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Abstract Let G, and G/, be two nonisomorphic graphs on n vertices with spectra
MZlaz 2y and =A==,

respectively. Define the distance between the spectra of G, and G/, as

n

WG, Gy) = (4= #)* (oruse >[4 — &)
i=1

p
Let
¢s(G,) = min{A(G,,G.) : G, not isomorphic to G, },
and
cs, = max{cs(G,) : G, a graph on n vertices}.

Richard Brualdi in [9] proposed the following problems: Problem A. Investigate cs(G,) for special classes
of graphs. Problem B. Find a good upper bound on cs,. In this paper, we investigate problem A and
determine cs(G,), when G, is a graph of order n with size two or three. Let K,, + K| be a disjoint union of
the complete graph K, with one isolated vertex, and K! +1 be a complete graph K, ;1 by deleting n — 1 edges
from one vertex of K, ;. We show that if A(K, + K, G),) = ¢s(G,), then G/, is isomorphic to K,ll -
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1 Introduction

In this paper, we consider only finite, undirected and simple graphs. Let A be the adjancy matrix of a graph
G. Then the spectrum of G is defined as the list of eigenvalues of A with their multiplicities. Richard Brualdi
in [9] proposed the following problems:

Let G, and G/, be two nonisomorphic graphs on n vertices with spectra

MZlda==ly and N 20> 24,

respectively. Define the distance between the spectra of G, and G/, as

n

UG Gy) =y (4= 4)* (oruse Y |2 — 4.
i=1

i=1
Also, define the cospectrality of G, by
¢s(G,) = min{A(G,,G) : G/ not isomorphic to G, }.
Thus ¢s(G,) = 0 if and only if G, has a cospectral mate. Put
cs, = max{cs(G,) : G, a graph on n vertices}.

This function measures how far apart the spectrum of a graph with n vertices can be from the spectrum of
any other graph with n vertices.

Problem A. Investigate cs(G,) for special classes of graphs.

Problem B. Find a good upper bound on cs,,.

Recently, in [3], Abdollahi et al. studied and computed cs(G,) for the complete graph K,,, the null graph
on n vertices, the disjoint union of the K, with n — 2 isolated vertices, where n > 2, and the complete
bipartite graph K, ,. Also, in [2], the authors completely answered Problem B and showed that, for every

graph G’ that cs(G) = A(G,G'), |/e — V¢/| <1, where e and ¢’ denote the number of edges of the graphs G
and G, respectively.

In this paper, we study Problem A and getermine the cospectrality of special classes of graphs by the
Euclidian distance, which is A(G,,G") = >2(4 — A)*. In Section 2, we determine the cospectrality of
graphs with n vertices and exactly two ed&els. In Section 3, we study the cospectrality of graphs with n
vertices and exactly three edges. Finally in the last section, we determine the cospectrality of the complete
graph K,, with one isolated vertex.

For a graph G, we denote the set of vertices and edges of G by V(G) and E(G), respectively. We denote
the complement of G by G. The degree of a vertex v in a graph G, denoted by d(v), is the number of edges of
G incident with v. We denote the minimum and maximum degrees of the vertices of G by §(G) and A(G),
respectively. The union of simple graphs G and H is the graph G U H with vertex set V(G) U V(H) and edge
set E(G)UE(H). If G and H are disjoint, the union of G and H is denoted by G + H. In particular,
G+ -+ + G is denoted by nG. For a positive integer n, we use K, to denote the complete graph with n

n
vertices. Let V(K,) = {vo,vi,...,vu_1}. Then K, := K, \ {vovis1, Vovis2, ..., Vova—1}, where 1 <t <n—2,
i.e. K! is the graph obtained from K, by deleting n — r — 1 edges from one vertex of K,,. For positive integers
ni, ... Ny, Ky, ., denotes the complete multipartite graph with t parts of sizes ny, .. .,n,. The null graph of

order n is K.

2 Cospectrality of graphs with exactly two edges

First of all we recall the following theorems which are used several times in this paper.

