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Abstract The Ramanujan sum c,(a) is related to the Mobius function u, since ¢,(a) = u(n) whenever
a,n € N are such that ged(n,a) = 1. An arithmetic function g admits a Ramanujan expansion in A C N if
gla) => g(n)cy(a) for any a € A, where g is a suitable arithmetic function. Assuming that g is multi-
plicative, Coppola has recently proved that the convergence of the subseries D, 4., =1 &(1)u(n) yields that

of Y g(n)c,(a) by providing a factorization of the latter series in terms of the former. Such a factorization
allows us to come across some explicit relationships between g and g without the benefit of the absolute
convergence of the Ramanujan expansion. Among other things, we establish a recursive formula that relates
the values attained at the prime powers by g and g. Finally, we provide with a converse of Coppola’s results
and a strengthening of ours in case g is a multiplicative function such that |g(p)| <1 for any prime number

p.
Keywords Ramanujan expansion - Multiplicative function - Series identity
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1 Introduction and statement of the main results

The Ramanujan series attached to an arithmetic function f : N — C is
> f(m)en(a), (1.1)
neN
where
cala) = Z cos(2nja/n),n € N a € Z,
1<j<n
(sn) =1

is the so-called Ramanujan sum. Hereafter, the symbol (m, n) denotes the greatest common divisor of
m,n € N. It is known that [1, 18, 19].
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cnla) = du(n/d) = nM,Va,n N,
(@) % ulnfd) = oty (S aun € .

din

where ¢(n) = #{m € NN [l,n]: (m,n) = 1} is the Euler totient and p is the Mobius function defined by

1, ifn=1;
u(n) = (—l)k, ifn = pyp; - - - py for distinct primes p;;
0, otherwise.

Here and in what follows, the letter p (with or without subscript) is reserved for the prime numbers and
the set of such numbers is denoted by P. It turns out that p(n) = (—1)°™ if n is square-free, u(n) = 0
otherwise, where @(1) =0 and w(n) is the number of the distinct prime factors of n > 2. Recall that the
inverse of u with respect to the Dirichlet product is the function u that is identically 1, i.e.,

(wru)(n) = 3 (k) = I(n) = {1

P 0, otherwise.
n

, ifn=1;
(1.3)

Further, h * I = h for any arithmetic function 4. The Mobius inversion formula for any two arithmetic
functions h; and h, states that hy = hy * u if, and only if, h, = h; xu. Let us also recall that & is
multiplicative if it is not identically zero and h(mn) = h(m)h(n) for any m,n € N such that (m,n) = 1. In
this case, h(1) = 1. If, in addition, h(mn) = h(m)h(n) for all m,n € N, then h is said to be completely
multiplicative. We denote by M and M™ the sets of the multiplicative functions and the completely
multiplicative ones, respectively. In particular, u,1 € M* and ¢, € M\ M".

Thus, as a consequence of (1.2), the function n € N — ¢,(a) € Z is multiplicative for any fixed a € N.
Moreover, (1.2) implies immediately that ¢,(a) = p(n) whenever (a,n) = 1. Since |c,(a)| < (a,n) <a for
all a,n € N [5, Lemma A.1], we see that if the series Y f(n) converges absolutely, then so does (1.1) for
a e N.

We say that an arithmetic function g admits a Ramanujan expansion in A C N if there exists an
arithmetic function f'such that g(a) is the sum of the series (1.1) for every a € A. The Ramanujan expansions
of a given arithmetical function are infinite. Indeed, Ramanujan [16] and Hardy [8] exhibited the following
expansions of the identically zero function:

ZMZO’ ZM:O, Va € N. (1.4)

neN n neN QD(”Z)

Thus, it is plain that the same Ramanujan series (1.1) is attached to f(n) + z; /n + z2/ @ (n) for any choice
of z1,z; € C. Note that none of the two previous series converges absolutely. Since z;/n is completely
multiplicative and z,/¢(n) is multiplicative only when z; = z; = 1, we do not expect all the Ramanujan
expansions of a given arithmetical function to share the same multiplicative qualities. One of the main aims
of the present paper is to give a contribution to the investigation on the relationships between the
multiplicative properties of the coefficients and the sum of a convergent series (1.1) for a € N. For this and
other purposes, let us give the following definition.

Definition 1.1 If the Ramanujan series attached to g : N — C converges for some a € N, then we set

g(a) = g(n)ca(a). (1.5)

neN

If such a series converges for any a € A C N, i.e., g admits a Ramanujan expansion in A, then we also
say that the pair (g, g) satisfies (1.5) in A.

Example 1.1 Evidently, (u, I) satisfies (1.5) in N and, as already mentioned before, both u and [ are
completely multiplicative. On the other hand, there is no g € M”* such that (7, g) satisfies (1.5) in N (see
Remark 2.3 below). Further, the pair (¢ A/id, /@) satisfies (1.5) in N \ {1}, where id(n) = n foralln € N
and A is the von Mangoldt function defined by A(a) = logp if a is a power of p € P, A(a) = 0 otherwise
[8]. Indeed, the Ramanujan series attached to u/¢ diverges for a = 1 because 3 u(n)*/p(n) > S 1/p,
while A(1) = 0. Note also that u/¢ € M, but ¢ A/id ¢ M.
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Remark 1.1 The reader is cautioned that here and in what follows it is implicitly assumed that the
coefficients g(n) of the series (1.5), together with their support, do not depend on the argument a of the sum
g(a). In this regard, a theorem of Hildebrand [9] ensures that for any arithmetic function g and any a € N
there exists M = M(a) € N such that g(a) = S-™ | f(a,n)c,(a) with f(a,n) € C. However, the dependence
on a for M or for fla, n) might be effective [18], (besides the case where M =1 and f(a, 1) = g(a),
trivially). After recalling the previous example, observe that an expansion convergent to ¢(a)A(a)/a for all
a € N can be obtained at the cost of introducing coefficients fla, n) such that f(1,n) =0, f(a,n) =
u(n)/(n) for every integer a > 2.

