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Abstract The locally k-uniformly extremely convex Banach spaces are introduced. It is shown here that
every locally k-uniformly extremely convex space is locally (k + 1)-uniformly extremely convex space, but
the converse implication is not true. Some properties of locally k-uniformly extremely convex spaces are
given. Specially, it is proved that if the second dual of Banach space X is locally 2-uniformly extremely
convex, then X is reflexive. In addition, the notion of midpoint locally k-uniformly extreme convexity is
introduced and its relations to other type convexity are given.
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1 Introduction

Different uniform geometrical properties have been defined between the uniform convexity and reflexivity
of the Banach spaces (see [2, 4, 6, 7, 12]). In my previous paper [14] we introduced a new class of this type,
namely k-uniformly extremely convex spaces, which are generalizations of uniformly extremely convex
spaces introduced by Wulede and Ha [13]. It is shown that every k-uniformly extremely convex space is
(k 4+ 1)-uniformly extremely convex and is reflexive (see [14, p.5, Theorem 8 and Theorem 11]).

In 1936, the notion of uniformly convex Banach spaces were first introduced by Clarkson in [2]. In 1955,
the notion of fully k-convex spaces were introduced by Fan and Glicksburg in [4]. In 1955, the notion of
locally uniformly convex spaces were introduced by Lovaglia [9] as a generalizations of uniformly convex
spaces. Indeed, this is the local version of uniformly convex spaces and need not be reflexive in general (see
(3, 9D.

In 1960, Singer [11] has introduced the k-strictly convex spaces. It is well known that every k-strictly
convex space is (k + 1)-strictly convex space.

In 1979, Sullivan [12] introduced the k-uniformly convex (locally k-uniformly convex, respectively)
spaces as a generalizations of uniformly convex (locally uniformly convex, respectively) spaces. Indeed,
locally k-uniformly convex spaces are the local version of k-uniformly convex spaces.

It is quite natural to consider local versions of geometric properties of Banach spaces. Since k-uniformly
extremely convex space is a kind of uniformly convex space, this allow us to give the local version of k-
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uniformly extremely convex space. In this paper, we discuss the local version of k-uniformly extremely
convex space (called locally k-uniformly extremely convex space) and its properties. We also introduce the
midpoint locally k-uniform extreme convexity and discuss its relations to other type convexity.

Throughout this paper X denotes an infinite-dimensional real Banach space with the norm || - ||. The
symbols X*, X** and X*** denote the dual of X, second dual of X and third dual of X, respectively. The
symbols S(X),S(X*), S(X*™), S(X***) denote the unit spheres of X, X", X**, X***, respectively. The set
F(f,0) = {x:x € 8(X),f(x) >1— 0} is the slice generated by norm-one functional f € X* and ¢ > 0. For
any norm-one element x in X, the set {f : f € S(X*),f(x) = 1} is denoted by symbol S,.

Let xi,...,xx+1 be norm-one elements in a Banach space X. The k-dimensional volume enclosed by
Xl,...,Xg4+1 1S given by
1 1 . 1
filar) fil2) -0 filor)
V(xl,...,xkﬂ) = sup . . . . Zfl,...,ﬁc ES(X*)

filxt)  fiba) o fi(xrsn)

Here, and throughout the sequel, the symbol | - | denotes the determinant.
In the following, we will need a property of a Banach space: A Banach space X is“s‘?id to have the
property (Kadec-Klee property) [3]. if whenever x € S(X), {x,} C S(X),x,—x, then x,—x.

Definition 1 [12] A Banach space X is said to be locally k-uniformly convex space if for each norm-one
element x in X and € > 0 there is a 6 = d(e,x) > 0 such that for all norm-one elements xy,...,x; in X, if

k
fx+> x| =(k+1)—0 then V(x,x1,...,x)<e.
i=1

Definition 2 (see [14, p.3, Definition 7]() A Banach space is said to be a k-uniformly extremely convex

space if, for any sequences {x]" J {xkrjrl} consisting of elements of norm-one and for a certain func-
tional f of norm-one, lim f(x(1">) =-.-= lim f(x,(('_lgl) =1 holds, then lim V(xgn), . .,x,(('_’:l) =0.
n—0o0 n—oQo n—o00

