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Abstract The locally k-uniformly extremely convex Banach spaces are introduced. It is shown here that
every locally k-uniformly extremely convex space is locally ðk þ 1Þ-uniformly extremely convex space, but
the converse implication is not true. Some properties of locally k-uniformly extremely convex spaces are
given. Specially, it is proved that if the second dual of Banach space X is locally 2-uniformly extremely
convex, then X is reflexive. In addition, the notion of midpoint locally k-uniformly extreme convexity is
introduced and its relations to other type convexity are given.
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1 Introduction

Different uniform geometrical properties have been defined between the uniform convexity and reflexivity
of the Banach spaces (see [2, 4, 6, 7, 12]). In my previous paper [14] we introduced a new class of this type,
namely k-uniformly extremely convex spaces, which are generalizations of uniformly extremely convex
spaces introduced by Wulede and Ha [13]. It is shown that every k-uniformly extremely convex space is
ðk þ 1Þ-uniformly extremely convex and is reflexive (see [14, p.5, Theorem 8 and Theorem 11]).

In 1936, the notion of uniformly convex Banach spaces were first introduced by Clarkson in [2]. In 1955,
the notion of fully k-convex spaces were introduced by Fan and Glicksburg in [4]. In 1955, the notion of
locally uniformly convex spaces were introduced by Lovaglia [9] as a generalizations of uniformly convex
spaces. Indeed, this is the local version of uniformly convex spaces and need not be reflexive in general (see
[3, 9]).

In 1960, Singer [11] has introduced the k-strictly convex spaces. It is well known that every k-strictly
convex space is ðk þ 1Þ-strictly convex space.

In 1979, Sullivan [12] introduced the k-uniformly convex (locally k-uniformly convex, respectively)
spaces as a generalizations of uniformly convex (locally uniformly convex, respectively) spaces. Indeed,
locally k-uniformly convex spaces are the local version of k-uniformly convex spaces.

It is quite natural to consider local versions of geometric properties of Banach spaces. Since k-uniformly
extremely convex space is a kind of uniformly convex space, this allow us to give the local version of k-
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uniformly extremely convex space. In this paper, we discuss the local version of k-uniformly extremely
convex space (called locally k-uniformly extremely convex space) and its properties. We also introduce the
midpoint locally k-uniform extreme convexity and discuss its relations to other type convexity.

Throughout this paper X denotes an infinite-dimensional real Banach space with the norm k � k. The
symbols X�, X�� and X��� denote the dual of X, second dual of X and third dual of X, respectively. The
symbols SðXÞ; SðX�Þ; SðX��Þ; SðX���Þ denote the unit spheres of X;X�;X��;X���, respectively. The set
Fðf ; dÞ ¼ x : x 2 SðXÞ; f ðxÞ� 1� df g is the slice generated by norm-one functional f 2 X� and d [ 0: For
any norm-one element x in X, the set ff : f 2 SðX�Þ; f ðxÞ ¼ 1g is denoted by symbol Sx.

Let x1; . . .; xkþ1 be norm-one elements in a Banach space X. The k-dimensional volume enclosed by
x1; . . .; xkþ1 is given by

Vðx1; . . .; xkþ1Þ ¼ sup

1 1 � � � 1

f1ðx1Þ f1ðx2Þ � � � f1ðxkþ1Þ
..
. ..

. . .
. ..

.

fkðx1Þ fkðx2Þ � � � fkðxkþ1Þ

�
�
�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�
�
�

: f1; . . .; fk 2 SðX�Þ
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>>>><

>>>>:

9

>>>>=

>>>>;

:

Here, and throughout the sequel, the symbol j � j denotes the determinant.
In the following, we will need a property of a Banach space: A Banach space X is said to have the

property (Kadec-Klee property) [3]. if whenever x 2 SðXÞ, fxng � SðXÞ; xn�!
w

x, then xn�!
k�k

x:

Definition 1 [12] A Banach space X is said to be locally k-uniformly convex space if for each norm-one
element x in X and �[ 0 there is a d � dð�; xÞ[ 0 such that for all norm-one elements x1; . . .; xk in X, if

k xþ
Pk

i¼1

xi k � ðk þ 1Þ � d then Vðx; x1; . . .; xkÞ\�.

