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Abstract For an arbitrary entire function f(z) let Mðf ; rÞ ¼ maxjzj¼rjf ðzÞj; ðr [ 0Þ and kfk ¼ maxjzj¼1jf ðzÞj.
For a polynomial pðzÞ ¼ a0 þ

Pn
j¼t ajz

j; ð1� t� nÞ, of degree n having no zeros in jzj\k; ðk� 1Þ, with

m ¼ minjzj¼kjpðzÞj, it is known that for R� 1

Mðp;RÞ� Rn þ kt

1þ kt
kpk � Rn � 1

1þ kt
m� n

1þ kt

ðkpk � mÞ2 � ð1þ ktÞ2janj2

ðkpk � mÞ

 !

� ðR� 1Þðkpk � mÞ
ðkpk � mÞ þ ð1þ ktÞjanj

� ln 1þ ðR� 1Þðkpk � mÞ
ðkpk � mÞ þ ð1þ ktÞjanj

� �� �

and we have obtained for R� 1 and 1� s� n

Mðpðs�1Þ;RÞ� Rn�sþ1 � 1

n� s� 1
:
nðn� 1Þ. . .ðn� s� 1Þ

1þ kt
ðkpk � mÞ

� nðn� 1Þ. . .ðn� s� 1Þ
1þ kt

ðkpk � mÞ2 � ð1þ ktÞ2janj2

kpk � m

 !

� ðR� 1Þðkpk � mÞ
ðkpk � mÞ þ ð1þ ktÞjanj

� ln 1þ ðR� 1Þðkpk � mÞ
ðkpk � mÞ þ ð1þ ktÞjanj

� �� �

þ kpðs�1Þk;

thereby suggesting a generalization of Ankeny and Rivlin’s result

MðP;RÞ� 1þ Rn

2
; PðzÞ : a polynomial of degree n having no zeros in jzj\1; with kpk ¼ 1ð Þ

to ðs� 1Þst
derivative of a polynomial, as well as generalization of known result to ðs� 1Þst

derivative of a
polynomial. Certin associated results have also been discussed.

Keywords Ankeny and Rivlin’s result � ðs� 1Þst
derivative of a polynomial � Generalization �

No zeros in jzj\k; ðk� 1Þ

123

Communicated by Gadadhar Misra.

V. K. Jain
Mathematics Department, I.I.T. Kharagpur, Kharagpur 721302, India

V. K. Jain (&)
G-402, Sumadhura Madhuram, ECC Road, Whitefield, Bangalore 560066, India
E-mail: vinayjain.kgp@gmail.com

Indian J Pure Appl Math (2021) 52:479–485
https://doi.org/10.1007/s13226-021-00049-0



AMS Subject Classification Primary 30C10 � Secondary 30A10

1 Introduction and statement of results

For an arbitrary entire function f(z), let Mðf ; rÞ ¼ maxjzj¼r jf ðzÞj; ðr [ 0Þ and kfk ¼ maxjzj¼1 jf ðzÞj. For a
polynomial p(z) of degree n, with kpk ¼ 1, following is a simple consequence [7, Part III, Chapter 6,
Problem no. 269] of maximum modulus principle:

Mðp;RÞ�Rn;R� 1: ð1:1Þ

For polynomial not vanishing in jzj\1, Ankeny and Rivlin [1] obtained the following refinement of (1.1).

Theorem A If p(z) is a polynomial of degree n such that ½max jpðzÞj; jzj ¼ 1� ¼ 1 and p(z) has no zeros
within the unit circle then

½max jpðzÞj; jzj ¼ R [ 1� � 1þ Rn

2
; ð1:2Þ

with equality only for pðzÞ ¼ kþlzn

2
where jkj ¼ jlj ¼ 1.

Govil [5] obtained the following interesting refinement of Theorem A.

