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1 Introduction

In this note we establish an index theorem for signature operators with coefficients in Z=kZ-vector bundles.
More explicitly, let X be an odd-dimensional closed oriented Riemannian manifold. Let ðE1;E2; aÞ be a
Z=kZ-vector bundle on X. Here Ei ! X are complex vector bundles and a : kE1 ! kE2 is an isomorphism.

One can construct a direct image IndðE1;E2; aÞ 2 Z=kZ by analytic families index theory using a family
signature operator.

On the other hand, we equip Ei with metrics and unitary connections rEi ; and assume that a is unitary
(not required to preserve connections). Let SFðE1;E2; aÞ denote the value

SFðE1;E2; aÞ :¼ k
1

2
gðAE1Þ � 1

2
gðAE2Þ

� �
�
Z

X

TdðXÞ ^ csðkrE1 ; a�krE2Þ

mod kZ;

where TdðXÞ is the Todd characteristic form of X, csðkrE1 ; a�krE2Þ is a Chern-Simons transgression form
[5, Section 4], and gðAEiÞ are the Atiyah-Patodi-Singer (APS) eta invariants [4] associated to the twisted
signature operators AEi .

The main result of this paper is the following.

Theorem We have,

IndðE1;E2; aÞ ¼ SFðE1;E2; aÞ:

123

Communicated by Gadadhar Misra.

Dedicated to the memory of Professor Vijay Kumar Patodi.

A. Elmrabty (&)
Department of Mathematics, Ibn Tofaı̈l University, Kenitra, Morocco
E-mail: elmrabtyadnane@yahoo.com

Indian J Pure Appl Math (2021) 52:505–511
https://doi.org/10.1007/s13226-021-00051-6



Our proof of Theorem consists in transforming the problem to a circle, and applying Corollary (5.7) of [5]
and the APS index theorem for manifolds with boundary [4]. From our arguments, we obtain analytical-
geometric and analytical-topological formulas for APS rho-invariants.

2 The main result

Let X be a smooth compact manifold. Let ðE1;E2; aÞ be a Z=kZ-vector bundle on X. Here Ei ! X are
complex vector bundles and a : kE1 ! kE2 is an isomorphism. According to Proposition 5.5 in [5],
ðE1;E2; aÞ determines a natural element in the K-theory with Z=kZ-coefficients K�1ðX;Z=kZÞ; that is, the
relative K-theory K�1ðX �Mk;X � pointÞ ( [3, Section 1]) where Mk is a Moore space of degree k. Let
hEi
;rEi be, respectively, metrics and connections on Ei: Assume that a is compatible with hEi

(not required
to preserve connections). We denote x :¼

�
ðE1;E2; aÞ; ðhE1

; hE2
Þ; ðrE1 ;rE2Þ

�
: Such a data will be called a

geometric Z=kZ-vector bundle.
Let X�ðXÞ be the Z-graded group of differential forms on X, and let d : X jðXÞ ! Xjþ1ðXÞ be the exterior

derivative. Let ChðrEiÞ 2 XevðX;RÞ denote the geometric Chern forms of ðEi;rEiÞ (see [11, Chapter 3:
(2.10)]). The geometric Z=kZ-vector bundle x gives rise to a class CSðkrE1 ; a�krE2Þ 2 XodðX;RÞ=imgðdÞ
[5, Section 4] satisfying

k�1dCSðkrE1 ; a�krE2Þ ¼ ChðrE1Þ � ChðrE2Þ: ð1Þ

More explicitly, CSðkrE1 ; a�krE2Þ is given by the following integralZ 2

1

Chððt � 1ÞkrE1 þ ð2� tÞa�krE2 þ dtotÞ mod imgðdÞ: ð2Þ

We assume that X is an odd-dimensional closed oriented Riemannian manifold with metric g. Let AEi be the
signature operator on X ( [2, Section 5], [11, Proposition 2.7.1]) twisted by ðEi;rEiÞ, TdðXÞ be the Todd
characteristic form of X ( [11, Chapter 3: (2.16)]) and gðAEiÞ be the eta invariants of [4]. To be more
explicit, let us briefly recall the constructions of AEi and gðAEiÞ. Fix i 2 f1; 2g. The connection rEi induces
a covariant derivative