Definition 2 (see [14, p.3, Definition 7]) A Banach space is said to be a k-uniformly extremely convex
space if, for any sequences fxðnÞ1 g; . . .; fxðnÞkþ1g consisting of elements of norm-one and for a certain func-

tional f of norm-one, lim
n!1

f ðxðnÞ1 Þ ¼ � � � ¼ lim
n!1

f ðxðnÞkþ1Þ ¼ 1 holds, then lim
n!1

VðxðnÞ1 ; . . .; x
ðnÞ
kþ1Þ ¼ 0.

Definition 3 [11] A Banach space X is said to be k-strictly convex space provided that for all norm-one
elements x1; . . .; xkþ1 in X, if k

Pkþ1

i¼1

xi k¼ k þ 1, then x1; . . .; xkþ1 are linearly dependent.

Lemma 4 If X is a k-uniformly convex space, then X is a k-uniformly extremely convex space (see [14,
p.5]); If X is a fully k-convex space, then X is a uniformly extremely convex space (see [13, p.221,
Theorem 3.2]); X is k-uniformly extremely convex if and only if, for any �[ 0, norm-one functional f 2 X�,

there exists a dð�Þ[ 0 such that, for all norm-one elements x1; . . .; xkþ1 in X and f ð
Pkþ1

i¼1

xiÞ[ ðk þ 1Þ � d,

one has Vðx1; . . .; xkþ1Þ\� (see [14, p.3, Lemma 9]).

Lemma 5 (see [15, p.26, Lemma 1]) If aijði ¼ 1; . . .; k; j ¼ 1; . . .; k þ 2Þ are real numbers, then

1 1 � � � 1

a12 a13 � � � a1ðkþ2Þ

..

. ..
. ..

.

ak2 ak3 � � � akðkþ2Þ

�
�
�
�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�
�
�
�

¼
Xkþ2

j¼2

ð�1Þj

1 1 � � � 1 1 � � � 1

a11 a12 � � � a1ðj�1Þ a1ðjþ1Þ � � � a1ðkþ2Þ

..

. ..
. ..

. ..
. ..

.

ak1 ak2 � � � akðj�1Þ akðjþ1Þ � � � akðkþ2Þ

�
�
�
�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�
�
�
�

:

Lemma 6 (see [10, p.522, Lemma 1]) Let fxng be a bounded sequence in X and � be a positive real
number. If fxng has no finite �-net, then for any positive integers n0; k and any x 2 X, there exist
n1; . . .; nk [ n0 such that dðxn1

; span xf gÞ[ �
2
, dðxniþ1

, span x; xn1
; . . .; xni

f gÞ[ �
2

for i ¼ 1; 2; . . .; k � 1.

Lemma 7 ([1, 5]). Let x1; . . .; xkþ1 be norm-one elements in a Banach space X. Denote
d1 ¼ distðx1; Spanðx2; . . .; xkþ1ÞÞ, d2 ¼ distðx2; Spanðx3; . . .; xkþ1ÞÞ; . . .; dk ¼ kxk � xkþ1k, then

d1 � d2 � � � dk �Vðx1; x2; . . .; xkþ1Þ� k
k
2d1 � d2 � � � dk:

Where Span ðx2; . . .; xkþ1Þ is the affine subspace generated by x2; . . .; xkþ1.
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Lemma 8 Let x0 be norm-one element in X. Set C ¼ fy : y 2 Spanx0; kyk� 3g. Then, for any element
x 2 X with kxk� 1, we have dðx; Spanx0Þ ¼ dðx;CÞ.
Proof Since Spanx0 ¼ C [ fy : y 2 Spanx0; kyk[ 3g, considering any element x 2 X with kxk� 1 and
z 2 fy : y 2 Spanx0; kyk[ 3g, we have

dðx;Spanx0Þ� 2; kx� zk� kzk � kxk[ 2:

Hence, for each z 2 fy : y 2 Spanx0; kyk[ 3g, one has dðx; Spanx0Þ 6¼ kx� zk.This means that
dðx; Spanx0Þ ¼ dðx;CÞ. h

2 Main Results

Now, for a Banach space X, by ‘‘fixing’’ one variable we define the notion of locally k-uniformly extremely
convex space.

