page 507 Proposition 1). Here we provide more details of a proof that can be found in [13]
(page 1021), it uses basic properties of exponentials and logarithms.
From the identity

n n

Z(fl)kektk = H(l — xit),

k=0 i=1

we obtain the following

En:(flyektk = ﬁ(l — x;t) = exp (log(ﬁ 1- x,f))

k=0 i=1 i
(x11)" <xnr>m>
— exp — - e — A —
tm
=exp Z —(m — 1)!sm—'
= m!
o in(—S], —l!Sz7 —2!S3, —3!S4, ceey —(k - l)lsk) l‘k
pr k!
Therefore, using (1) with a = —1, we deduce
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1
e = 7 Bi(st, =152, 2153, =3lss, (=D = 1)),

The second one is proved in a similar manner by exploiting the identity

= 1
thxl,..., * _Hl—xit'

k>0
O
Corollary 1 For all nonnegative integers n € N, the following two formulas hold true
H" :% By(H(n), —1'H(2n),2/H(3n), ..., (= 1)* "' (k — 1)!H (kn)),
*(m) 1

H Bu(H(n), 1IH(2n),21H(3n), . .., (k — 1)1H (kn)).

K

With the aid of Maple, we can produce the following list for the homogeneous multiple harmonic numbers

B = Y < 1), 1 =) (10— 1om), @

HY — % (H(n)® — 3HQn)H(n) + 2H(3n)), 3)

HY = 0 (HO)* — 6H(n)*H(2n) + 8H(3n)H(n) + 3H(2n)" — 6H (). @
HY) = s (Hn)® ~ 10H(n)*H(2n) + 20H(n?H(3n) + 15H(n)H(20)’ (5)

— 30H (4n)H (n) — 20H (3n)H (2n) + 24H(5n)).

For the star homogeneous multiple harmonic numbers one might replace all the minus signs by a plus
sign in the above list.

We establish the following formula valid in every extension K that contains the n-th roots of unity. This
formula is especially true for algebraically closed fields such as C and C,, for all odd primes p.

Theorem 2 Let K be any extension of Q that contains the n-th roots of unity, then for all x € K we have
wx — 1 v
(%)) =2 ©
w'=1 k=

Proof We prove that both the left hand side and the right hand side in the above equation are equal to the
polynomial

(=1 =2")...(x" = (p—1)")
-1 |

Firstly, we show that the left hand side is equal to F,(x). Indeed, if we denote the roots of unity by
{1, w,,...w,}, then the polynomial F,(x) can be written as follows

Fu(x) = H 'Jl—[x ]w)zu ]112;_]%"!

ST = D

p—1
_ (p-1,p-1 h wy'x—j w,'x—j
oo T T T

Since the product of roots 1 - w, - - w, = (—1)"71, and p is an odd prime, then (1w, - -- a),,)p*l =1, and
we get

F,(x) =
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p—1

S I F i b
=@:1)< ()
1%,

-IL(55))

For the second equality one observes that

(=1 =2"...(x"—(p—1)")

Fx) = —
- CEhEE e
= (@ = DG D)
— Z_;(_l)keka,?, (p_l l)n)x”k
=S e

Corollary 2 We have the following identity

p— 1

Proof From the formal power series identity we have

hi (1 " = GV =1l7—=
kZ:O —1) i=1j>0 ! il Sl
and from the previous proof
‘ﬁ 1 ‘ﬁ R 1
I e o o ey
O
Combining Theorem 2 with Corollaries 1, 2 one gets the following.
Corollary 3  With the same conditions of the previous theorem, we have
-1 p-l )
I1(57)) = S
oz \P—1 =0
(8)
(-1 1
— i By(H(n),—1'H(2n),..., (= 1) (k — 1)!H (kn))x"",
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472 W. Kehila

— HX ) Bi(H(n), 1'H(2n),.. ., (k — 1)!H (kn))x*".
I, ( IR X o 7

k>0 k>0

Remark 1 The next sections will be applications of Theorem 2, and Corollaries 2, 3.

2.1 Congruences for [],._, (“;Jﬁl)

Before we proceed further we present two theorems that allow cancellations modulo a power of a prime.