The proposition (i) of the next theorem is Coppola’s result [4]. Hereafter, we write m = n (k) to mean that k
divides m — n. Moreover, v,(n) denotes the nonnegative integer such that p*»”|n and p"»"+! fn. In this case,
we also write p"»("||n.

Theorem 1.1 Let g € M.
(1) If the integer d > 2 is such that the series

O(Ld)= Y Emu(n)

(n,d)=1

converges, then (1.5) holds for a € {1,d}. Further,

g(1) =3 &mu(n) = ©(1,d) (u * u)(d), (1.6)
vp(d)

g@d)(ug xu)d) =s() [ID_r (20" - 5("™). (1.7)
pld =0

(ii) If the series (Dg( 1,d) converges for any integer d > 2, then (g, g) satisfies (1.5) in N and

(g 1) (d)

= 0u(1,d) (ug xw)(d), vdeEN, (1.8)

where we set g,(t) = g(dr).

Remark 1.2 By using (1.3) we see that for any arithmetic function / one has
ST k= S hI(nd) = 30 k) Y e =D k) Y k).
]Sng‘x 1<n<x 1<n<x k|(n,d) k|d 1§n§x (]9)
(n,d) =1 n= 0(k)

Consequently, taking h(n) = g(n)c,(a) for a fixed a € N (with g not necessarily multiplicative), the series

(D;;(a,d)z Z g(n)cn(a)

(n,d)=1
converges whenever

(I)';(a,k) = Z g(n)cu(a)

n=0 (k)
converges for every kld. In particular, by taking d = p, one has that if both series (1.5) and ®~(a,p)
converge, then so does (Dg(a, p). Vice versa, by applying the Mobius inversion formula to (1.9) for a given
square-free d, we deduce that the convergence of @E(a, k) for every fixed kld implies the convergence of
(I)’E(a, d). Results similar to (i) of the previous theorem have been established by Coppola in terms of the
series d)g(a,d). We have summarized such results in Lemma 2.2 (see Sect. 2).

Before stating the first main consequence of Theorem 1.1, let us remark that, given any p € P, one has
(D;(l,p) = (Dg;(l,p“) for all o € N and (D’E(l,p“) = 0 for any integer o > 2.

Corollary 1.1 Let g € M. If p € P is such that
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O(1,p) = D En)u(n)
w20 0r)

converges, then (1.5) holds for any a € {p*: o € {0} UN} and the series

Oo(1p) = Y Em)u(n)

n=0(p)
converges. Further, the following properties hold.
1y
g(1) =(1 - g(p))@,(1,p), (1.10)
(1) &(p) = (8(p) — 1)@=(1,p), (1.11)
g(p") =,(1,p) p”(g(p )—8(P'h), VaeN; (1.12)

V=l

2) ifg(l’““) = g(p*) for some o € N, then g@“) = g(p“_ );
3) for any o € N one has

(1 —2() (gp") — (™)) = g(1) (") — (™)) p™; (1.13)

4 g(1 Zg n)lea(p) +p O(1,p).

Clearly, if g € ./\/l is such that the series (I)A(l d) converges for all d € N, then Theorem 1.1 implies that
(g, 8) satisfies (1.5) in N, and further the formulae (1.6)-(1.8) hold for all d € N, whereas (1.10)-(1.13) hold
for any prime power p*. This is the motivation behind the following convenient definition.

Definition 1.2 If the series <I)A(1 d) converges for any d € N, then we say that (g, g) strongly satisfies
(1.5).

In Theorem 1.4 below we show that if g € M is such that |g(p)| <1 for all p € P and the series (1.5)
converges for a = 1, then (g, g) strongly satisfies (1.5). Note that the convergence of the series (1.5) for
a = 1 ensures that |g( )ep(1)] =18 (p)| — 0, as p — oo. Thus, the set {p € P : |g(p)| > 1} is at most finite.

Example 1.2 Tt is plain that the pair (¢ A/id, u/¢) of the previous example does not strongly satisfies
(1.5). Further, we will see that there is no g € M such that (1, g) strongly satisfies (1.5) (see Remark 2.2 in
Sect. 2).

Example 1.3 Let g be the identically zero function and recall that from the first equation of (1.4) one has
that, if we take g(n) = 1/n, then (1.5) is satisfied by such a pair (g, g) in N. In particular, for a = 1 we
recover Landau’s identity,

Z uln (1.14)

neN

(that is an equivalent form of the prime number theorem). Let us show that in this case (g,g) strongly
satisfies (1.5) by proving that

d) = Z @:o, Vd € N. (1.15)

To this end, proceeding without the benefit of Theorem 1.4 below, observe that in view of (1.9) it suffices
to establish that

(1, d) = > Mn) _ o, va e, (1.16)
n=0 (d)

The latter equation is (1.14) for d = 1 and is trivial if pu(d) = 0. Taking d > 2 such that u(d) # 0, (1.16) can
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be deduced from (1.14) by using the following result that is immediately derived from a formula of De
Koninck and Mercier [6, Remark (ii)]: let 2 € M be such that the Dirichlet series

Z h(n)p(n)
neN "
converges absolutely for all s =y + it € C with y > y,. For any integer d > 2 one has

h(n)u(n) _ h(d)u(d) _h(p)\ ! h(n)p(n)
n_;(d) ndf 1;1[ (1 P ) r; n

Now, taking & = u, note that the absolute convergence of the series »_ u(n)/n® holds for y > 1. Thus,
(D'g(l ,d) = 0 follows by taking s — 1 and applying (1.14). Analogously, by taking h(n) = n/¢(n) and using

the second equation of (1.4) for a = 1 together with the inequality ¢(n) > n/loglogn [14, Th. 2.9], one has
that if g is the identically zero function and g(n) = 1/¢(n), then (g, g) strongly satisfies (1.5).