Definition 9 A Banach space X is said to be locally k-uniformly extremely convex space provided that for
any norm-one element x in X and any �[ 0, there is a d ¼ dðx; �Þ[ 0 such that for all norm-one elements

x1; . . .; xk of X and any norm-one functional f 2 X�, if f ðxþ
Pk

i¼1

xiÞ[ ðk þ 1Þ � d, then Vðx; x1; . . .; xkÞ\�.

In particular, locally 1-uniformly extremely convex space is said to be locally uniformly extremely convex
space.

According to Lemma 4 and Definition 9, it is easy to see that k-uniformly extremely convex space is locally
k-uniformly extremely convex space.

Theorem 10 Locally k-uniformly extremely convex space is locally ðk þ 1Þ-uniformly extremely convex
space.

The proof is omitted. Very similarly to the proof of Theorem 8 in [14], we can prove Theorem 10 by
‘‘fixing’’ one variable and using Lemma 5.

Theorem 11 Banach space X is locally k-uniformly extremely convex if and only if for any norm-one
element x in X , any sequences fxðnÞ1 g; . . .; fxðnÞk g � X consisting of norm-one elements of X and some norm-

one functional f 2 X�, if lim
n!1

f ðxþ
Pk

i¼1

x
ðnÞ
i Þ ¼ k þ 1 , then lim

n!1
Vðx; xðnÞ1 ; . . .; x

ðnÞ
k Þ ¼ 0.

The proof is omitted. Very similarly to the proof of Lemma 9 in [14], we can prove Theorem 11 by ‘‘fixing’’
one variable.

Corollary 12 Banach space X is locally uniformly extremely convex if and only if for any norm-one
element x in X, any sequences fxng � X consisting of norm-one elements of X and some norm-one functional

f 2 X�, if lim
n!1

f ðxþ xnÞ ¼ 2, then xn�!
k�k

x; ðn!1Þ.

Theorem 13 Banach space X is locally k-uniformly extremely convex if and only if for any norm-one
element x in X and �[ 0, there is a d ¼ dðx; �Þ[ 0 such that for all norm-one elements x1; . . .; xk in X and

any norm-one functional f 2 Sx, if f ðxþ
Pk

i¼1

xiÞ[ ðk þ 1Þ � d, then Vðx; x1; . . .; xkÞ\�.

Proof Necessity. It is immediate from the Definition 9.
Sufficiency. Suppose that for any norm-one element x in X, any sequences fxðnÞ1 g; . . .; fxðnÞk g
� X consisting of norm-one elements in X and some functional f of norm-one in X�; one has

lim
n!1

f ðxþ
Pk

i¼1

x
ðnÞ
i Þ ¼ k þ 1. It is easy to see that f ðxÞ ¼ 1; this means that f 2 Sx: For any �[ 0, the above

norm-one element x in X and d ¼ dðx; �Þ[ 0, there exists an integer N0 2 N such that f ðxþ
Pk

i¼1

x
ðnÞ
i Þ[ ðk þ

1Þ � d for all n�N0: Therefore, by the given conditions here, we have Vðx; xðnÞ1 ; . . .; x
ðnÞ
k Þ\�: This means
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that lim
n!1

Vðx; xðnÞ1 ; . . .; x
ðnÞ
k Þ ¼ 0.

Hence, X is locally k-uniformly extremely convex space from Theorem 11. h

Theorem 14 If X is locally k-uniformly extremely convex space, then for any norm-one element x in X and
�[ 0, there exist a d ¼ dð�; xÞ[ 0 and a compact set C � X with dim C� k such that Fðf ; dÞ � fy : y 2
X; dðy;CÞ\�g for any norm-one functional f 2 X�.