Definition 3 [11] A Banach spaqge X is said to be k-strictly convex space provided that for all norm-one
elements x1,...,x1 in X, if || Y. xi ||=k+ 1, then x1, ..., x¢41 are linearly dependent.

i-

Lemma 4 [f X is a k-uniformly convex space, then X is a k-uniformly extremely convex space (see [14,

p.SD; If X is a fully k-convex space, then X is a uniformly extremely convex space (see [13, p.221,

Theorem 3.2]); X is k-uniformly extremely convex if and only if, for any € > 0, norm-one functional f € X*,
k+1

there exists a 6(€) > 0 such that, for all norm-one elements xy,...,x;.1 in X and f(>_ x;) > (k+1) — 9,

i=1

one has V(xi,...,x41) <€ (see [14, p.3, Lemma 9)).

Lemma 5 (see [15, p.26, Lemma 1]) If a;(i = 1,.. ., k;j = 1,.. .,k + 2) are real numbers, then

1 1 el 1 1 1 . 1 1 e 1
a4z Alk42) k+2 a1 a2 s aig-1y Ay Aik2)
— (_1)./
j=2
Ak2 k3 - A(k42) Akl k2 - Ae(i—1) k(1) 0 Qk(k+2)

Lemma 6 (see [10, p.522, Lemma 1]) Let {x,} be a bounded sequence in X and € be a positive real
number. If {x,} has no finite e-net, then for any positive integers no,k and any x € X, there exist

ny, ..., > ng such that d(x,,,span{x}) > 5, d(x,,,, span{x, X, , ..., X, }) > $fori=1,2,... .k — L.
Lemma 7 ([1, 5]). Let xi,...,xx+1 be norm-one elements in a Banach space X. Denote
d = dist(xl, Span(xg, .. .,ka)), d, = dist(xz, Span(x3, .. .,ka)), v dy = ||xk — Xk+1 H, then

d; ‘d2"‘dkSv(xlaxb“'akarl)gk%dl ~dy - - dg.

Where Span (xy,...,Xx1) is the affine subspace generated by x;, ..., Xxi1.
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Lemma 8 Let xo be norm-one element in X. Set C = {y :y € Spanxy, ||y|| <3}. Then, for any element
x € X with ||x|| <1, we have d(x, Spanxy) = d(x, C).

Proof Since Spanxg = CU {y : y € Spanxy, |ly|| > 3}, considering any element x € X with ||x|| <1 and
z € {y:y € Spanxg, ||y|| > 3}, we have

d(x, Spanxo) <2, [lx — z|| > [[z]| = [|x]| > 2.

Hence, for each z €& {y:y € Spanxo,||y| >3}, one has d(x,Spanxy) # ||x — z||.This means that
d(x, Spanxy) = d(x, C).

2 Main Results

Now, for a Banach space X, by “fixing” one variable we define the notion of locally k-uniformly extremely
convex space.

Definition 9 A Banach space X is said to be locally k-uniformly extremely convex space provided that for
any norm-one element x in X and any € > 0, there is a 6 = d(x, €) > 0 such that for all norm-one elements

k
X1, .- X¢ of X and any norm-one functional f € X*, if f(x + >_x;) > (k+ 1) — 3, then V(x,x1,...,x;) <€.
i=1

In particular, locally 1-uniformly extremely convex space is said to be locally uniformly extremely convex
space.

According to Lemma 4 and Definition 9, it is easy to see that k-uniformly extremely convex space is locally
k-uniformly extremely convex space.

Theorem 10 Locally k-uniformly extremely convex space is locally (k + 1)-uniformly extremely convex
space.

The proof is omitted. Very similarly to the proof of Theorem 8 in [14], we can prove Theorem 10 by
“fixing” one variable and using Lemma 5.

Theorem 11 Banach space X is locally k-uniformly extremely convex if and only if for any norm-one
element x in X , any sequences {xln e {x,((") } C X consisting of norm-one elements of X and some norm-

k
one functional f € X*, if lim f(x+ 3 x{")) =k + 1, then lim V(x,x{",...,x") = 0.
n—oo i=1 n—oo

The proof is omitted. Very similarly to the proof of Lemma 9 in [14], we can prove Theorem 11 by “fixing”
one variable.