Remark 1.3 As noted before, the convergence of the series (1.5) for a = 1 implies that the set
Po={peP:g(p) =1}
is‘at most finite. Let ¢ € M such that (g, g) strongly satisfies (1.5) and P~ = (). By using (1.13) we see
that g(1) = 0 if, and only if, g(p*) = 0 for all « € N U {0}. Besides the iden%ically zero function, there are
arithmetic functions satisfying the property g(p*) = 0 for any prime power with « > 0. An instance is the
function A such that 4(1) = 0 and h(n) = w(n) — 1 for n > 2. However, by applying (1.6) and (1.7) we see
that the conditions P; = () and g(1) = 0 imply that g must be identically zero, after noticing that for any

integer d > 2 one has

(ugxu)(d) =] (1-2p) #o0.

pld
Now, let us assume that (g, g) strongly satisfies (1.5) and P~ # (). By taking d with some prime factor
belonging to PE’ from (1.6) we infer that g(1) = 0. Consequenfly, by using (1.7) we get that g(d) = 0 for
any d with no prime factors in 73;. More observations on the case 73; # () are given in Remark 2.2, after
Lemma 2.2 in Sect. 2.
Remark 1.4 Clearly, formula (1.10) of Corollary 1.1 reveals that g(1) # 0 yields g(p) # 1. It is also plain

that, given g € M, if the series (1.5) converges absolutely for every a € N, then (g, g) strongly satisfies
(1.5). Further, one has the following identity with the absolutely convergent product [1, Th. 11.6]

g(1) =Y gmum) =T (1 -2@)).
neN peP
Again it transpires that if g(1) # 0, then P, = (). Hence, recalling the previous remark, we deduce that if

(g,8) strongly satisfies (1.5), H(l —2(p)) #0, and g(1) =0, then g is identically zero and the
peP
convergence of the series (1.5) is not absolute.

Example 1.4 Recall that { denotes the Riemann zeta function and the divisor functions are defined by
o,(n) =3 4, d" = (id" xu)(n) for all n € N and any fixed integer r > 1. Taking
o, o_, =N 1
8= T 8 T Toa
{r+1id" L(r+1) id

it is known that (g, g) satisfies (1.5) in N, and the convergence of the series (1.5) is absolute [8]. Also note
that g € M”*. Further,

=M @ = R T g vaen,

t|d

where
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m :u(t) _ o m —m
In(d) =d Zt—m—d [Ha-p,m
tld pld
is the so-called Jordan totient for m >2 [2, Ch. 2, Ex. 17], [19, Ch. 5]. Thus, from (1.6), (1.8) and Lucht’s
theorem (see Lemma 2.4 in Sect. 2) we get the identities
pi(n) a"
O~(1,d) = = , VdeN,
~(1,d) P TR (1.17)

Z M(Zy{ld) _ C(m1>dm7 vd € N,

for any fixed integer m > 2. More generally, by using (2.1) of Lemma 2.1 in Sect. 2 or (i) of Theorem 1.4
below, for any a,d € N such that d >2 and (a,d) = 1, then (I>§(a, d) converges with

_ ca(@) _ om-1(a) d”
q)?(a’d) B (n,%:—l nt {(m)am = T (d)

By using (1.9), the Mobius inversion formula, (1.17) and the property id™/J,, = ,u2 /Jm *u (such a
property is easily established on noting that all the functions involved are multiplicative), we also obtain

/ _ pn) _ u(d)
(Dg(l,d) —Eo(d) W = Cmn(d)’ Vd € N. (1.18)

Finally, we remark that more general versions of (1.17) and (1.18) were proved respectively by Cohen [3,
Th. 3.1] and by Navas et al. [15, Th. 3.2].

Example 1.5 For g = u/J, and g = {(2)¢/id, where {(2) = =% /6, another result of Ramanjan [16] is that
(g, 2) satisfies (1.5) in N. In this case g € M and the convergence of the series (1.5) is absolute because
Ja(n) >n?* T, (1 = 1/p*) = n?/{(2). Since (¢/id) * u = p/id, arguing as in the previous example, for all
d € N we obtain the identities

S unfd) = 3 MO _ o D)

n=0 (d) n=0 (d) JZ(n) dz’
(D/?(l’d) =u(d) n;{j)% ={(2) |:uc(£l)| :
_ w(n)ca(a) @(a) J»(d)
(I)g(a,d) = P 712(@ ={(2) PR

for any a € N such that (a,d) = 1.

Remark 1.5 Let g € M* such that (g, g) strongly satisfies (1.5). In particular, (1.13) holds for any prime
power p*. If g(1) = 1 and g(p?) = g(p)* for all p € P, then (g, g) = (u,1). Indeed, note first that g(1) = 1
yields g(p) # 1 because of (1.6) or, equivalently, (1.10). Then, by taking « = 1 and o = 2, formula (1.13)
gives g(p) = 1 +pg(p) and g(p?) = g(p) + p> 2(p)*. respectively. Therefore, g(p?) = g(p)” implies that

g(p)) = g(p) +p*2() = gs(p)* = g(p) +p2(p) + P2 8(p)*. ie., g(p) = O for all p € P. We conclude that
g = I and consequently g = u. In particular, g € M" yields the same conclusion. More precisely, unless
g =1, we will show that g ¢ M (see Corollary 1.4 below).

Before going to the second main consequence of Theorem 1.1, let us recall that, according to Lahiri [11, 19,
Sect. XI.2], an arithmetic function & such that i(1) # 0 and h(1)h(mn) = h(m)h(n), for any coprime

n,m € N, is called quasi-multiplicative. This is equivalent to say that h(l)_lh € M, and obviously i(1) = 1
yields 4 € M. Note that the function g in both Examples 1.4 and 1.5 is quasi-multiplicative. This is
generalized by the following corollary.
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Corollary 1.2 Assume that g € M and (g, 8) strongly satisfies (1.5). If g(1) # 0, then g is quasi-multi-
plicative, i.e., g(1)'g € M.

