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Abstract We give an integral formulation for the length frequencies in classical Coxeter groups. From this
we derive a precise asymptotic for the peak of length frequency taken among elements in a Coxeter group.
An interpretation of the peak of frequency in terms of an integral of characters afforded by tensor products
of unitary representations.
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1 Introduction

Given any finitely generated group with a set of generators S, such that the identity element 1 62 S and

S ¼ S�1, one can always define a length function by letting

lSðgÞ :¼ inf
�

n� 0 : g 2 Sn
�
:

The main goal of this article is to study the asymptotical behaviour of the occurences of elements of fixed
length when the number elements gets large. We restrict our attention to length functions for finite groups
generated by involutions (i.e. of order 2), namely finite Coxeter groups. Such groups have the following
presentation in terms of generators and relations,

G ¼ hs1; . . .; sr j s2
i ¼ 1; sisj

� �mij¼ 1i

for some integers mi;j� 2 with mi;j ¼ mj;i and mii ¼ 1. In such groups, length functions have nice combi-
natorial properties, in particular their generating series admit an easy factorisation, this is a central result in
this theory due to Chevalley and Solomon.

The interepretation of this generating series in analytical terms is the core of our method. Before stating
our main result, we address a brief review of the basics about Coxeter groups. The only two things we need
are Chevalley Solomon’s factorisation formula and the factorization of the generating series associated to
length frequencies.
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1.1 Basic facts on Coxeter groups

1.1.1 Coxeter groups and length function

Definition 1.1 (Coxeter group/system) A Coxeter group W is generated by a finite set S ¼
�

s1; . . .; sr

�
of

generators such that there exists some integers mi;j� 2 with mi;j ¼ mj;i satisfying the following relations

(1) s2
i ¼ 1 for all 1� i� r.

(2) sisj

� �mij¼ 1 for all 1� i; j� r.

The pair (W, S) is called a Coxeter system.

Definition 1.2 (Length) The length l(w) of an element w 2 W is the minimum number of generators in the
decomposition of w i.e.

lðwÞ ¼ min n� 0 j w ¼ si1
. . .sinf g

Proposition 1.3 (see e.g. [2]) Suppose W is a finite Coxeter group with length function l. Then there exists
a unique element w0 2 W with maximal length and such that for any w 2 W, we have

lðww0Þ ¼ lðw0wÞ ¼ lðw0Þ � lðwÞ:

1.2 Factorisation of Poincaré series

Here we state a very deep result which gives a characterisation of Coxeter groups in terms of its action on
the algebra of polynomials. This provides a set of integers d1; . . .; dn called the fundamental degrees which
are determined only by W up to an isomorphism.

Theorem 1.4 (Chevalley, Shepherd-Todd, e.g. [4]) Let W be a finite subgroup of GLðVÞ and I ¼ R½V �W
the algebra of polynomials on V invariant under W. Then, W is a Coxeter group if and only if I is generated
by n algebraically independent homogeneous elements f1; . . .; fn together with 1, that is,

R½x1; . . .; xn�W ¼ R½f1; . . .; fn�.
The fundamental degrees are defined by dk ¼ �fk þ 1. The factorization of the generating series of the length
function in W is given by the following deep theorem

Theorem 1.5 (Chevalley, Solomon, e.g. [2]) Let W be a Coxeter group, then

WðtÞ :¼
X

w2G

tlðwÞ ¼
Yn

k¼1

1� tdk

1� t
2 Z½½t�� ð1Þ

where dk are the fundamental degrees relative to the action of W.

For each integer k� 0, let us denote by akðWÞ the number of elements of W of length k.
Using the partition of W by means of length we remark that the Poincaré series of G is just the usual

generating series of the akðWÞ,
WðtÞ ¼

X

w2W

tlðwÞ ¼
X

k� 0

X

w2G:lðwÞ¼k

tlðwÞ ¼
X

k� 0

X

w2W:lðwÞ¼k

tk ¼
X

k� 0

akðWÞtk:

Thus, the previous theorem can be stated as,

Corollary 1.6 Let (W, S) be a Coxeter system. The generating series of the sequence akðWÞ is given by

X

k� 0

akðWÞtk ¼
Yn

k¼0

1� tdk

1� t
¼
Yn

k¼1

1þ t þ t2 þ . . .þ tdk�1
� �

2 Z½½t��

where dk are the fundamental degrees of the reflection action.

