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Abstract The Ramanujan sum cnðaÞ is related to the Möbius function l, since cnðaÞ ¼ lðnÞ whenever
a; n 2 N are such that gcdðn; aÞ ¼ 1. An arithmetic function g admits a Ramanujan expansion in A � N if
gðaÞ ¼

P
bgðnÞcnðaÞ for any a 2 A, where bg is a suitable arithmetic function. Assuming that bg is multi-

plicative, Coppola has recently proved that the convergence of the subseries
P

gcdðn;aÞ¼1 bgðnÞlðnÞ yields that

of
P
bgðnÞcnðaÞ by providing a factorization of the latter series in terms of the former. Such a factorization

allows us to come across some explicit relationships between g and bg without the benefit of the absolute
convergence of the Ramanujan expansion. Among other things, we establish a recursive formula that relates
the values attained at the prime powers by g and bg. Finally, we provide with a converse of Coppola’s results
and a strengthening of ours in case bg is a multiplicative function such that jbgðpÞj\1 for any prime number
p.
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1 Introduction and statement of the main results

The Ramanujan series attached to an arithmetic function f : N! C is
X

n2N
f ðnÞcnðaÞ; ð1:1Þ

where

cnðaÞ ¼
X

1� j� n

ðj; nÞ ¼ 1

cosð2pja=nÞ; n 2 N; a 2 Z;

is the so-called Ramanujan sum. Hereafter, the symbol (m, n) denotes the greatest common divisor of
m; n 2 N. It is known that [1, 18, 19].
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cnðaÞ ¼
X

dja
djn

dlðn=dÞ ¼ uðnÞ
l
�
n=ðn; aÞ

�

u
�
n=ðn; aÞ

� ; 8a; n 2 N;
ð1:2Þ

where uðnÞ ¼ #fm 2 N \ ½1; n� : ðm; nÞ ¼ 1g is the Euler totient and l is the Möbius function defined by

lðnÞ ¼
1; if n ¼ 1;

ð�1Þk; if n ¼ p1p2 � � � pk for distinct primes pi;

0; otherwise.

8
><

>:

Here and in what follows, the letter p (with or without subscript) is reserved for the prime numbers and
the set of such numbers is denoted by P. It turns out that lðnÞ ¼ ð�1ÞxðnÞ if n is square-free, lðnÞ ¼ 0
otherwise, where xð1Þ ¼ 0 and xðnÞ is the number of the distinct prime factors of n� 2. Recall that the
inverse of l with respect to the Dirichlet product is the function u that is identically 1, i.e.,

ðl � uÞðnÞ ¼
X

kjn
lðkÞ ¼ IðnÞ ¼

1; if n ¼ 1;

0; otherwise.

�

ð1:3Þ

Further, h � I ¼ h for any arithmetic function h. The Möbius inversion formula for any two arithmetic
functions h1 and h2 states that h1 ¼ h2 � l if, and only if, h2 ¼ h1 � u. Let us also recall that h is
multiplicative if it is not identically zero and hðmnÞ ¼ hðmÞhðnÞ for any m; n 2 N such that ðm; nÞ ¼ 1. In
this case, hð1Þ ¼ 1. If, in addition, hðmnÞ ¼ hðmÞhðnÞ for all m; n 2 N, then h is said to be completely
multiplicative. We denote by M and M� the sets of the multiplicative functions and the completely
multiplicative ones, respectively. In particular, u; I 2M� and u; l 2M nM�.

Thus, as a consequence of (1.2), the function n 2 N! cnðaÞ 2 Z is multiplicative for any fixed a 2 N.
Moreover, (1.2) implies immediately that cnðaÞ ¼ lðnÞ whenever ða; nÞ ¼ 1. Since jcnðaÞj � ða; nÞ� a for
all a; n 2 N [5, Lemma A.1], we see that if the series

P
f ðnÞ converges absolutely, then so does (1.1) for

a 2 N.
We say that an arithmetic function g admits a Ramanujan expansion in A � N if there exists an

arithmetic function f such that g(a) is the sum of the series (1.1) for every a 2 A. The Ramanujan expansions
of a given arithmetical function are infinite. Indeed, Ramanujan [16] and Hardy [8] exhibited the following
expansions of the identically zero function:

X

n2N

cnðaÞ
n
¼ 0;

X

n2N

cnðaÞ
uðnÞ ¼ 0; 8a 2 N: ð1:4Þ

Thus, it is plain that the same Ramanujan series (1.1) is attached to f ðnÞ þ z1=nþ z2=uðnÞ for any choice
of z1; z2 2 C. Note that none of the two previous series converges absolutely. Since z1=n is completely
multiplicative and z2=uðnÞ is multiplicative only when z1 ¼ z2 ¼ 1, we do not expect all the Ramanujan
expansions of a given arithmetical function to share the same multiplicative qualities. One of the main aims
of the present paper is to give a contribution to the investigation on the relationships between the
multiplicative properties of the coefficients and the sum of a convergent series (1.1) for a 2 N. For this and
other purposes, let us give the following definition.

Definition 1.1 If the Ramanujan series attached to bg : N! C converges for some a 2 N, then we set

gðaÞ ¼
X

n2N
bgðnÞcnðaÞ: ð1:5Þ

If such a series converges for any a 2 A � N, i.e., g admits a Ramanujan expansion in A, then we also
say that the pair ðg; bgÞ satisfies (1.5) in A.

Example 1.1 Evidently, (u, I) satisfies (1.5) in N and, as already mentioned before, both u and I are
completely multiplicative. On the other hand, there is no bg 2M� such that ðI; bgÞ satisfies (1.5) in N (see
Remark 2.3 below). Further, the pair ðu K=id; l=uÞ satisfies (1.5) in N n f1g, where idðnÞ ¼ n for all n 2 N
and K is the von Mangoldt function defined by KðaÞ ¼ log p if a is a power of p 2 P, KðaÞ ¼ 0 otherwise

[8]. Indeed, the Ramanujan series attached to l=u diverges for a ¼ 1 because
P

lðnÞ2=uðnÞ�
P

1=p,
while Kð1Þ ¼ 0. Note also that l=u 2 M, but u K=id 62 M.
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Remark 1.1 The reader is cautioned that here and in what follows it is implicitly assumed that the
coefficients bgðnÞ of the series (1.5), together with their support, do not depend on the argument a of the sum
g(a). In this regard, a theorem of Hildebrand [9] ensures that for any arithmetic function g and any a 2 N

there exists M ¼ MðaÞ 2 N such that gðaÞ ¼
PM

n¼1 f ða; nÞcnðaÞ with f ða; nÞ 2 C. However, the dependence
on a for M or for f(a, n) might be effective [18], (besides the case where M ¼ 1 and f ða; 1Þ ¼ gðaÞ,
trivially). After recalling the previous example, observe that an expansion convergent to uðaÞKðaÞ=a for all
a 2 N can be obtained at the cost of introducing coefficients f(a, n) such that f ð1; nÞ ¼ 0, f ða; nÞ ¼
lðnÞ=uðnÞ for every integer a� 2.

The proposition (i) of the next theorem is Coppola’s result [4]. Hereafter, we write m 	 n ðkÞ to mean that k

divides m� n. Moreover, vpðnÞ denotes the nonnegative integer such that pvpðnÞjn and pvpðnÞþ16 jn. In this case,

we also write pvpðnÞjjn.

Theorem 1.1 Let bg 2M.

(i) If the integer d� 2 is such that the series

Ubgð1; dÞ ¼
X

ðn;dÞ¼1

bgðnÞlðnÞ

converges, then (1.5) holds for a 2 f1; dg. Further,

gð1Þ ¼
X

n2N
bgðnÞlðnÞ ¼ Ubgð1; dÞ ðl bg � uÞðdÞ; ð1:6Þ

gðdÞðl bg � uÞðdÞ ¼gð1Þ
Y

pjd

XvpðdÞ

a¼0

pa
�
bgðpaÞ � bgðpaþ1Þ

�
: ð1:7Þ

(ii) If the series Ubgð1; dÞ converges for any integer d� 2, then ðg; bgÞ satisfies (1.5) in N and

ðg � lÞðdÞ
d

¼ Ubgð1; dÞ ðl bgd � uÞðdÞ; 8d 2 N; ð1:8Þ

where we set bgdðtÞ ¼ bgðdtÞ.

