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Abstract We establish a mod k index theorem for signature operators.
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1 Introduction

In this note we establish an index theorem for signature operators with coefficients in Z/kZ-vector bundles.
More explicitly, let X be an odd-dimensional closed oriented Riemannian manifold. Let (E;,E;, o) be a
Z [kZ-vector bundle on X. Here E; — X are complex vector bundles and o : kE; — kE, is an isomorphism.
One can construct a direct image Ind(E;, E,, ) € Z/kZ by analytic families index theory using a family
signature operator.
On the other hand, we equip E; with metrics and unitary connections V¥ and assume that « is unitary
(not required to preserve connections). Let SF(E;, E,, o) denote the value

SF(Ey, By, 00) := k(;n(AEl) — ;n(AEZ)) — / Td(X) A cs(kVE 0 kVE)
X
mod k7,

where Td(X) is the Todd characteristic form of X, cs(kVE! a*kVE?) is a Chern-Simons transgression form
[5, Section 4], and n(.AE’) are the Atiyah-Patodi-Singer (APS) eta invariants [4] associated to the twisted
signature operators AP

The main result of this paper is the following.

Theorem We have,
Ind(E,, E;, o) = SF(E;, Ep, ).

Communicated by Gadadhar Misra.

Dedicated to the memory of Professor Vijay Kumar Patodi.

A. Elmrabty (D<)
Department of Mathematics, Ibn Tofail University, Kenitra, Morocco
E-mail: elmrabtyadnane @yahoo.com

@ Springer



506 A. Elmrabty

Our proof of Theorem consists in transforming the problem to a circle, and applying Corollary (5.7) of [5]
and the APS index theorem for manifolds with boundary [4]. From our arguments, we obtain analytical-
geometric and analytical-topological formulas for APS rho-invariants.

2 The main result

Let X be a smooth compact manifold. Let (E;,E;, o) be a Z/kZ-vector bundle on X. Here E; — X are
complex vector bundles and o« : kE; — kE, is an isomorphism. According to Proposition 5.5 in [5],
(Ey, By, o) determines a natural element in the K-theory with Z/kZ-coefficients K~' (X, Z /kZ), that is, the
relative K-theory K~!(X x My, X x point) ( [3, Section 1]) where M; is a Moore space of degree k. Let
hg,, VE be, respectively, metrics and connections on E;. Assume that o is compatible with hg, (not required
to preserve connections). We denote x := ((Ey, Ea, o), (hg,, hg,), (VE', VE2)). Such a data will be called a
geometric Z/kZ-vector bundle.

Let Q*(X) be the Z-graded group of differential forms on X, and let d : Q/(X) — @' (X) be the exterior
derivative. Let Ch(VE) € Q°(X,R) denote the geometric Chern forms of (E;, V¥) (see [11, Chapter 3:
(2.10)]). The geometric Z/kZ-vector bundle x gives rise to a class CS(kVE!, 0k V) € Q°(X, R)/img(d)
[5, Section 4] satisfying

k~'dCS(kVF | o*kVF2) = Ch(VF') — Ch(V™2). (1)
More explicitly, CS(kVE', a*kVE2) is given by the following integral

/ ’ Ch((t — DV + (2 — )"k V™ 4 dtd,) mod img(d). (2)
1

We assume that X is an odd-dimensional closed oriented Riemannian manifold with metric g. Let AP be the
signature operator on X ( [2, Section 5], [11, Proposition 2.7.1]) twisted by (E;, VE"), Td(X) be the Todd
characteristic form of X ( [11, Chapter 3: (2.16)]) and n(AE") be the eta invariants of [4]. To be more
explicit, let us briefly recall the constructions of .A* and (A*). Fix i € {1,2}. The connection V¥ induces
a covariant derivative

dys 1 C*(X,E;) —» C*(X,E; @ T'X)
which extends to a generalized exterior derivative
dys : Q' (X,E;) — Q"N (X,E)

by the Leibniz rule.
The metric g induces a (fiberwise) Hodge % operator

* : B ® A(T'X) — E;, @ AMX=1(T7x).

The metrics kg, and g induce inner products ( , ), on the vector spaces E;, @ A"(T:X). These structures
extend to sections, yielding the L?-inner product on Q"(X, E;):

(r9) = [ (vl
b'e
and the Hodge % isometry
* : Q"(X,E;) — QimX) = (x E)).
We use the notation Q¢ (X,E;) = ®,92%"(X,E;). The twisted signature operator A"
AP QY (X,E;) — QV(X,E))

is a formally self-adjoint operator acting on sections of the bundle of even degree differential forms on X
with values in E;, defined by

Ay = (VZ1)ImEN )y (e dow, — dor, X)) for ¢ € Q¥(X,E)).
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It is a generalized Dirac operator.
The eta invariant n(AE" ) is defined to be the value at 0 of the analytic continuation to C of the function
on the s > > 1 part of the real line that sends s to

Z sign(4) - 2]
2eSpec(A%)\{o}

From [6], this analytic continuation is finite at s = 0.

