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Abstract Let a and b be two positive integers with with 1� a� b and b� 2, and let G be a graph of order

n� ðaþb�3Þð2aþb�1Þ�aþ1

a . We say that G has all fractional [a, b]-factors if G has a fractional r-factor for any

integer r with a� r� b. In this paper, we testify that G� I has all fractional [a, b]-factors for any inde-

pendent set I of G if dðGÞ� ðaþb�1Þnþaþb�1

2aþb�1
and dðGÞ[ ðaþb�2Þnþ2aðGÞ�1

2aþb�2
. Furthermore, the result in Theo-

rem 1 is sharp.
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1 Introduction

Throughout this paper all graphs considered are finite and undirected simple graphs. Let G ¼ ðVðGÞ;EðGÞÞ
be a graph, where V(G) is the vertex set of G and E(G) is the edge set of G. We denote by EGðxÞ the set of
edges incident with x in G and by dGðxÞ the degree of x in G; dGðxÞ ¼ jEGðxÞj. We use aðGÞ and dðGÞ to
denote the stability number and the minimum degree of G, respectively. For any vertex subset X of G, we
use G[X] to denote the subgraph of G induced by X, and use G� X to denote the subgraph obtained from
G by deleting vertices in X together with the edges incident to vertices in X. A vertex subset X of G is said to
be independent if G[X] has no edges.

For two integers a and b with 1� a� b, a spanning subgraph F of G is said to be an [a, b]-factor if F
satisfies a� dFðxÞ� b for every x 2 VðFÞ. If a ¼ b ¼ k, then an [a, b]-factor of G is called a k-factor of G.
Assume that there exists a function h : EðGÞ ! ½0; 1� with

a�
X

e2EðGÞ;x3e

hðeÞ� b

123

Communicated by Sharad S Sane

Z. Sun
School of Mathematical Sciences, Nanjing Normal University, Nanjing 210046, China
E-mail: 05119@njnu.edu.cn

S. Zhou (&)
School of Science, Jiangsu University of Science and Technology, Zhenjiang 212100, Jiangsu, China
E-mail: zsz_cumt@163.com

Indian J Pure Appl Math (2021) 52:542–547
https://doi.org/10.1007/s13226-021-00054-3



for every vertex x of G. The spanning subgraph of G induced by the set of edges fe 2 EðGÞ : hðeÞ[ 0g is
said to be a fractional [a, b]-factor of G with indicator function h. If G has a fractional r-factor for any
integer r with a� r� b, then we say that G has all fractional [a, b]-factors. In the definitions of fractional
[a, b]-factor and all fractional [a, b]-factors, if a ¼ b ¼ k, then G has a fractional k-factor.

Nishimura [9] raised a degree condition for the existence of k-factors in graphs. Niessen [8] posed a
stability number and minimum degree condition for graphs having k-factors. Liu and Zhang [5] showed a
toughness condition for a graph to have a fractional k-factor. Zhou [16] obtained some sufficient conditions
for the existence of fractional k-factors in graphs. Lu [6] presented the definition of all fractional [a, b]-
factors, and got two results on the existence of all fractional [a, b]-factors in graphs. Zhou and Sun [19] gave
a neighborhood condition for graphs to have all fractional [a, b]-factors. More results on the topic with
factors, fractional factors and all fractional factors see [1–4, 7, 10–15, 17, 18, 20–23]. In this paper, our main
aim is to show a sufficient condition for the existence of all fractional [a, b]-factors in vertices deleted
graphs and verify Theorem 1 stated in the following.

Theorem 1 Let a and b be two integers with 1� a� b and b� 2, and let G be a graph of order

n� ðaþb�3Þð2aþb�1Þ�aþ1

a . If

dðGÞ� ðaþ b� 1Þnþ aþ b� 1

2aþ b� 1

and

dðGÞ[ ðaþ b� 2Þnþ 2aðGÞ � 1

2aþ b� 2
;

then G� I has all fractional [a, b]-factors for any independent set I of G.

We obtain the following corollary if a ¼ b ¼ k in Theorem 1.

Corollary 2 Let k be an integers with k� 2, and let G be a graph of order n� ð2k�3Þð3k�1Þ�kþ1

k . If

dðGÞ� ð2k � 1Þnþ 2k � 1

3k � 1

and

dðGÞ[ ð2k � 2Þnþ 2aðGÞ � 1

3k � 2
;

then G� I has a fractional k-factor for any independent set I of G.

2 The proof of Theorem 1

The proof of Theorem 1 relies on the following lemma, which was obtained by Lu [6].