Theorem 2.1 ([7, Theorem 9.1.1]) Let G be a graph of order n and H be an induced subgraph of G with
order m. Suppose that ,(G)> -+ > 4,(G) and }(H) > --- > A,(H) are the eigenvalues of G and H,
respectively. Then, for every i with 1 <i<m, we have 1;(G) > A;(H) > Jn—m+i(G).

Theorem 2.2 ([5, Theorem 3.1.3]) The only connected graphs having largest eigenvalue 2 are the fol-
lowing graphs (the number of vertices is one more than the index given).
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550 M. Alinezhad et al.

An(n >2) — e i ._._LH

bn (n>4) ’—I—‘ ----- '—I—O E’7 ’—~—~—I—~—~—o

By '—~—I—~—~—~—~—‘
Moreover, each connected graphs with largest eigenvalue less than 2 are the following graphs.

P,(n>1) e—e—e----- — Eg .—o—I—o—.
D,(n>4) ’—I—o ————— —o E- ’—~—I—o—o—o

FEyg H—I—o—o—o—o
Remark 2.3

(i) The eigenvalues of P, are 2cosin/(n+1) (i=1,2,...,n).
(ii) The eigenvalues of D, are 0 and 2cosin/(2n —2) (i=1,3,...,2n = 3).
(ili) Moreover, the eigenvalues FEq, E7 and Eg are 2cosin/12 (i =1,4,5,7,8,11), 2cosin/18 (i =
1,5,7,9,11,13,17) and 2 cosin/30 (i = 1,7,11,13,17,19,23,29), respectively.
The nonisomorphic graphs of order n and size two, are 2K, + (n — 4)K; and P + (n — 3)K;. In the next
theorems, we calculate the cospectrality of these graphs.

Theorem 2.4 If n>5, then cs(2K, + (n — 4)K,) = 2(1 — /2)*. In particular, 22K, + (n — 4)K;, G) =
¢s (2K, + (n — 4)K,) for some graph G if and only if G = K, + P3 + (n — 5)K;..

Proof Assume that G/, is a graph of order n with eigenvalues 4] > 4, > --- > A . Also, the eigenvalues of
2K, + (n —4)K; are {1,1,0,...,0,—1,—1}. Thus

4
12Ky + (n — 4)K;,G))
= =1+ =1+ 4+ AT+ (o + 1)+ (2, + 1)

Clearly (2K, + (n — 4)K1, K> + P3 + (n — 5)K;) = 2(1 — v/2)>. Next we show that if G/, is not isomor-
phic with 2K, + (n —4)K, and K, + P3 + (n — 5)K;, then A(2K; + (n —4)K;,G),) > 2(1 — \/5)2 Con-

sider the following two cases:
Case 1. 1] >2. Thus

22Ky + (n— 4K, GL) > (1 — 1) > 2(1 —V2)*.
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Case 2. 1| <2. By Theorem 2.2, G/, is disjoint union of some copies of P;(t>1), Dy(s >4), Es, E7, and Ej.
Between all above graphs just for Py, P3 and K;, we have (1] — 1)2<2(1 — \/5)2 So G, = hP, + IP; +
(n—2h—-30)K, for some nonnegative integers h and /. Easily one can check that

22Ky + (n — 4Ky, G) > 2(1 — v/2)%.

Theorem 2.5 If n >4, then cs(P3 + (n — 3)K,) = 2(v/3 — V2)*. In particular, A(P3+ (n—3)K;,G) =
cs(P3 + (n — 3)Ky) for some graph G if and only if G =2 K5 + (n — 4)K;.

Proof Let G/, be a simple graph of order n and size m’ with eigenvalues 1} >, > --- > /. Also, the
eigenvalues of P3 + (n — 3)K; are 1; = V2,00 =-+=)p1 =0, = —/2. Thus, we have

APy + (n=3)Ki,G) = () = V2P + 23+ + 22 + (A +V2)%

Since A(P3 + (n —3)K1, K15 + (n — 4)K;) = 2(V/3 — V2)?, to complete the proof it suffices to show that,
for every G/, %P3 + (n — 3)K;, K; 3 + (n — 4)K;, the following inequality holds

A(P3 + (n—3)Ki,G.) >2(V3 = V2)*.

