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Abstract We give an integral formulation for the length frequencies in classical Coxeter groups. From this
we derive a precise asymptotic for the peak of length frequency taken among elements in a Coxeter group.
An interpretation of the peak of frequency in terms of an integral of characters afforded by tensor products
of unitary representations.
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1 Introduction

Given any finitely generated group with a set of generators S, such that the identity element 1 ¢ S and
S = S~!, one can always define a length function by letting

Is(g) :==inf{n>0:g€S"}.

The main goal of this article is to study the asymptotical behaviour of the occurences of elements of fixed
length when the number elements gets large. We restrict our attention to length functions for finite groups
generated by involutions (i.e. of order 2), namely finite Coxeter groups. Such groups have the following
presentation in terms of generators and relations,

G=(s1,....5: |57 =1, (s:5)""= 1)

for some integers m;; >2 with m;; = m;; and m;; = 1. In such groups, length functions have nice combi-
natorial properties, in particular their generating series admit an easy factorisation, this is a central result in
this theory due to Chevalley and Solomon.

The interepretation of this generating series in analytical terms is the core of our method. Before stating
our main result, we address a brief review of the basics about Coxeter groups. The only two things we need
are Chevalley Solomon’s factorisation formula and the factorization of the generating series associated to
length frequencies.
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522 A. Aljouiee, Y. Lazar

1.1 Basic facts on Coxeter groups
1.1.1 Coxeter groups and length function

Definition 1.1 (Coxeter group/system) A Coxeter group W is generated by a finite set S = {s] yee s s,} of
generators such that there exists some integers m;; >2 with m;; = m;; satisfying the following relations

1 = | forall 1 <i<r.
@) (si5)™=1forall 1<ij<r.
The pair (W, S) is called a Coxeter system.
Definition 1.2 (Length) The length /(w) of an element w € W is the minimum number of generators in the
decomposition of w i.e.
I(w)=min{n>0 | w=s;...5,}

Proposition 1.3 (see e.g. [2]) Suppose W is a finite Coxeter group with length function I. Then there exists
a unique element wy € W with maximal length and such that for any w € W, we have

I(wwg) = l(wow) = I(wg) — I(w).

1.2 Factorisation of Poincaré series

Here we state a very deep result which gives a characterisation of Coxeter groups in terms of its action on
the algebra of polynomials. This provides a set of integers d, .. .,d, called the fundamental degrees which
are determined only by W up to an isomorphism.

Theorem 1.4 (Chevalley, Shepherd-Todd, e.g. [4]) Let W be a finite subgroup of GL(V) and I = R[V]"
the algebra of polynomials on V invariant under W. Then, W is a Coxeter group if and only if I is generated
by n algebraically independent homogeneous elements fi,....f, together with I, that is,

R[X], . '7xn]W = R[fl, . '7fn]'
The fundamental degrees are defined by dy = °f; + 1. The factorization of the generating series of the length
function in W is given by the following deep theorem
Theorem 1.5 (Chevalley, Solomon, e.g. [2]) Let W be a Coxeter group, then
1] — g

w(r) =Y " =1] — < Z[[ (1)

weG k=1

where d;. are the fundamental degrees relative to the action of W.

For each integer k > 0, let us denote by a;(W) the number of elements of W of length k.
Using the partition of W by means of length we remark that the Poincaré series of G is just the usual
generating series of the a,(W),

LCED VRS SID SENEED S SN SPA(erS
k>0

wew k>0 weGi(w)=k >0 weW:(w)=k

Thus, the previous theorem can be stated as,

Corollary 1.6 Ler (W, S) be a Coxeter system. The generating series of the sequence ap(W) is given by
> a(w)t = ; 1]_—_f; = ﬁ(l Fe+A ) e Z[[)
k>0 k=0 k=1

where dy are the fundamental degrees of the reflection action.

Remark 1.7  If we specialise the formula (1) at 7 = 1, we get that |[W| = [[}_, dx and by comparing the top
degrees we get that the highest lenght /(wp) in w is given by I(wg) = > ;_;(di — 1). It is useful to put
e = di — 1, these integers are called the exponents of the Poincaré series. The uniqueness of an element of
maximal length is a specific feature of Coxeter groups and it is simply given by I(wg) = >_;_; e. It is not
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difficult to see that if W is finite then W(z) = #/(*)W(+~!) which means that ax = ay,,)—x for 1 <k <(wp).
The Poincare series W(r) has the property to be unimodal, that is, the coefficients of W(¢) satisfies

ag<ayr <... < dwg)/2 2 Aiwg) /241 2 - - - 2 A

This is a nontrivial fact, for which a proof can be found in ( [3], Theorem 19). As a consequence, the
elements in W which appears the most frequently are those of length /(wy)/2.

Main results. Our main resut is an asymptotic estimate of the number of elements of length
I(w) = I(wg)/2, that is, the maximal coefficient in the generating polynomial of the length function in a
Coxeter group with given fundamental degrees. In a second part, we prove a curious formula relating
characters of irreducible representation of SU(2).