Remark 1.7 If we specialise the formula (1) at t ¼ 1, we get that jW j ¼
Qn

k¼1 dk and by comparing the top
degrees we get that the highest lenght lðw0Þ in w is given by lðw0Þ ¼

Pn
k¼1ðdk � 1Þ. It is useful to put

ek ¼ dk � 1, these integers are called the exponents of the Poincaré series. The uniqueness of an element of
maximal length is a specific feature of Coxeter groups and it is simply given by lðw0Þ ¼

Pn
k¼1 ek. It is not
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difficult to see that if W is finite then WðtÞ ¼ tlðw0ÞWðt�1Þ which means that ak ¼ alðw0Þ�k for 1� k� lðw0Þ.
The Poincare series W(t) has the property to be unimodal, that is, the coefficients of W(t) satisfies

a0� a1� . . .� alðw0Þ=2� alðw0Þ=2þ1� . . .� an:

This is a nontrivial fact, for which a proof can be found in ( [3], Theorem 19). As a consequence, the
elements in W which appears the most frequently are those of length lðw0Þ=2.

Main results. Our main resut is an asymptotic estimate of the number of elements of length
lðwÞ ¼ lðw0Þ=2, that is, the maximal coefficient in the generating polynomial of the length function in a
Coxeter group with given fundamental degrees. In a second part, we prove a curious formula relating
characters of irreducible representation of SU(2).

The notation f ðnÞ � gðnÞ means that the ratio of f by g is bounded above and below by constants which
does not depends on n.

Theorem 1.8 Let W be a Coxeter with fundamental degrees e1; . . .; en and for each 1� i� n, then, the
peak of frequency of length satisfies the following asymptotic estimate as n!1

anðGÞ �
jW j
ffiffiffiffiffiffi
2p
p

rn

:

where rn ¼ 1
12

Pn
k¼1 d2

k � 1
� �� �1=2

.

From this and we will deduce the following surprizing formula in section §4,

Theorem 1.9 Let W be a Coxeter group with fundamental degrees e1; . . .; en and for each 1� i� n, let Vei

be the irreducible representation of SU(2) with associated character vVei
. If we define the restricted torus Tþ

in SU(2) by,

Tþ ¼
�

as ¼ eis0

0e�is

� 	
j 0� s� p=2



:

Then the number of elements of maximal length in W is given by

anðGÞ ¼
Z

Tþ
vVe1

	Ve1
	...	Ven

ðaÞ da

where the measure da is given by the usual Haar measure.

2 Integral formulation for the length distribution in W

Proposition 2.1 Let (W, S) be a Coxeter group with fundamental degrees d1; . . .; dn and with w0 as its
maximal element, then

akðWÞ ¼
Z 1

0

Yn

j¼1

sinðdjpx=2Þ
sinðpx=2Þ cosððlðw0Þ=2� kÞpxÞ dx ð2Þ

for all 1� k� lðw0Þ.
Proof We consider the analytic continuation of the Poincaré series on the closed unit disc D, then for any
z 2 D

WðzÞ ¼
Yn

j¼1

1� zdj

1� z
¼
Yn

j¼1

ð1þ zþ . . .þ zejÞ:

W(z) is a polynomial function of degree at most l ¼ e1 þ . . .þ en ¼ lðw0Þ with coefficients ðakÞk� 0. We

define a 1-periodic trigonometric polyniomal eW of degree l by letting for each x 2 ½�1; 1�,
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eW ðxÞ :¼ WðeipxÞ ¼
Xl

k¼0

akeipkx:

Thus,

eW ðxÞ ¼
Yn

j¼1

1� eipdjt

1� eipx
¼
Yn

j¼1

eipdjx=2

eipx=2

eipdjx=2 � e�ipdjx=2

eipx=2 � e�ipx=2
¼
Yn

j¼1

eiejpx=2 sinðdjpx=2Þ
sinðpx=2Þ :