Theorem B If pðzÞ ¼
Pn

j¼0 ajz
j is a polynomial of degree n and pðzÞ 6¼ 0 in jzj\1 then for R� 1

Mðp;RÞ� Rn þ 1

2

� �

kpk � n

2

kpk2 � 4janj2

kpk

 !

� ðR� 1Þkpk
kpk þ 2janj

� ln 1þ ðR� 1Þkpk
kpk þ 2janj

� �� �

:

The above inequality becomes equality for the polynomial pðzÞ ¼ kþ lzn, where jkj ¼ jlj.
Using minjzj¼1 jpðzÞj with hypothesis of Theorem B, Dewan and Bhat [2] obtained the following result
similar to Theorem B.

Theorem C Let pðzÞ ¼
Pn

j¼0 ajz
j be a polynomial of degree n, having no zeros in jzj\1. Further let

m ¼ minjzj¼1 jpðzÞj. Then for R� 1

Mðp;RÞ� Rn þ 1

2

� �

kpk � Rn � 1

2

� �

m� n

2

ðkpk � mÞ2 � 4janj2

ðkpk � mÞ

 !

� ðR� 1Þðkpk � mÞ
ðkpk � mÞ þ 2janj

� ln 1þ ðR� 1Þðkpk � mÞ
ðkpk � mÞ þ 2janj

� �� �

:

The result is best possible and equality holds for the polynomial pðzÞ ¼ kþ lzn, where jkj ¼ jlj.
Gardner et al. [3] obtained the following generalization of Theorem C.

Theorem D If pðzÞ ¼ a0 þ
Pn

j¼t ajz
j; 1� t� n is a polynomial of degree n and pðzÞ 6¼ 0 in jzj\K;K� 1,

then for R� 1,

Mðp;RÞ� Rn þ Kt

1þ Kt

� �

kpk � Rn � 1

1þ Kt

� �

m� n

1þ Kt

ðkpk � mÞ2 � ð1þ KtÞ2janj2

ðkpk � mÞ

 !

� ðR� 1Þðkpk � mÞ
ðkpk � mÞ þ ð1þ KtÞjanj

� ln 1þ ðR� 1Þðkpk � mÞ
ðkpk � mÞ þ ð1þ KtÞjanj

� �� �

;

ð1:3Þ

where m ¼ minjzj¼k jpðzÞj.
In this paper we have proved

Theorem 1 Let pðzÞ ¼ a0 þ
Pn

j¼t ajz
j; ð1� t� nÞ, be a polynomial of degree n, having no zeros in

jzj\k; k� 1. Further let m ¼ minjzj¼k jpðzÞj. Then for 1� s� n and R� 1
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Mðpðs�1Þ;RÞ� Rn�sþ1 � 1

n� s� 1
:
nðn� 1Þ. . .ðn� s� 1Þ

1þ kt
ðkpk � mÞ

� nðn� 1Þ. . .ðn� s� 1Þ
1þ kt

ðkpk � mÞ2 � ð1þ ktÞ2janj2

kpk � m

 !

� ðR� 1Þðkpk � mÞ
ðkpk � mÞ þ ð1þ ktÞjanj

� ln 1þ ðR� 1Þðkpk � mÞ
ðkpk � mÞ þ ð1þ ktÞjanj

� �� �

þ kpðs�1Þk;

ð1:4Þ

thereby obtaining, (on using ðkpk � mÞ2 � ð1þ ktÞ2janj2� 0, (by Lemma 6) and lnð1þ xÞ� x; x� 0)