Proof Necessity. Assume the contrary; i.e., there exists a norm-one element x0 2 X and �0 [ 0 such that
for any n 2 N and any compact set C � X with dim C� k; there exists norm-one functional fn 2 X� such
that the set Fðfn; 1=nÞ is not included in fy : y 2 X; dðy;CÞ\�0g:

Take x
ðnÞ
1 2 Fðfn; 1=nÞ: Since C

ðnÞ
1 ¼ fy : y 2Spanx

ðnÞ
1 ; kyk� 3g is compact set and dim C

ðnÞ
1 ¼ 1,

Fðfn; 1=nÞ is not included in fy : y 2 X; dðy;CðnÞ1 Þ\�g when k� 1: By Lemma 8, there is a norm-one

element x
ðnÞ
2 2 Fðfn; 1=nÞ such that

dðxðnÞ2 ; Spanx
ðnÞ
1 Þ ¼ dðxðnÞ2 ;C

ðnÞ
1 Þ� �0:

Let x
ðnÞ
1 ; . . .; x

ðnÞ
l have been chosen so that x

ðnÞ
1 ; . . .; x

ðnÞ
l 2 Fðfn; 1=nÞ. Since

C
ðnÞ
l ¼ fy : y 2SpanðxðnÞ1 ; . . .; x

ðnÞ
l Þ; kyk� 3g is compact set and dim C

ðnÞ
l ¼ l, Fðfn; 1=nÞ is not included in

fy : y 2 X; dðy;CðnÞl Þ\�0g when k� l: By Lemma 8, there is a norm-one element x
ðnÞ
lþ1 2 Fðfn; 1=nÞ such that

dðxðnÞlþ1; SpanðxðnÞ1 ; . . .; x
ðnÞ
l ÞÞ ¼ dðxðnÞlþ1;C

ðnÞ
l Þ� �0:

Consequently, there are x
ðnÞ
1 ; . . .; x

ðnÞ
kþ1 2 Fðfn; 1=nÞ such that

d
ðnÞ
l ¼ dðxðnÞlþ1; SpanðxðnÞ1 ; . . .; x

ðnÞ
l ÞÞ� �0 for all l� k:

Thus, by Lemma 7 we have

VðxðnÞ1 ; . . .; x
ðnÞ
kþ1Þ� d

ðnÞ
1 � � � d

ðnÞ
k [ �k

0:

On the other hand, noticing that each x
ðnÞ
l 2 Fðfn; 1=nÞ, we have

k þ 1� fnðxðnÞ1 þ � � � þ x
ðnÞ
kþ1Þ� ðk þ 1Þ 1� 1

n

� �

:

It follows that lim
n!1

fnðxðnÞ1 þ � � � þ x
ðnÞ
kþ1Þ ¼ k þ 1: Hence, X is not a locally k-uniformly extremely convex

space follows from Theorem 11; which is a contradiction. h

Theorem 15 If X is locally k-uniformly extremely convex space, then X has the Kadec-Klee property.

Proof Let x 2 SðXÞ, fxng � SðXÞ; xn�!
w

x. By Hahn-Banach theorem, there exists a norm-one functional
f 2 X� such that f ðxÞ ¼ 1: So f ðxnÞ ! 1; ðn!1Þ: One can show that fxng is relatively compact set, then

we easily deduce that xn�!
k�k

x by using the condition xn�!
w

x. So X has the Kadec-Klee property.
Now we are going to prove that fxng is relatively compact set. If fxng is not a relatively compact set, then

fxng has no finite �0-net for some �0 [ 0: By Lemma 6, for the above x 2 SðXÞ and any n0, there exist
n1; . . .; nk [ n0, such that dðxn1

, span xf gÞ[ �0

2
and dðxniþ1

, span x; xn1
; . . .; xni

f gÞ[ �0

2
, for i ¼ 1; 2; . . .; k � 1:

Therefore, there exist n
ðmÞ
1 ; . . .; n

ðmÞ
k such that n

ðmÞ
i !1, and for any n

ðmÞ
1 ; . . .; n

ðmÞ
k we have dðx

n
ðmÞ
1

,

span xf gÞ[ �0

2
, dðx

n
ðmÞ
iþ1

, span x; x
n
ðmÞ
1

; . . .;
n

x
n
ðmÞ
i

o

Þ[ �0

2
i ¼ 1; 2; . . .; k � 1: By Hahn-Banach Theorem, we

choose f
n
ðmÞ
1

; . . .; f
n
ðmÞ
k

2 SðX�Þ such that f
n
ðmÞ
1

ðx
n
ðmÞ
1

Þ[ �0

2
; f

n
ðmÞ
1

ðyÞ ¼ 0 for all y 2 span xf g and

f
n
ðmÞ
i

ðx
n
ðmÞ
i

Þ[ �0

2
; f

n
ðmÞ
i

ðyÞ ¼ 0 for all y 2 span x; x
n
ðmÞ
1

; . . .; x
n
ðmÞ
i�1

n o

; i ¼ 2; . . .; k: Then

Vðx; x
n
ðmÞ
1

; . . .; x
n
ðmÞ
k

Þ[ �0

2

� �k

[ 0:

On the other hand, noticing that f ðxnÞ ! 1 and f 2 Sx; we have
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k þ 1 ¼ lim
m!1

f xþ
Xk

i¼1

x
n
ðmÞ
i

 !

:

By the locally k-uniformly extreme convexity of X and Theorem 11 we have

lim
m!1

Vðx; x
n
ðmÞ
1

; . . .; x
n
ðmÞ
k

Þ ¼ 0;

which is a contradiction. h

Now, notice that the proof of the above theorem 15, we have the following corollary.

Corollary 16 Let X be locally k-uniformly extremely convex space. Let x be a norm-one element in X and
fxng � X be a sequence consisting of norm-one elements of X. If there is some norm-one functional f 2 Sx

such that f ðxnÞ ! 1; ðn!1Þ, then fxng is relatively compact set,

Theorem 17 Let X be strictly convex locally k-uniformly extremely convex space, then X is locally
uniformly extremely convex space.

Proof Let X be strictly convex locally k-uniformly extremely convex space. Let x be any norm-one
element in X and fxng � X be any sequence consisting of norm-one elements of X. Suppose that the equality
lim

n!1
f0ðxþ xnÞ ¼ 2 holds for some norm-one functional f0 2 X�: It is clear that lim

n!1
f0ðxþ xnÞ ¼ 2 is

equivalent to f0ðxÞ ¼ 1 and lim
n!1

f0ðxnÞ ¼ 1 together. It is easy to see that fxng is relatively compact set from

Corollary 16.
Now we are going to prove that xn�!

k�k
x. Since fxng is a relatively compact subset in X, there exists y 2 X

and a subsequence fxnj
g of fxng such that xnj

�!k�k y. It follows that kyk ¼ 1 and lim
j!1

f0ðxnj
Þ ¼ f0ðyÞ ¼ 1.

Taking in mind f0ðxÞ ¼ 1, we have

2 ¼ f0ðxÞ þ f0ðyÞ� kf0kkxþ yk� 2:

By the assumption that X is strictly convex, we have x ¼ y. This shows that fxng has a unique cluster point

x; hence xn�!
k�k

x. It follows from Corollary 12 that X is locally uniformly extremely convex space. h

Theorem 18 If X�� is locally 2-uniformly extremely convex space, then X is reflexive.

Proof If X is not reflexive, then for any 0\k\ 1
2

there is an u 2 SðX��Þ such that

distðu;XÞ ¼ kuþ Xk� 1� k:

From the Bishop-Phelps Theorem we may even assume that there is a norm-one functional f 2 X� with

uðf Þ ¼ 1: Noticing the fact that ðX��=XÞ� is isometric to X? 	 X���, we know that there is an x? 2
X?; kx?k ¼ 1 with x?ðuÞ� 1� k:

From the Goldstine Theorem we know that there is a net fxag � SðXÞ such that xa�!
w�

u: Furthermore, for
a subsequence fxkg of net fxag; we have

lim
k!1

f ðxkÞ ¼ f ðuÞ ¼ 1:

Hence, for each �[ 0 there is an Nð�Þ such that if n;m [ Nð�Þ, then

f ðuþ xn þ xmÞ[ 3� dð�;uÞ:

Here dð�;uÞ is the function required in the definition of locally 2-uniformly extremely convex space X��.
By the locally 2-uniformly extreme convexity of X��, we have
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�[ Vðu; xn; xmÞ

� sup

1 1 1

x?ðuÞ x?ðxnÞ x?ðxmÞ
UðuÞ UðxnÞ UðxmÞ

�
�
�
�
�
�
�

�
�
�
�
�
�
�

: U 2 SðX���Þ

8

><

>:

9

>=

>;

¼ supfx?ðuÞ � Uðxn � xmÞ : U 2 SðX���Þg
� ð1� kÞkxn � xmk

[
1

2
kxn � xmk:

Therefore, fxkg is a norm Cauchy subsequence of net fxag and xk�!
k�k

u: This contradicts the fact that

distðu;XÞ[ 1
2
: h

Definition 19 A Banach space X is said to be midpoint locally k-uniformly extremely convex space
provided that for any norm-one element x in X and �[ 0, there is a d ¼ dð�; xÞ[ 0 such that for all norm-

one elements x1; . . .; xkþ1 in X and any norm-one functional f 2 Sx, if f ðx� 1
kþ1

Pkþ1

i¼1

xiÞ\d, then

Vðx1; . . .; xkþ1Þ\�.

Theorem 20 If X is locally k-uniformly extremely convex space, then X is midpoint locally k-uniformly
extremely convex space.

Proof Suppose that X is locally k-uniformly extremely convex space. By Definition 9 we know that, for
any norm-one element x of X and �[ 0, there exists d ¼ dð�; xÞ[ 0 such that for all norm-one elements
x1; . . .; xk in X and any norm-one functional g 2 X�, one has Vðx; x1; . . .; xkÞ\ �

kþ1
when

gðxþ
Pk

i¼1

xiÞ[ ðk þ 1Þ � kðk þ 1Þd.

Let us suppose that norm-one elements x1; . . .; xkþ1 of X satisfy the inequality f ðx� 1
kþ1

Pkþ1

i¼1

xiÞ\d for any

norm-one functional f 2 Sx: Then we have f ð
Pkþ1

i¼1

xiÞ[ ðk þ 1Þ � ðk þ 1Þd. It follows that

k þ f ðxiÞ�
Pkþ1

i¼1

f ðxiÞ[ k þ 1� ðk þ 1Þd for each i ¼ 1; . . .; k þ 1: Clearly, the equality f ðxiÞ[ 1� ðk þ

1Þd holds for each i ¼ 1; . . .; k þ 1: This leads to

f xþ
Pkþ1

i¼2

xi

� �

[ ðk þ 1Þ � kðk þ 1Þd

f xþ
Pj�1

i¼1

xi þ
Pkþ1

i¼jþ1

xi

 !

[ ðk þ 1Þ � kðk þ 1Þd; ð2� j� kÞ

f xþ
Pk

i¼1

xi

� �

[ ðk þ 1Þ � kðk þ 1Þd

9

>>>>>>>>>=

>>>>>>>>>;

: ðHÞ

Therefore, combining the condition that X is a locally k-uniformly extremely convex space and the
inequality ðHÞ, we have

Vðx; x2; . . .; xkþ1Þ\ �
kþ1

Vðx; x1; . . .; xi�1; xiþ1; . . .; xkþ1Þ\ �
kþ1

Vðx; x1; . . .; xkÞ\ �
kþ1

9

>=

>;

: ðHHÞ

For any norm-one functionals f1; . . .; fk 2 X�; let us denote the determinant which appeared in the
Vðx1; . . .; xkþ1Þ by symbol
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D ¼

1 1 � � � 1

f1ðx1Þ f1ðx2Þ � � � f1ðxkþ1Þ
..
. ..

. . .
. ..

