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Abstract For an arbitrary entire function f(z) let M(f, r) = max,,|f(z)|, (r > 0) and ||f|| = max,_|f(z)].
For a polynomial p(z) = ap + >, a7, (1 <t<n), of degree n having no zeros in |z| <k, (k> 1), with
m = minj;—|p(z)], it is known that for R> 1
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thereby suggesting a generalization of Ankeny and Rivlin’s result

1+ R"
M(P,R) < +2 , (P(z) : a polynomial of degree n having no zeros in |z] <1, with |p|]| = 1)

to (s — 1)* derivative of a polynomial, as well as generalization of known result to (s — 1)" derivative of a
polynomial. Certin associated results have also been discussed.
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1 Introduction and statement of results

For an arbitrary entire function f(z), let M(f,r) = max_, |f(z)], (r > 0) and ||f|| = max,_; |f(z)|. For a
polynomial p(z) of degree n, with ||p|| = 1, following is a simple consequence [7, Part III, Chapter 6,
Problem no. 269] of maximum modulus principle:

M(p,R) <R".R>1. (1.1)
For polynomial not vanishing in |z| < 1, Ankeny and Rivlin [1] obtained the following refinement of (1.1).

Theorem A If p(z) is a polynomial of degree n such that [max |p(z)|,|z| = 1] = 1 and p(z) has no zeros
within the unit circle then

14+ R
[max |p(z)]; [z] = R > 1] < ——, (1.2)

with equality only for p(z) = H”” where |1 = |u| = 1.

Govil [5] obtained the following interesting refinement of Theorem A.

Theorem B [f p(z) = Zjn:o a;Z is a polynomial of degree n and p(z) # 0 in |z] <1 then for R>1

R Dl — 4o
M@@s( )nn (‘7@?‘)
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The above inequality becomes equality for the polynomial p(z) = /. + uz", where || = |y|.

Using minp,_; |[p(z)| with hypothesis of Theorem B, Dewan and Bhat [2] obtained the following result
similar to Theorem B.

Theorem C Let p(z) = Z ' @@ be a polynomial of degree n, having no zeros in |z| <1. Further let
m = miny,— |p(z)|. Then for R>1

M@J@§<”;4>WH_(W;ﬂ)m_g<amtﬁﬁi;T%F>
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The result is best possible and equality holds for the polynomial p(z) = 1 + uz", where |1 = |u|.

Gardner et al. [3] obtained the following generalization of Theorem C.

Theorem D I p(z) = ap + Z};I a;j7,1 <t<nis a polynomial of degree n and p(z) # 0 in |z| <K,K > 1,
then for R> 1,

R+ K' 1 n(lpll = m)? = (1 +K")’|a [’
M(P,R)§(1+K,>| | - ( +K,>m—1+Kt< (Ilpl[ = m) )

R—-D(lpll —m) (R = D(llpll = m)
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where m = min;— |p(z)|.

(1.3)

In this paper we have proved

Theorem 1 Let p(z) = ag +ZJ a7, (1<t<n), be a polynomial of degree n, having no zeros in
|z| <k,k>1. Further let m = miny,_ |p(z)|. Then for 1 <s<n and R>1
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R —1 nn—1)...(n—s—1)
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thereby obtaining, (on using (||p|| — m)* — (1 +k')*|a,|* >0, (by Lemma 6) and In(1 + x) <x,x>0)

Corollary 1 Let p(z) = ag + ZJ”:, aiZ, (1 <t<n), be a polynomial of degree n, having no zeros in
|z| <k,k>1. Further let m = miny— |p(z)|. Then for 1 <s<n and R>1

, R —1 n(n—1)...n—s5—1)
MUY R) < ———.
(P ’ )_ n—s—1 14k

(Ilpll = m) + (I,

which, for k = 1, implies

n—s+1 _ _ _e_1

M(p(“”,R)SR l.n(n ... .n—s-1)
n—s—1 2

a generalization of Ankeny and Rivlin’s result (i.e. Theorem A) to (s — 1) derivative of a polynomial, (as

for s = 1, with p(O(z) = p(z) and ||p|| = 1, ineq. (1.5) is ineq. (1.2)). Further Theorem 1 is a generalization

of Theorem D to (s — 1)* derivative of a polynomial, (as for s = 1, with p(¥)(z) = p(z), ineq. (1.4) is
ineq. (1.3)).

lpll + 111, (1.5)

Remark 1 Corollary 1 is a generalization of the result [3, Corollary] due to Gardner et al..
Similar to Theorem 1 we have obtained

Theorem 2 Let p(z) = ap+ Z;L:, a7, (1<t<n), be a polynomial of degree n, having no zeros in
|z| <k,k> 1. Further let m = min,_ |p(z)| and

JiH L Tl <t
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sos1 >t
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(R = 1)(|lp]l — m)
* {<

Pl = m) + (1 +75(lao] — m))lan|
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1 <1 Tl = m) + (1 + 2yl - m))an|> }
+ P,

where y(|ag| — m) is obtained from y(|ao|), on replacing |ao| by |ao| — m.