Corollary 1 Let pðzÞ ¼ a0 þ
Pn

j¼t ajz
j; ð1� t� nÞ, be a polynomial of degree n, having no zeros in

jzj\k; k� 1. Further let m ¼ minjzj¼k jpðzÞj. Then for 1� s� n and R� 1

Mðpðs�1Þ;RÞ� Rn�sþ1 � 1

n� s� 1
:
nðn� 1Þ. . .ðn� s� 1Þ

1þ kt
ðkpk � mÞ þ kpðs�1Þk;

which, for k ¼ 1, implies

Mðpðs�1Þ;RÞ� Rn�sþ1 � 1

n� s� 1
:
nðn� 1Þ. . .ðn� s� 1Þ

2
kpk þ kpðs�1Þk; ð1:5Þ

a generalization of Ankeny and Rivlin’s result (i.e. Theorem A) to ðs� 1Þst
derivative of a polynomial, (as

for s ¼ 1, with pð0ÞðzÞ ¼ pðzÞ and kpk ¼ 1, ineq. (1.5) is ineq. (1.2)). Further Theorem 1 is a generalization

of Theorem D to ðs� 1Þst
derivative of a polynomial, (as for s ¼ 1, with pð0ÞðzÞ ¼ pðzÞ, ineq. (1.4) is

ineq. (1.3)).

Remark 1 Corollary 1 is a generalization of the result [3, Corollary] due to Gardner et al..

Similar to Theorem 1 we have obtained

Theorem 2 Let pðzÞ ¼ a0 þ
Pn

j¼t ajz
j; ð1� t� nÞ, be a polynomial of degree n, having no zeros in

jzj\k; k� 1. Further let m ¼ minjzj¼k jpðzÞj and

csðja0jÞ ¼
ktþ1

jat j
ja0 j

t
n:

t�1
n�1

... t�s�1

n�s�1
kt�1þ1

jat j
ja0 j

t
n:

t�1
n�1

... t�s�1

n�s�1
ktþ1þ1

; s\t;

ksþ1
jas j
ja0 j

s
n:

s�1
n�1

...s�s�1

n�s�1
ks�1þ1

jas j
ja0 j

s
n:

s�1
n�1

...s�s�1

n�s�1
ksþ1þ1

; s� t;

8
>>><

>>>:

; 1� s� n:

Then for R� 1

Mðpðs�1Þ;RÞ� Rn�sþ1 � 1

n� s� 1
:
nðn� 1Þ. . .ðn� s� 1Þ

1þ csðja0j � mÞ ðkpk � mÞ

� nðn� 1Þ. . .ðn� s� 1Þ
1þ csðja0j � mÞ

ðkpk � mÞ2 � ð1þ csðja0j � mÞÞ2janj2

kpk � m

 !

� ðR� 1Þðkpk � mÞ
ðkpk � mÞ þ ð1þ csðja0j � mÞÞjanj

�

� ln 1þ ðR� 1Þðkpk � mÞ
ðkpk � mÞ þ ð1þ csðja0j � mÞÞjanj

� ��

þ kpðs�1Þk;

where csðja0j � mÞ is obtained from csðja0jÞ, on replacing ja0j by ja0j � m.

Theorem 3 Let pðzÞ ¼ a0 þ
Pn

j¼t ajz
j; ð1� t� nÞ, be a polynomial of degree n, having no zeros in

jzj\k; k� 1. Further let m ¼ minjzj¼k jpðzÞj. Then for 1� s� n and R� 1
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Mðpðs�1Þ;RÞ� Rn�sþ1 � 1

n� s� 1
:
nðn� 1Þ. . .ðn� s� 1Þ

1þ ks
ðkpk � mÞ

� nðn� 1Þ. . .ðn� s� 1Þ
1þ ks

ðkpk � mÞ2 � ð1þ ksÞ2janj2

kpk � m

 !