Suppose that y = v/6 — 2. We may consider the following cases:
Case 1. 2| > /2 +y. Thus
APs 4 (n—3)K(,G) > (2] —V2)* =72

If 2(P3 + (n—3)K,,G,) = 7?, then >_ A} > 0, which is a contradiction. Thus A(P; + (n — 3)K;,G,) > 7.
Case 2. )\ <v2+7. So A(Ps #{n—23)K\,G,) =2m' +2v2(—2) + /) +4. By Perron-Frobenius
Theorem (cf. [6, Theorem 0.13]), 2, > — A|. Thus

A(P3 + (n—3)K1,GL) >2m' +2V2(=22,) + 4 > 2m' — 4V2(V2 4 9) + 4.

For m' > 4, one can see that 2m’ — 4v/2(\/2 + y) +4 > 7%, and so A(P; + (n — 3)K;, G,) > y*. Form’ < 3,
if G/ has two components that they have at least one edge, then, by Theorem 2.1, we have 1, > 1 and the
assertion holds. Thus we may assume that G/, = H; + (n — k)K;, where Hy is a connected graph with k
vertices. Therefore H; is isomorphic graph to K,, P4, or K3. Now, one can easily check that
A(P3 + (n = 3)Ki,G,) > 7% O

3 Cospectrality of graphs with exactly three edges

There are five non-isomorphic graphs with n vertices such that they have three edges. We determine the
cospectrality of these graphs.

Theorem 3.1 For every integer n>1, cs(3K, + (n — 6)K,) = 2(v/2 — 1)*. In particular, 2(3K, + (n —
6)K1,G) = cs(3K, + (n — 6)K;) for some graph G if and only if G =2 P3 + 2K, + (n — 7)K].

Proof Let G, be a simple graph with eigenvalues A} >4, > --- > /. It is known that
Spec(3K, + (n — 6)K;) = {1,1,1,0,...,0,—1,—1,—1}.
——
n—6
Thus,
23Ky + (n— 6)K1, G )& = (X, — 1) + (M =12 + (= 1) + 22 + -
F a4 U+ 124 (G + 1) 4 (2, + 1)

Since A(3Ks + (n— 6)K{,P3 + 2K, + (n — 7)K;) =2(v/2—1)%, we claim that, for every graph
G;%:;Kz + (n — 6)K1, P53 + 2K, + (I’l — 7)K1, we have

23K, + (n— 6)K,G.) > 2(vV2 — 1)
If /1'1 >2, then
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552 M. Alinezhad et al.

3Ky + (n—6)K,G) > (1 — 1) >2(vV2 -1 (1)
Thus assume that the largest eigenvalue of G/, is less than 2. By Theorem 2.2, G/, is disjint union of some
copies of P;(t > 1), Ds(s >4), Eg, E7, and Eg. If G, include one of the graphs D,(s > 4), E¢, E7, and Eg, then
G/, satisfy in inequalities (1). So assume that G/, is disjoint union of some copies of P,(t>1). If 1 >4, /| is

greater than 2 cos 7/5, and so we have A(3K, + (n — 6)K;,G.) > 2(v/2 — 1)?. For 1 < 3, it is not difficult to
see that the assertion holds. (]

Theorem 3.2 For every integer n>5, cs(Ky 3+ (n — 4)K;) = 2(v/3 — 2)°. In particular, J(K,3 + (n —
4)K,,G) = cs(Ki 3 + (n — 4)K,) for some graph G if and only if G = Cy+ (n—4)Ky, K14 + (n — 5)K,.
Proof The eigenvalues of K3 + (n — 4)K; are 4; = V3,00 = =Jpnq =0, = —3. We claim that
cs(Kis 4 (n—4)Ky) = A(Ki3 + (n —4)K,,G,) = 2(v/3 - 2)7, where G, = Cy + (n— 4)Kj,
Ki4+ (n—5)K;. Let G, be a simple graph of order n and size m’ with eigenvalues of 1} >2,> -+ > 1/
such that G/ G, K1 3 + (n — 4)K,. We show that A(K, 5 + (n — 4)K;, G')) > 2(1/3 — 2)*. Consider the two
following cases:
Case 1. G, is bipartite. We have

MKiz+ (n=4K\,G,) = (2 = V3) + () + -+ (4, )’ + (4, +V3)?
=2m' 46 +2V3(=A1 + 1)
>2m' + 6 — 4V34,.
Since G/, is bipartite, 4; < Vm' (cf. [4, Proposition 2.1]). Thus
MKz + (n—4)K,,G.)>2m' +6—4/3nm.