.

fkðx1Þ fkðx2Þ � � � fkðxkþ1Þ

�
�
�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�
�
�

:

If we consider a system of linear equations

u1 þ u2 þ � � � þ ukþ1 ¼ 1

f1ðx1Þu1 þ f1ðx2Þu2 þ � � � þ f1ðxkþ1Þukþ1 ¼ f1ðxÞ
� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �

fkðx1Þu1 þ fkðx2Þu2 þ � � � þ fkðxkþ1Þukþ1 ¼ fkðxÞ

9

>>>=

>>>;

; ðHHHÞ

then the system of linear equations ðHHHÞ has a unique set of solutions :

u1 ¼
D1

D
; u2 ¼

D2

D
; . . .; ukþ1 ¼

Dkþ1

D
:

Where symbols D1;Dkþ1;Dið2� i� kÞ denote the determinant

D1 ¼

1 1 � � � 1

f1ðxÞ f1ðx2Þ � � � f1ðxkþ1Þ
..
. ..

. . .
. ..

.

fkðxÞ fkðx2Þ � � � fkðxkþ1Þ

�
�
�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�
�
�

;Dkþ1 ¼

1 � � � 1 1

f1ðx1Þ � � � f1ðxkÞ f1ðxÞ
..
. ..

. . .
. ..

.

fkðx1Þ � � � fkðxkÞ fkðxÞ

�
�
�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�
�
�

;

Di ¼

1 � � � 1 1 1 � � � 1

f1ðx1Þ � � � f1ðxi�1Þ f1ðxÞ f1ðxiþ1Þ � � � f1ðxkþ1Þ
..
. ..

. ..
. ..

. ..
.

fkðx1Þ � � � fkðxi�1Þ fkðxÞ fkðxiþ1Þ � � � fkðxkþ1Þ

�
�
�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�
�
�

:

From the first equation of ðHHHÞ we know that D ¼
Pkþ1

i¼1

Di: Moreover, by the inequality ðHHÞ, we have

Vðx1; . . .; xkþ1Þ ¼ sup
Xkþ1

i¼1

Di : f1; . . .; fk 2 SðX�Þ
( )

�
Xkþ1

i¼1

sup Di : f1; . . .; fk 2 SðX�Þf g

¼Vðx; x2; . . .; xkþ1Þ þ Vðx; x1; . . .; xkÞ

þ
Xk

i¼2

Vðx; x1; . . .; xi�1; xiþ1; . . .; xkþ1Þ

� ðk þ 1Þ �

k þ 1

¼�:

This completes the proof that X is midpoint locally k-uniformly extremely convex space. h

Theorem 21 If X is midpoint locally k-uniformly extremely convex space, then X is k-strictly convex space.

Proof Suppose the contrary. Then there are norm-one elements x; x1; . . .; xk in X such that kxþ x1 þ
� � � þ xkk ¼ k þ 1; but x; x1; . . .; xk are linearly independent. Hence, there are real numbers a1; . . .; ak such
that
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dðx1; spanfx; x2; . . .; xkgÞ ¼ a1 [ 0;

dðxi; spanfx; x1; . . .; xi�1; xiþ1; . . .; xkgÞ ¼ ai [ 0; ð2� i� kÞ;
dðxk; spanfx; x1; . . .; xk�1gÞ ¼ ak [ 0:

By Hahn-Banach Theorem, we can choose norm-one functionals f1; . . .; fk 2 X� such that

fiðxiÞ ¼ ai; i ¼ 1; . . .; k; fiðxÞ ¼ fiðxjÞ ¼ 0; i 6¼ j; j ¼ 1; . . .; k:

Let x0 ¼ 1
kþ1
ðxþ

Pk

i¼1

xiÞ; then f ðx0 � 1
kþ1
ðxþ

Pk

i¼1

xiÞÞ ¼ 0 for any norm-one functional f 2 Sx and

Vðx; x1; . . .; xkÞ�

1 1 � � � 1

f1ðxÞ f1ðx1Þ � � � f1ðxkÞ
..
. ..

. . .
. ..

.

fkðxÞ fkðx1Þ � � � fkðxkÞ

�
�
�
�
�
�
�
�
�
�

�
�
�
�
�
�
�
�
�
�

¼ a1a2 � � � ak [ 0:

This contradicts the assumption that X is midpoint locally k-uniformly extremely convex space. h

By Theorem 20 and 21 we have the following corollary.

Corollary 22 If X is locally k-uniformly extremely convex space, then X is k-strictly convex space.

Theorem 23 If X is locally k-uniformly convex space, then X is locally k-uniformly extremely convex
space.