� ðR� 1Þðkpk � mÞ
ðkpk � mÞ þ ð1þ ksÞjanj

� ln 1þ ðR� 1Þðkpk � mÞ
ðkpk � mÞ þ ð1þ ksÞjanj

� �� �

þ kpðs�1Þk:

Further as Corollary 1 was obtained from Theorem 1 by using Lemma 6, one can similarly obtain from
Theorem 2, by using Lemma 7 (ineq. (2.11)),

Corollary 2 Let pðzÞ ¼ a0 þ
Pn

j¼t ajz
j; ð1� t� nÞ, be a polynomial of degree n, having no zeros in

jzj\k; k� 1. Further let m ¼ minjzj¼k jpðzÞj. Then for 1� s� n and R� 1

Mðpðs�1Þ;RÞ� Rn�sþ1 � 1

n� s� 1
:
nðn� 1Þ. . .ðn� s� 1Þ

1þ csðja0j � mÞ ðkpk � mÞ þ kpðs�1Þk;

where csðja0j � mÞ is obtained from csðja0jÞ, (in Theorem 2), on replacing ja0j by ja0j � m,

and obtain from Theorem 3, by using Lemma 7 (ineq. (2.12)),

Corollary 3 Let pðzÞ ¼ a0 þ
Pn

j¼t ajz
j; ð1� t� nÞ, be a polynomial of degree n, having no zeros in

jzj\k; k� 1. Further let m ¼ minjzj¼k jpðzÞj. Then for 1� s� n and R� 1

Mðpðs�1Þ;RÞ� Rn�sþ1 � 1

n� s� 1
:
nðn� 1Þ. . .ðn� s� 1Þ

1þ ks
ðkpk � mÞ þ kpðs�1Þk:

Remark 2 Due to obvious relationship between csðja0j � mÞ and kt, as suggested by ineq. (2.5), ineq. (2.7),
ineq. (2.8) and ineq. (2.9) of Lemma 5, we can say that Corollary 2 is a refinement of Corollary 1. Further
Corollary 2 is a generalization of the result due to Gardner et al. [4, Corollary 2].

2 Lemmas

For the proofs of the theorems we require the following lemmas.

Lemma 1 If pðzÞ ¼
Pn

j¼0 ajz
j is a polynomial of degree n then for jzj ¼ Rð� 1Þ

jpðzÞj � kpk þ Rjanj
Rkpk þ janj

� �

kpkRn:

This lemma is due to Rahman [8, Lemma 2].

From Lemma 1 one immediately gets (see Govil [5, Lemma 3])

Lemma 2 If pðzÞ ¼
Pn

j¼0 ajz
j is a polynomial of degree n then for jzj ¼ Rð� 1Þ

jpðzÞj �Rn 1� ðkpk � janjÞðR� 1Þ
ðRkpk þ janjÞ

� �

kpk:

Lemma 3 Let pðzÞ ¼
Pn

j¼0 ajz
j be a polynomial of degree n. Then for 1� s� n and R� 1

1� ðx� ðnðn� 1Þ. . .ðn� s� 1ÞÞjanjÞðR� 1Þ
ðRxþ ðnðn� 1Þ. . .ðn� s� 1ÞÞjanjÞ

� �

x

is an increasing function of x, for x [ 0.

Proof of Lemma 3 It follows by the derivative test.

123
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Lemma 4 Let pðzÞ ¼ a0 þ
Pn

j¼t ajz
j; ð1� t� nÞ, be a polynomial of degree n having no zeros in

jzj\k; ðk� 1Þ, with m ¼ minjzj¼k jpðzÞj. Then for 1� s� n

max
jzj¼1
jpðsÞðzÞj � nðn� 1Þ. . .ðn� sþ 1Þ inf

jkj\1

maxjzj¼1 jpðzÞj � jkjm
1þ csðja0j � jkjmÞ

� �

; ð2:1Þ

inf
jkj\1

maxjzj¼1 jpðzÞj � jkjm
1þ csðja0j � jkjmÞ

�
maxjzj¼1 jpðzÞj � m

1þ csðja0j � mÞ ; ð2:2Þ

csðja0j � mÞ� ks; s� t; ð2:3Þ

and

csðja0j � mÞ� kt; s\t; ð2:4Þ

where csðja0j � jkjmÞ and csðja0j � mÞ are obtained from csðja0jÞ, (in Theorem 2), on replacing ja0j by
ðja0j � jkjmÞ and ðja0j � mÞ respectively.