Remark 1.6  This result should be compared with a theorem of Rearick [17, 19, Th. 112], which states that

if the series
* 1) (d
303 (g g)( )

neN d=0 (n)
converges absolutely, then the series (1.5), with coefficients
- (g 1)(d)
g(n) = Z —a
d=0 (n)

converges absolutely to g. Further, Rearick’s theorem also includes a property implying that if such a
function g is multiplicative and g(1) # 0, then g is quasi-multiplicative (more precisely, such a property is
given in terms of the semi-multiplicative functions [19, Ch. XI], a class of arithmetic functions that properly
contains all the quasi-multiplicative ones).

By using a classical result of Delange [7] we obtain the following consequence of the previous achieve-
ments. Similar results might be established whenever in place of (iii) below we set the appropriate condition
afforded by different hypotheses on g [12, 21].

Corollary 1.3 Assume that g € M fulfills the following conditions.
(i) (g,8) strongly satisﬁes (1.5);

(i) C= H l—g )) € C\ {0};

(iii) Z = Z I2(p™) — g(p*™")| converges;

peP O(EN
(iv) foranyp € IF" one has g(p*) — 0, as o — oo.

o Ifg(l) =0, then g is identically zero and the convergence of (1.5) is not absolute.
o Ifg(l) 0, then the convergence of the series (1.5) is absolute and g(1) = C. Further,

* 1 * *
) = g(l H Z (g* 1) (P*) u H(Hg(l)Z(g u}(p)) vneN.

o
p\n ac>v (n) plh a>1 p

In particular, if g(1) = C =1, then g € M and

IS g*u (g*u)(d), —

PEP a>vy,(n) d=0 (n)

Remark 1.7 Let g be a strongly multiplicative function, i.e., § € M and g(p*) = g(p) for any prime
power p*, o € N. If g satisfies (i) and (ii) of the previous corollary, then (iii) is obviously fulfilled because
(ii) ensures that g(p) # 1. Further, if g(1) # 0, then by using (1.10) and (1.12) we see that g(p*) = g(1) for
any prime power p*. However, in this case (iv) cannot be satisfied for otherwise it would be g(p*) =

g(p) = 0 for any p € P. On the other hand, if g(1) # 0 and we wanted g(1)'g to be strongly multiplicative
from Corollary 1.3, then by using (1.13) it is not difficult to see that necessarily we should have

g(p") = §(p)(1 —g(lp)g_(f’;(p)) +g(113g_(1g)(p), VpeP, VaeN,u>2.

Further, the condition (iv) and the previous equation demand that g(p*) = 0 for any prime power p* with
o > 2. Consequently,
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" g(p) L+ o(p) &p)

g(p”) =sgp =g1<1+p7A>=gl4A

") = slp) = 5(1) 1-2(p) M 1-2(p)

This is in accordance with the fact that in this case g(n) = 0 whenever u(n) = 0 [7, Sect. 4.1.2]. Hence, a
strongly multiplicative g(1)7l g coming from Corollary 1.3 should satisfy the explicit formula

, VpeP,VaeN.

gl = o(1)" [T+ 208 — gy (LLEDW e oz,

Theorem 1.2 Ler g € M. If there exists an integer d >?2 such that (g +u)(d) # 0 and the series
(Dg;(a,d) converges for every a € N, then (g, g) satisfies (1.5) in N and

. B (Jul & * u)(d)
%ZN g(n)u(n)pu((n,d)) = g(1) R n@

pln

(1.19)

Further,

(g *1)(d) (1 8q * u)(d)

U Ge@ 120

where we set g,4(t) = g(dr).

Recall that if P, = (), then the condition (u g * u)(d) # 0 is fulfilled for any d > 2.

Remark 1.8 1f g € M is such that 3°, 2°(" g(n) converges absolutely, then it is plain that (g, g) strongly
satisfies (1.5). Further, by following Lucht’s proof of the Wintner-Delange theorem [7, 13, Cor. 3.1] and
applying the previous theorems we can show that in this case

Sln) — (n8ax0)(d)
g(n) —g(l)d;n) Garm@ MEN:

provided that g(1) # 0, which in turn yields (1 g * u)(d) # 0 because of (1.6).
The next corollary refines what we have observed in Remark 1.5.

Corollary 1.4 Ler g € M*\ {I}. If (g, g) strongly satisfies (1.5), then g & M.

For the proof of the previous corollary we use the formula g = g(1)id g * u (see Remark 2.3 in Sect. 3). On
the other hand, by applying a theorem of Ivic [10] we get the following result.

Theorem 1.3 If (g, g) satisfies (1.5) in N with g € M" and such that ), g(n) converges, then such a
series does not vanish and one has g = g(1)id g * u with

o) = Y gmutn) = (Y gw)

neN neN

If, in addition, the dual Ramanujan expansion

gla) =7 g(n)ca(n) (1.21)

neN
holds for every a € N, then g = g(l)flid:g\* U

Now, we give the last theorem that yields a partial converse of Lemma 2.2 (see Sect. 2) and a partial
strengthening of Theorem 1.1. Note that the property (i) of the next theorem cannot be applied to ®~(1,d)
for any integer d > 2 such that |g(p)| > 1 for some pld, though there could be only finitely many f)rimes
satisfying such a condition when the series (1.5) converges for a = 1. If there are none, then we get the
noteworthy implication (ii) for which the convergence of the series (1.5) with a = 1 is sufficient for (g, ) to
strongly satisfy (1.5).

Theorem 1.4 (i) Assume that (g, g) satisfies (1.5) in N with g € M. Let a,d € N be such that d >2 and
(a,d) = 1. If |g(p)| <1 for any p|d, then the series d);(a,d) converges with
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e d) — 8@
Yolad) = @)

(i) If § € M is such that {p € P : |g(p)| > 1} = 0 and
O-(1,1) = 3 2mln)

neN
converges, then (DE(] ,d) converges for any d € N with
(1.4) (I)g(l, 1)
O~(1,d) = ————.
§ (ng *u)(d)

All the proofs of the previous results are given in Sect. 3, after some lemmata and further remarks provided
in the next section.