Remark 1.2 By using (1.3) we see that for any arithmetic function h one has
X

1� n� x

ðn; dÞ ¼ 1

hðnÞ ¼
X

1� n� x

hðnÞI
�
ðn; dÞ

�
¼

X

1� n� x

hðnÞ
X

kjðn;dÞ
lðkÞ ¼

X

kjd
lðkÞ

X

1� n� x

n 	 0 ðkÞ

hðnÞ:
ð1:9Þ

Consequently, taking hðnÞ ¼ bgðnÞcnðaÞ for a fixed a 2 N (with bg not necessarily multiplicative), the series

Ubgða; dÞ ¼
X

ðn;dÞ¼1

bgðnÞcnðaÞ

converges whenever

U0bgða; kÞ ¼
X

n	0 ðkÞ
bgðnÞcnðaÞ

converges for every k|d. In particular, by taking d ¼ p, one has that if both series (1.5) and U0bgða; pÞ
converge, then so does Ubgða; pÞ. Vice versa, by applying the Möbius inversion formula to (1.9) for a given

square-free d, we deduce that the convergence of Ubgða; kÞ for every fixed k|d implies the convergence of

U0bgða; dÞ. Results similar to (i) of the previous theorem have been established by Coppola in terms of the

series Ubgða; dÞ. We have summarized such results in Lemma 2.2 (see Sect. 2).

Before stating the first main consequence of Theorem 1.1, let us remark that, given any p 2 P, one has
Ubgð1; pÞ ¼ Ubgð1; p

aÞ for all a 2 N and U0bgð1; p
aÞ ¼ 0 for any integer a� 2.

Corollary 1.1 Let bg 2 M. If p 2 P is such that
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Ubgð1; pÞ ¼
X

n 6	0 ðpÞ
bgðnÞlðnÞ

converges, then (1.5) holds for any a 2 fpa : a 2 f0g [Ng and the series

U0bgð1; pÞ ¼
X

n	0 ðpÞ
bgðnÞlðnÞ

converges. Further, the following properties hold.

1)

gð1Þ ¼
�
1� bgðpÞ

�
Ubgð1; pÞ; ð1:10Þ

gð1Þ bgðpÞ ¼
�
bgðpÞ � 1

�
U0bgð1; pÞ; ð1:11Þ

gðpaÞ ¼Ubgð1; pÞ
Xa

v¼0

pv
�
bgðpvÞ � bgðpvþ1Þ

�
; 8a 2 N; ð1:12Þ

2) if bgðpaþ1Þ ¼ bgðpaÞ for some a 2 N, then gðpaÞ ¼ gðpa�1Þ;
3) for any a 2 N one has

�
1� bgðpÞ

��
gðpaÞ � gðpa�1Þ

�
¼ gð1Þ

�
bgðpaÞ � bgðpaþ1Þ

�
pa; ð1:13Þ

4) gð1Þ ¼
X

n2N
bgðnÞjlðnÞjcnðpÞ þ p U0bgð1; pÞ.

Clearly, if bg 2 M is such that the series Ubgð1; dÞ converges for all d 2 N, then Theorem 1.1 implies that
ðg; bgÞ satisfies (1.5) in N, and further the formulæ (1.6)-(1.8) hold for all d 2 N, whereas (1.10)-(1.13) hold
for any prime power pa. This is the motivation behind the following convenient definition.

Definition 1.2 If the series Ubgð1; dÞ converges for any d 2 N, then we say that ðg; bgÞ strongly satisfies
(1.5).

In Theorem 1.4 below we show that if bg 2 M is such that jbgðpÞj\1 for all p 2 P and the series (1.5)
converges for a ¼ 1, then ðg; bgÞ strongly satisfies (1.5). Note that the convergence of the series (1.5) for
a ¼ 1 ensures that jbgðpÞcpð1Þj ¼ jbgðpÞj ! 0, as p!1. Thus, the set fp 2 P : jbgðpÞj � 1g is at most finite.

Example 1.2 It is plain that the pair ðu K=id;l=uÞ of the previous example does not strongly satisfies
(1.5). Further, we will see that there is no bg 2 M such that ðI; bgÞ strongly satisfies (1.5) (see Remark 2.2 in
Sect. 2).

Example 1.3 Let g be the identically zero function and recall that from the first equation of (1.4) one has
that, if we take bgðnÞ ¼ 1=n, then (1.5) is satisfied by such a pair ðg; bgÞ in N. In particular, for a ¼ 1 we
recover Landau’s identity,

gð1Þ ¼
X

n2N

lðnÞ
n
¼ 0; ð1:14Þ

(that is an equivalent form of the prime number theorem). Let us show that in this case ðg; bgÞ strongly
satisfies (1.5) by proving that

Ubgð1; dÞ ¼
X

ðn;dÞ¼1

lðnÞ
n
¼ 0; 8d 2 N: ð1:15Þ

To this end, proceeding without the benefit of Theorem 1.4 below, observe that in view of (1.9) it suffices
to establish that

U0bgð1; dÞ ¼
X

n	0 ðdÞ

lðnÞ
n
¼ 0; 8d 2 N: ð1:16Þ

The latter equation is (1.14) for d ¼ 1 and is trivial if lðdÞ ¼ 0. Taking d� 2 such that lðdÞ 6¼ 0, (1.16) can
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be deduced from (1.14) by using the following result that is immediately derived from a formula of De
Koninck and Mercier [6, Remark (ii)]: let h 2 M be such that the Dirichlet series

X

n2N

hðnÞlðnÞ
ns

converges absolutely for all s ¼ cþ it 2 C with c[ c0. For any integer d� 2 one has

X

n	0 ðdÞ

hðnÞlðnÞ
ns

¼ hðdÞlðdÞ
ds

Y

pjd

�
1� hðpÞ

ps

��1X

n� 1

hðnÞlðnÞ
ns

:

Now, taking h ¼ u, note that the absolute convergence of the series
P

lðnÞ=ns holds for c [ 1. Thus,
U0bgð1; dÞ ¼ 0 follows by taking s! 1 and applying (1.14). Analogously, by taking hðnÞ ¼ n=uðnÞ and using

the second equation of (1.4) for a ¼ 1 together with the inequality uðnÞ 
 n= log log n [14, Th. 2.9], one has
that if g is the identically zero function and bgðnÞ ¼ 1=uðnÞ, then ðg; bgÞ strongly satisfies (1.5).

Remark 1.3 As noted before, the convergence of the series (1.5) for a ¼ 1 implies that the set
Pbg ¼ fp 2 P : bgðpÞ ¼ 1g
is at most finite. Let bg 2 M such that ðg; bgÞ strongly satisfies (1.5) and Pbg ¼ ;. By using (1.13) we see

that gð1Þ ¼ 0 if, and only if, gðpaÞ ¼ 0 for all a 2 N [ f0g. Besides the identically zero function, there are
arithmetic functions satisfying the property gðpaÞ ¼ 0 for any prime power with a� 0. An instance is the
function h such that hð1Þ ¼ 0 and hðnÞ ¼ xðnÞ � 1 for n� 2. However, by applying (1.6) and (1.7) we see
that the conditions Pbg ¼ ; and gð1Þ ¼ 0 imply that g must be identically zero, after noticing that for any

integer d� 2 one has

ðl bg � uÞðdÞ ¼
Y

pjd

�
1� bgðpÞ

�
6¼ 0:

Now, let us assume that ðg; bgÞ strongly satisfies (1.5) and Pbg 6¼ ;. By taking d with some prime factor
belonging to Pbg , from (1.6) we infer that gð1Þ ¼ 0. Consequently, by using (1.7) we get that gðdÞ ¼ 0 for

any d with no prime factors in Pbg . More observations on the case Pbg 6¼ ; are given in Remark 2.2, after

Lemma 2.2 in Sect. 2.