Corollary 12 Banach space X is locally uniformly extremely convex if and only if for any norm-one
element x in X, any sequences {x,} C X consisting of norm-one elements of X and some norm-one functional

fexs if limf(x+x,) =2, then xnﬂm, (n — o0).

Theorem 13 Banach space X is locally k-uniformly extremely convex if and only if for any norm-one
element x in X and € > 0, there is a 6 = d(x, €) > 0 such that for all norm-one elements x1, . . .,x; in X and

k
any norm-one functional f € Sy, if f(x + > x;) > (k+ 1) = 9, then V(x,x1,..., %) <e.
i=1
Proof Necessity. It is immediate from the Definition 9.

Sufficiency. Suppose that for any norm-one element x in X, any sequences {xsn)}, e {x,((")}

C X consisting of norm-one elements in X and some functional f of norm-one in X*, one has

k
lim f(x + le(")) =k + 1. It is easy to see that f(x) = 1, this means that f € S,. For any ¢ > 0, the above
n—oo i:1

k
norm-one element x in X and 6 = d(x, €) > 0, there exists an integer Ny € N such that f(x + > x,(-">) > (k+
i=1

1) — 6 for all n > Ny. Therefore, by the given conditions here, we have V(x,xgn)7 .. .,x,((")) <. This means
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that lim V(x,x\",...,x") = 0.
Hence, X is locally k-uniformly extremely convex space from Theorem 11. O

Theorem 14 I X is locally k-uniformly extremely convex space, then for any norm-one element x in X and
€ > 0, there exist a 6 = 0(e,x) > 0 and a compact set C C X with dim C <k such that F(f,0) C {y:y €
X,d(y, C) <e€} for any norm-one functional f € X*.

Proof Necessity. Assume the contrary; i.e., there exists a norm-one element xy € X and ¢y > 0 such that
for any n € N and any compact set C C X with dim C <k, there exists norm-one functional f,, € X* such
that the set F(fy, 1/n) is not included in {y : y € X, d(y,C) <eo}.

Take x\" € F(f,,1/n). Since C” ={y:y eSpanx|";||y| <3} is compact set and dim C\" =1,
F(fy,1/n) is not included in {y:y € X,d(y, Ci"))<e} when k>1. By Lemma 8, there is a norm-one
element x) € F(f,, 1/n) such that

A, spanx”) = d(x¥”, ") > .

Let x2">, .. .,x,(") have  been  chosen  so that x%”), . .,x}") € F(f,,1/n). Since
" = {y:yeSpan(x, ..., x");|ly| <3} is compact set and dim C\") = I, F(f,, 1/n) is not included in
{y:yeX,dy, Cl(">) <€} when k > [. By Lemma 8, there is a norm-one element x}i)l € F(f,, 1/n) such that

A", Span(xl”, .., x"™)) = d(x7), €M) > €.

Consequently, there are x(1">, . .,x,(:gl € F(fy, 1/n) such that
d" = d(xgi)l, Span(x\" ..., x")) > ¢ for all I<k.
Thus, by Lemma 7 we have
V(xgn),.. x,E+1)>d ()>€0

On the other hand, noticing that each xgn) € F(fy, 1/n), we have

n n 1
k+12fn(x(l)+~-~+x,({+)1)2(k+1)(1——>.

n
It follows that lim fn(x1 -+ x,({ +)1) =k + 1. Hence, X is not a locally k-uniformly extremely convex
space follows ffony Theorem 11 which is a contradiction. O

Theorem 15 If X is locally k-uniformly extremely convex space, then X has the Kadec-Klee property.

Proof Let x € S(X), {x,} C S(X), x,——x. By Hahn-Banach theorem, there exists a norm-one functional
f € X* such that f(x) = 1. So f(x,) — 1, (n — 00). One can show that {x,} is relatively compact set, then

we easily deduce that x, Mx by using the condition x, —,x. So X has the Kadec-Klee property.