drEi : C1ðX;EiÞ ! C1ðX;Ei � T�XÞ

which extends to a generalized exterior derivative

drEi : XnðX;EiÞ ! Xnþ1ðX;EiÞ

by the Leibniz rule.
The metric g induces a (fiberwise) Hodge H operator

H : Ei;x � KnðT�x XÞ ! Ei;x � KdimðXÞ�nðT�x XÞ:

The metrics hEi
and g induce inner products h ; ix on the vector spaces Ei;x � KnðT�x XÞ. These structures

extend to sections, yielding the L2-inner product on XnðX;EiÞ:

ðw; vÞ ¼
Z

X

hwx; vxix;

and the Hodge H isometry

H : XnðX;EiÞ ! XdimðXÞ�nðX;EiÞ:

We use the notation XevðX;EiÞ ¼ �nX
2nðX;EiÞ. The twisted signature operator AEi

AEi : XevðX;EiÞ ! XevðX;EiÞ

is a formally self-adjoint operator acting on sections of the bundle of even degree differential forms on X
with values in Ei, defined by

AEi/ ¼ ð
ffiffiffiffiffiffiffi
�1
p

ÞdimðEiÞþ1ð�1Þnþ1ðH drEi � drEi HÞ/ for / 2 X2nðX;EiÞ:
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It is a generalized Dirac operator.
The eta invariant gðAEiÞ is defined to be the value at 0 of the analytic continuation to C of the function

on the s [ [ 1 part of the real line that sends s toX
k2SpecðAEi Þnf0g

signðkÞ � jkj�s:

From [6], this analytic continuation is finite at s ¼ 0.

Definition 1 We define,

SFðAE1 ;AE2 ; aÞ :¼ k
1

2
gðAE1Þ � 1

2
gðAE2Þ

� �
�
Z

X

TdðXÞ ^ CSðkrE1 ;a�krE2Þ

mod kZ:

SFðAE1 ;AE2 ; aÞ is topological in nature using the Atiyah-Patodi-Singer index theorem for manifolds with
boundary [4].

Let P denote the Poincaré line bundle on the torus S1 � S1 (see [9, 4.3.9]). We equip P with a Hermitian
metric h and a unitary connection r. Recall that the index of the twisted signature operator AP is equal to

indexðAPÞ ¼
Z

S1�S1

ChðrÞ ¼ 1: ð3Þ

Moreover, the integral of ChðrÞ over the first factor of S1 � S1 is the normalized volume form of S1.
Let Z :¼ X � S1 � S1, and let ð eEi ; heEi

;reEi Þ :¼ ðEi�P; hEi
�h;rEi�rÞ denote the external tensor

products. The Z=kZ-vector bundle ðfE1 ;fE2 ; ea :¼ idP�aÞ is exactly the image of ðE1;E2; aÞ under the double
suspension map S2 : K�1ðX;Z=kZÞ ! K�1ðX � S1 � S1;Z=kZÞ: Consider the fiber bundle Q,!Z!p S1

given by the projection of Z onto the last factor S1: We equip the vertical tangent bundle TQ with the metric
gQ and the connection rQ induced from those of X and S1: Let #i denote ðp; gQ;rQ; ð eEi ; heEi

;reEi ÞÞ: These
data may be considered as even-dimensional closed geometric families on S1 in the sense of Bunke [9].
Roughly speaking, an even-dimensional geometric family is the geometric data needed to construct the
index bundle. Let ðAeEi

s Þs2S1 be the families of signature operators associated to #i (acting on the Clifford
modules K�TQ� eEi), see [8, 3.1.1]. Assume that s7!dimðkerðAeEi

s ÞÞ are constant functions. So we can form
the Z=2Z-graded kernel bundles on S1;

kerððAeEi

s Þs2S1Þ ¼ kerððAeEi

s Þs2S1Þþ � kerððAeEi

s Þs2S1Þ�:

They admit L2-metrics h
kerððA

eEi
s Þs2S1 Þ�

and compatible projected connections rkerððA
eEi
s Þs2S1 Þ

� , see [8, p.17] and
[7, p.267]. Put

K� ¼ kerððAeE1

s Þs2S1Þ� � kerððAeE2

s Þs2S1Þ	
hK� ¼ h

kerððA
eE1
s Þs2S1 Þ�

� h
kerððA

eE2
s Þs2S1 Þ	

rK� ¼ rkerððA
eE1
s Þs2S1 Þ� � rkerððA

eE2
s Þs2S1 Þ	 ;

and define ba ¼ baþ � ba� : kKþ ! kK� to be the odd-graded unitary isomorphism induced by a:
In summary, we get a geometric Z=kZ-vector bundle on S1;�

ðKþ;K�; baÞ; ðhKþ ; hK�Þ; ðrKþ ;rK�Þ�:
Let D : K�1ðS1;Z=kZÞ!ffi K0ðpoint;Z=kZÞ ¼ Z=kZ be the desuspension map induced from that in the usual
K-theory.

Definition 2 We define,

IndðE1;E2; aÞ :¼ DðKþ;K�; baÞ:
We can now state the main result of this paper as follows.
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Theorem The following identity holds,

IndðE1;E2; aÞ ¼ SFðAE1 ;AE2 ; aÞ:

Proof Let p : Z ! X; q : Z ! S1 � S1 be the projections. From the result at the end of [6, p.84], [14,
Lemma 1.12: b), 1.8)], and (3) together with the fact that TdðS1 � S1Þ ¼ 1; we have

SFðAeE1 ;AeE2 ; eaÞ ¼ indexðAPÞ � k
1

2
gðAE1Þ � 1

2
gðAE2Þ

� �� �

�
Z

Z

ðp�TdðXÞ^q�TdðS1 � S1ÞÞ ^ ðp�CSðkrE1 ; a�krE2Þ ^ q�ChðrÞÞ

mod kZ ¼ indexðAPÞ � SFðAE1 ;AE2 ; aÞ ¼ SFðAE1 ;AE2 ; aÞ:Let us show that

SFðAK
þ
;AK

�
; baÞ ¼ SFðAeE1 ;AeE2 ; eaÞ: ð5Þ

Let Ki denote the (zero-dimensional) geometric families

Ki :¼
�
idS1 ; ðkerððAEi

s Þs2S1Þ; h
kerððAEi

s Þs2S1 Þ;r
kerððAEi

s Þs2S1 ÞÞ
�
;

and consider the geometric families

#̂i :¼ #i tS1 K�i

obtained through disjoint unions and opposites geometric families (see [10, 2.1.8, Definition 2.3]). We equip
S1 with the Spin-structure induced from that on the disk D2: Here the spinor bundle on S1 is trivial (in
particular, it is isomorphic to

V�
C TS1). Let ðGi; hGi

;rGiÞ denote the Hermitian vector bundle with con-
nection induced by #̂i: For each k [ 0; the pushforward ck

�#̂i under the map c : S1 ! point is defined to be�
Z ! point; gZ

k ;rZ ; ðGi; hGi
;rGiÞ

�
where the metric gZ

k on Z is given by k2gQ � p�gS1

(see [10, Definitions
3.7,3.8]). Here the orientation on Z is induced from those of X and S1:

From [9, Subsection 4.4], the paragraph of [9, 4.4.8], and [10, Theorem 3.12], involving computation of
adiabatic limits of eta-invariants, there are eta forms gBð#̂iÞ 2 Hod

dRðS
1;RÞ such thatZ

S1

gBð#̂iÞ ¼ lim
k!0

gBðck
�#̂iÞ ¼ �

1

2
lim
k!0

gðAGiÞ

¼ � 1

2
lim
k!0

gðAeEi

k Þ �
1

2
gðAkerððA

eEi
s ÞÞÞ

 !
;