Remark 1.4 Clearly, formula (1.10) of Corollary 1.1 reveals that gð1Þ 6¼ 0 yields bgðpÞ 6¼ 1. It is also plain
that, given bg 2M, if the series (1.5) converges absolutely for every a 2 N, then ðg; bgÞ strongly satisfies
(1.5). Further, one has the following identity with the absolutely convergent product [1, Th. 11.6]

gð1Þ ¼
X

n2N
bgðnÞlðnÞ ¼

Y

p2P

�
1� bgðpÞ

�
:

Again it transpires that if gð1Þ 6¼ 0, then Pg ¼ ;. Hence, recalling the previous remark, we deduce that if

ðg; bgÞ strongly satisfies (1.5),
Y

p2P

�
1� bgðpÞ

�
6¼ 0, and gð1Þ ¼ 0, then g is identically zero and the

convergence of the series (1.5) is not absolute.

Example 1.4 Recall that f denotes the Riemann zeta function and the divisor functions are defined by
rrðnÞ ¼

P
djn dr ¼ ðidr � uÞðnÞ for all n 2 N and any fixed integer r� 1. Taking

g ¼ rr

fðr þ 1Þidr ¼
r�r

fðr þ 1Þ ; bg ¼ 1

idrþ1
;

it is known that ðg; bgÞ satisfies (1.5) in N, and the convergence of the series (1.5) is absolute [8]. Also note
that bg 2 M�. Further,

gð1Þ ¼
X

n2N

lðnÞ
nrþ1

¼ 1

fðr þ 1Þ ; ðl bg � uÞðdÞ ¼
X

tjd

lðtÞ
trþ1
¼ Jrþ1ðdÞ

drþ1
6¼ 0; 8d 2 N;

where
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JmðdÞ ¼ dm
X

tjd

lðtÞ
tm
¼ dm

Y

pjd
ð1� p�mÞ

is the so-called Jordan totient for m� 2 [2, Ch. 2, Ex. 17], [19, Ch. 5]. Thus, from (1.6), (1.8) and Lucht’s
theorem (see Lemma 2.4 in Sect. 2) we get the identities

Ubgð1; dÞ ¼
X

ðn;dÞ¼1

lðnÞ
nm
¼ dm

fðmÞJmðdÞ
; 8d 2 N; ð1:17Þ

X

n	0 ðdÞ

lðn=dÞ
nm

¼ 1

fðmÞdm
; 8d 2 N;

for any fixed integer m� 2. More generally, by using (2.1) of Lemma 2.1 in Sect. 2 or (i) of Theorem 1.4
below, for any a; d 2 N such that d� 2 and ða; dÞ ¼ 1, then Ubgða; dÞ converges with

Ubgða; dÞ ¼
X

ðn;dÞ¼1

cnðaÞ
nm
¼ rm�1ðaÞ

fðmÞam�1

dm

JmðdÞ
:

By using (1.9), the Möbius inversion formula, (1.17) and the property idm=Jm ¼ l2=Jm � u (such a
property is easily established on noting that all the functions involved are multiplicative), we also obtain

U0bgð1; dÞ ¼
X

n	0 ðdÞ

lðnÞ
nm
¼ lðdÞ

fðmÞJmðdÞ
; 8d 2 N: ð1:18Þ

Finally, we remark that more general versions of (1.17) and (1.18) were proved respectively by Cohen [3,
Th. 3.1] and by Navas et al. [15, Th. 3.2].

Example 1.5 For bg ¼ l=J2 and g ¼ fð2Þu=id, where fð2Þ ¼ p2=6, another result of Ramanjan [16] is that
ðg; bgÞ satisfies (1.5) in N. In this case bg 2 M and the convergence of the series (1.5) is absolute because

J2ðnÞ� n2
Q

pð1� 1=p2Þ ¼ n2=fð2Þ. Since ðu=idÞ � l ¼ l=id, arguing as in the previous example, for all

d 2 N we obtain the identities

X

n	0 ðdÞ
bgðnÞlðn=dÞ ¼

X

n	0 ðdÞ

lðnÞlðn=dÞ
J2ðnÞ

¼ fð2Þ lðdÞ
d2

;

U0bgð1; dÞ ¼lðdÞ
X

n	0 ðdÞ

lðnÞlðn=dÞ
J2ðnÞ

¼ fð2Þ jlðdÞj
d2

;

Ubgða; dÞ ¼
X

ðn;dÞ¼1

lðnÞcnðaÞ
J2ðnÞ

¼ fð2ÞuðaÞ
a

J2ðdÞ
d2

;

for any a 2 N such that ða; dÞ ¼ 1:

Remark 1.5 Let bg 2M� such that ðg; bgÞ strongly satisfies (1.5). In particular, (1.13) holds for any prime

power pa. If gð1Þ ¼ 1 and gðp2Þ ¼ gðpÞ2 for all p 2 P, then ðg; bgÞ ¼ ðu; IÞ. Indeed, note first that gð1Þ ¼ 1
yields bgðpÞ 6¼ 1 because of (1.6) or, equivalently, (1.10). Then, by taking a ¼ 1 and a ¼ 2, formula (1.13)

gives gðpÞ ¼ 1þ p bgðpÞ and gðp2Þ ¼ gðpÞ þ p2 bgðpÞ2, respectively. Therefore, gðp2Þ ¼ gðpÞ2 implies that

gðp2Þ ¼ gðpÞ þ p2 bgðpÞ2 ¼ gðpÞ2 ¼ gðpÞ þ p bgðpÞ þ p2 bgðpÞ2, i.e., bgðpÞ ¼ 0 for all p 2 P. We conclude that
bg ¼ I and consequently g ¼ u. In particular, g 2 M� yields the same conclusion. More precisely, unless
bg ¼ I, we will show that g 62 M (see Corollary 1.4 below).

Before going to the second main consequence of Theorem 1.1, let us recall that, according to Lahiri [11, 19,
Sect. XI.2], an arithmetic function h such that hð1Þ 6¼ 0 and hð1ÞhðmnÞ ¼ hðmÞhðnÞ, for any coprime

n;m 2 N, is called quasi-multiplicative. This is equivalent to say that hð1Þ�1h 2 M, and obviously hð1Þ ¼ 1
yields h 2M. Note that the function g in both Examples 1.4 and 1.5 is quasi-multiplicative. This is
generalized by the following corollary.
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Corollary 1.2 Assume that bg 2 M and ðg; bgÞ strongly satisfies (1.5). If gð1Þ 6¼ 0, then g is quasi-multi-

plicative, i.e., gð1Þ�1g 2 M.

Remark 1.6 This result should be compared with a theorem of Rearick [17, 19, Th. 112], which states that
if the series

X

n2N

X

d	0 ðnÞ

ðg � lÞðdÞ
d

converges absolutely, then the series (1.5), with coefficients

bgðnÞ ¼
X

d	0 ðnÞ

ðg � lÞðdÞ
d

;

converges absolutely to g. Further, Rearick’s theorem also includes a property implying that if such a
function bg is multiplicative and gð1Þ 6¼ 0, then g is quasi-multiplicative (more precisely, such a property is
given in terms of the semi-multiplicative functions [19, Ch. XI], a class of arithmetic functions that properly
contains all the quasi-multiplicative ones).

By using a classical result of Delange [7] we obtain the following consequence of the previous achieve-
ments. Similar results might be established whenever in place of (iii) below we set the appropriate condition
afforded by different hypotheses on g [12, 21].

Corollary 1.3 Assume that bg 2 M fulfills the following conditions.

(i) ðg; bgÞ strongly satisfies (1.5);

(ii) C ¼
Y

p2P

�
1� bgðpÞ

�
2 C n f0g;

(iii)
X

p2P

1

j1� bgðpÞj
X

a2N
jbgðpaÞ � bgðpaþ1Þj converges;

(iv) for any p 2 P one has bgðpaÞ ! 0, as a!1.