Now we are going to prove that {x,} is relatively compact set. If {x, } is not a relatively compact set, then
{x,} has no finite €-net for some ¢ > 0. By Lemma 6, for the above x € S(X) and any no, there exist
ni, ..., g > ng, such that d(x ,Sl, span{x}) % and dgx,,ﬂ, span{x,x,,, ..., X, }) >3, fori=1,2,... . k— L

Therefore, there exist n ,nk such that n;”” — oo, and for any ng'"), .. .,n,(cm we have d(xn(,n),
1

span{x}) > %, d(xnzl span{x X5 xng,,,)}) >% i=1,2,....,k— 1. By Hahn-Banach Theorem, we

choose fm, ....fm €S(X") such that  f o (x m)>%.fm(y)=0 for all ye& span{x} and
1 k 1 1 1
fm (x”(m>) > 9, fm (y)=0forall y € span{x,xn<m>, e X ) },i =2,....k. Then
i i i 1 i—1

€0 k
V(x,xn(]m), .. .7.xn]((m)) > (3) > 0.

On the other hand, noticing that f(x,) — 1 and f € S,, we have
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k
o= ()

i=1
By the locally k-uniformly extreme convexity of X and Theorem 11 we have

lim V(x,x”(lm, .. .7.xn,((m)) =0;

which is a contradiction. O
Now, notice that the proof of the above theorem 15, we have the following corollary.

Corollary 16 Let X be locally k-uniformly extremely convex space. Let x be a norm-one element in X and
{x,} C X be a sequence consisting of norm-one elements of X. If there is some norm-one functional f € S,
such that f(x,) — 1, (n — 00), then {x,} is relatively compact set,

Theorem 17 Let X be strictly convex locally k-uniformly extremely convex space, then X is locally
uniformly extremely convex space.

Proof Let X be strictly convex locally k-uniformly extremely convex space. Let x be any norm-one
element in X and {x,} C X be any sequence consisting of norm-one elements of X. Suppose that the equality
lim fo(x + x,) =2 holds for some norm-one functional fy € X*. It is clear that lim fy(x +x,) =2 is
n—oo n—oo

equivalent to fy(x) = 1 and lim fy(x,) = 1 together. It is easy to see that {x,} is relatively compact set from

Corollary 16. ‘ m ' . ' . .

Now we are going to prove that x,—x. Since {x, } is a relatively compact subset in X, there exists y € X
and a subsequence {x,} of {x,} such that x, M»y. It follows that ||y|| = 1 and lim folx) =foly) = 1.
Taking in mind fy(x) = 1, we have o

2 =folx) + o) <lfollllx+ ¥l <2.

By the assumption that X is strictly convex, we have x = y. This shows that {x, } has a unique cluster point
x; hence xnﬂx. It follows from Corollary 12 that X is locally uniformly extremely convex space. (]
Theorem 18 If X** is locally 2-uniformly extremely convex space, then X is reflexive.
Proof 1If X is not reflexive, then for any 0 <A< % there is an ¢ € S(X**) such that
dist(¢, X) = [l + X[ > 1 — 4.

From the Bishop-Phelps Theorem we may even assume that there is a norm-one functional f € X* with
¢(f) = 1. Noticing the fact that (X**/X)" is isometric to X* C X***, we know that there is an x* €
X, [t = 1 with xH (@) > 1 — 4. o

From the Goldstine Theorem we know that there is a net {x,} C S(X) such that x,— ¢. Furthermore, for
a subsequence {x;} of net {x,}, we have

Jlim £(x) = £(9) = 1.
Hence, for each € > 0 there is an N(¢) such that if n,m > N(e), then
J(@ + x5 +xm) >3 = 0(e, @)

Here d(e, @) is the function required in the definition of locally 2-uniformly extremely convex space X**.
By the locally 2-uniformly extreme convexity of X**, we have
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€> V(@ Xy, Xm)
1 1 1
> sup] |xH (@) xt(x) xt(x)|: @ e S(XT)
(o)  Oxn)  P(xm)

= sup{x (@) - D(x, — x,) : ® € S(X***)}

> (1= A)[}xn = x|

> l||x,, — X |-

2

Therefore, {x;} is a norm Cauchy subsequence of net {x,} and ka(p. This contradicts the fact that
dist(¢, X) > 1. O

Definition 19 A Banach space X is said to be midpoint locally k-uniformly extremely convex space
provided that for any norm-one element x in X and € > 0, there is a § = d(€,x) > 0 such that for all norm-

k+1

one elements xi,...,x;11 in X and any norm-one functional f €S,, if f(x— ﬁ > xi) <9, then
i=1

V(xl, .. .,Xk+1) <e€.