2 Lemmata

In this section we give five lemmata. In the first lemma we exploit a recent study by Coppola [4], which is
more explicitly presented in Lemma 2.2. The third lemma provides with a general formula. Here the version
for the multiplicative functions is combined with Lucht’s theorem [12] in order to prove the factorization
(1.8) of g * u. Such a theorem of Lucht is given in Lemma 2.4. The last lemma is applied within the proof of
Theorem 1.4.

Lemma 2.1 Let g € M. Given a € N, if there exists an integer d >?2 such that the series

O(a,d) = ) g(n)es(a)

(n,d)=1
converges, then both series (1.5) and

gu(aa d) = Z /“‘((nv d)) §(n)cn (a)

converge. Further, one has
g(a) :®§(07d> H G(a,p), (2.1)
pld
g@ [ 2= 6(a.p) [T (1 - 8p)ep(@) = gula,d) [] Gla,p), (22)
plld p*d pld
where
vp(a)+1 vp(a)
G(a,p) = g8 )ep(a) =>_ p* (3" — 8(p*™))
a=0 o=0

and the product extended over p such that p*|d is assumed to be 1 if d is square-free.
Proof Let us consider the sets
K= {Hpa ta>0}, Hg={meN: (md) =1}
pld

Observe that (k,m) = 1 for all k € K;,m € H,. Further, it is plain that for every n € N there are uniquely
determined k € K4, m € Hgy such that n = km. Thus, since g € M and both functions c,(a), u((n,d)) are
multiplicative with respect to n, we can write
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Yo Emela) = Y gkala) Y gm)ca(a)

1<n<x ke, m e Hy
k<x m<x/k
(2.3)
= Y @Rcla) Y I((m,d)) g(m)cu(a),
ke Kd m<x/k
k<x
> ulmd)gmeila) = D wu((kd)gk)e(a) Y 1((m,d)) gm)cn(a).
1<n<x ke Ky m<x/k (2.4)
k<x
By using (1.2) it is readily seen that
p(p*), if0<a<vy(a);
cpr(a) = —pr 9 ifa=v,(a) + 1; (2.5)
0, otherwise.
Therefore, after setting
Koa = {Hp“ €Kas: 0<a<vy(a)+ 1},
pld
it is plain that if x > max X, 4, then both sums
Y W@y =Y M@, D ul(kd)) gk)ck(a)
ke Ky keKaa ke,
k<x k<x
keKaan((kd)) Ek)cula)
are finite. In particular, since (I)g(a, d) converges, from (2.3) and (2.4) it follows that the series
> gmen@), > u((n,d) g(n)ca(a)
neN neN
converge respectively to
8la) =0(a.d) 3 glk)ena), 26)
kE]Ca,d
gﬂ(a, d) :(Dg,‘(av d) Z (2 7)
keKaan((kd)) gk)ew(a).
Further, we can write
Y. gke(a) = Y gker(a) = [ [ Gla,p),
ke Ky k€Kaa pld (2.8)
k<x
Y wl(kd) gk)en(a) = Y u((k,d) g(k)ex(a) = [[ F(d,a,p),
ke Ky k€K ad pld (2.9)

with
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vp(a)+1 vp(a)+1
G(a,p) = g8 )ep(a),  Fld.ap)= > u((p*d)g(p")cy(a).
=0 o=0
Now, by using (2.5) we note that
vp(a)
Gla,p) = =g p" ) +> " 2(p") o (p”)
=0
v,,(a)
_ _§(pv,,(a)+l)pv,,(a) N Z g(Pa)px
=1
vp(a)
- g
a=1

a

—

=Y (@07 - 86°)

o

S

Moreover, since ,u((p“,d)) = 0 for any o >2 if, and only if, p?|d, it is easy to see that

2 —Gl(a,p), ifplld,
I L
1—g(p)ey(a), ifp°ld,
where
_foe)=p-1, ifpla
Cp(a) = .
-1, otherwise.
Thus, from (2.6)-(2.9) we obtain (2.1) together with

vp(a)

gulard) = (e ) [T (2= Do p* (@0 ~ 20" ™)) [T (1~ &)ey(@).

plld p’ld
Hence, (2.2) follows by combining the latter formula with (2.1). [

Remark 2.1 Alternatively, if we assume that the series (1.5) converges absolutely, then (2.2) can be proved
to hold for all a,d € N by taking f(n) = g(n)c,(a) in a theorem of Apostol [2, Th. 6].

Lemma 2.2 Assume that g € M.

(1) Ifthe integer d > 2 is such that the series q)g(a, d) converges for every a € N, then (g, g) satisfies (1.5)
in N and (2.1) holds for all a € N.
(it) If d € N is such that the series (I);(l, d) converges, then

vp(d)
g(d) =Y gme(d) = do(1,d) [T D p* (20" - 2(0™)), (2.10)
neN pld =0

where the product extended over pld is assumed to be 1 if d = 1.

Proof The proposition (i) follows straightforwardly from Lemma 2.1. For d =1 the proposition (ii) is
trivial. Assume that d>2 and observe that <Dg(d, d) :(D;(l,d) because c¢,(d) = c,(1) = p(n) for

(n,d) = 1. Thus, (2.10) follows by taking a = d in (2.1). O

Remark 2.2 For any fixed p € P and for all a € N, from (2.5) we see that ¢, (a) # 0 for all v e
{0,...,v,(a) + 1} and Zﬁzo cpr(a) =0 for all k>v,(a) + 1. Thus, by applying a standard argument of
linear algebra we have that, for any fixed k >v,(a) + 1, the equation ZI;ZO Zy¢pr(a) = 0 has a solution

(20,215 - 2) € CKL if, and only if, (zoy21y--2k) = A(1,1,...,1) for some A € C. In particular, for any
k>v,(a)+ 1 one has
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k
Gla,p) =Y _8(p")cp(a) =0 if, and only if, g(p*) = g(1), Va € {0,...,k}.
=0

Hence, if g € M and an integer a > 2 are such that (I)A(l a) converges and some prime factor of a belongs
to the set
={peP-:g(p*) =1, Va e N},
then (1.6) ylefds g(1) = 0, whereas from (2.10) and the previous observations it follows that

V,,

(I)A l,a HZp —g(p™h) = CDE(I,a)HG(a,p) =0.

pla «=0 pla
Note also that there is no g € M such that (I, g) strongly satisfies (1.5) for otherwise, taking g = I in (1.6),
it should be 733 = () and @g(l,d) # 0 for all d € N. Therefore, for any integer d > 2, from (1.7) we would

have G(d,p) = 0 for some pld. In particular, G(p*,p) = 0, i.e., g(p*) = g(1) = 1, for any prime power p*.
Hence, it should be g = u, but for such a function the series (1.5) does not converge.