• If gð1Þ ¼ 0, then g is identically zero and the convergence of (1.5) is not absolute.
• If gð1Þ 6¼ 0, then the convergence of the series (1.5) is absolute and gð1Þ ¼ C. Further,

bgðnÞ ¼ gð1Þ
Y

pjn

1

gð1Þ
X

a� vpðnÞ

ðg � lÞðpaÞ
pa

Y

p6j n

�

1þ 1

gð1Þ
X

a� 1

ðg � lÞðpaÞ
pa

�

; 8n 2 N:

In particular, if gð1Þ ¼ C ¼ 1, then g 2 M and

bgðnÞ ¼
Y

p2P

X

a� vpðnÞ

ðg � lÞðpaÞ
pa

¼
X

d	0 ðnÞ

ðg � lÞðdÞ
d

; 8n 2 N:

Remark 1.7 Let bg be a strongly multiplicative function, i.e., bg 2 M and bgðpaÞ ¼ bgðpÞ for any prime
power pa, a 2 N. If bg satisfies (i) and (ii) of the previous corollary, then (iii) is obviously fulfilled because
(ii) ensures that bgðpÞ 6¼ 1. Further, if gð1Þ 6¼ 0, then by using (1.10) and (1.12) we see that gðpaÞ ¼ gð1Þ for
any prime power pa. However, in this case (iv) cannot be satisfied for otherwise it would be bgðpaÞ ¼
bgðpÞ ¼ 0 for any p 2 P. On the other hand, if gð1Þ 6¼ 0 and we wanted gð1Þ�1g to be strongly multiplicative
from Corollary 1.3, then by using (1.13) it is not difficult to see that necessarily we should have

bgðpaÞ ¼ bgðpÞ
�

1� gð1Þ � gðpÞ
p gð1Þ

�
þ gð1Þ � gðpÞ

p gð1Þ ; 8p 2 P; 8a 2 N; a� 2:

Further, the condition (iv) and the previous equation demand that bgðpaÞ ¼ 0 for any prime power pa with
a� 2. Consequently,
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gðpaÞ ¼ gðpÞ ¼ gð1Þ
�

1þ p
bgðpÞ

1� bgðpÞ

�

¼ gð1Þ 1þ uðpÞ bgðpÞ
1� bgðpÞ ; 8p 2 P;8a 2 N:

This is in accordance with the fact that in this case bgðnÞ ¼ 0 whenever lðnÞ ¼ 0 [7, Sect. 4.1.2]. Hence, a

strongly multiplicative gð1Þ�1g coming from Corollary 1.3 should satisfy the explicit formula

gðnÞ ¼ gð1ÞxðnÞ
Y

pjn

1þ uðpÞ bgðpÞ
1� bgðpÞ ¼ gð1ÞxðnÞ ðjlju bg � uÞðnÞ

ðl bg � uÞðnÞ ; 8n 2 N; n� 2:

Theorem 1.2 Let bg 2 M. If there exists an integer d� 2 such that ðl bg � uÞðdÞ 6¼ 0 and the series
Ubgða; dÞ converges for every a 2 N, then ðg; bgÞ satisfies (1.5) in N and

X

n2N
bgðnÞlðnÞl

�
ðn; dÞ

�
¼ gð1Þ ðjlj bg � uÞðdÞ

ðl bg � uÞðdÞ : ð1:19Þ

Further,

ðg � lÞðdÞ
d

¼ gð1Þ ðl bgd � uÞðdÞ
ðl bg � uÞðdÞ ; ð1:20Þ

where we set bgdðtÞ ¼ bgðdtÞ.
Recall that if Pbg ¼ ;, then the condition ðl bg � uÞðdÞ 6¼ 0 is fulfilled for any d� 2.

Remark 1.8 If bg 2 M is such that
P

n 2xðnÞbgðnÞ converges absolutely, then it is plain that ðg; bgÞ strongly
satisfies (1.5). Further, by following Lucht’s proof of the Wintner-Delange theorem [7, 13, Cor. 3.1] and
applying the previous theorems we can show that in this case

bgðnÞ ¼ gð1Þ
X

d	0 ðnÞ

ðl bgd � uÞðdÞ
ðl bg � uÞðdÞ ; 8n 2 N;

provided that gð1Þ 6¼ 0, which in turn yields ðl bg � uÞðdÞ 6¼ 0 because of (1.6).

The next corollary refines what we have observed in Remark 1.5.

Corollary 1.4 Let bg 2 M� n fIg. If ðg; bgÞ strongly satisfies (1.5), then g 62 M.

For the proof of the previous corollary we use the formula g ¼ gð1Þ id bg � u (see Remark 2.3 in Sect. 3). On
the other hand, by applying a theorem of Ivic [10] we get the following result.

Theorem 1.3 If ðg; bgÞ satisfies (1.5) in N with bg 2 M� and such that
P

n bgðnÞ converges, then such a
series does not vanish and one has g ¼ gð1Þ id bg � u with

gð1Þ ¼
X

n2N
bgðnÞlðnÞ ¼

�X

n2N
bgðnÞ

��1

:

If, in addition, the dual Ramanujan expansion

~gðaÞ ¼
X

n2N
bgðnÞcaðnÞ ð1:21Þ

holds for every a 2 N, then ~g ¼ gð1Þ�1
id bg � l.

Now, we give the last theorem that yields a partial converse of Lemma 2.2 (see Sect. 2) and a partial
strengthening of Theorem 1.1. Note that the property (i) of the next theorem cannot be applied to Ubgð1; dÞ
for any integer d� 2 such that jbgðpÞj � 1 for some p|d, though there could be only finitely many primes
satisfying such a condition when the series (1.5) converges for a ¼ 1. If there are none, then we get the
noteworthy implication (ii) for which the convergence of the series (1.5) with a ¼ 1 is sufficient for ðg; bgÞ to
strongly satisfy (1.5).

Theorem 1.4 (i) Assume that ðg; bgÞ satisfies (1.5) in N with bg 2M. Let a; d 2 N be such that d� 2 and
ða; dÞ ¼ 1. If jbgðpÞj\1 for any p|d, then the series Ubgða; dÞ converges with
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Ubgða; dÞ ¼
gðaÞ

ðl bg � uÞðdÞ :

(ii) If bg 2M is such that fp 2 P : jbgðpÞj � 1g ¼ ; and

Ubgð1; 1Þ ¼
X

n2N
bgðnÞlðnÞ

converges, then Ubgð1; dÞ converges for any d 2 N with

Ubgð1; dÞ ¼
Ubgð1; 1Þ
ðl bg � uÞðdÞ :

All the proofs of the previous results are given in Sect. 3, after some lemmata and further remarks provided
in the next section.

2 Lemmata

In this section we give five lemmata. In the first lemma we exploit a recent study by Coppola [4], which is
more explicitly presented in Lemma 2.2. The third lemma provides with a general formula. Here the version
for the multiplicative functions is combined with Lucht’s theorem [12] in order to prove the factorization
(1.8) of g � l. Such a theorem of Lucht is given in Lemma 2.4. The last lemma is applied within the proof of
Theorem 1.4.

Lemma 2.1 Let bg 2M. Given a 2 N, if there exists an integer d� 2 such that the series

Ubgða; dÞ ¼
X

ðn;dÞ¼1

bgðnÞcnðaÞ

converges, then both series (1.5) and

glða; dÞ ¼
X

n2N
l
�
ðn; dÞ

�
bgðnÞcnðaÞ

converge. Further, one has

gðaÞ ¼Ubgða; dÞ
Y

pjd
Gða; pÞ; ð2:1Þ

gðaÞ
Y

pjjd

�
2� Gða; pÞ

�Y

p2jd

�
1� bgðpÞcpðaÞ

�
¼ glða; dÞ

Y

pjd
Gða; pÞ; ð2:2Þ

where

Gða; pÞ ¼
XvpðaÞþ1

a¼0

bgðpaÞcpaðaÞ ¼
XvpðaÞ

a¼0

pa
�
bgðpaÞ � bgðpaþ1Þ

�

and the product extended over p such that p2jd is assumed to be 1 if d is square-free.