Definition 1 We define,
SF(AF, A% o) —k( n(A®) —%n(AE2)> - / Td(X) A CS(kVE o kVE2)
X
mod kZ.

SF(A"™, A™ 4) is topological in nature using the Atiyah-Patodi-Singer index theorem for manifolds with
boundary [4].

Let P denote the Poincaré line bundle on the torus S' x S! (see [9, 4.3.9]). We equip P with a Hermitian
metric 4 and a unitary connection V. Recall that the index of the twisted signature operator AP is equal to

index(A”) = /Slxgl Ch(V) = 1. (3)

Moreover, the 1ntegral of Ch(V) over the first factor of S' x S' is the normalized volume form of S'.

Let Z:=X xS'xS', and let (E;,h~, V%) := (E XP, hg,Xh, VEIXV) denote the external tensor
products. The Z/kZ- Vector bundle (E;, Eg,%cr = idpXa) is exactly the image of (E;, E,, o) under the double
suspension map S : K~'(X,Z/kZ) — K '(X x S' x S',Z/kZ). Consider the fiber bundle Q—Z5S'
given by the projection of Z onto the last factor S'. We equlp the vertical tangent bundle 70 with-the metric
¢2 and the connection V2 induced from those of X and S'. Let 9; denote (x, g2, V2, (E;, h~, VF)). These
data may be considered as even-dimensional closed geometric families on S' in the sense of Bunke [9].
Roughly speaking, ameven dimensional geometric family is the geometric data needed to construct the
index bundle. Let LA scs' be the families of signature operaters associated to ¥J; (acting on the Clifford
modules A*TQ ® E;), see [8, 3.1.1]. Assume that s—dim (ker(A)) are constant functions. So we can form
the Z/27-graded kernel bundles on S',

ker((A?)seS‘) = ker((A?)seS')+ & ker((““?)sgS' ) -

E;
They admit L?>-metrics h ~ and compatible projected connections Vlfr(ux Jeest)

iy , see [8, p.17] and
[7, p.267]. Put ker((A; ") 1)

K = ker((.Af‘ )oes! )y @ ker((.Afz)SE§1 )+
h}ci = h ~ &) l’l -~
Ker((A7), o) Ker((A2),61)"

V’C _Vker s ses! i@vker s sE§]>’

and define @ =@, @ ®_ : kKK — kK~ to be the odd-graded unitary isomorphism induced by o.
In summary, we get a geometric Z/kZ-vector bundle on s',

((KF, K7, 3), (e i), (VE, V).

LetD: K 1(S',z/ kZ)iKO (point, Z/kZ) = Z /kZ be the desuspension map induced from that in the usual
K-theory.

Definition 2 We define,
Ind(E, By, o) := DK, K, 2).

We can now state the main result of this paper as follows.
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Theorem The following identity holds,
Ind(E;, By, ) = SF(A", A o).

Proof Letp:Z—X,q:Z—S' xS' be the projections. From the result at the end of [6, p.84], [14,
Lemma 1.12: b), 1.8)], and (3) together with the fact that Td(S1 x S! ) =1, we have

SF(AE‘ : AP , %) = index(A") x (k <§ n(A®) — 3 n(AE2)> )
— / (p*Td(X)Ag"Td(S' x S") A (p*CS(kVE, 'k VE2) A q*Ch(V))
z
mod kZ = index(AP) x SF(A™, A% o) = SF(A®', A%, &) Let us show that
SF(AS" AY ) = SF(A®, A 7). (5)
Let K; denote the (zero-dimensional) geometric families
K,’ = (idSI s (ker((AsEi)XGSI)’hker((.Af")xeé ) Vker s s6§l)))7
and consider the geometric families
7§i = 19,' |_|§I K;

obtained through disjoint unions and opposites geometric families (see [10, 2.1.8, Definition 2. 3]) We equip
S' with the Spin-structure induced from that on the disk D?. Here the spinor bundle on S' is trivial (in
particular, it is isomorphic to A TS"). Let (Gi, h, ,VG) denote the Hermltlan vector bundle with con-
nection 1nduced by 9;. For each 4 > 0, the pushforward c%? under the map ¢ : S' — Jpoint is defined to be
(z — point, g%, V%, (G;, hg,, VF)) where the metric g% on Zis given b]y J2¢% @ n*gS" (see [10, Definitions
3.7,3.8]). Here the orientation on Z is induced from those of X and S".

From [9, Subsection 4.4], the paragraph of [9, 4.4. 8] and [10, Theorem 3.12], involving computation of
adiabatic limits of eta-invariants, there are eta forms 78 (1J;) € H(S', R) such that

. ) A 1
B . B . Gi
’19,' =1 19,' =—-1 !
/gn( ) = limn™(c}0;) = — 5 limy (A™)
1 By L ket )
N e iy _ er((As* .
5 limy (A7) = 5 n(A ) |5
here, A" are the signature operators associated to (Z — point, g%, V7, (E;, hg,VEi ).