Theorem 3 (Theorem 3 page 559 [2]) For any prime p>5 and a nonnegative integer m such that
p>m+ 3, we have

0 d p?) if m is odd

H(m)E{ (mod p ).1 m.1so )

0 (mod p) if m is even.

A more general result is found in [14].

Theorem 4 Let n and k be two positive integers. Let p be a prime such that p > kn + 3. Then

O — g*o) {0 (mod p?) if kn is odd,

, k 0 (mod p) if kn is even.
Proof An immediate consequence of Theorem 1.6 page 75 [14]. O
wx—1
p—1
€, =1 if nis even and ¢, = 2 if n is odd.

The next result gives congruences for the product [] ._, ( > For convenience we may denote

Corollary 4 We have the following congruences
1. For vy(a) > — 1 and p>n + 3, we have

awp — 1 nv, () +n+¢
| | = 1(mod p™*» R 10
w'=1 < p 1 ) ( P ) ( )

2. For vy(a)> +— 1 and p >2n + 3, we have

awp — 1\ n 2nvp (o) +20+1
H(I,_] >=1—(fxp)H( )(mod p )- (11)

w'=1

3. For vy(a) > %— 1 and p>4n+ 3, we have

1
n

2n
II <°“;”_ g 1) = 1 — (ap)"H(n) —(“”T)H
4. For vp(a) > “—

aop = 1\ _ " (o)™ (op)™ (op)*
wln_[l ( b1 > =1- (op)"H(n) ——=—H(2n) —TH(3n) —TH(4n)

(271) (mod pvap(a)+2n+fn+l). (12)

— 1 and p>5n+3, we have

(mod p2nvp +2n+26n)
In particular, when n>?2, and v,(a) > ° — 1 the last congruence can be further reduced to
-1 2n
H (O((;)p_ 1 > =1_ (Otp)nH(l’l) . (OCI;) H(2n)(m0d p2nvp(ot)+2n+2€"). (14)
w'=1

Proof We prove only (13). From Corollary 3 we have
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Some congruences for generalized... 473

5
H <o<a)p ) Z ¥ (mod pome(x)+6n).
w'=1

k=

In view of equations (2) (3), (4), (5), and cancellation Theorems 3 and 4, we have modulo pz”vﬂ(“)”””ﬁ”,

where n>1, v, (« )>‘" —1l,and p>5n+3

)2n

aop — 1Y _ " (op (op)™
wln_[1< b1 ):1—(ocp) H(n) — > H(2n) —

(ap)*"

H(3n) — H(4n).

3

Moreover, when > 2 and v,(x) > % — 1, as one may observe that 4nvp( o) +4n+1>2nv,(a) + 2n + 2e,
n 4n
and 3nv,(a) +3n + €, > 2nv, (o) + 2n + 2¢,, therefore, the terms %H(%) and %H@n) can be

omitted from (13). ]
3 Congruences with 1-th root of unity
3.1 Extended congruences for H(1)

Proposition 1 For p>11, we have

H(1) = — L H(2)(mod p) (15)
H(1) = —gH(z) —%2H(3) r (4)(mod p°) (16)

Proof From Theorem 2 we obtain
-1
<§_1>:1=1—pH(1) %(H( ) +

Reducing modulo p° and using Theorems 3 or 4 for primes p > 11 gives

P
- EH(Z)(mod p).

p— 1

k:3

pH(1)

Dividing by p congruence (15) yields immediately.
For the second one, we have modulo p’

2 3

pH(1) =2 (H(1)* - H(2) - &

. B (=3H()H(2) +2H(3))

r*
+ GHE )’ = 6H(4))(mod p’).
Dividing by p and rearranging we find
H(l)=-

+§(H(1)2+pH(1) (2) + 4H( )*)(mod p°).

The nonlinear terms can be eliminated by means of the first congruence in next lemma. O
Lemma 1 For p>11, we have
2

H(1)? + pH(1)H(2) +%H(z)2 = 0(mod p*), (17)
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474 W. Kehila

H(1Y + 371’11(1)237(2) + %H(QH@)Z +%3H(2)3 = 0(mod p'2), (18)
H(1)> + pH(1)H(2) + 2%ZH(l)H(:s) +%3H(1)H(4) JF%ZH(z)2 +%3H(2)H(3)
4 4 5 6 (19)
p p 2, P p 2 _ 1
+ZH(2)H(4) + 6H(3) + EH(3)H(4) + EH(4) = 0(mod p'?)