Proof Let us consider the sets

Kd ¼
	Y

pjd
pa : a� 0



; Hd ¼ fm 2 N :

�
m; d

�
¼ 1g:

Observe that ðk;mÞ ¼ 1 for all k 2 Kd;m 2 Hd. Further, it is plain that for every n 2 N there are uniquely

determined k 2 Kd;m 2 Hd such that n ¼ km. Thus, since bg 2M and both functions cnðaÞ;l
�
ðn; dÞ

�
are

multiplicative with respect to n, we can write
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X

1� n� x

bgðnÞcnðaÞ ¼
X

k 2 Kd

k� x

bgðkÞckðaÞ
X

m 2 Hd

m� x=k

bgðmÞcmðaÞ

¼
X

k 2 Kd

k� x

bgðkÞckðaÞ
X

m� x=k

I
�
ðm; dÞ

�
bgðmÞcmðaÞ;

ð2:3Þ

X

1� n� x

l
�
ðn; dÞ

�
bgðnÞcnðaÞ ¼

X

k 2 Kd

k� x

l
�
ðk; dÞ

�
bgðkÞckðaÞ

X

m� x=k

I
�
ðm; dÞ

�
bgðmÞcmðaÞ:

ð2:4Þ

By using (1.2) it is readily seen that

cpaðaÞ ¼
uðpaÞ; if 0� a� vpðaÞ;
�pvpðaÞ; if a ¼ vpðaÞ þ 1;

0; otherwise.

8
><

>:
ð2:5Þ

Therefore, after setting

Ka;d ¼
	Y

pjd
pa 2 Kd : 0� a� vpðaÞ þ 1



;

it is plain that if x� maxKa;d, then both sums
X

k 2 Kd

k� x

bgðkÞckðaÞ ¼
X

k2Ka;d

bgðkÞckðaÞ;
X

k 2 Kd

k� x

l
�
ðk; dÞ

�
bgðkÞckðaÞ

¼
X

k2Ka;dl
�
ðk;dÞ
�
bgðkÞckðaÞ

are finite. In particular, since Ubgða; dÞ converges, from (2.3) and (2.4) it follows that the series
X

n2N
bgðnÞcnðaÞ;

X

n2N
l
�
ðn; dÞ

�
bgðnÞcnðaÞ

converge respectively to

gðaÞ ¼Ubgða; dÞ
X

k2Ka;d

bgðkÞckðaÞ; ð2:6Þ

glða; dÞ ¼Ubgða; dÞ
X

k2Ka;dl
�
ðk;dÞ
�
bgðkÞckðaÞ:

ð2:7Þ

Further, we can write
X

k 2 Kd

k� x

bgðkÞckðaÞ ¼
X

k2Ka;d

bgðkÞckðaÞ ¼
Y

pjd
Gða; pÞ;

ð2:8Þ

X

k 2 Kd

k� x

l
�
ðk; dÞ

�
bgðkÞckðaÞ ¼

X

k2Ka;d

l
�
ðk; dÞ

�
bgðkÞckðaÞ ¼

Y

pjd
Fðd; a; pÞ;

ð2:9Þ

with
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Gða; pÞ ¼
XvpðaÞþ1

a¼0

bgðpaÞcpaðaÞ; Fðd; a; pÞ ¼
XvpðaÞþ1

a¼0

l
�
ðpa; dÞ

�
bgðpaÞcpaðaÞ:

Now, by using (2.5) we note that

Gða; pÞ ¼ �bgðpvpðaÞþ1ÞpvpðaÞ þ
XvpðaÞ

a¼0

bgðpaÞuðpaÞ

¼ �bgðpvpðaÞþ1ÞpvpðaÞ þ 1þ
XvpðaÞ

a¼1

bgðpaÞpa

�
XvpðaÞ

a¼1

bgðpaÞpa�1

¼
XvpðaÞ

a¼0

pa
�
bgðpaÞ � bgðpaþ1Þ

�
:

Moreover, since l
�
ðpa; dÞ

�
¼ 0 for any a� 2 if, and only if, p2jd, it is easy to see that

Fðd; a; pÞ ¼
2� Gða; pÞ; if pjjd;

1� bgðpÞcpðaÞ; if p2jd;

�

where

cpðaÞ ¼
uðpÞ ¼ p� 1; if pja;

�1; otherwise.

�

Thus, from (2.6)-(2.9) we obtain (2.1) together with

glða; dÞ ¼ Ubgða; dÞ
Y

pjjd

�
2�

XvpðaÞ

a¼0

pa
�
bgðpaÞ � bgðpaþ1Þ

��Y

p2jd

�
1� bgðpÞcpðaÞ

�
:

Hence, (2.2) follows by combining the latter formula with (2.1). h

Remark 2.1 Alternatively, if we assume that the series (1.5) converges absolutely, then (2.2) can be proved
to hold for all a; d 2 N by taking f ðnÞ ¼ bgðnÞcnðaÞ in a theorem of Apostol [2, Th. 6].

Lemma 2.2 Assume that bg 2M.

(i) If the integer d� 2 is such that the series Ubgða; dÞ converges for every a 2 N, then ðg; bgÞ satisfies (1.5)
in N and (2.1) holds for all a 2 N.

(ii) If d 2 N is such that the series Ubgð1; dÞ converges, then

gðdÞ ¼
X

n2N
bgðnÞcnðdÞ ¼ Ubgð1; dÞ

Y

pjd

XvpðdÞ

a¼0

pa
�
bgðpaÞ � bgðpaþ1Þ

�
; ð2:10Þ

where the product extended over p|d is assumed to be 1 if d ¼ 1.

Proof The proposition (i) follows straightforwardly from Lemma 2.1. For d ¼ 1 the proposition (ii) is
trivial. Assume that d� 2 and observe that Ubgðd; dÞ ¼ Ubgð1; dÞ because cnðdÞ ¼ cnð1Þ ¼ lðnÞ for

ðn; dÞ ¼ 1. Thus, (2.10) follows by taking a ¼ d in (2.1). h

Remark 2.2 For any fixed p 2 P and for all a 2 N, from (2.5) we see that cpvðaÞ 6¼ 0 for all v 2
f0; . . .; vpðaÞ þ 1g and

Pk
v¼0 cpvðaÞ ¼ 0 for all k� vpðaÞ þ 1. Thus, by applying a standard argument of

linear algebra we have that, for any fixed k� vpðaÞ þ 1, the equation
Pk

v¼0 zvcpvðaÞ ¼ 0 has a solution

ðz0; z1; . . .; zkÞ 2 Ckþ1 if, and only if, ðz0; z1; . . .; zkÞ ¼ kð1; 1; . . .; 1Þ for some k 2 C. In particular, for any
k� vpðaÞ þ 1 one has
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Gða; pÞ ¼
Xk

a¼0

bgðpaÞcpaðaÞ ¼ 0 if, and only if, bgðpaÞ ¼ bgð1Þ; 8a 2 f0; . . .; kg:

Hence, if bg 2M and an integer a� 2 are such that Ubgð1; aÞ converges and some prime factor of a belongs
to the set
Pbg ¼ fp 2 Pbg : bgðpaÞ ¼ 1; 8a 2 Ng,
then (1.6) yields gð1Þ ¼ 0, whereas from (2.10) and the previous observations it follows that

gðaÞ ¼ Ubgð1; aÞ
Y

pja

XvpðaÞ

a¼0

pa
�
bgðpaÞ � bgðpaþ1Þ

�
¼ Ubgð1; aÞ

Y

pja
Gða; pÞ ¼ 0:

Note also that there is no bg 2 M such that ðI; bgÞ strongly satisfies (1.5) for otherwise, taking g ¼ I in (1.6),
it should be Pbg ¼ ; and Ubgð1; dÞ 6¼ 0 for all d 2 N. Therefore, for any integer d� 2, from (1.7) we would

have Gðd; pÞ ¼ 0 for some p|d. In particular, Gðpa; pÞ ¼ 0, i.e., bgðpaÞ ¼ bgð1Þ ¼ 1, for any prime power pa.
Hence, it should be bg ¼ u, but for such a function the series (1.5) does not converge.