Now, assume that for g € M we have P~# () and P~= (). We have already observed that if (g, g)
strongly satisfies (1.5), then g(1) = g(a) =0 for any intege% a > 2 with no prime factors in 732 (see Remark

1.3) and this is equivalent to (Dg(l, a) = 0 because G(a,p) # 0 for all pla. More generally, for a > 2 let us
set a = aja,, where a, = max{tla : t Z0(p), Vp € 77;}, so that G(a,p) # 0 for all p|a,. Therefore, if there
exists pla;, then necessarily p € 77; and it turns out that G(a,p) =0 if, and only if,
2<v,(a) + 1<a,(g) =min{o € N : g(p”) # 1}. Note that, since 7_7/\ = (), the integer o,(g) exists for
any p € P, and in particular a,(g) >2 forall p € PA Hence, assuming for g € M that PA # 0, 73,\ P~=(and
(g, &) strongly satisfies (1.5), we conclude that g(l) g(a) =0 for any a >?2 such that

® v,(a)=0forallpe P (which also implies that CD?(I a) = 0 because G(a,p) # 0) or
o 1<y,(a)<op(g)—1 £Sr some p € PA (because G(a,p) = 0).

Further, in case v,(a) >o,(g) —1>1 for all p € P, then g(a) = 0 if, and only fif, CI)E(I,a) =0.
Lemma 2.3 For all d € N one has

Z Fomp(m/d) =" u(e) > fldm)u(n), (2.11)

t|d (nd)=1

where f is any complex-valued arithmetic function such that the above series converge.
In particular, if f € M, then (2.11) becomes

Z f m/d (Df(la d)(.ufd * u)(d)v (2.12)

where f;(t) = f(dt).
Proof Let x>d” be a real number. After writing
> fmulmidy="Y" fldu(r)=>Y_ > fldr)u(r)
m<x 1<r<x/d tld lgrgx/d
m=0(d) (r,d) =t

let us set r = m and note that (¢,n) > 1 yields u(r) = p(n) = 0. Thus, we can write

> Fmum/d) = u(1) > fldm)un) =Y "u@) > fldm)u(n).

m<x td 1<mr<x/d tld 1<n<x/(dt)
m=0(d) (n,d/t) = (n,t) =1 (n,d) =1

Hence, (2.11) follows as x — oo. If f € M, then it is readily seen that the previous proof leads to the
formula (2.12). 1
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The next lemma is Lucht’s theorem [12, Th. 1].

Lemma 2.4 For any arbitrary arithmetic function g, the series (1.5) converges (absolutely) to g(a) for
every a € N if, and only if,

> &(m)u(m/d)

m=0(d)
converges (absolutely) for every d € N. If this is the case, then g = g’ * u, where
=d Z u(m/d), Vd € N.

Remark 2.3 In particular, if g € M*, we see that
g(d) = (g p)(d (d) > g(m)u(n) = dg(d)g(1), ¥d € N.

neN

As an immediate consequence, there is no g € M™ such that (I, g) satisfies (1.5) in N, for otherwise the
previous equation would yield g(d) = u(d)/d for all d € N, in contradiction with u & M™.

Let us underline that Lemma 2.3 and Lucht’s theorem might be applied even in case we are dealing with a
pair (g, g) satisfying (1.5) in N, but g & M, as in the next example.

Example 2.1 Given the divisor function d = u * u, it is well known that (d, d) satisfies (1.5) with d(n) =
n~'logn~! [16]. In particular,

d(l):lz—zlo%,u(n).

Note that in this case d ¢ M and the convergence of the series (1.5) is not absolute. Further, (1.14) and the
previous identity yield

Z loinlu(n/a)zizlogl(C logazu Zlofkﬂ(k):_é

n=0 (a) keN keN kEN

Since d * u = (u * u) * u = u, the latter formula can also be achieved by applying Lemma 2.4. Now, let us
assume that (d, d) strongly satisfies (1.5), i.e., (I)E(l,a) converges for any @ € N. From Lemma 2.3, Lemma
2.4, identity (1.15), and the previous equation we infer that

@@ =1=-aY ) 3 ) )

tla (n,a)=1 atn
p(t log? 1(n) u(t)
= —(loga  —+ — t) la —
(oae T H0) J2 S b

_ ola)
= 5(1,0) 79
where we have applied the property ¢(a) =

B logn _a
(D:i\(lva) - (n;)_l n /,t(l’l) - q)(a) .

ay_ i, u(t)/t for all a € N [1, Th. 2.3]. Hence,

On the other hand, we can establish that (d, 8) strongly satisfies (1.5), together with the above identity for
(I)g(l,a), by using (1.9) and the property id/¢ = (,u2 /@) * u (such a property needs to be verified only for

prime powers because all the functions involved are multiplicative [1, Ch. 2, Ex. 3]), the convergence of
d)’g(],a) being proved by De Koninck and Mercier [6, Sect. 6] with
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logn p(a)
O (1,a) = — u(n) = , Va € N.
d EXO%I) n ¢(a)