Without loss of generality, we may assume that G/, has only one connected component which has at least
one edge. Otherwise, by Theorem 2.1, we have 4, > 1 and the assertion holds. Thus G, = Hy + (n — k)K|,

where H, is a connected graph with k vertices. For m’' > 5, 2m’ + 6 — 4/3m’ > 2(f - 2)2. If m’ <4, then
H; is isomorphic to one of the graphs K, P3, P4, Ps or Ds. It is not difficult to see that in this case

MKz 4 (n—4)K(,G) > 2(v/3 -2)%
Case 2. G/, is not bipartite. In this case G/, has an odd cycle C as an induced subgraph with eigenvalues

Wy >uy> >, By  Theorem2.1, we  have > u>A . .(1<i<k). Since
i k—1 , )

A<= 2c0s((7)n), we can say 4, < — 1. Therefore A(K,3+ (n —4)K;,G.)> />, >1 and
the assertion holds. O

Theorem 3.3 For every integer n >4,
cs(Kz + (n—3)Ky) = A(Ks + (n — 3)K1, Ky \ {e, €'} + (n — 4)K7).
In particular, MKz + (n—3)K,G) =cs(Kz + (n —3)K,) for some graph G if and only if
G=Ki\{e, e} + (n—4)K,.
Proof Tt is well-known that the eigenvalues of K3+ (n—3)K; are 1, =2, hh=---= 4, =0,

Jn—1 = Ay = —1. Let G, be a simple graph of order n and size m’ with eigenvalues ; > A5 > --- > 1. Then

K3+ (n—3)K\,G) = (X =2+ 224+ (A + 1D+ (+ 12

n—1
Since
Spec(K. e,y + (n—4)K,) ={2.17011,0.311,0,...,0, —1, —1.4812},
pec(Ks \ {e, e’} + ( )Ki) =A{ : }

we have A(K3+ (n—3)K1,Kq\ {e,¢'} + (n—4)K;) =0.3572118521. Now, we claim that
MKz + (n—3)K,,G,) > 0.3572118521, for every graph G,2K;3 + (n —3)K;, Ki\ {e,e'} + (n — 4)K;.
First, suppose that G; is bipartite. If i’l > 2, then

MKz + (n—3)K,,G) > (A +1)* > 03572118521, (2)
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(Jn = —21). If 2] <2, by Theorem 2.2, G/, has to be disjiont union of P,(t > 1), Dy(s > 4), Ee, E7 and Eg. If
G/, contains one of P,(t > 4), Dy(s > 4), Es, E7 and Ejg, then G/, satisfy in inequalities (2) and the claim
holds. Therefore G/, is disjoint union of some copies of P;, P, and Ps. It is staightforward to check that, in
this case, A(K3 + (n — 3)K;,G),) > 0.3572118521. Second, G/, is not bipartite. Therefore one of the fol-
lowing cases holds.

Case 1. G/, has odd cycle C with k(k > 5) vertices as an induced subgraph.

Case 2. G/, has odd cycle K3 as an indu(gced_ sll.)l;bgraph.

In Case 1, by Theorem 2.1, 2/, < 2COS(T) and thus

MK + (n—3)Ky,G.) > (7 +1)° > 0.3572118521.

Now, suppose that G/, has K3 as an induced subgraph. If G/, has two components which each of them has at
least one edge, then, by Theorem 2.1, /1/2 > 1 and we have

K3 + (n—3)K,,G.) = /7 > 0.3572118521.

Thus, assume that G|, = Hy + (n — k)K;, where Hy is a connected graph. In this case Hj has one of the
following graphs as an induced subgraph: Ky, K4 \ {e} and K4 \ {e, ¢'}. If H, includes the induced subgraph
K4, by Theorem 2.1, we have /1'1 > 3. Thus

AMKs + (n—3)K,,G) = (A —2)* > 0.3572118521.