Theorem 3 Let p(z) = ao+ Z;:l aiZ,(1<t<n), be a polynomial of degree n, having no zeros in
|z| <k,k > 1. Further let m = min,—; |p(z)|. Then for 1 <s<n and R>1
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Further as Corollary 1 was obtained from Theorem 1 by using Lemma 6, one can similarly obtain from
Theorem 2, by using Lemma 7 (ineq. (2.11)),

Corollary 2 Let p(z) = ap + Z;l:l aiZ,(1<t<n), be a polynomial of degree n, having no zeros in
|z| <k,k>1. Further let m = miny_ |p(z)|. Then for 1 <s<n and R>1

R — 1 nn—1)...(n—s—1)

M(p©Y R)< .
R < = T T ao = m)

(Ilpll = m) + (I~

where y(|ag| — m) is obtained from y,(|a|), (in Theorem 2), on replacing |ag| by |ag| — m,
and obtain from Theorem 3, by using Lemma 7 (ineq. (2.12)),

Corollary 3 Let p(z) = ap + Z;lzl aiZ, (1 <t<n), be a polynomial of degree n, having no zeros in
|z| <k,k>1. Further let m = miny_ |p(z)|. Then for 1 <s<n and R>1

R — 1 nn—1)...n—s—1)
n—s—1~ I +k
Remark 2 Due to obvious relationship between y,(|ag| — m) and &', as suggested by ineq. (2.5), ineq. (2.7),

ineq. (2.8) and ineq. (2.9) of Lemma 5, we can say that Corollary 2 is a refinement of Corollary 1. Further
Corollary 2 is a generalization of the result due to Gardner et al. [4, Corollary 2].

M(p“ Y. R) < (Ilpll = m) + [[p¢~ V1.

2 Lemmas

For the proofs of the theorems we require the following lemmas.

Lemma 1 Ifp(z) = >."_,a is a polynomial of degree n then for |z| = R(>1)

]
Pl + Rla
p()| < (7 Bra
RIpl & Ja]

This lemma is due to Rahman [8, Lemma 2].
From Lemma 1 one immediately gets (see Govil [5, Lemma 3])

Lemma 2 Ifp(z) =, a;7 is a polynomial of degree n then for |z = R(>1)

(ol = laD®R 1)
Pl <R (1 G )”””'

Lemma 3 Let p(z) = Z;;O a;jZ be a polynomial of degree n. Then for 1 <s<n and R>1

(1 C=(mm—1).. (n—s— 1))ﬂ|)(R — 1)>x
(Rx+ (n(n—1)...(n—s—1))|an|)

is an increasing function of x, for x > 0.

Proof of Lemma 3 1t follows by the derivative test.
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Lemma 4 Let p(z) =ap+ Z;':t ajzj ,(1<t<n), be a polynomial of degree n having no zeros in
|z| <k, (k> 1), with m = min,_ |p(z)|. Then for 1 <s<n

- — |Alm
(s) < 1 _ { . max|;=1 |p(Z)| | }
max Z2)| <n(n ... (n—s+1)¢ inf , 2.1
ma P (2)| <n( )--( ) T (a0l — i) (2.1)
max - [p(z)| — [Alm _ maxp— |p(z)| —m

in < ) (2.2)

i<t 14 7y,(lao| — |4|m) 1+ y,(lao| —m)
y.(Jag] —m) > k* s> 1, (2.3)

and

y(lao] —m) > k', s<t, (2.4)

where vy (|ao| — |Alm) and y,(lag| — m) are obtained from v,(|ag|), (in Theorem 2), on replacing |ag| by
(lao| — |A|m) and (Jag| — m) respectively.

This lemma is due to Jain [6, Theorem and Remark 2].

Lemma 5 Let p(z) =ao+ Z;':, a7, (1<t<n), be a polynomial of degree n having no zeros in
|z| <k, (k> 1). Further let m = miny_ |p(z)|. Then for t <s<n

) nn—1)...(n—s—1) o

)< M ) ), 25)
<MD= D (), 26)
S @7)

and for 1<s<t

(n—1)...(n—s—1)

I < 2 ), 28)
e ! 29)
<M= D 2= ) - m), (2.10)

where y,(|ag| — m) is obtained from y,(|a|), (in Theorem 2), on replacing |ag| by (|ag| — m).