Lemma 2.5 For any a € N and any integer d>2, let u,q be the characteristic function of the set
Kaa = { [Lup": 0<a<v,(a)+ 1}. If § € M, then the following properties hold.
(i) There exists the Dirichlet inverse w=' of the function
wineN —wn)=wh,a,d) =u,q(n)g(n)c,(a)
and w,w~! € M. Further,
wl(n) =wl(na,d) =0, VngK,= {Hp“ : a>0}.

pld
(i) If, in addition, (a,d) =1, then
wl(n) =] &)™, vn e Kq.
pld

Further, if |g(p)|>1 for any pld, then Y, w™'(n) does not converge. If |g(p)|<1 for any pld, then
w~!(n) converges absolutely with

R )

neN neN

n

Proof (i) Since nm € K, 4 for any coprime n,m € K, 4, it is easy to see that w € M. Thus, there exists w!

such that w* w~! = and one has w=! € M [1, Th. 2.8, Th. 2.16]. Further, w~!(n) = 0 for any n ¢ K4
because K, 4 C Ky and w!'(pf), with B € N, is a linear combination of products of the form w(p# w(p)P
with integers f3,, f, >0 such that , + f, = f [18, Sect. 1.2, Remark 2]. More precisely,

wl(pf) = Z c(Br, B)w(p" )w(p)”,
ﬁl?ﬂZ eNU {0}
Bith=8

where the coefficients c¢(f}, f,) € Z are such that
> c(B1. B,) = 0.

B, B, € NU {0}
Bi+B=8

Furthermore, it is easy to see that ¢(0, §) 4+ c(1, § — 1) = (—1)” is the coefficient attached to w(p)”. Now,
for any integer n > 2 one has

wl (Pvp(”>) _ Z C(V, vp(n) _ V)W(Pv)w(p)vp(n)fv.
veNU{0}
v < min{v,(n),v,(a) + 1}

In particular, if pld is such that v,(a) = 0 and n € Kz \ {1}, so that pl(d, n) and w(p) = g(p)u(p) = —g(p).
then

W*l(pvp(n)) — Z C(V,Vp(l’l) _ v)w(pv)w(p)v,,(n)—v

ve{0,1}
= (c(0, vp(m)) + (1, vp(m) = D) w(p)"™ = (=1)"" (— g(p))""
=&,
(i) If (a,d) =1, i.e., v,(a) = 0 for any pld, then
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-~ vp(n) . )
W_l(”) = W_l(n,a,d) - Hp|d g(p) , ifne Ky
0, otherwise.

Consequently, if |g(p)| <1 for any pld, then the convergence of the series > w~!(n) is absolute with

Sl =S [[e0" = 3 20 H_%E

neN neky pld pld aeNU{0} pld

_(ug*u =1I6tp 1:<Zw(n)>_l7

pld neN

after recalling (2.8). On the other hand, it is plain that if |g(p)| > 1 for any pld, then the series Y, w™!(n)
does not converge. O

3 Proofs of the main results

Proof of Theorem 1.1 (i) We can apply Lemma 2.1 so that (1.6) follows by taking a = 1 in (2.1). Now, we
apply Lemma 2.2 to get (1.7) after multiplying (2.10) by (u g * u)(d) and using (1.6).

(ii) In view of (i), the convergence of (I):g\(l, d) for any integer d > 2 implies that (g, g) satisfies (1.5) in N.
Therefore, from Lemma 2.4 we have that the following series is convergent:

Z gm)u(m/d), vd € N.

m=0 (d)
By taking f = g in Lemma 2.3, we see that (2.12) applies to give
Y Gmu(m/d) = Oo(1,d) (1 gy * u)(d).

m=0(d)
Hence, (1.8) follows from Lemma 2.4. ]

Proof of Corollary 1.1 First, recall that ®~(1,p*) = CI)E(l7 p) for all o € N. Thus, in view of Theorem 1.1,
the series (1.5) converges with a = p*, for any integer «>0. Then, after recalling Remark 1.2 and
u(p) = —1, the convergence of (D'E(l ,p) follows from the convergence of both series (Dg(l ,p) and (1.5) with

a = 1. Further, we can write g(1) = (I)g(l, p)+ <I);¢(1, p) or, more explicitly,
=S Gutn = Y &) + Y Enuln) 61)
neN n=0(p) n#0 (p)

Moreover, both formulae (1.6) and (1.7) hold with d = p”*.
1) In particular, (1.10) is (1.6) with d = p. By applying (2.10) with d = p* we obtain (1.12). Since g € M
and (m,d) > 1 yields u(md) = 0, we can write CD’;(l,d) = ,u(d)g(d)cbg(l,d), which for d = p becomes

D &mun) =—2p) > gn)un).
n=0 (p) n#0 (p)

Thus, we get (1.11) by combining (3.1) with the latter equation.
2) Note that from (1.12) we infer

g(r*) —g(p*™") = @(1,p)(8(") — g(P*)) p*

and it is plain that g(p*) = g(p**') yields g(p*) = g(p*~!) immediately.
3) For any « € N, equation (1.13) follows by combining (1.10) with the previous formula.
4) By applying the Mobius inversion formula to the first equation of (1.2) we see that
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d, if d|n;
E cq(n )
otherwise,

qld 0,

for all d,n € N. Thus, by using this formula for d = p, we can write

=23 Elmu(n) 1) + () =80 L IS e utm)ey ().

nEN p anN

Now, let us recall the reciprocity law for the Ramanujan sums, namely ¢, (n) = u(n)u(q)ca(g), which holds
for any square-free n, ¢ [19, Ch. IX, (2.9)]. In particular, for ¢ = p such a law yields ¢,(n) = —u(n)c,(p).
Therefore,

POL(1,p) = g(1) = 3 Bnealp).
u(n)#0
Corollary 1.1 is completely proved. O

Proof of Corollary 1.2 Since g(1) # 0, from (1.6) we deduce that (u g * u)(d) # 0 for all d € N.
Therefore, by applying (1.7) for any d > 2 we can write

g(d) Il,.Gdp)
g(1)  (ngxu)(d)’
where G(d, p) is defined in Lemma 2.1. It is plain that g u * u € M because g, pt,u € M [1, Th. 2.14].
Therefore, the conclusion will follow whenever we show that & € M, where h(1) =1 and h(d) =
[1,.G(d,p) for any integer d >2. To this end, first note that if (m,n) = 1, then v,(m) # 0 and v,(n) # 0
imply v,(n) = 0 and v,(m) = 0, respectively. Thus, by using (1.2) it is readily seen that
(mn) = vp(m), ifp fn; (mn) = cp(m), ifp fu;
TP = vp(n), ifp fm, G = cp(n), ifp fm.