The notation f(n) < g(n) means that the ratio of f by g is bounded above and below by constants which
does not depends on 7.

Theorem 1.8 Let W be a Coxeter with fundamental degrees e, .. .,e, and for each 1 <i<n, then, the
peak of frequency of length satisfies the following asymptotic estimate as n — oo
W]
a,(G) < .
(G) V2no,

where 0, = (5370 (@2 — 1))"2.
From this and we will deduce the following surprizing formula in section §4,

Theorem 1.9 Let W be a Coxeter group with fundamental degrees ey, . . ., e, and for each 1 <i<n, let V,,
be the irreducible representation of SU(2) with associated character yy, . If we define the restricted torus T

1 e a. = is, 0< g<7'c Z
{ ’ (:6 ls) | / }

Then the number of elements of maximal length in W is given by

an(G) = /T LV @Ve, .0V, (a)da

n

where the measure da is given by the usual Haar measure.

2 Integral formulation for the length distribution in W

Proposition 2.1 Let (W, S) be a Coxeter group with fundamental degrees d, . ..,d, and with wy as its
maximal element, then
1 n _:
sin(d;nx/2)
W) = T l 2—k d 2
(W) = [ TS cos(Ulm)/2 ~ ) d )

=1
Sor all 1 <k <I(wyp).

Proof We consider the analytic continuation of the Poincaré series on the closed unit disc D, then for any
zeD

i l—z

W(z):ﬁl_zdfzﬁ(1+z+...+z€f).
=1

W(z) is a polynomial function of degree at most [ =e; + ... + ¢, = [(wy) with coefficients (ay) k>0 We
define a 1-periodic trigonometric polyniomal W of degree [ by letting for each x € [—1, 1],
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Thus,

ind;t N pindix/2 pindix/2 _ ,—ind;x/2 n_ sin(djnx/2)

17 _ - l—e _ _ iejmx/2
W()C) - H 1 — einx einx/2  pimx/2 __ p—inx/2 - He ! Sin(nx/z) ’
Jj=1 j=1 j=1

Therefore
Sll’l d nx/2) ilnx/2
Zake 1:[ sin(7mx/2) “

The family of functions e;(x) = e™* for k=1,...,/ forms an orthonormal basis of the space of
trigonometric of degree / for the normalised hermitian product

5 [ oot ax

Hence by projecting we get

a = / W L / sin dnx/Z) pill/2—k)mx
| _] “sin(mx/2)
The symmetry observed in Example (2.1) below is an easy consequence of the proposition 1.3. O

2.1 Example

Let us consider the case of the symmetric group W = A, = S, with generating set of adjacent trans-
positions S = {r; = (i,i + 1) for  <i<n — 1}. This group is the Weyl group of the linear group GL(n, R)
and its fundamental degrees are dy = k + 1. The Poincaré series is

n no1— gkl
A1) :,H<l+t+t2+"'+tk) :g —
This formula has a nlce combmatorlal interpretation using the g-factorial function defined by [n ] =
[1i-, k], where [k] q: Usmg this we get the nice formulation
An(g) = [n+1],!

For n = 3, we get
As(g) =M= 0+ +q+¢)1+q+7 +q)
=1+3¢+5¢° +64° +5¢" +3¢° +¢°

k J0[1]2][3[4[5
(G [1]3]5[6]5[3[1

The diagram of the frequencies (ax), for W = &4 shows a peak at k = 3, with the occurrence of 6 elements
of length 3 in &,. Further, the distribution has unimodality property centred at k = /(wy)/2 as predicted by
proposition 1.3. The peak of the frequencies seems to be reached at I(wg)/2. The symmetry follows easily
from the right hand side of equation (2):

Corollary 2.2 Ler (W, S) be a Coxeter group with wy as its maximal element, then for all 1 <k <I(wy),
moreover the sequence (ap(W)) have a symmetry centred at N, i.e.
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Asymptotics of length frequencies for Coxeter groups 525

ak<W) = al(Wo)*k(W)

Proof The parity of the function x— []7_, s;'ndnf;/zz) yields the result of Corollary 2.2 :
(dimx/2
/ S::n n’;;/z SIATY2) o (Uwo) /2 — Ky

3 Asymptotic behaviour of the peak of frequencies

The integral expression of the coefficients a; above does not offer an easy way to reach information about
asymptotic properties of a. Let us focus on the value of the highest frequency when n — +o00

/ H sin(djmx/2)
sin(7x/2)
This integral is the height of the peak in the diagram of frequencies of length occurrence which correspond

to the number of elements of length k = /(wy)/2 in W. A first reduction leads to the following equivalent
form when we get rid of the sine function,

Lemma 3.1 The highest length frequency of a Coxeter group W with fundamental degrees d,, . ..,d, is
given by
2 2 00 )C2 —n
|W|/ ( 12>H<1——2> dx
j= lp p=l1 4p

n(djmx/2)
H n(nx/2)

Proof Let us define

The well-known Euler’s sine product formula asserts that

. = x
sinx = x}:[l(l —pz—nz)
Therefore
sin(djmx/2) 72 H;C:1<1 jzp)f) B d‘ﬁ <1 - jszzz)
sin(me/2) m e (1-2) o (1-32)
so that

Proposition 3.2 As n — oo we have the following estimate
W [
oy Jo

—a?
eny/a

2 _\2
e dy

a, X
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where o, = (5> 5, (d} — 1))1/2.