Theorem 20 If X is locally k-uniformly extremely convex space, then X is midpoint locally k-uniformly
extremely convex space.

Proof Suppose that X is locally k-uniformly extremely convex space. By Definition 9 we know that, for
any norm-one element x of X and € > 0, there exists 6 = (e, x) > 0 such that for all norm-one elements

X1,..% in X and any norm-one functional g€ X*, one has V(x,xi,...,x%)<gg when
k
gx+>x) > (k+1) —k(k+1)d.
i=1 k+1
Let us suppose that norm-one elements xi, . . ., x¢1 of X satisfy the inequality f(x — ki—l >~ x;) <0 for any
k1 i=1

norm-one functional f € S,. Then we have f(>_ x)>(k+1)—(k+1)0. It follows that

i=1

ket 1
k4+f(xi)> > f(x))>k+1—(k+1)0 for each i=1,...,k+ 1. Clearly, the equality f(x;) > 1 — (k +
i=1
1) holds for each i = 1,...,k + 1. This leads to

f<x+kfx,-> > (k+1) —k(k+1)0
i=2

f<x+lexi+§ x,~> > (k+1) —k(k+1)0,(2<j<k) p. (%)

f<x+ifjlx,») > (k+1)—k(k+1)0

Therefore, combining the condition that X is a locally k-uniformly extremely convex space and the
inequality (%), we have

V(X,x% .. '7xk+1) < ]HL]
V(x,xl,...,xi_l,xi+],...,xk+1)<ﬁ51 . (**)
V(o x1, %) < 15
For any norm-one functionals fi,...,fy € X*, let us denote the determinant which appeared in the

V(x1,...,X+1) by symbol
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filx1) filx2) oo filxrer)
D = .

fitx1) file2) o fildorsn)
If we consider a system of linear equations

up+uy+ -+ =1
filxn)ur + fi(x2)uz 4 - + fi(Xes 1 w1 = fi(x)

................................................ oK)
Sl uy + fi(xa)uz + - - + fi (g 1))ty 1 = fi(x)
then the system of linear equations (%) has a unique set of solutions :
" :& " :& " :Dk—H
1 D 5 2 D g e ey k+] D .
Where symbols Dy, Diy1,D;(2 <i<k) denote the determinant
1 1 1 1 1 1
f(x) fila) o filxes) filxt) o filw) filx)
Dl = : . . . JDk+l = : . . . )
fi(x) file2) oo filorrr) filxt) o fila)  fi(x)
1-.. 1 1 1-.- 1
b fila) - fileio) filx) filxi) o filxe)
fiea) - fillxizn) fil(x) filxien) - (i)

k1
From the first equation of (%%%) we know that D = ) D;. Moreover, by the inequality (%), we have

i=1
k+1

V(xl7"'7xk+l) _Sup{ZDi :fl7"'7ﬁ€ € S<X*)}
i=1

k+1

< Zsup{Di Sy €S(X)}
=1

=V(x,x2, -« oy Xpr1) + V(x,x1, .y X%)
k
+ Zv(xaxla s Xi—1 Xitly - - '5xk+1)
i=2

€
<l 1)——
SEH D
—€.

This completes the proof that X is midpoint locally k-uniformly extremely convex space. ]

Theorem 21 [f X is midpoint locally k-uniformly extremely convex space, then X is k-strictly convex space.