Now, assume that for bg 2 M we have Pbg 6¼ ; and Pbg ¼ ;. We have already observed that if ðg; bgÞ
strongly satisfies (1.5), then gð1Þ ¼ gðaÞ ¼ 0 for any integer a� 2 with no prime factors in Pbg (see Remark

1.3) and this is equivalent to Ubgð1; aÞ ¼ 0 because Gða; pÞ 6¼ 0 for all p|a. More generally, for a� 2 let us

set a ¼ a1a2, where a2 ¼ maxftja : t 6	 0 ðpÞ; 8p 2 Pbgg, so that Gða; pÞ 6¼ 0 for all pja2. Therefore, if there

exists pja1, then necessarily p 2 Pbg and it turns out that Gða; pÞ ¼ 0 if, and only if,

2� vpðaÞ þ 1\apðbgÞ ¼ minfa 2 N : bgðpaÞ 6¼ 1g. Note that, since Pbg ¼ ;, the integer apðbgÞ exists for

any p 2 P, and in particular apðbgÞ� 2 for all p 2 Pbg . Hence, assuming for bg 2M that Pbg 6¼ ;, Pbg ¼ ; and

ðg; bgÞ strongly satisfies (1.5), we conclude that gð1Þ ¼ gðaÞ ¼ 0 for any a� 2 such that

• vpðaÞ ¼ 0 for all p 2 Pbg (which also implies that Ubgð1; aÞ ¼ 0 because Gða; pÞ 6¼ 0) or
• 1� vpðaÞ\apðbgÞ � 1 for some p 2 Pbg (because Gða; pÞ ¼ 0).

Further, in case vpðaÞ� apðbgÞ � 1� 1 for all p 2 Pbg , then gðaÞ ¼ 0 if, and only if, Ubgð1; aÞ ¼ 0.

Lemma 2.3 For all d 2 N one has
X

m	0 ðdÞ
f ðmÞlðm=dÞ ¼

X

tjd
lðtÞ

X

ðn;dÞ¼1

f ðdtnÞlðnÞ; ð2:11Þ

where f is any complex-valued arithmetic function such that the above series converge.
In particular, if f 2 M, then (2.11) becomes

X

m	0 ðdÞ
f ðmÞlðm=dÞ ¼ Uf ð1; dÞðlfd � uÞðdÞ; ð2:12Þ

where fdðtÞ ¼ f ðdtÞ.
Proof Let x� d2 be a real number. After writing

X

m� x

m 	 0 ðdÞ

f ðmÞlðm=dÞ ¼
X

1� r� x=d

f ðdrÞlðrÞ ¼
X

tjd

X

1� r� x=d

ðr; dÞ ¼ t

f ðdrÞlðrÞ;

let us set r ¼ tn and note that ðt; nÞ[ 1 yields lðrÞ ¼ lðtnÞ ¼ 0. Thus, we can write
X

m� x

m 	 0 ðdÞ

f ðmÞlðm=dÞ ¼
X

tjd
lðtÞ

X

1� nt� x=d

ðn; d=tÞ ¼ ðn; tÞ ¼ 1

f ðdtnÞlðnÞ ¼
X

tjd
lðtÞ

X

1� n� x=ðdtÞ
ðn; dÞ ¼ 1

f ðdtnÞlðnÞ:

Hence, (2.11) follows as x!1. If f 2 M, then it is readily seen that the previous proof leads to the
formula (2.12). h
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The next lemma is Lucht’s theorem [12, Th. 1].

Lemma 2.4 For any arbitrary arithmetic function bg, the series (1.5) converges (absolutely) to g(a) for
every a 2 N if, and only if,

X

m	 0 ðdÞ
bgðmÞlðm=dÞ

converges (absolutely) for every d 2 N. If this is the case, then g ¼ g0 � u, where

g0ðdÞ ¼ d
X

m	 0 ðdÞ
bgðmÞlðm=dÞ; 8d 2 N:

Remark 2.3 In particular, if bg 2 M�, we see that

g0ðdÞ ¼ ðg � lÞðdÞ ¼ d bgðdÞ
X

n2N
bgðnÞlðnÞ ¼ d bgðdÞgð1Þ; 8d 2 N:

As an immediate consequence, there is no bg 2M� such that ðI; bgÞ satisfies (1.5) in N, for otherwise the
previous equation would yield bgðdÞ ¼ lðdÞ=d for all d 2 N, in contradiction with l 62 M�.

Let us underline that Lemma 2.3 and Lucht’s theorem might be applied even in case we are dealing with a
pair ðg; bgÞ satisfying (1.5) in N, but bg 62 M, as in the next example.

Example 2.1 Given the divisor function d ¼ u � u, it is well known that ðd; bdÞ satisfies (1.5) with bdðnÞ ¼
n�1 log n�1 [16]. In particular,

dð1Þ ¼ 1 ¼ �
X

n2N

log n

n
lðnÞ:

Note that in this case bd 62 M and the convergence of the series (1.5) is not absolute. Further, (1.14) and the
previous identity yield

X

n	0 ðaÞ

log n

n
lðn=aÞ ¼ 1

a

X

k2N

logðakÞ
k

lðkÞ ¼ log a

a

X

k2N

lðkÞ
k
þ 1

a

X

k2N

log k

k
lðkÞ ¼ � 1

a
:

Since d � l ¼ ðu � uÞ � l ¼ u, the latter formula can also be achieved by applying Lemma 2.4. Now, let us

assume that ðd; bdÞ strongly satisfies (1.5), i.e., Ubd
ð1; aÞ converges for any a 2 N. From Lemma 2.3, Lemma

2.4, identity (1.15), and the previous equation we infer that

ðd � lÞðaÞ ¼ 1 ¼ �a
X

tja
lðtÞ

X

ðn;aÞ¼1

logðatnÞ
atn

lðnÞ

¼ �
�

log a
X

tja

lðtÞ
t
þ
X

tja

log t

t
lðtÞ

� X

ðn;aÞ¼1

lðnÞ
n
þ Ubd

ð1; aÞ
X

tja

lðtÞ
t

¼ Ubd
ð1; aÞ uðaÞ

a
;

where we have applied the property uðaÞ ¼ a
P

tja lðtÞ=t for all a 2 N [1, Th. 2.3]. Hence,

Ubd
ð1; aÞ ¼ �

X

ðn;aÞ¼1

log n

n
lðnÞ ¼ a

uðaÞ :

On the other hand, we can establish that ðd; bdÞ strongly satisfies (1.5), together with the above identity for

Ubd
ð1; aÞ, by using (1.9) and the property id=u ¼ ðl2=uÞ � u (such a property needs to be verified only for

prime powers because all the functions involved are multiplicative [1, Ch. 2, Ex. 3]), the convergence of
U0bd
ð1; aÞ being proved by De Koninck and Mercier [6, Sect. 6] with
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U0bd
ð1; aÞ ¼ �

X

n	0 ðaÞ

log n

n
lðnÞ ¼ lðaÞ

uðaÞ ; 8a 2 N:

Lemma 2.5 For any a 2 N and any integer d� 2, let ua;d be the characteristic function of the set
Ka;d ¼

	Q
pjd pa : 0� a� vpðaÞ þ 1



. If bg 2 M, then the following properties hold.