Proof In order to estimate the double product, let us define the infinite product IT(x) as the positive
factors of IT,(x) and the (finite) product of the remaining factors is denoted by IT (x) (it does not be
necessarily negative but it contains at least one negative factor)

. n 00 dj2x2
=[] I (“W)

=1 p=d;j2+1

and

A first order approximation it is easy to see by taking the logarithm that,
00 w2\ ,
H(I_W> :exp(nx ﬁ(l—i—o(l))) (3)
p=1

By taking the logarithm of the positive part,

n deZ n d_2x2 n 71'2
logIL (x) = > > In(1 )= > > = (1+0(1)) = Z—dfﬂfa +o(1)).
= p>an P 1 psan P =
Thus,
n 7'62
I/ (x) = exp <—de2gx2(1 +0(1))> (4)
j=1

and by (3) and (4) we obtain the estimate
an/\|W|/ IT; 7‘”‘”/2dx (5)

where o, = (5 Y0 (dF — 1))1/2.
The problem to estimate the double product IT (x) in (5) comes from the fact that the factors can take
negative values. To avoid this issue we proceed by substitution y = no,x and

\W| [ L d;/2 2 2 )2
n = td
“ 7o, Jo H H 4n20np ¢ Y

Jj=1p=

We are now reduced to positive factors so we can apply logarithm
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n J

4/2
1 11—
©8 ( 47r20'np

n di/2 2 2
) )3) SRS LENIRT)

Jj=1 p=1 j=1 p=
n d/2 2 n
Y 2
1 ——=— > d(1 1
2
y 2, I Y
=—== —)(1 1)) =—7=(1 1 1
Hence
(1 o) =
= 4n20np
by replacing in (5) we get the required result. O

Proof of Theorem 1.8 By Proposition 3.2, we infer that

e dy sincelim n/12¢; = 0.

The value of the integral fo e’ dy = \/g yields the estimate
W
V2no,

~
n o~

4 Proof of Theorem 1.9

Consider the group of unitary matrices SU(2), it is a compact Lie group whose real Lie algebra su(2) is
generated by the three following matrices

0 -1 0 i i 0
X = Y= . H= .
1 0 i 0 0 —i
Let us fix W a Coxeter group with fundamental degrees ey,...,e,, and let us introduce a family of
irreducible reprensentations V,, with dimension d; = ¢; + 1. To do this we consider V; the complex vector

space Clx, y] of homogeneous polynomial of degree ej, it has complex dimension e; + 1. We can realize V;
as a linear representatlon of SU(2) by considering the action
p; : SU(2) — GL(V))
where the action is given by g.P(x,y) = P(g~'.(x,y)) for every g € SU(2) and P € V;.
A classical result of the representation theory for SU(2) says that irreducible representations of SU(2) are
exactly those of the form (p,, C[x,y],) for some integer n. The value of the character y; on the Lie algebra

corresponding to the Cartan algebra by which the Lie algebra generated by the diagonal component (namely
H) is easily found by using Weyl character formula (see e.g. [5], §9.4)

)C’( ) sin(7)

(6)

Now if we consider the representation of SU(2) given by the tensor product
PL®Py...®p,:SUR) = GL(Vi @ V2 ®...QV,).

The associated character is just given by
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sin((e; + 1)1)
Ivievae..ov, ( HX] ) sin(t . (7)

By definition a, = [{w € W|I(w) = I(wy)/2}| where wy is the unique element of maximal length in W.
Recall that Proposition 2.1 gives an explicit formula for an, namely

/ sm sin(djmx/2) J
x

sin(7x/2)

This together with formula (7) above yield the following formula

= [{w e W|i(w) = k}| = /0 Tviovse oy, (€%1) cos((U(w0) /2 — k)mr) di

and in particular

1
a, = |{W € W | l(W) = l(Wo)/2}| = /(; XV1®V2®..,®V,, (em/ZH) dx.

Now let us set the following one-parameter subgroup of SU(2),

it 0
T—{at—etH—<eO it> ‘ OSSSZTE}
e

It is the maximal torus in SU(2) and we define the following subgroup T of it obtained by restriction

is 0
T+:{as:esH: <eo is) | Ogsgﬂf/Z}.
e

Let us we rewrite a, using T,
=|{w e W|il(w) =1(w)/2}| = /T+ v ovye..ov, (@) da.
This achieves the proof of the Theorem. O

Also putting Theorem 1.8 and 1.9 together give the following estimate,

Corollary 4.1 As n — oo, we have
W
a)da =<
/T+ Ieve..av,(@) N
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