This lemma is due to Jain [6, Theorem and Remark 2].

Lemma 5 Let pðzÞ ¼ a0 þ
Pn

j¼t ajz
j; ð1� t� nÞ, be a polynomial of degree n having no zeros in

jzj\k; ðk� 1Þ. Further let m ¼ minjzj¼k jpðzÞj. Then for t� s� n

kpðsÞk� nðn� 1Þ. . .ðn� s� 1Þ
1þ csðja0j � mÞ ðkpk � mÞ; ð2:5Þ

� nðn� 1Þ. . .ðn� s� 1Þ
1þ ks

ðkpk � mÞ; ð2:6Þ

� nðn� 1Þ. . .ðn� s� 1Þ
1þ kt

ðkpk � mÞ ð2:7Þ

and for 1� s\t

kpðsÞk� nðn� 1Þ. . .ðn� s� 1Þ
1þ csðja0j � mÞ ðkpk � mÞ; ð2:8Þ

� nðn� 1Þ. . .ðn� s� 1Þ
1þ kt

ðkpk � mÞ; ð2:9Þ

� nðn� 1Þ. . .ðn� s� 1Þ
1þ ks

ðkpk � mÞ; ð2:10Þ

where csðja0j � mÞ is obtained from csðja0jÞ, (in Theorem 2), on replacing ja0j by ðja0j � mÞ.
Proof of Lemma 5 Ineq. (2.5) and ineq. (2.8) follow from ineq. (2.1) and ineq. (2.2) of Lemma 4.
Ineq. (2.6) follows from ineq. (2.5) by using ineq. (2.3) of Lemma 4 and then ineq.(2.7) follows trivially.
Similarly ineq. (2.9) follows from ineq. (2.8) by using ineq. (2.4) of Lemma 4 and then ineq. (2.10) follows
trivially. This completes the proof of Lemma 5. h

Lemma 6 Let pðzÞ ¼ a0 þ
Pn

j¼t ajz
j; ð1� t� nÞ, be a polynomial of degree n having no zeros in

jzj\k; ðk� 1Þ. Further let m ¼ minjzj¼k jpðzÞj. Then

janj �
1

1þ kt
ðkpk � mÞ:

This lemma is due to Gardner et al. [3, Lemma 5].

Lemma 7 Let pðzÞ ¼ a0 þ
Pn

j¼t ajz
j; ð1� t� nÞ, be a polynomial of degree n having no zeros in

jzj\k; ðk� 1Þ. Further let m ¼ minjzj¼k jpðzÞj and s, an integer with 1� s� n. Then
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janj �
1

1þ csðja0j � mÞ ðkpk � mÞ; ð2:11Þ

� 1

1þ ks
ðkpk � mÞ; ð2:12Þ

where csðja0j � mÞ is obtained from csðja0jÞ, (in Theorem 2), on replacing ja0j by ðja0j � mÞ.
Proof of Lemma 7 Well

pðsÞðzÞ ¼ . . .þ anðnðn� 1Þ. . .ðn� s� 1ÞÞzn�s:

Now on applying Cauchy’s inequality to psÞðzÞ we get

nðn� 1Þ. . .ðn� s� 1Þjanj � kpðsÞk;

which, on using Lemma 5 (ineq. (2.5) and (2.8)), leads to (2.11). Ineq. (2.12) follows from (2.11) due to an
obvious relationship between csðja0j � mÞ and ks, as suggested by ineq. (2.5) and ineq. (2.6) & ineq. (2.8)
and ineq. (2.10) of Lemma 5. h