Proof From the previous proposition we have

H(1) +§H(2) = 0(mod p*),

hence, squaring and cubing this congruence we obtain (17) and (18). For the last one we may use a similar
argument and square (16). ]

Theorem 5 For p > 13, we have

H(1) = _%’H@) —‘%ZH(3) _%311(4) _%4;1(5) —%SH(e)(mod p®), (20)
H(1)=— ’%H(k)(mod ). 1)
k=2

Proof Congruencs are proved in quite similar argument, however the expressions involved in the proof are
somewhat cumbersome. We prove only the second one.

Using Maple (we prefer not to give the very long full expressions of Y Hgl), Hél)) and reducing
modulo p'® we obtain

2 3

(H(1)’ = H(2)) =% (H(1)" = 3H(1)H(2) +2H(3))

pH(1) = A

|

~

+ = (—6H(1)*H(2) + 8H(3)H(1) + 3H(2)* — 6H(4))

[ (15H(1)H (2 2)* — 30H(4)H(1) — 20H(3)H(2) + 24H(5))

‘@Lcm .EW

8 k-1

+§ (H(1? + pH(1)H(2) + 2%H(l)H(s) —|—%3H(1)H(4) 2y

p Pt P p >
H(2)H(3) + ZH(Z)H(4) + gH(S) + gH(3)H(4) +—H(4)%)
3p 3p? p’
H(1)' + = S H( )H(2) + TH<1)H(2)2+§H(2)3)~
Hence, the nonlinear terms are eliminated modulo p9. O

By these patterns in Proposition 1 and Theorem 5 we can announce the following Conjecture.

Conjecture 1 Let m be a positive integer, then for a large enough prime we can continue the same
procedure to establish that
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Some congruences for generalized... 475

H(l) = — gLl - H(k)(mod p?™+2).

The following theorem had been discussed by several authors (for instance [8, 9, 12]) and generalized quite
recently in [3], here we refine some of these results as well as giving a new type of congruences.

Theorem 6 For v,(o) >0, we have the following congruences
1. For p>11, we have

(o}cf)_—1]> =1 + (e — D)pH(1)(mod p2vp +5) (22)
(O;f_ 11> —1 - % (o — 1)p*H(2)(mod p**+7). (23)

2. For nonzero o and p > 11, we have

(if__ll) =1 —opH(1) = 2P )ZH(Z) ()’ HE) =2 )4H(4)

(24)
4.2
+ 52 CH() +2H(2)) (mod pe17),
Proof For the first congruence, we have
op — 1 v,
(,, -1 ) = 1= opH(1) + (ap)Hy = (ap) B+ (ap) ' HY) (mod p™+9)
Hence, canceling terms modulo pzvp(“)” using Theorem 4, we have
—1 2
(“p ) =1 — opH(1) — PV H2) (mod pe)+5).
p—1 2
Now, multiplying both sides of the congruence (15) by o?p gives
2 _ o’p? 2vp ()45
ocpH(l):—TH( )(mod p?*(®+3),
Therefore, the first two congruences follows immediately.
For the last congruence, we have
6
( > = Z p)*(mod p”Vr (7).
=0
Canceling modulo p*"»®*+7 we get
op — 1 (p)* 12 (ap)’
) = )+ (HO) — H(2) S (CHR)H() + 2H(3))
4
(ap) _ 3vp(2)+7
+ A (3H(2)* — 6H(4))(mod p**»*+7),
For o # 0, we can rearrange as follows
op — 1 (op)? (op)* (op)*
=1—-opH(1) ———H(2) - H(3) — H(4
(7)) = 1w - ) - k) - PR
oa'p? 1 2, P P’ 3vp (o) +7
I HOP +PHDHE) + P H(2)) (mod p )17,
2 o o 4
and the last congruence yields immediately. This concludes the proof. O
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4 Congruences with second roots of unity
Proposition 2 Let K be a field of characteristic O and p an odd prime. Then for all x € K
x—1\/x+p—1 o] kyr(2) 2k
= —1)"H . 25
(o)) =Ty 25)
Proof This is immediate by Theorem 2, and by noticing that
—x—1\ [(x+p-1
p=1) \p-1)
O
In particular, when setting x := op we find
—1
ap—1\ ((a+1)p—1 S k(2. \%
(=" = e
p—1 p—1 k=0
By Theorem 3 and the above proposition, we deduce the following result.
Proposition 3 [. For p >7, we have
2p—1
(7)) =1 - P o o), (26)
2p—1 r*
=1 —p*H(2) — - H(4)(mod p°). (27)
p—1 2
2. For p>11, we have
2p —1 p*
(7)) =1 )+ () - HE) mod ), (28)
2p —1 p4 6
(72)) =1 - ) + 5 (1P~ 1) = (6 mod ) (29)