Therefore

eW ðxÞ ¼
Xl

k¼0

akeipkx ¼
Yn

j¼1

sinðdjpx=2Þ
sinðpx=2Þ eilpx=2:

The family of functions ekðxÞ ¼ eipkx for k ¼ 1; . . .; l forms an orthonormal basis of the space of
trigonometric of degree l for the normalised hermitian product

hf ; gi ¼ 1

2

Z 1

�1

f ðxÞgðxÞ dx:

Hence by projecting we get

ak ¼ h eW ; eki ¼
1

2

Z 1

�1

eW ðxÞe�ipkx dx ¼ 1

2

Z 1

�1

Yn

j¼1

sinðdjpx=2Þ
sinðpx=2Þ eiðl=2�kÞpx:

The symmetry observed in Example (2.1) below is an easy consequence of the proposition 1.3. h

2.1 Example

Let us consider the case of the symmetric group W ¼ An ¼ Snþ1 with generating set of adjacent trans-

positions S ¼
�
si ¼ ði; iþ 1Þ for 1� i� n� 1

�
. This group is the Weyl group of the linear group GLðn;RÞ

and its fundamental degrees are dk ¼ k þ 1. The Poincaré series is

AnðtÞ ¼
Yn

k¼1

ð1þ t þ t2 þ . . .þ tkÞ ¼
Yn

k¼1

1� tkþ1

1� t
:

This formula has a nice combinatorial interpretation using the q-factorial function defined by n½ �q! ¼
Qn

k¼1 k½ �q where k½ �q¼
1�qk

1�q . Using this we get the nice formulation

AnðqÞ ¼ nþ 1½ �q!

For n ¼ 3, we get

A3ðqÞ ¼ 4½ �q! ¼ ð1þ qÞð1þ qþ q2Þð1þ qþ q2 þ q3Þ
¼1þ 3qþ 5q2 þ 6q3 þ 5q4 þ 3q5 þ q6

k 0 1 2 3 4 5 6
ak(S4) 1 3 5 6 5 3 1

The diagram of the frequencies ðakÞk for W ¼ S4 shows a peak at k ¼ 3, with the occurrence of 6 elements
of length 3 in S4. Further, the distribution has unimodality property centred at k ¼ lðw0Þ=2 as predicted by
proposition 1.3. The peak of the frequencies seems to be reached at lðw0Þ=2. The symmetry follows easily
from the right hand side of equation (2):

Corollary 2.2 Let (W, S) be a Coxeter group with w0 as its maximal element, then for all 1� k� lðw0Þ,
moreover the sequence ðakðWÞÞ have a symmetry centred at N, i.e.
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akðWÞ ¼ alðw0Þ�kðWÞ

Proof The parity of the function x7!
Qn

j¼1
sinðdjpx=2Þ
sinðpx=2Þ yields the result of Corollary 2.2 :

ak ¼
Z 1

0

Yn

j¼1

sinðdjpx=2Þ
sinðpx=2Þ cos ðlðw0Þ=2� kÞpxð Þdx:

h

3 Asymptotic behaviour of the peak of frequencies

The integral expression of the coefficients ak above does not offer an easy way to reach information about
asymptotic properties of ak. Let us focus on the value of the highest frequency when n! þ1

an :¼
Z 1

0

Yn

j¼1

sinðdjpx=2Þ
sinðpx=2Þ dx

This integral is the height of the peak in the diagram of frequencies of length occurrence which correspond
to the number of elements of length k ¼ lðw0Þ=2 in W. A first reduction leads to the following equivalent
form when we get rid of the sine function,

Lemma 3.1 The highest length frequency of a Coxeter group W with fundamental degrees d1; . . .; dn is
given by

an ¼ jW j
Z 1

0

Yn

j¼1

Y1

p¼1

1�
d2

j x2

4p2

 !
Y1

p¼1

1� x2

4p2

� 	�n

dx

Proof Let us define

PnðxÞ :¼
Yn

j¼1

sinðdjpx=2Þ
sinðpx=2Þ :