3 Proofs of the theorems

Proof of Theorem 1 We have for 0� h� 2p

pðs�1ÞðReihÞ � pðs�1ÞðeihÞ ¼
Z

L

pðsÞðzÞdz; L : z ¼ reih; 1� r�R;

which implies

jpðs�1ÞðReihÞ � pðs�1ÞðeihÞj �
Z R

1

jpðsÞðreihÞjdr: ð3:1Þ

Now by applying Lemma 2 to pðsÞðzÞ, which is a polynomial of degree ðn� sÞ, we get from inequality (3.1),
for 0� h� 2p

jpðs�1ÞðReihÞ � pðs�1ÞðeihÞj

�
Z R

1

rn�s 1� ðkp
ðsÞk � ðnðn� 1Þ. . .ðn� s� 1ÞÞjanjÞðr � 1Þ
ðrkpðsÞk þ ðnðn� 1Þ. . .ðn� s� 1ÞÞjanjÞ

� �

kpðsÞkdr:
ð3:2Þ

By Lemma 3 the integrand in (3.2) is an increasing function of kpðsÞk. Therefore on applying Lemma 5
(ineq. (2.7) and (2.9)) to (3.2) we get for 0� h� 2p

jpðs�1ÞðReihÞ � pðs�1ÞðeihÞj

�
Z R

1

rn�s 1�
ðnðn�1Þ...ðn�s�1ÞÞ

1þkt ðkpk � mÞ � ðnðn� 1Þ. . .ðn� s� 1ÞÞjanj
� �

ðr � 1Þ

r ðnðn�1Þ...ðn�s�1ÞÞ
1þkt ðkpk � mÞ þ ðnðn� 1Þ. . .ðn� s� 1ÞÞjanj

� �

0

@

1

A

8
<

:

� ðnðn� 1Þ. . .ðn� s� 1ÞÞ
1þ kt

ðkpk � mÞ
�

dr;

¼ nðn� 1Þ. . .ðn� s� 1Þ
1þ kt

ðkpk � mÞ
Z R

1

rn�sdr

� nðn� 1Þ. . .ðn� s� 1Þ
1þ kt

ðkpk � mÞ � ð1þ ktÞjanjð Þ
Z R

1

rn�sðr � 1Þðkpk � mÞ
rðkpk � mÞ þ ð1þ ktÞjanj

dr:

ð3:3Þ

Since by Lemma 6, ðkpk � mÞ � ð1þ ktÞjanj � 0, we get from inequality (3.3), for 0� h� 2p
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jpðs�1ÞðReihÞ � pðs�1ÞðeihÞj � nðn� 1Þ. . .ðn� s� 1Þ
1þ kt

ðkpk � mÞR
n�sþ1 � 1

n� sþ 1

� nðn� 1Þ. . .ðn� s� 1Þ
1þ kt

ððkpk � mÞ � ð1þ ktÞjanjÞ

�
Z R

1

ðr � 1Þðkpk � mÞ
rðkpk � mÞ þ ð1þ ktÞjanj

dr;

¼Rn�sþ1 � 1

n� sþ 1

nðn� 1Þ. . .ðn� s� 1Þ
1þ kt

ðkpk � mÞ

� nðn� 1Þ. . .ðn� s� 1Þ
1þ kt

ðkpk � mÞ2 � ð1þ ktÞ2janj2

kpk � m

 !

� ðR� 1Þðkpk � mÞ
ðkpk � mÞ þ ð1þ ktÞjanj

��

� ln 1þ ðR� 1Þðkpk � mÞ
ðkpk � mÞ þ ð1þ ktÞjanj

� ��

and Theorem 1 follows.

Proof of Theorem 2 It is similar to Proof of Theorem 1 with two changes:

(i) Lemma 5 (ineq. (2.5) and (2.8)) instead of Lemma 5 (ineq. (2.7) and (2.9)),
(ii) Lemma 7 (ineq. (2.11)) instead of Lemma 6.

h

Proof of Theorem 3 It is similar to Proof of Theorem 1 with two changes:

(i) Lemma 5 (ineq. (2.6) and (2.10)) instead of Lemma 5 (ineq. (2.7) and (2.9)),
(ii) Lemma 7 (ineq. (2.12)) instead of Lemma 6.

h
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