(i) There exists the Dirichlet inverse w�1 of the function

w : n 2 N! wðnÞ ¼ wðn; a; dÞ ¼ ua;dðnÞbgðnÞcnðaÞ

and w;w�1 2M. Further,

w�1ðnÞ ¼ w�1ðn; a; dÞ ¼ 0; 8n 62 Kd ¼
	Y

pjd
pa : a� 0



:

(ii) If, in addition, ða; dÞ ¼ 1, then

w�1ðnÞ ¼
Y

pjd
bgðpÞvpðnÞ; 8n 2 Kd:

Further, if jbgðpÞj � 1 for any p|d, then
P

n w�1ðnÞ does not converge. If jbgðpÞj\1 for any p|d, thenP
n w�1ðnÞ converges absolutely with

X

n2N
w�1ðnÞ ¼

�X

n2N
wðnÞ

��1

¼ 1

ðl bg � uÞðdÞ :

Proof (i) Since nm 2 Ka;d for any coprime n;m 2 Ka;d, it is easy to see that w 2M. Thus, there exists w�1

such that w � w�1 ¼ I and one has w�1 2 M [1, Th. 2.8, Th. 2.16]. Further, w�1ðnÞ ¼ 0 for any n 62 Kd

because Ka;d � Kd and w�1ðpbÞ, with b 2 N, is a linear combination of products of the form wðpb1ÞwðpÞb2

with integers b1;b2� 0 such that b1 þ b2 ¼ b [18, Sect. I.2, Remark 2]. More precisely,

w�1ðpbÞ ¼
X

b1;b2 2 N [ f0g
b1 þ b2 ¼ b

cðb1;b2Þwðpb1ÞwðpÞb2 ;

where the coefficients cðb1; b2Þ 2 Z are such that
X

b1;b2 2 N [ f0g
b1 þ b2 ¼ b

cðb1; b2Þ ¼ 0:

Furthermore, it is easy to see that cð0;bÞ þ cð1;b� 1Þ ¼ ð�1Þb is the coefficient attached to wðpÞb. Now,
for any integer n� 2 one has

w�1ðpvpðnÞÞ ¼
X

v 2 N [ f0g
v� minfvpðnÞ; vpðaÞ þ 1g

cðv; vpðnÞ � vÞwðpvÞwðpÞvpðnÞ�v:

In particular, if p|d is such that vpðaÞ ¼ 0 and n 2 Kd n f1g, so that p|(d, n) and wðpÞ ¼ bgðpÞlðpÞ ¼ �bgðpÞ,
then

w�1ðpvpðnÞÞ ¼
X

v2f0;1g
cðv; vpðnÞ � vÞwðpvÞwðpÞvpðnÞ�v

¼
�
cð0; vpðnÞÞ þ cð1; vpðnÞ � 1Þ

�
wðpÞvpðnÞ ¼ ð�1ÞvpðnÞ�� bgðpÞ

�vpðnÞ

¼ bgðpÞvpðnÞ:

(ii) If ða; dÞ ¼ 1, i.e., vpðaÞ ¼ 0 for any p|d, then
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w�1ðnÞ ¼ w�1ðn; a; dÞ ¼
Q

pjd bgðpÞ
vpðnÞ; if n 2 Kd;

0; otherwise.

(

Consequently, if jbgðpÞj\1 for any p|d, then the convergence of the series
P

n w�1ðnÞ is absolute with

X

n2N
w�1ðnÞ ¼

X

n2Kd

Y

pjd
bgðpÞvpðnÞ ¼

Y

pjd

X

a2N[f0g
bgðpÞa ¼

Y

pjd

1

1� bgðpÞ

¼ 1

ðl bg � uÞðdÞ ¼
Y

pjd
Gða; pÞ�1 ¼

�X

n2N
wðnÞ

��1

;

after recalling (2.8). On the other hand, it is plain that if jbgðpÞj � 1 for any p|d, then the series
P

n w�1ðnÞ
does not converge. h

3 Proofs of the main results

Proof of Theorem 1.1 (i) We can apply Lemma 2.1 so that (1.6) follows by taking a ¼ 1 in (2.1). Now, we
apply Lemma 2.2 to get (1.7) after multiplying (2.10) by ðl bg � uÞðdÞ and using (1.6).

(ii) In view of (i), the convergence of Ubgð1; dÞ for any integer d� 2 implies that ðg; bgÞ satisfies (1.5) in N.
Therefore, from Lemma 2.4 we have that the following series is convergent:

X

m	0 ðdÞ
bgðmÞlðm=dÞ; 8d 2 N:

By taking f ¼ bg in Lemma 2.3, we see that (2.12) applies to give
X

m	0 ðdÞ
bgðmÞlðm=dÞ ¼ Ubgð1; dÞðl bgd � uÞðdÞ:

Hence, (1.8) follows from Lemma 2.4. h

Proof of Corollary 1.1 First, recall that Ubgð1; p
aÞ ¼ Ubgð1; pÞ for all a 2 N. Thus, in view of Theorem 1.1,

the series (1.5) converges with a ¼ pa, for any integer a� 0. Then, after recalling Remark 1.2 and
lðpÞ ¼ �1, the convergence of U0bgð1; pÞ follows from the convergence of both series Ubgð1; pÞ and (1.5) with

a ¼ 1. Further, we can write gð1Þ ¼ Ubgð1; pÞ þ U0bgð1; pÞ or, more explicitly,

gð1Þ ¼
X

n2N
bgðnÞlðnÞ ¼

X

n	0 ðpÞ
bgðnÞlðnÞ þ

X

n6	0 ðpÞ
bgðnÞlðnÞ: ð3:1Þ

Moreover, both formulæ (1.6) and (1.7) hold with d ¼ pa.
1) In particular, (1.10) is (1.6) with d ¼ p. By applying (2.10) with d ¼ pa we obtain (1.12). Since bg 2 M

and ðm; dÞ[ 1 yields lðmdÞ ¼ 0, we can write U0bgð1; dÞ ¼ lðdÞbgðdÞUbgð1; dÞ, which for d ¼ p becomes

X

n	0 ðpÞ
bgðnÞlðnÞ ¼ �bgðpÞ

X

n6	0 ðpÞ
bgðnÞlðnÞ:

Thus, we get (1.11) by combining (3.1) with the latter equation.
2) Note that from (1.12) we infer

gðpaÞ � gðpa�1Þ ¼ Ubgð1; pÞ
�
bgðpaÞ � bgðpaþ1Þ

�
pa;

and it is plain that bgðpaÞ ¼ bgðpaþ1Þ yields gðpaÞ ¼ gðpa�1Þ immediately.
3) For any a 2 N, equation (1.13) follows by combining (1.10) with the previous formula.
4) By applying the Möbius inversion formula to the first equation of (1.2) we see that
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X

qjd
cqðnÞ ¼

d; if djn;

0; otherwise,

�

for all d; n 2 N. Thus, by using this formula for d ¼ p, we can write

U0bgð1; pÞ ¼
1

p

X

n2N
bgðnÞlðnÞ

�
c1ðnÞ þ cpðnÞ

�
¼ gð1Þ

p
þ 1

p

X

n2N
bgðnÞlðnÞcpðnÞ:

Now, let us recall the reciprocity law for the Ramanujan sums, namely cqðnÞ ¼ lðnÞlðqÞcnðqÞ, which holds
for any square-free n, q [19, Ch. IX, (2.9)]. In particular, for q ¼ p such a law yields cpðnÞ ¼ �lðnÞcnðpÞ.
Therefore,

p U0bgð1; pÞ ¼ gð1Þ �
X

lðnÞ6¼0

bgðnÞcnðpÞ:

Corollary 1.1 is completely proved. h

Proof of Corollary 1.2 Since gð1Þ 6¼ 0, from (1.6) we deduce that ðl bg � uÞðdÞ 6¼ 0 for all d 2 N.
Therefore, by applying (1.7) for any d� 2 we can write

gðdÞ
gð1Þ ¼

Q
pjd Gðd; pÞ
ðl bg � uÞðdÞ ;

where G(d, p) is defined in Lemma 2.1. It is plain that bg l � u 2 M because bg;l; u 2 M [1, Th. 2.14].
Therefore, the conclusion will follow whenever we show that h 2M, where hð1Þ ¼ 1 and hðdÞ ¼Q

pjd Gðd; pÞ for any integer d� 2. To this end, first note that if ðm; nÞ ¼ 1, then vpðmÞ 6¼ 0 and vpðnÞ 6¼ 0

imply vpðnÞ ¼ 0 and vpðmÞ ¼ 0, respectively. Thus, by using (1.2) it is readily seen that

vpðmnÞ ¼
vpðmÞ; if p 6 jn;

vpðnÞ; if p 6 jm;