Now, assume that H; contains the induced subgraph Ky \ {e}. Since

spec(K \ fe) = (- 0,1, L2V,

Theorem 2.1 implies that 4| > 1+2_\/ﬁ and 2/, < %ﬁ Therefore
MK+ (n—3)K1,G) > (2, —2) + (7 + 12 > 0.3572118521.

Finally, assume that Hy contains the induced subgraph K4 \ {e,e’}. Since H;2K4 \ {e, €'}, by [8, Lemma
2.3], A1(Hg) >2.17011. By Theorem 2.1, we have )fl > 2.17011, 1/2 > 0.311, /1:171 < —1 and
A< —1.4812. Thus A(Ks + (n — 3)K;,G) > 0.3572118521. O

Theorem 3.4 For each n>5, cs(Pys+ (n —4)K;) = A(P4 + (n — 4)K1,Ds + (n — 5)K3). In particular,
A(Ps+ (n —4)K,,G) = cs(Ps + (n — 4)K,) for some graph G if and only if G = Ds + (n — 5)K.
Proof Let G, be a simple graph of order n with eigenvalues W>h> > )V;. Since the eigenvalues of

P,+(n—4)K, are 1y =2cos(n/5), Ay =2cos(2n/5), l3=-+=2p2=0, A1 =2cos(3n/3),
Jn = 2cos(4mn/5), we have the following equality:

APy + (n— 4K, G) = (2, —2cos(n/5))* + (A — 2cos(2m/5))* + 12 + - --
+ )»;1272 + (A, - 2(:05(371/5))2 + (4 — 2005(4n/5))2.

Since the eigenvalues of Ds are 0 and 2cosin/8 (i=1,3,57),
APy + (n — 4Ky, Ds + (n — 5)K;) = 0.1489611738. We claim that
A(Ps+ (n—4)K,G),) > 0.1489611738, where G, 2P4 + (n —4)K,, Ds + (n — 5)K;. Now consider the
two following cases:

Case 1. A, >2. If G, is bipartite, then |4; —1}|>0.38 and |4, — 4,|>0.38, and so we have
A(Ps+ (n—4)K;,G),) > 0.1489611738. If G/, is not bipartite, then similar to proof Case 2 in Theorem 3.2,
we have A/, < — 1. Thus

APy + (n =DK1, G ) > (A = )+ (s —

n

_)? > 0.1489611738.

Case 2. /; <2. By Theorem 2.2, G/, is disjoint union of some copies of P,(t > 1), Dy(s > 4), Eg, E7 and Eg.
Suppose that G/, has two components such that they have at least one edge. Therefore, by Theorem 2.1,
Zy>1and 2,_; < —1. Hence

MPs+ (n =DK1, G) > (g = ) 4 (ot — 2 )* > 0.1489611738.
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Thus we may assume that G, = Hy + (n — k)K,. If G/, contains one of the graphs Eg, E; or Eg, then
MPs+ (n—4)Ki,G) >2(A — 21)? > 0.1489611738. It remains to show that if G/, is union of P(t > 1) or
Dy(s > 4), then A(P4 + (n — 4)K;, G!,) > 0.1489611738. If H is isomorphic to P,(t > 5) or Dy(s > 6), then
Jy>1and 2, ; < —1.So A(Ps+ (n —4)K,,G,) > 0.1489611738. If H; is isomorphic to P», P53 or Da,
then easily one can see that the claim holds. O
Theorem 3.5 For every integer n>6, cs(P3 + K, + (n — 5)K;) = 2(v/3 — \/5)2 In particular, A(P3 +
Ky + (n —5)K,,G) = cs(P3 + Ky + (n — 5)K,) for some graph G if and only if G= K, + K3+ (n—
6)K1, P5 —+ (n — S)Kl
Proof The eigenvalues of P3 + K, + (n — 5)K; are 1, = V2, 00=1,3==)ypo=0, 1 =—1,
Jn = —V/2. Since the eigenvalues of K, + Ki3+ (n—6)K; and Ps 4+ (n — 5)K, are same, we have

AM(P3 + Ky + (n—5)Ki,Kr + K13+ (n — 6)K))

= /1(P3 + K> + (I’l — 5)K1,P5 + (l’l — S)Kl)