Lemma 1 ([6]). Let G be a graph and a� b be two positive integers. Then G has all fractional [a, b]-
factors if and only if for any subset X � VðGÞ, we have

kGðX; YÞ ¼ ajXj þ
X

x2Y

dG�XðxÞ � bjY j � 0;

where Y ¼ fx : x 2 VðGÞ n X; dG�XðxÞ� b� 1g.
Proof of Theorem 1 We write H ¼ G� I. Assume that the result does not hold. By Lemma 1, there exists
a subset X � VðHÞ such that

kHðX; YÞ ¼ ajXj þ
X

x2Y

dH�XðxÞ � bjYj � � 1; ð1Þ

where Y ¼ fx : x 2 VðHÞ n X; dH�XðxÞ� b� 1g. It is obvious that Y 6¼ ; by (1). In the following, we define
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d ¼ minfdH�XðxÞ : x 2 Yg:

It follows from the definition of Y that 0� d� b� 1. We choose x1 2 Y such that d ¼ dH�Xðx1Þ. Thus, we
have

dðGÞ� dGðx1Þ� dG�I�Xðx1Þ þ jIj þ jXj ¼ dH�Xðx1Þ þ jIj þ jXj ¼ d þ jIj þ jXj: ð2Þ

Note that

n� dGðxÞ þ jIj � dðGÞ þ jIj

for any x 2 I, which implies

jIj � n� dðGÞ: ð3Þ

We shall consider the following two cases by the value of d.
Case 1. d ¼ 0.
We write R ¼ fx : x 2 Y; dH�XðxÞ ¼ 0g, W ¼ fx : x 2 Y; dH�XðxÞ ¼ 1g, W1 ¼ fx : x 2 W ;NH�XðxÞ �

Yg and W2 ¼ W �W1. Obviously, the graph induced by W1 in H � X has degree at most 1. We denote by Q
a maximum independent set of this graph. It is obvious that jQj � 1

2
jW1j. Note that R [ Q [W2 is an

independent set of H, and it is also an independent set of G. Hence, we get

aðGÞ� jRj þ jQj þ jW2j � jRj þ
1

2
jW1j þ

1

2
jW2j ¼ jRj þ

1

2
jW j: ð4Þ

It follows from (1), (2), (3), (4), b� 2 and jXj þ jYj þ jIj � n that

aðGÞ� jRj þ 1

2
jW j

� ajXj þ
X

x2Y

dH�XðxÞ � bjY j þ 1þ jRj þ 1

2
jW j

¼ ajXj þ
X

x2YnðR[WÞ
dH�XðxÞ � bjYj þ 1þ jRj þ 3

2
jW j

� ajXj þ 2jY n ðR [WÞj � bjY j þ 1þ jRj þ 3

2
jW j

¼ ajXj þ 2jY j � 2jRj � 2jW j � bjY j þ 1þ jRj þ 3

2
jW j

¼ ajXj � ðb� 2ÞjYj þ 1� ðjRj þ 1

2
jW jÞ

� ajXj � ðb� 2Þðn� jIj � jXjÞ þ 1� aðGÞ
¼ ðaþ b� 2ÞjXj þ ðb� 2ÞjIj � ðb� 2Þnþ 1� aðGÞ
� ðaþ b� 2ÞðdðGÞ � jIjÞ þ ðb� 2ÞjIj � ðb� 2Þnþ 1� aðGÞ
¼ ðaþ b� 2ÞdðGÞ � ajIj � ðb� 2Þnþ 1� aðGÞ
� ðaþ b� 2ÞdðGÞ � aðn� dðGÞÞ � ðb� 2Þnþ 1� aðGÞ
¼ ð2aþ b� 2ÞdðGÞ � ðaþ b� 2Þnþ 1� aðGÞ;

which implies

dðGÞ� ðaþ b� 2Þnþ 2aðGÞ � 1

2aþ b� 2
;

which contradicts that dðGÞ[ ðaþb�2Þnþ2aðGÞ�1

2aþb�2
.

Case 2. 1� d� b� 1.
Using (1), (2), (3) and jXj þ jY j þ jIj � n, we obtain
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�1� kHðX;YÞ ¼ ajXj þ
X

x2Y

dH�XðxÞ � bjY j

� ajXj þ djY j � bjY j
¼ ajXj � ðb� dÞjY j
� ajXj � ðb� dÞðn� jIj � jXjÞ
¼ ðaþ b� dÞjXj þ ðb� dÞjIj � ðb� dÞn
�ðaþ b� dÞðdðGÞ � d � jIjÞ þ ðb� dÞjIj � ðb� dÞn
¼ ðaþ b� dÞdðGÞ � ðaþ b� dÞd � ajIj � ðb� dÞn
�ðaþ b� dÞdðGÞ � ðaþ b� dÞd � aðn� dðGÞÞ � ðb� dÞn
¼ ð2aþ b� dÞdðGÞ � ðaþ b� dÞd � ðaþ b� dÞn

that is,

dðGÞ� ðaþ b� dÞnþ ðaþ b� dÞd � 1

2aþ b� d
: ð5Þ

If d ¼ 1, Then by (5) and the hypothesis of Theorem 1, we get

ðaþ b� 1Þnþ aþ b� 1

2aþ b� 1
� dðGÞ� ðaþ b� 1Þnþ aþ b� 2

2aþ b� 1
;

which is a contradiction. In the following, we assume that 2� d� b� 1. Let f ðdÞ ¼ ðaþb�dÞnþðaþb�dÞd�1