The well-known Euler’s sine product formula asserts that

sin x ¼ x
Y1

p¼1

ð1� x2

p2p2
Þ:

Therefore

sinðdjpx=2Þ
sinðpx=2Þ ¼

djpx
2

Q1
p¼1 1� d2

j x2

4p2

� �

px
2

Q1
p¼1 1� x2

4p2

� � ¼ dj

Y1

p¼1

1� d2
j x2

4p2

� �

1� x2

4p2

� �

so that

PnðxÞ ¼
Yn

j¼1

dj

Y1

p¼1

1� d2
j x2

4p2

� �

1� x2

4p2

� � ¼ jW j
Yn

j¼1

Y1

p¼1

1�
d2

j x2

4p2

 !

1� x2

4p2

� 	�1

PnðxÞ ¼jW j
Yn

j¼1

Y1

p¼1

1�
d2

j x2

4p2

 !
Y1

p¼1

1� x2

4p2

� 	�n

h

Proposition 3.2 As n!1 we have the following estimate

an �
jW j
prn

Z prn

0

e�ny2=r2
n e�y2

dy
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where rn ¼ 1
12

Pn
k¼1 d2

k � 1
� �� �1=2

.

Proof In order to estimate the double product, let us define the infinite product Pþn ðxÞ as the positive
factors of PnðxÞ and the (finite) product of the remaining factors is denoted by P�n ðxÞ (it does not be
necessarily negative but it contains at least one negative factor)

Pþn ðxÞ :¼
Yn

j¼1

Y1

p¼dj=2þ1

1�
d2

j x2

4p2

 !

P�n ðxÞ :¼
Yn

j¼1

Ydj=2

p¼1

1�
d2

j x2

4p2

 !

:

and

P0
nðxÞ ¼

Y1

p¼1

1� x2

4p2

� 	�n

:

an ¼ jW j
Z1

0

Pþn ðxÞP�n ðxÞP0
nðxÞdx

A first order approximation it is easy to see by taking the logarithm that,

Y1

p¼1

1� x2

4p2

� 	�n

¼ exp nx2 p2

24
ð1þ oð1ÞÞ

� 	
ð3Þ

By taking the logarithm of the positive part,

log Pþn ðxÞ ¼
Xn

j¼1

X

p [ dj=2

lnð1�
d2

j x2

4p2
Þ ¼ �

Xn

j¼1

X

p [ dj=2

d2
j x2

4p2
ð1þ oð1ÞÞ ¼

Xn

j¼1

�d2
j

p2

24
x2ð1þ oð1ÞÞ:

Thus,

Pþn ðxÞ ¼ exp �
Xn

j¼1

d2
j

p2

24
x2ð1þ oð1ÞÞ

 !

: ð4Þ

and by (3) and (4) we obtain the estimate

an � jW j
Z 1

0

P�n ðxÞe�r2
nx2p2=2 dx ð5Þ

where rn ¼ 1
12

Pn
k¼1 d2

k � 1
� �� �1=2

.
The problem to estimate the double product P�n ðxÞ in (5) comes from the fact that the factors can take

negative values. To avoid this issue we proceed by substitution y ¼ prnx and

an �
jW j
prn

Z prn

0

Yn

j¼1

Ydj=2

p¼1

1�
d2

j y2

4p2r2
np2

 !

e�y2=2 dy

We are now reduced to positive factors so we can apply logarithm
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Xn

j¼1

Xdj=2

p¼1

log 1�
d2

j y2

4p2r2
np2

 !

¼
Xn

j¼1

Xdj=2

p¼1

�
d2

j y2

4p2r2
np2

1þ oð1Þð Þ

¼ � y2

4p2r2
n

Xn

j¼1

d2
j

Xdj=2

p¼1

1

p2
1þ oð1Þð Þ ¼ � y2

24r2
n

Xn

j¼1

d2
j 1þ oð1Þð Þ

¼ � y2

2r2
n

ðr2
n þ

n

12
Þ 1þ oð1Þð Þ ¼ � y2

2
ð1þ n

12r2
n

Þ 1þ oð1Þð Þ:

Hence

Yn

j¼1

Ydj=2

p¼1

1�
d2

j y2

4p2r2
np2

 !