=2(V3-V2)"

Suppose that G, is a simple graph of order n with eigenvalues A} >1,> --- >4 . We claim that if
G;%P3 +K2+(n75)K1, K2+K173+(n76)K1, P5+(n75)K1, then i(Pg +K2+(n7
5)Ki1,G) > 2(v/3 — v/2)*. Consider the two following cases:

Case 1. 2, >2. Since A(P3+K,+(n—35K,G)>(—41)>2—-v2)? we have

AP+ Ky + (n—5)K1,G) > 2(v/3 — V2)°.
Case 2. /|, <2. By Theorem 2.2, the components of G, are P,(t > 1),Dy(s > 4),Eq, E7 or Eg. If G,
contains one of the graphs P;(t > 6) , Ds(s > 5), Eg, E; or Eg, then

MPs 4Ky + (n—5)K1,G) > (4 — 2)* + (A — 21)* > 2(V/3 = V2).

Therefore G/, is disjoint union of some copies of P,(r < 5) and D4. It is not difficult to see that
AP3 + Ky + (n—5)K1,G) > 2(v/3 = V2)% O

4 Cospectrality of K, + K;

For each integer #(1 <t < n —2), in [3], it has been proved that
Spec(K") = {—1,...,—1, A, 25, 2L},
pec(K;) ={ % 142, 23}
n—:
where 2,75, 2, are the roots of polynomial f,(1) = 2> — (n —3)4* — (n 4+t —2)A +t(n —t — 2).
We need the following lemmas to determine the cospectrality of K, 4+ K;. At first, we find an upper
bound for A(K, + Ky, K} ,).

Lemma 4.1 For every n>17, J(K, + Ki,K, ) <0.845625.
Proof By [3, Lemma 3.3], we have
Spec(KyllH) = {—1,...,—1,11,2;7/1;},
n—2

where ] > A} > 1 are the roots of polynomial fi(2) = 2*> — (n — 2)2* — ni+ (n —2). For n>7, fi(n —
1) =—1<0 and fi(n —140.025) > 0. Thus, by Bolzano’s Theorem, f has a root in the interval
[n—1,n— 1+ 0.025]. Similarly, £1(0) > 0, £1(0.65) <0, fi(—1) > 0 and f; (—1.65) <0. Thus f; has a root
in each of intervals [0, 0.65] and [—1.65, —1]. Thus f; has three roots such that, n — 1 < )& <n-—1+40.025,
0<2,<0.65 and —1.65< ;< — 1. Since
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Spec(K, + K1) ={n—1,0,—1,...,—1},
1
we have
;“(Kn +K17K;1+1)
< (0.025)* + (0.65) + (0.65)*
]

Lemma 4.2 For everyn > 7, (K, + K, K]

ro) <A(K, + K1, K2 0E).

n+1
Proof By [3, Lemma 3.3], the eigenvalues of K”;7 are —1 with multiplicity n — 2 and 2} 2, 2572, 252,
which are the roots of polynomial f,_»(1) = 2* — (n — 2)4* — (2n — 3)/. 4 (n — 2). It is not difficult to see

that f,_»(—1.95) >0, for n>7. Thus 222 < —1.95 and A(K, + K, K";2) > (272 +1)* > 0.845625. [

n+1
Lemma 4.3 For everyn > 7, i(K, + K1,K, ) <A(K, + K1, K" ]).

n+1
Proof Putt=n—1, we have f,_(2) = 2> — (n —2)4* —2(n — 1)/. Hence

n— n—1 n—1 9n—1
Spec(KnHl) ={-1,..,—1,27 2, A3 '},
n—2

where i’l’_] > )V’Z’_' > i’;_] are the roots of f,,_ (). Since the degree of the polynomial f,_;(4) is three and,

forn >7,f, 1(n—143/4)<0,f,1(0) = 0and f,_;(—1.7) > 0, we have /"' is greater thann — 1 +3/4
and 227" is less than —1.7. Thus A(K, + K, K'7) = (n—1 =2 4+ (=1 =2V > (n—1—(n—

n+1
1+3/4))* + (=1 +1.7)> = (0.75)* + (0.7)> = 1.0525. So the assertion holds. O
The next theorem shows that, for n > 7, the minimum of A(K, + K1, K}, ;) for each ¢, 1 <t <n — 3, happens

when t = 1.
Theorem 4.4 For n > 7 and every integer t with 2<t<n — 3,
MKy + K1, Ky ) <AK, + K1, KL ).