2aþb�d . It

follows from n� ðaþb�3Þð2aþb�1Þ�aþ1

a and 2� d� b� 1 that

f 0ðdÞ ¼ ð�nþ aþ b� 2dÞð2aþ b� dÞ þ ðaþ b� dÞnþ ðaþ b� dÞd � 1

ð2aþ b� dÞ2

¼ �anþ aðaþ b� 2dÞ þ ðaþ b� dÞ2 � 1

ð2aþ b� dÞ2

� �ðaþ b� 3Þð2aþ b� 1Þ þ a� 1þ aðaþ b� 4Þ þ ðaþ b� 2Þ2 � 1

ð2aþ b� dÞ2

¼ �1

ð2aþ b� dÞ2
\0;

which implies that f ðdÞ� f ð2Þ. Combining this with (5) and the hypothesis of Theorem 1, we have

ðaþ b� 1Þnþ aþ b� 1

2aþ b� 1
� dðGÞ� ðaþ b� 2Þnþ 2ðaþ b� 2Þ � 1

2aþ b� 2
;

which implies

n� ðaþ b� 3Þð2aþ b� 1Þ � a

a
;

which contradicts that n� ðaþb�3Þð2aþb�1Þ�aþ1

a . This completes the proof of Theorem 1. h

3 Remarks

Remark 1 We argue a sharpness of the condition dðGÞ� ðaþb�1Þnþaþb�1

2aþb�1
in Theorem 1. Let r be a suffi-

ciently large positive integer, and let a and b are two integers with b
2r � a� 1. We construct a graph

G ¼ ðð2ar � 1ÞK1 _ K2br�2r�1Þ _ ðarK2Þ, where _ means ‘‘join’’. It is obvious that n ¼ 4ar þ 2br � 2r � 2
and aðGÞ ¼ 2ar � 1. Thus, we have
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ðaþ b� 1Þnþ aþ b� 1

2aþ b� 1
� 1\dðGÞ ¼ 2ar þ 2br � 2r � 1

¼ ðaþ b� 1Þnþ b� 1

2aþ b� 1
\
ðaþ b� 1Þnþ aþ b� 1

2aþ b� 1

and

dðGÞ ¼2ar þ 2br � 2r � 1 ¼ ðaþ b� 2Þnþ 2ar þ b� 2

2aþ b� 2

� ðaþ b� 2Þnþ 4ar � 2

2aþ b� 2
¼ ðaþ b� 2Þnþ 2aðGÞ

2aþ b� 2

[
ðaþ b� 2Þnþ 2aðGÞ � 1

2aþ b� 2
:

Set I ¼ Vðð2ar � 1ÞK1Þ and H ¼ G� I. Then we obtain

kHðX;YÞ ¼ ajXj þ
X

x2Y

dH�XðxÞ � bjY j ¼ að2br � 2r � 1Þ þ 2ar � bð2arÞ ¼ �a\0

for X ¼ VðK2br�2r�1Þ and Y ¼ VðarK2Þ. In terms of Lemma 1, it is not true that H ¼ G� I has all fractional
[a, b]-factors.

Remark 2 We now show that the condition dðGÞ[ ðaþb�2Þnþ2aðGÞ�1

2aþb�2
in Theorem 1 is sharp, which can not

be replaced by dðGÞ� ðaþb�2Þnþ2aðGÞ�1

2aþb�2
. Let a ¼ 1, b ¼ 2 and G ¼ ð3aK1Þ _ K3b�1 _ ð3aK1Þ. Then we have

n ¼ 6aþ 3b� 1 and aðGÞ ¼ 3a. Hence, we obtain

dðGÞ ¼3aþ 3b� 1 ¼ ðaþ b� 2Þnþ 5a

2aþ b� 2

¼ðaþ b� 2Þnþ 6a� 1

2aþ b� 2
¼ ðaþ b� 2Þnþ 2aðGÞ � 1

2aþ b� 2

and

dðGÞ ¼ 3aþ 3b� 1 ¼ ðaþ b� 1Þnþ 2a

2aþ b� 1
¼ ðaþ b� 1Þnþ aþ b� 1

2aþ b� 1
:

Set I ¼ Vð3aK1Þ and H ¼ G� I. Thus we have

kHðX;YÞ ¼ ajXj þ
X

x2Y

dH�XðxÞ � bjY j ¼ að3b� 1Þ � bð3aÞ ¼ �a ¼ �1\0

for X ¼ VðK3b�1Þ and Y ¼ Vð3aK1Þ. According to Lemma 1, it is not true that H ¼ G� I has all fractional
[a, b]-factors.
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