Proof of Lemma 5 1Ineq. (2.5) and ineq. (2.8) follow from ineq. (2.1) and ineq. (2.2) of Lemma 4.
Ineq. (2.6) follows from ineq. (2.5) by using ineq. (2.3) of Lemma 4 and then ineq.(2.7) follows trivially.
Similarly ineq. (2.9) follows from ineq. (2.8) by using ineq. (2.4) of Lemma 4 and then ineq. (2.10) follows
trivially. This completes the proof of Lemma 5. U

Lemma 6 Ler p(z) =ao + Z;’:t ai7,(1<t<n), be a polynomial of degree n having no zeros in
|z| <k, (k>1). Further let m = miny,_ |p(z)|. Then

1
aal < 5= (Il = m).

This lemma is due to Gardner et al. [3, Lemma 5].

Lemma 7 Let p(z) =ao + Z}’:t ai?,(1<t<n), be a polynomial of degree n having no zeros in
|z| <k, (k> 1). Further let m = miny_ |p(z)| and s, an integer with 1 <s <n. Then
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< el = m), (212)

where 7 (|ag| — m) is obtained from y,(|ao|), (in Theorem 2), on replacing |ag| by (lag| — m).
Proof of Lemma 7 Well
PG@) = Fann—1)...(n—s—1))""
Now on applying Cauchy’s inequality to p*) (z) we get
n(n—1)...(n —s=Ta;| <[Ip"]],

which, on using Lemma 5 (ineq. (2.5) and (2.8)), leads to (2.11). Ineq. (2.12) follows from (2.11) due to an
obvious relationship between y;(|ag| — m) and k°, as suggested by ineq. (2.5) and ineq. (2.6) & ineq. (2.8)
and ineq. (2.10) of Lemma 5. Ol

3 Proofs of the theorems
Proof of Theorem 1 We have for 0<0<2n

POV (Re?) — pD (%) = /p“) (2)dz,L:z=re", 1 <r<R,
L

which implies
R
PPV (Re”) — ()] < / p®) (re) dr. (3.1)
1
Now by applying Lemma 2 to p*)(z), which is a polynomial of degree (n — s), we get from inequality (3.1),
for 0<0<2n
|p(x71)(Rei0) _ p<s71)(6i9)|

Ko P = (a(n = 1)...(n =s = D)]a)(r = D\, (5 (3.2)
" - e r
S/l (1 (PO + (n(n—1)...(n —s — 1)) |a,|) )"’ I

By Lemma 3 the integrand in (3.2) is an increasing function of ||p!*)||. Therefore on applying Lemma 5
(ineq. (2.7) and (2.9)) to (3.2) we get for 0<0<2xn

|p(s—l)(Rei0) _p(s—l)<ei0)|

[ (=B ) = m) = (= 1)-n = 5= D)l ) = 1)
b —

1

< = —
(r == ] = m) (= 1) (= 5= )]
(nn—1)...(n—s—1))
w2220 ) ) 63)
nn—1)...(n—s—1) R
el =) [
_nn=1)...(n—s—1) = (r = D([lpll —m)

(Ul =m) = (1 4Ry [

Since by Lemma 6, (||p|| —m) — (1 + k')|a,| >0, we get from inequality (3.3), for 0 <0 <2xn

14k
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n—s+1
(5=1) (i) _ p(s=1) (i) [ < nn—1)...(n—s—1) R -1
PPV (Re™) — pt ()| < T+ (Ilpll m>7n—s+1

M= D= D (=) — (14K

X/R (r = D(llpll = m)
v rllpll = m) + (1 +K)lan|
R —In(n—1)...(n—s—1)

T h—s+1 1+ K lpll = m)

=) n=5=1) ((Ipll = m)* = (1 + &)l
1+k lpll —m
(R —1)([lp]l — m)

. {(<||p|| —m) + (1 4+ 1)]a]

(R = D)(llpl = m) )}

B 1“<1 Tl —m) + (1 &)

)

and Theorem 1 follows.
Proof of Theorem 2 1t is similar to Proof of Theorem 1 with two changes:

(i) Lemma 5 (ineq. (2.5) and (2.8)) instead of Lemma 5 (ineq. (2.7) and (2.9)),
(i) Lemma 7 (ineq. (2.11)) instead of Lemma 6.

O
Proof of Theorem 3 1t is similar to Proof of Theorem 1 with two changes:
(i) Lemma 5 (ineq. (2.6) and (2.10)) instead of Lemma 5 (ineq. (2.7) and (2.9)),
(i1)) Lemma 7 (ineq. (2.12)) instead of Lemma 6.

O
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