n

Proof By [3, Lemma 3.3], the eigenvalues of K/, are —1 with multiplicity n — 2 and 2}, 25, A5, where
A, 25, 7% are the rtoots of f;(2) =4 —(n—2)A* —(n+t—1)A+t(n—1t—1). We show that 1; <2,
/1§<)f2 and ié > /1’3, for every integer #, 2 <t < n—3. It is not hard to see that f;(1) has three roots
such that 2} >2,>0> 2. Since f/(1)=327-2(n—2)A—(n+t—1), it follows that
fi(2) > f(2) > -+ >f (). Since, for each t with 1<t<n-3, filn—1)=—1* we have
fila) > fo(a) > -+ > fy_2(a), for every a>n — 1. By Bolzano’s Theorem, each f;(4) has a root in the
interval [n—1,4+00). Now fix a € [n—1,400). Since f/(a) (1<r<n—3) is strictly increasing,
n—1<il<i<--- <272 Intersection point of fi(4) and f(1) (2<t<n—3) happens in
A =n—(t+2), which is greater than zero. It is easy to see that for every 7, 1<r<n-—3, fi(—1) =
t(n —t) > 0. Therefore fi(—1) <f,(—1), and we have f (a) <f;(a), for every a € (oo, —1]. Thus, 1} > A5,
where 2 <t < n— 3. Since

L) —fi(A)=(n—2)(t—1)—t(t+1)+2,
we have
O =m—)E—1)—t(t+1)+2
>n—1)(t—1)—t(t+1)+2.

Because 0 <y < 1. Thus for each #(2 <t <n — 3), f,(/;) > 0. Since 4 = n — (t + 2) is the intersection point
of fi(4) and f;(1), we have )L; <2, and so
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Ky + Ki Ky p) = (A =t 1)+ ()7 + (5 +1)°
> —n+ 17+ (B + (A +1)°
= AK, +Ki,K,,,).
O
Corollary 4.5 For every integer n and t withn > 7 and 2<t<n — 1,
MKy + Kvirle) <A(Kn + K1>Kn+1)~
Theorem 4.6 Let n > 7 be an integer, cs(K, + Kl) = MK, + K1,K}.\). In particular, (K, + K;,G) =
cs(K, + K1), for some graph G if and only if G =K, .
Proof LetG il be a simple graph of order n + 1 and size m’ with eigenvalues of 2} > 25> -+ > 1| 41 such

that G, 2K.,,, K,+Ki. We show that A(K,+ KiK., )<A(K, +K1,Gn+1) By Lemma 4.1,
(K, +K17Kn+l) 0.845625. It has been shown that 5(G’ ) < 2y < A(G,.,) 5, Proposition 3.1.2]. If

n+1
A(G,.,) <n—2then A(K, + K, G,,,) = (A — (n— 1)) > 1. Thus we may assume that A(G 1) =nor
n — 1. Now consider the two following cases:

Case A. A(G,,, ) = n — 1. Suppose that u,v € V(G’ 1) such that d(u) = n — 1 and u is not adjacent to v.
Let X={we V Gn+l) | w is adjacent to v} and Y =V(G,, )\ (XU{u}). If |X| =0, then A(K, +

Ki,G,,,) is minimum when G, , =K,\e+K; [3, Theorem 1.3]. In this case A; =0, and

MKy +K1,G ) = (14 /L%) = 1. So we can assume that v is not isolated vertex. If |Y| = 0, then either

G, has induced subgraph Cy, or G, is isomorphic to K} {. In the former case, by Theorem 2.1, G, | has

an eigenvalue less than —2, thus A(K, + K1,G,,, ;) > (1 + AHI) = 1. In the latter case, by Corollary 4.5,
we have A(K, + K1, G, ) > A(K, + Ki,K ). Now suppose that |X| > 1, we can distinguish the following
cases:

Case A.l. |X| > 2. First, if the induced graph on V(X) is not a complete graph, then there exist two
ertlces x; and x, which are not adjacent. Therefore G/, has induced subgraph C4 and, by Theorem 2.1,
Aoy + , < =2, and so A(K, + K, G, ;) > 1. Second, if the induced subgraph on V(X) form a complete graph,

then we consider the following cases:

Case A.1.1. The induced subgraph on V(Y) is not a complete graph. So, there exist two vertices in V(Y)

which are not adjacent. In this case G, contains one of the following induced subgraphs:

e

It is not difficult to see that, by Theorem 2.1, A(K, + Kl,K;H) <MK, +Ki,G,,,).
Case A.1.2. The induced subgraph on V(Y) is a complete graph. If the induced subgraph on V(X) U V(Y)
form a complete graph, by Corollary 4.5, A(K, + K1,G,,,,) > A(K, + Ki,K},|). Otherwise, there exist

x € V(X) and y € V(Y) such that x is not adjacent to y. In this case G/, contains one of the following

induced subgraph:
Y
It is easy to check that, by Theorem 2.1, A(K, + K1, K]

n+1)</1( +K17Gn+1)

Case A.2. [X| = 1. Suppose that x € X. If the induced subgraph on V(Y) is not a complete graph, then
there are two vertices in part Y such that they are not adjacent. Similar to Case A.l.1, we can see that
MKy + Ky1,G,,,) is greater than A(K, + K1,K..,). Now, if the induced subgraph on V(¥) is a complete
graph, we can consider the two following cases:

Case A.2.1. x is adjacent to all vertices of Y. In this case, by Corollary 4.5,

MKy +Ki,G ) > MK, +K17Kn+l)

n+1
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Case A.2.2. x is not adjacent to all V(Y). Therefore G, | includes one of the following induced subgraphs:

Thus, by Theorem 2.1, we have A(K, + K, K. ,) <A(K, + K1,G,,_,).
Case B. A(G,,,) =n. If G, | = K,, then A(K,, + K, K,1) = 2. Also, if G, | = K! | for an arbitrary

n+1
t (2<t<n—1), by Corollary 4.5, A(K, + K1, G, ,) > A(K, + Ky, K}, ). Thus suppsose that G/,_, is a

n+l
graph which G| 2K, and G, ,2K] , for each r with 1 <1 < n — 1. So we can assume that there exist
two edges which are removed from G, . To complete the proof, we consider two cases:

Case B.1. There exist edges e; and e, which are deleted from G/, | and do not have a common vertex. In

this case Gj,_, has one of the following induced subgraphs:

XXX

Easily one can check, by Theorem 2.1, A(K, + K, G, ) > 0.845625.
Case B.2. For each two deleted edges, they have a common vertex. Let ¢; and e, be two edges such that
e1, e2 & E(G) and have a common vertex v. Assume that u € V(G,_ ) such that d(u) = n and S; = {w €

V(G,,,) | wis adjacent to v} \ {u} and S, = {w € V(G,_,) | w is not adjacent to v}. Suppose that G, ,

contains K 3, as induced subgraph. Since the eigenvalues of K3 are V3, 0, 0, —/3, it follows from
Theorem 2.1, 2; > 0. Thus

UKy +Ki,Goyy) > (25 + 1) >1> 2K, + K1, KL ).

Therefore we may assume that the induced subgraph on S, form a complete graph. Clearly, the induced
subgraph on S is a complete graph, otherwise, Case B.1 will happen. Since G/, H%K,‘l 41> we have S; # 0. If
all vertices in S are adjacent to all vertices in S,, then G, = K, where integer 7 is in the interval

[1,n — 2]. But this is impossible, because G, ;K] , | for each r with 1 <t < n — 1. Now suppose that there

exist vertices w; € S| and wyp € §; such that wy is not adjacent to wy. Therefore there exist two edges ¢’ and
¢’ such that they do not have common vertex, which is a contradiction. U

Note that, in [1], the authors have showed that, for every positive integer n with n<®6,
MKy + K1,Gpi1) > A(K, + Ky, K}, ), where G, is a graph of order n + 1 and nonisomorphic to K. ;.
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