�

cpaðmnÞ ¼
cpaðmÞ; if p 6 jn;

cpaðnÞ; if p 6 jm:

�

Hence, one has

hðmnÞ ¼
Y

pjmn

Gðmn; pÞ ¼
Y

pjm

XvpðmÞþ1

a¼0

bgðpaÞcpaðmÞ
Y

pjn

XvpðnÞþ1

a¼0

bgðpaÞcpaðnÞ ¼ hðmÞhðnÞ:

Corollary 1.2 is proved. h

Proof of Corollary 1.3 Under the sole conditions (i) and (ii), the case gð1Þ ¼ 0 has been settled in Remark

1.4. Assume that gð1Þ 6¼ 0. In view of Corollary 1.2, the function h ¼ gð1Þ�1g is multiplicative. Further, by
using (1.13) and the hypothesis (iii) we see that

X

p2P

X

a2N

jhðpaÞ � hðpa�1Þj
pa

\1:

Therefore, h fulfills the hypotheses of Delange’s theorem [7, Sects. 1, 3], so that ðh; bhÞ satisfies (1.5) in N,
where the Ramanujan series converges absolutely and

bhðnÞ ¼
Y

p2P

X

a� vpðnÞ

ðh � lÞðpaÞ
pa

; 8n 2 N:

Bearing in mind that the hypothesis (ii) yields bgðpÞ 6¼ 1 for any p 2 P, again from (1.13) we deduce that if
vpðnÞ� 1, then

Xv

a¼vpðnÞ

ðh � lÞðpaÞ
pa

¼ 1

gð1Þ
Xv

a¼vpðnÞ

gðpaÞ � gðpa�1Þ
pa

¼ bgðp
vpðnÞÞ � bgðpvþ1Þ

1� bgðpÞ :

Thus, after recalling that bg 2 M and applying (iv), we can write
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bhðnÞ ¼
Y

p 2 P

vpðnÞ ¼ 0

�
1þ bgðpÞ

1� bgðpÞ

� Y

p 2 P

vpðnÞ 6¼ 0

bgðpvpðnÞÞ
1� bgðpÞ ¼ bgðnÞ

Y

p2P

1

1� bgðpÞ ¼
bgðnÞ

C
; 8n 2 N:

Since this implies that hðaÞ ¼ gðaÞ=gð1Þ ¼ gðaÞ=C for all a 2 N, it turns out that gð1Þ ¼ C. The formulæ

for bg follow straightforwardly from the previous equation for bh. h

Proof of Theorem 1.2 The hypotheses allow us to apply Lemma 2.1 and Theorem 1.1. In particular, (1.19)
follows by taking a ¼ 1 in (2.2), so that

ðl bg � uÞðdÞ
X

n2N
bgðnÞlðnÞl

�
ðn; dÞ

�
¼
X

n2N
bgðnÞlðnÞl

�
ðn; dÞ

�Y

pjd

�
1� bgðpÞ

�

¼ gð1Þ
Y

pjd

�
1þ bgðpÞ

�
¼ gð1Þðjlj bg � uÞðdÞ:

Since ðl bg � uÞðdÞ 6¼ 0, in view of (1.6) we can write

Ubgð1; dÞ ¼
gð1Þ

ðl bg � uÞðdÞ :

Hence, (1.20) follows by plugging the latter formula into (1.8). h

Proof of Corollary 1.4 Let us assume that gð1Þ ¼ 1. In view of Corollary 1.2, this is equivalent to say that
g 2M. Further, after recalling Lemma 2.4 and Remark 2.3, the hypothesis bg 2 M� yields g ¼ id bg � u.
Therefore, g too must be completely multiplicative because it turns out that its Dirichlet inverse is lg, i.e.,
lg � g ¼ I ¼ l � u [1, Th. 2.17]. Indeed, by using the assumption gð1Þ ¼ 1, we see that gðdÞIðdÞ ¼ IðdÞ for
all d 2 N. Thus,

ðlg � gÞðdÞ ¼
X

tjd
lðtÞgðtÞgðd=tÞ ¼

X

tjd
lðtÞ

X

sjt
s bgðsÞ

X

rjðd=tÞ
r bgðrÞ

¼
X

tjd
lðtÞ

X

sjt

X

rjðd=tÞ
sr bgðsrÞ ¼

X

tjd
lðtÞ

X

kjd
k bgðkÞ

¼ ðl � uÞðdÞðid bg � uÞðdÞ ¼ IðdÞgðdÞ ¼ IðdÞ:

However, g 2 M� contradicts the observations of Remark 1.5. Hence, gð1Þ 6¼ 1. h

Proof of Theorem 1.3 Since ðg; bgÞ and ð~g; bgÞ satisfy (1.5) and (1.21) in N, respectively, and the seriesP
bgðnÞ converges, then for any fixed a 2 N the Dirichlet series

Dðs; aÞ ¼
X

n2N

bgðnÞcnðaÞ
ns

; ~Dðs; aÞ ¼
X

n2N

bgðnÞcaðnÞ
ns

; DðsÞ ¼
X

n2N

bgðnÞ
ns

converge for all s ¼ cþ it 2 C with c[ 0 [1, Ch. 11, Ex. 2]. In particular, since bg 2 M�, from Ivic’s
theorem [10, Th. 1] we infer that

Dðs; aÞDðsÞ ¼
X

dja
bgðdÞd1�s; ~Dðs; aÞ ¼ DðsÞ

X

dja
bgðdÞd1�slða=dÞ;

for all a 2 N and for all s ¼ cþ it 2 C, with c[ 0. Thus, as c! 0 we get

gðaÞ
X

n2N
bgðnÞ ¼ ðid bg � uÞðaÞ; ~gðaÞ ¼ ðid bg � lÞðaÞ

X

n2N
bgðnÞ; 8a 2 N:

The conclusion follows by taking a ¼ 1 in the first formula above to see that

gð1Þ
X

n2N
bgðnÞ ¼ ðid bg � uÞð1Þ ¼ bgð1Þ ¼ 1:

Theorem 1.3 is proved. h
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Proof of Theorem 1.4 (i) Let us set

gða; xÞ ¼
X

1� n� x

bgðnÞcnðaÞ;

Ubgða; d; xÞ ¼
X

n� x

I
�
ðn; dÞ

�
bgðnÞcnðaÞ;

for any fixed a; d 2 N and any real number x� 1. By taking x� maxKa;d, where Ka;d is the set given in
Lemmata 2.1 and 2.5, equation (2.3) can be written as

gða; xÞ ¼
X

m� x

wðmÞUbgða; d; x=mÞ;

where w is defined in Lemma 2.5. Thus, this lemma implies that the series
P

n w�1ðnÞ converges absolutely
to 1=ðl bg � uÞðdÞ because jbgðpÞj\1 for any p|d and ða; dÞ ¼ 1 by hypothesis. Since [1, Th. 2.22]

Ubgða; d; xÞ ¼
X

m� x

w�1ðmÞgða; x=mÞ; ð3:2Þ

the series Ubgða; dÞ converges with [14, Sect. 1.3.1, Ex. 2], [20],

Ubgða; dÞ ¼ lim
x!1

Ubgða; d; xÞ ¼ lim
x!1

X

m� x

w�1ðmÞgða; x=mÞ ¼ gðaÞ
X

m2N
w�1ðmÞ

¼ gðaÞ
ðl bg � uÞðdÞ :

(ii) By taking a ¼ 1, we see that K1;d ¼
	

k 2 N : k divides
Q

pjd p



for any integer d� 2 and from Lemma

2.5 it follows that for the function w�1ðnÞ ¼ w�1ðn; 1; dÞ the series
P

n w�1ðnÞ converges absolutely because
jbgðpÞj\1 for any p 2 P. Further, since gð1; x=nÞ ! Ubgð1; 1Þ, as x!1, from (3.2) for a ¼ 1 we get that

Ubgð1; dÞ converges for all d� 2, yielding (1.6) with gð1Þ ¼ Ubgð1; 1Þ. h
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