ð6Þ

here, AeEi

k are the signature operators associated to
�
Z ! point; gZ

k ;rZ ; ð eEi ; heEi

;reEi Þ
�
:

We denote Z :¼ Z � ½1; 2�; and we let r : Z ! Z be the projection. Let ðH; hH;rHÞ be the result of gluing
together the pullbacks ðr�kfE1 ; r

�kheE1

; r�kreE1 Þ and ðr�kfE2 ; r
�kheE2

; r�kreE2 Þ using ea. Consider the even-
dimensional closed geometric family on S1,

f :¼
�
p� id½1;2�; g

Q;rQ; ðH; hH;rHÞ
�
:

From [9, Definition 4.8, Theorem 4.13: 1.] and (2), the eta form gBðf̂Þ satisfies,
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Z 2

1

dgBðf̂Þ ¼
Z 2

1

Z
Q

TdðQÞ ^ ChðrHÞ �
Z 2

1

Ch r
ker AH

sð Þs2S1

� �
þ

0
@

1
A

0
@

�
Z 2

1

Ch r
ker AH

sð Þs2S1

� �
�

 !!

¼
Z

Q

TdðQÞ ^ CSðkreE1 ; ea�kreE2 Þ � CSðkrkerððA
eE1
s Þs2S1 Þ

þ ; ba�þkrkerððA
eE2
s Þs2S1 Þ

þ Þ
 

�CS krkerððA
eE1
s Þs2S1 Þ

� ; ba��krkerððA
eE2
s Þs2S1 Þ

�

 !!
:

ð7Þ

From [10, (8)],

gBðf̂ÞjS1�fig ¼ kgBð#̂iÞ: ð8Þ

Using (6), (8), Stokes’ theorem, TdðS1Þ ¼ TdðS1Þ ¼ 1, (7), and Fubini’s theorem together with the
multiplicativity of Tdð�Þ and TdðQÞ is a polynomial in the Pontryagin forms of ðTQ; gQÞ which are
conformal invariants, we have

k
1

2
lim
k!0

gðAeE1

k Þ �
1

2
lim
k!0

gðAeE2

k Þ
� �

� k
1

2
gðAkerððA

eE1
s Þs2S1 ÞÞ � 1

2
gðAkerððA

eE2
s Þs2S1 ÞÞ

 !

¼
Z

S1

kðgBð#̂2Þ � gBð#̂1ÞÞ ¼
Z

S1

dgBðf̂Þ ¼
Z

S1

Z 2

1

dgBðf̂Þ

¼
Z

S1

Z
Q

TdðQÞ ^ CSðkreE1 ; ea�kreE2 Þ �
Z

S1
CSðkrKþ ; ba�krK�Þ

¼
Z

Z

TdðZ; gZ
k Þ ^ CSðkreE1 ; ea�kreE2 Þ �

Z
S1

TdðS1Þ ^ CSðkrKþ ; ba�krK�Þ:

ð9Þ

The formula (5) holds by combining (9) and the fact that SFðAeE1 ;AeE2 ; eaÞ is independent of gZ
k (and in

particular of k).
Now from the definition of IndðE1;E2; aÞ; (4), and (5), we can reduce the proof of Theorem 2 to the case

X ¼ S1 and Ind ¼ D:
Since Ei � dimðEiÞ;E1 � E2 2 KðS1; pointÞ ¼ 0; one can choose a trivial vector bundle 1n on S1 such

that Ei � 1n are isomorphic to 1m: Fix two unitary isomorphisms E1 � 1n!r1
1m!r2

E2 � 1n; and assume that r2

is connection-preserving. We define a smooth map f : S1 ! UðkmÞ by

f :¼ kr�1
2 ða� kid1nÞkr�1

1 :