� e
�y2

2
ð1þ n

12r2
n
Þ

by replacing in (5) we get the required result. h

Proof of Theorem 1.8 By Proposition 3.2, we infer that

an �
jW j
prn

Z 1

0

e�y2

dy since lim
n

n=12r2
n ¼ 0:

The value of the integral
R1

0
e�y2

dy ¼
ffiffi
p
2

p
yields the estimate

an �
jW j
ffiffiffiffiffiffi
2p
p

rn

:

h

4 Proof of Theorem 1.9

Consider the group of unitary matrices SU(2), it is a compact Lie group whose real Lie algebra suð2Þ is
generated by the three following matrices

X ¼
0 � 1

1 0

� 	
Y ¼

0 i

i 0

� 	
H ¼

i 0

0 � i

� 	
:

Let us fix W a Coxeter group with fundamental degrees e1; . . .; en, and let us introduce a family of
irreducible reprensentations Vej

with dimension dj ¼ ej þ 1. To do this we consider Vj the complex vector

space C½x; y�ej
of homogeneous polynomial of degree ej, it has complex dimension ej þ 1. We can realize Vj

as a linear representation of SU(2) by considering the action

qj : SUð2Þ ! GLðVjÞ

where the action is given by g:Pðx; yÞ ¼ Pðg�1:ðx; yÞÞ for every g 2 SUð2Þ and P 2 Vj.
A classical result of the representation theory for SU(2) says that irreducible representations of SU(2) are

exactly those of the form ðqn;C½x; y�nÞ for some integer n. The value of the character vj on the Lie algebra
corresponding to the Cartan algebra h which the Lie algebra generated by the diagonal component (namely
H) is easily found by using Weyl character formula (see e.g. [5], §9.4)

vjðetHÞ ¼ sinððej þ 1ÞtÞ
sinðtÞ ð6Þ

Now if we consider the representation of SU(2) given by the tensor product

q1 	 q2. . .	 qn : SUð2Þ ! GL V1 	 V2 	 . . .	 Vnð Þ:

The associated character is just given by
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vV1	V2	...	Vn
ðetHÞ ¼

Yn

j¼1

vjðetHÞ ¼
Yn

j¼1

sinððej þ 1ÞtÞ
sinðtÞ : ð7Þ

By definition an ¼ jfw 2 W j lðwÞ ¼ lðw0Þ=2gj where w0 is the unique element of maximal length in W.
Recall that Proposition 2.1 gives an explicit formula for an, namely

an :¼
Z 1

0

Yn

j¼1

sin djpx=2
� �

sinðpx=2Þ dx

This together with formula (7) above yield the following formula

ak ¼ jfw 2 W j lðwÞ ¼ kgj ¼
Z 1

0

vV1	V2	...	Vn
ept=2H
� �

cos l w0ð Þ=2� kð Þptð Þ dt

and in particular

an ¼ jfw 2 W j lðwÞ ¼ lðw0Þ=2gj ¼
Z 1

0

vV1	V2	...	Vn
ept=2H
� �

dx:

Now let us set the following one-parameter subgroup of SU(2),

T ¼ at ¼ etH ¼
eit 0

0 e�it

� 	
j 0� s� 2p

� 

:

It is the maximal torus in SU(2) and we define the following subgroup Tþ of it obtained by restriction

Tþ ¼ as ¼ esH ¼
eis 0

0 e�is

� 	
j 0� s� p=2

� 

:

Let us we rewrite an using Tþ,

an ¼ jfw 2 W j lðwÞ ¼ lðw0Þ=2gj ¼
Z

Tþ
vV1	V2	...	Vn

ðaÞ da:

This achieves the proof of the Theorem. h
Also putting Theorem 1.8 and 1.9 together give the following estimate,

Corollary 4.1 As n!1, we have
Z

Tþ
vV1	V2	...	Vn

ðaÞ da � jW j
ffiffiffiffiffiffi
2p
p

rn
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