5 Congruences with third roots of unity

Proposition 4 Let KK be any extension of Q that contains the 3 rd roots of unity, and p an odd prime, then

for all x € K, we have

-1
(;— 1) (wlx - 1) (a)zx - 1) _ K (1) O,
-1 p—1 p—1 —
where w; = 7121‘\5’ Wy = ’l?ﬁ, and i = v —1.
When substituting x by p, —p, 2p, respectively we obtain the following.

Corollary 5 Each of the following formulas holds true

p_l p_l k=0

(2,, - 1) (—wlp - 1> (-wzp - 1) S

. O,
p—1 p—1 p—1 =
2p— 1\ 2o1p — 1\ [200p — 1 &2
(om0 ) = oeneap
P P P —

With the help of (31) and Theorem 3 we obtain the following.
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Corollary 6 1. For p> 11, we have

wll’—l (,02[)—1 _ 3 .
(p—l)(p_1>—1 p H(3)(mod p’). (34)
2. For p>13, we have
op—1\ (wp—1 s P 0
=1=pHE) =75 H : 35
(P—1>(p—1> p°H(3) —— H(6)(mod p™) (35)
3. For p>17, we have
@1p — 1\ (oop =1 3 pe 2 P’ 12
-7 2 - -3 : 36
<P1 )<p1) L= p’H(3) +75 (H(3)" — H(6)) — 5 H(9)(mod p'?) (36)

-1
6 Congruences for ] ,._, (“;f’:l)

-1
We conclude this paper by remarking that in order to get congruences for [[,._, (“‘p’”i ]1> one may just
replace H; (n) by H, *™ or the minus signs by plus ones whenever necessary as in these examples.

Corollary 7 We have the following congruences
1. For vy(a) > — 1 and p>n+ 3, we have

1

- 0= 1(m0d pnvP(o")"Fn"'En). (37)
Hw":l (mpUI:Il>
2. For vy(2) > 1 — 1 and p>2n+3, we have
1
I | + (ap)n ( )(mOd pZan )+2n+l). 38
awp—1 ( )
Hw":l p—1
3. For vy(a) > %— 1 and p >4n + 3, we have
1 2n
— = 1+ (ocp)"H(n) + (OCP) (Zn)(mod pZan )+2n+e“+l). (39)
H <xwp 1> 2
w'=1 p—1
4. For v,(a) > 6”—— 1 and p>5n+ 3, we have
1 2n 3n 4n
= 1 (o) H () + (“’;) H(n) + (“’;) H(n) + %H(M)
T (7)) (40)
(mod p2nvp(a)+2n+2€n).
In particular, when n > 2, and vp(oc) > % — 1 the last congruence can be further reduced to
1 n (ap>2n 2nvp (o) +2n+2¢
————~ =1+ (p)"H(n) + ——H(2n)(mod p™ "). (41)
H (ocwp 1) 2
w'=1 p—1
Proof Similar to the proof of Corollary 4. O
Corollary 8 1. For p >, we have
L 14 pH(2)(mod p*)
<2p71) = TP ’ (42)
p—1
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I 2H(2 p* 4 d p°
7(2;:1]) =1+ p°H( )JFEH( )(mod p°). (43)
2. For p > 11, we have
4
(2,;_1]) =14 pPH(2) + 2 (H(2) + H(4))(mod p), (44)
4 6
<2,>111> =1+ p*H(2) + 2 (H2)? + H4) + 2 H(6) (mod p). (45)
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