We denote Z := Z x [1,2], and we let r : Z.— Z be the projection. Let (H, hy, VH) be the result of gluing
together the pullbacks (r*kE;, r'kh - r*kVEl) and (r*kEz,r*khE,r*kVEz) using «. Consider the even-
dimensional closed geometric famlly on S', :

{:= (77: X ld[],2]agQana (H)hH)VH))'
From [9, Definition 4.8, Theorem 4.13: 1.] and (2), the eta form nB(f) satisfies,
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/Izmo— / 2 | ra nene | [ o (v (4)

)

- / Td(Q) A CS(KVE, 5 kVE) - ((:S(kv""‘r ieet) G gt esn))
Q

—CS (kvker((_ASEl )ees! A* Vker ?)esl )) ) )

WB(CA)|§1x{i} = k”IB(ﬁAi)- (8)

Using (6), (8), Stokes’ theorem, Td(Sl) = Td(g) =1, (7), and Fubini’s theorem together with the
multiplicativity of Td(-) and Td(Q) is a polynomial in the Pontryagin forms of (7Q,g?) which are
conformal invariants, we have

(7)

From [10, (8)],

k(; hmr](AE‘) — %hmn(AEz)) — k( (A (A sgsﬁ) _ %n(Aker((Afz )xggl))>

:/Sl k(n® (92) — n®(91)) =/§_ld’73(5) :/gl /12‘1"8(5) 9)

= / / Td(Q) A CS(KVE & kVE) — / CS(kV™", 7" kVE)
s' Jo s!

= / Td(Z,8%) ACS(kV™, & kVE2) — / Td(S') A CS(VE", 7" kv ).
z s!

The formula (5) holds by combining (9) and the fact that SF(AE‘,.AEZ,&) is independent of g7 (and in
particular of 1).

Now from the definition of Ind(E,, E,, ), (4), and (5), we can reduce the proof of Theorem 2 to the case
X =S' and Ind = D.

Since E; — dim(E;), E, — E; € K(S', point) = 0, one can choose a tr1V1al vector bundle 1" on S' such
that E; @ 1" are isomorphic to 1”. Fix two unitary 1som0rphlsms E @ "% 1’"—2>E2 @ 1", and assume that o,
is connection-preserving. We define a smooth map f : — U(km) by

fi=koy' (2@ kzdln)kofl.
Using the alternative description of K~!(X, Z/kZ) in Theorem 2.1.15 of [15], we obtain
D(El,E27 OC) = D((El,Ez, OC) + (ln 1" kld]n)) = D(lm lm,f).

Notice that (kl’" k1™ f) lifts into a cocycle y for the relative K-theory K°(D?, S'). The relative Chern
Character of y is [0, ~CS(kV"",f*kV")] € HS (D%, S', R) (see [13, (4.52)]) and its pairing with D? is
given by

/ CS(kVY'  f (V™).
Sl

We write a = b as a = b mod kZ. By [5, Corollary (5.7)], we have
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DA™ 1" f) = — /g 1 CS(kVY'  f (V).

On the other hand, we calculate using the Atiyah-Patodi-Singer index theorem at the marked step and basic
properties of Chern-Simons classes (see [14, Section 1])

SF(E1 Bz, ) = k(3(4°°) — LA )

- / 1 CS(kVE®Y (0 & kidy ) kVE)

é/gl(
L
L

/ CS((koy ') (o @ kidyr)* (kay V) kY k")
§1

kVE (kayo1) kVEE) — CS(kVEEY, (o @ kidp) kVEET))

S

(
CS((o0 @ kidy ) kVEEY | (koyo) ) kVET) (10)
CS((

o @ kidy ) k((a,") V), (kayay) k((a,") V)

= / CS(F kv kv = — / CS(kVY' [ k™).
s! s!

The proof of Theorem 2 is now complete. O

Remark Let p : 11 (X) — U({) be a unitary representation of the fundamental group of X. We denote by I,
the complex flat vector bundle on X defined by p. It satisfies kI, = kl , for some k. Choose k and an
isomorphism ¢ : kI, — k1'. We refer to [5] for details. Assume that (I, 1 8) extends to a geometric 7 /kZ-
vector bundle whlch we denote by ((Ey,Ea,a), (hg,, hg,), (VE', V). The rho-invariant of p is defined as
¢, = 1n(A") —1n(A™) (€ R), and we will denote &, := ¢, mod Z.

If p factors through a finite group, then, as indicated in the proof of [5, Lemma (5.8)],
CS(kVE, o*kVE) = 0. It follows by Theorem 2 that

¢, =k 'Ind(E,Ey,0) € Z{k '}/ Z.
Moreover, by (5), (10), and [1, Proposition 1.4], we obtain the following analytical-topological formula for
ot
&=k / CS(kV'Y" , f*kV™) mod Z = k™ 'deg(f) mod Z;
S]

here, deg(f) is the degree of f [1]. -
In general, we have an analytical-geometric formula for &,

& =k' ( /X Td(X) A CS(AVE 0 kVE2) + deg(f)> mod Z. (11)

Let u:1" 21" be a unitary isomorphism. If we alter o, to o1 o (idg, ® u), then deg(f) gets altered to
deg(f) + kdeg(u). So, by the theorem of [1, p.238], one can find a suitable o to make (11) a purely equality
in R.
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