Hence, one has

vp(m)+1 vp(n)+1
= [ Gmn.p) =11 (P")ep (m) [T g(p*)ep:(n) = h(m)h(n)
plmn plm 2=0 pln =0
Corollary 1.2 is proved. O

Proof of Corollary 1.3 Under the sole conditions (i) and (ii), the case g(1) = 0 has been settled in Remark

1.4. Assume that g(1) # 0. In view of Corollary 1.2, the function & = g(1) 'g is multiplicative. Further, by
using (1.13) and the hypothesis (iii) we see that

|h(p” Bl
I;ﬂw% <o0.

Therefore, h fulfills the hypotheses of Delange’s theorem [7, Sects. 1, 3], so that (A, }7) satisfies (1.5) in N,
where the Ramanujan series converges absolutely and

I s ”*“ vin € N.

PEP a>v,(n)

Bearing in mind that the hypothesis (ii) yields g(p) # 1 for any p € P, again from (1.13) we deduce that if
vp(n) > 1, then

S (hxp)(pr) 1 & g?) — g g(pr™) —g(pt)
2 p* 7g(1)2 p* B 1-g(p)

Thus, after recalling that g € M and applying (iv), we can write

a=v,(n) a=v,(n)
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~ 2 2(pr(® R 1 2(n
= I (+55) I (Tl =" wen
pelP pelP peP
vp(n) vp(n) # 0
Since this implies that h(a) = g(a)/g(1) = g(a)/C for all a € N, it turns out that g(1) = C. The formule
for g follow straightforwardly from the previous equation for 4. O

Proof of Theorem 1.2 The hypotheses allow us to apply Lemma 2.1 and Theorem 1.1. In particular, (1.19)
follows by taking a=11n (2.2), so that

pgxu)(d) Y gnu =Y gmum)u((n,d) [T (1-2@)

neN neN pld

=g [T (1 +8(P)) = 8(1)(|ul & * u)(d).

pld

Since (u g *u)(d) # 0, in view of (1.6) we can write

g(1)
O~(1,d) = —=——"——.
¢ (ng *u)(d)
Hence, (1.20) follows by plugging the latter formula into (1.8). O

Proof of Corollary 1.4 Let us assume that g(1) = 1. In view of Corollary 1.2, this is equivalent to say that
g € M. Further, after recalling Lemma 2.4 and Remark 2.3, the hypothesis g € M”* yields g =id g * u.
Therefore, g too must be completely multiplicative because it turns out that its Dirichlet inverse is ug, i.e.,
ug x g =1= puxull, Th. 2.17]. Indeed, by using the assumption g(1) = 1, we see that g(d)I(d) = I(d) for

all d € N. Thus,
(ug * g)(d) = u()g()g(d/t) = u()Y sg(s) Y rg(r)

tld t|d st r|(d/t)

S H0 Y Y sl = Y SkE®)

tld st r|(d/1) t|d k|d
= (1 u)(d)(id g x u)(d) = I(d)g(d) = 1(d).
However, g € M™ contradicts the observations of Remark 1.5. Hence, g(1) # 1. O

Proof of Theorem 1.3 Since (g, g) and (g, g) satisfy (1.5) and (1.21) in N, respectively, and the series
>~ g(n) converges, then for any fixed a € N the Dirichlet series

Zg Cn ? Zg ca g

neN neN neN

converge for all s =y +ir € C with y > 0 [1, Ch. 11, Ex. 2]. In particular, since g € M”*, from Ivic’s
theorem [10, Th. 1] we infer that

D(s) =Y g(d)d"™, D(s;a) Zg d)d" " u(a/d),
dla

forallaeNandforalls:y+iteC,Withy>O.Thus as y — 0 we get

(@) gn)=(idg«u)(a), &)= (idg*p)(a)d &(n), VaeN.

neN neN

The conclusion follows by taking a =1 in the first formula above to see that

(1)) gm) = (idg*u)(1) = g(1) = 1.

neN

Theorem 1.3 is proved. U
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Proof of Theorem 1.4 (i) Let us set

for any fixed a,d € N and any real number x > 1. By taking x > max K, 4, where K, 4 is the set given in
Lemmata 2.1 and 2.5, equation (2.3) can be written as

gla,x) = Z w(m)CDg(a,d,x/m),

m<x

where w is defined in Lemma 2.5. Thus, this lemma implies that the series >, w™!(n) converges absolutely
to 1/(ug *u)(d) because |g(p)| <1 for any pld and (a, d) = 1 by hypothesis. Since [1, Th. 2.22]

<DA (a,d,x) Z w™ (m)g(a,x/m), (3.2)

m<x

the series (I)g(a,d) converges with [14, Sect. 1.3.1, Ex. 2], [20],
(I);(a,d) leirglo (I)E(a,d,x) = Xlirglo Z w ™ (m)g(a,x/m) = g(a Z wo

m<x meN
_ 8l
(ng*u)d)

(ii) By taking a = 1, we see that IC; ; = {k € N : k divides ] |dp} for any integer d > 2 and from Lemma

2.5 it follows that for the function w=!(n) = w™!(n, 1,d) the series Y, w~!(n) converges absolutely because
|g(p)| <1 for any p € P. Further, since g(1,x/n) — (Dg(l, 1), as x — oo, from (3.2) for a = 1 we get that
(Dg(l,d) converges for all d > 2, yielding (1.6) with g(1) = (Dg(l, 1). O
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