Proof Suppose the contrary. Then there are norm-one elements x,xj,...,x; in X such that ||x +x; +
-4 x¢]| =k + 1, but x,xq,...,x; are linearly independent. Hence, there are real numbers ay, .. ., a; such
that
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d(xy, span{x, xp,...,xx}) = a; >0,
d(-xiv Span{x)xlv sy X1y Xit 1y - .,Xk}) =a; > 07 (2 glﬁk),
d(xg, span{x, x,...,x,_1}) = a > 0.
By Hahn-Banach Theorem, we can choose norm-one functionals fi, .. .,f; € X* such that
ﬁ(xl):alal_l kf( ):ﬁ(xj):()vl#.]u]:l,)k
k
Let xo = ﬁ (x+ > xi); then f(xo — 5 (x + Zx,)) = 0 for any norm-one functional f € S, and
i=1 i=1 1 1 o 1
fl(x) filxr) - filw)

V(x, X1, Xg) >
Jex) filer) e fil)
=ajay---a; > 0.
This contradicts the assumption that X is midpoint locally k-uniformly extremely convex space. O

By Theorem 20 and 21 we have the following corollary.
Corollary 22 If X is locally k-uniformly extremely convex space, then X is k-strictly convex space.

Theorem 23 If X is locally k-uniformly convex space, then X is locally k-uniformly extremely convex
space.

Proof Suppose that X is locally k-uniformly convex space. By Definition 1 we know that, for any norm-
one element x in X and € > 0, there exists 0 = d(e,x) > 0 such that for all norm-one elements xj, . .., x; in

k
X, one has V(x,x,...,xx)<ewhen || x+ > x || > (k+1)—0.
i=1
Now let us suppose that any norm-one elements x, ..., x,+1 of X and any norm-one functional f € X*

k
satisfy the inequality f(x + > x;) > (k+ 1) — J. Then we have
i=1

k k
X+ x Zf(x—i—Zx,-) > (k4+1)—4.
i=1 i=1

Since X is a locally k-uniformly convex space, we have V(x, xy,. .., x;) <e. This completes the proof that X
is locally k-uniformly extremely convex space. O

The converse implication of Theorem 23 is not true. In fact, we can find an example to distinguish locally k-
uniformly extremely convex space and locally k-uniformly convex space.

Example 24 There is a locally k-uniformly extremely convex space X which is not a locally k-uniformly
convex space.

Let E = (I, || @ ||). For x = (a;,as,---) € E, define
ar\ 2 an\ 2
= Gl + @+ oy 4 { () o (%) 4 .

It follows from [4] that X = (3 ®E), is a fully 2-convex space, but is not a locally k-uniformly convex
space (see [10, p.523, Example 1]).

On the other hand, by Lemma 4 we know that fully 2-convex space is uniformly extremely convex
space. Hence, X is locally uniformly extremely convex space. Furthermore, X is a locally k-uniformly
extremely convex space from Theorem 10. O

The converse to Theorem 10 is not true. In fact, we can find an example to distinguish locally k-
uniformly extremely convex space and locally (k — 1)-uniformly extremely convex space.
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Example 25 There is an infinite-dimensional locally k-uniformly extremely convex space X which is not a
locally (k — 1)-uniformly extremely convex space.

Let k >2 be an integer, and let iy <i; < - - - <iy. For each x = (a;,a,,...) € I, define

. 2
Il = (D lasl ) + > ai.
=1 i i
In [8], Lin and Yu proved that X; _; = (l,]| ®||;.. ;) is k-uniformly convex and reflexive. Hence,
Xi,. i = (2, ]| ®|i,....i,) 18 @ k-uniformly extremely convex space from Lemma 4. Furthermore, X;, _; is a

locally k-uniformly extremely convex space. Let
ei; =(0,...,0,4,0,...),j =1,2,.. ,k;
k
then || e; li,...= 10 =1,2,..,k), || X e; |lir......= k, and {e,}.}];l are linearly independent. This shows

that X;, _; is not a (k — 1)-strictly coifvex space from Definition 3. Hence, Xi,....;. is not locally (k — 1)-
uniformly extremely convex space from Corollary 22.

ik

Remark 26 There is a locally k-uniformly extremely convex space X which is not a reflexive space.

In fact, we consider a non-reflexive locally uniformly convex space X (see [3, 9, 10]), then X is a locally k-
uniformly convex space. From Theorem 23 we know that X is a locally k-uniformly extremely convex
space. O

Remark 27 Locally k-uniformly extremely convex space is surely different from k-uniformly extremely
convex space.

In view of Remark 26, we consider a non-reflexive locally k-uniformly extremely convex space X. Then X is
not a k-uniformly extremely convex space because X is non-reflexive.
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