Using the alternative description of K�1ðX;Z=kZÞ in Theorem 2.1.15 of [15], we obtain

DðE1;E2; aÞ ¼ D ðE1;E2; aÞ þ ð1n; 1n; kid1nÞð Þ ¼ Dð1m; 1m; f Þ:

Notice that ðk1m; k1m; f Þ lifts into a cocycle y for the relative K-theory K0ðD2;S1Þ: The relative Chern
Character of y is ½0;�CSðkr1m

; f �kr1mÞ� 2 Hev
dRðD2;S1;RÞ (see [13, (4.52)]) and its pairing with D2 is

given by Z
S1

CSðkr1m

; f �kr1mÞ:

We write a � b as a ¼ b mod kZ: By [5, Corollary (5.7)], we have
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Dð1m; 1m; f Þ � �
Z

S1

CSðkr1m

; f �kr1mÞ:

On the other hand, we calculate using the Atiyah-Patodi-Singer index theorem at the marked step and basic
properties of Chern-Simons classes (see [14, Section 1])

SFðE1;E2; aÞ ¼ k
1

2
gðAE1�1n

Þ � 1

2
gðAE2�1n

Þ
� �

�
Z

S1

CSðkrE1�1n

; ða� kid1nÞ�krE2�1nÞ

�!
Z

S1

CSðkrE1�1n

; ðkr2r1Þ�krE2�1nÞ � CSðkrE1�1n

; ða� kid1nÞ�krE2�1nÞ
� �

�
Z

S1

CSðða� kid1nÞ�krE2�1n

; ðkr2r1Þ�krE2�1nÞ

�
Z

S1

CSðða� kid1nÞ�kððr�1
2 Þ
�r1mÞ; ðkr2r1Þ�kððr�1

2 Þ
�r1mÞÞ

�
Z

S1

CSððkr�1
1 Þ
�ða� kid1nÞ�ðkr�1

2 Þ
�kr1m

; kr1mÞ

�
Z

S1

CSðf �kr1m

; kr1mÞ � �
Z

S1

CSðkr1m

; f �kr1mÞ:

ð10Þ

The proof of Theorem 2 is now complete. h

Remark Let q : p1ðXÞ ! Uð‘Þ be a unitary representation of the fundamental group of X. We denote by Iq
the complex flat vector bundle on X defined by q: It satisfies kIq ffi k1‘; for some k. Choose k and an
isomorphism e : kIq ! k1‘: We refer to [5] for details. Assume that ðIq; 1‘; eÞ extends to a geometric Z=kZ-
vector bundle which we denote by

�
ðE1;E2; aÞ; ðhE1

; hE2
Þ; ðrE1 ;rE2Þ

�
: The rho-invariant of q is defined as

nq :¼ 1
2
gðAE1Þ � 1

2
gðAE2Þ ð2 RÞ; and we will denote �nq :¼ nq mod Z:

If q factors through a finite group, then, as indicated in the proof of [5, Lemma (5.8)],
CSðkrE1 ; a�krE2Þ ¼ 0: It follows by Theorem 2 that

�nq ¼ k�1IndðE1;E2; aÞ 2 Zfk�1g=Z:

Moreover, by (5), (10), and [1, Proposition 1.4], we obtain the following analytical-topological formula for
�nq:

�nq ¼ �k�1

Z
S1

CSðkr1m

; f �kr1mÞ mod Z ¼ k�1degðf Þ mod Z;

here, degðf Þ is the degree of f [1].
In general, we have an analytical-geometric formula for �nq;

�nq ¼ k�1

Z
X

TdðXÞ ^ CSðkrE1 ; a�krE2Þ þ degðf Þ
� �

mod Z: ð11Þ

Let u : 1n ffi 1n be a unitary isomorphism. If we alter r1 to r1 
 ðidE1
� uÞ; then degðf Þ gets altered to

degðf Þ þ kdegðuÞ: So, by the theorem of [1, p.238], one can find a suitable r1 to make (11) a purely equality
in R:
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