Proof Suppose that X is locally k-uniformly convex space. By Definition 1 we know that, for any norm-
one element x in X and �[ 0, there exists d ¼ dð�; xÞ[ 0 such that for all norm-one elements x1; . . .; xk in

X, one has Vðx; x1; . . .; xkÞ\� when k xþ
Pk

i¼1

xi k [ ðk þ 1Þ � d:

Now let us suppose that any norm-one elements x1; . . .; xkþ1 of X and any norm-one functional f 2 X�

satisfy the inequality f ðxþ
Pk

i¼1

xiÞ[ ðk þ 1Þ � d: Then we have

xþ
Xk

i¼1

xi

�
�
�
�
�

�
�
�
�
�
� f xþ

Xk

i¼1

xi

 !

[ ðk þ 1Þ � d:

Since X is a locally k-uniformly convex space, we have Vðx; x1; . . .; xkÞ\�. This completes the proof that X
is locally k-uniformly extremely convex space. h

The converse implication of Theorem 23 is not true. In fact, we can find an example to distinguish locally k-
uniformly extremely convex space and locally k-uniformly convex space.

Example 24 There is a locally k-uniformly extremely convex space X which is not a locally k-uniformly
convex space.

Let E ¼ ðl2; k 
 kÞ. For x ¼ ða1; a2; � � �Þ 2 E, define

k x k2¼ fja1j þ ða2
2 þ a2

3 þ � � �Þ
1
2g2 þ a2

2

� �2

þ � � � þ an

n

� �2

þ � � �
� 	

:

It follows from [4] that X ¼ ð
P
�EÞl2 is a fully 2-convex space, but is not a locally k-uniformly convex

space (see [10, p.523, Example 1]).
On the other hand, by Lemma 4 we know that fully 2-convex space is uniformly extremely convex

space. Hence, X is locally uniformly extremely convex space. Furthermore, X is a locally k-uniformly
extremely convex space from Theorem 10. h

The converse to Theorem 10 is not true. In fact, we can find an example to distinguish locally k-
uniformly extremely convex space and locally ðk � 1Þ-uniformly extremely convex space.
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Example 25 There is an infinite-dimensional locally k-uniformly extremely convex space X which is not a
locally ðk � 1Þ-uniformly extremely convex space.

Let k� 2 be an integer, and let i1\i2\ � � �\ik. For each x ¼ ða1; a2; . . .Þ 2 l2, define

k x k2
i1;...;ik
¼

Xk

j¼1

jaij j
 !2

þ
X

i 6¼i1;...;ik

a2
i :

In [8], Lin and Yu proved that Xi1;...;ik ¼ ðl2; k 
 ki1;...;ikÞ is k-uniformly convex and reflexive. Hence,
Xi1;...;ik

¼ ðl2; k 
 ki1;...;ikÞ is a k-uniformly extremely convex space from Lemma 4. Furthermore, Xi1;...;ik is a
locally k-uniformly extremely convex space. Let

eij ¼ ð0; . . .; 0; ij
1; 0; . . .Þ; j ¼ 1; 2; . . .; k;

then k eij ki1;...;ik¼ 1ðj ¼ 1; 2; . . .; kÞ; k
Pk

j¼1

eij ki1;...;ik¼ k; and eij


 �k

j¼1
are linearly independent. This shows

that Xi1;...;ik is not a ðk � 1Þ-strictly convex space from Definition 3. Hence, Xi1;...;ik
is not locally ðk � 1Þ-

uniformly extremely convex space from Corollary 22.

Remark 26 There is a locally k-uniformly extremely convex space X which is not a reflexive space.

In fact, we consider a non-reflexive locally uniformly convex space X (see [3, 9, 10]), then X is a locally k-
uniformly convex space. From Theorem 23 we know that X is a locally k-uniformly extremely convex
space. h

Remark 27 Locally k-uniformly extremely convex space is surely different from k-uniformly extremely
convex space.

In view of Remark 26, we consider a non-reflexive locally k-uniformly extremely convex space X. Then X is
not a k-uniformly extremely convex space because X is non-reflexive.
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