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Abstract Let Gn and G0n be two nonisomorphic graphs on n vertices with spectra

k1 > k2 > � � � > kn and k01 > k02 > � � � > k0n;

respectively. Define the distance between the spectra of Gn and G0n as

kðGn;G
0
nÞ ¼

Xn

i¼1

ðki � k0iÞ
2
�
or use

Xn

i¼1

jki � k0ij
�
:

Let

csðGnÞ ¼ minfkðGn;G
0
nÞ : G0n not isomorphic to Gng;

and

csn ¼ maxfcsðGnÞ : Gn a graph on n verticesg:

Richard Brualdi in [9] proposed the following problems: Problem A. Investigate cs(Gn) for special classes
of graphs. Problem B. Find a good upper bound on csn. In this paper, we investigate problem A and
determine cs(Gn), when Gn is a graph of order n with size two or three. Let Kn þ K1 be a disjoint union of

the complete graph Kn with one isolated vertex, and K1
nþ1 be a complete graph Knþ1 by deleting n� 1 edges

from one vertex of Knþ1. We show that if kðKn þ K1;G
0
nÞ ¼ cs(Gn), then G0n is isomorphic to K1

nþ1.
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1 Introduction

In this paper, we consider only finite, undirected and simple graphs. Let A be the adjancy matrix of a graph
G. Then the spectrum of G is defined as the list of eigenvalues of A with their multiplicities. Richard Brualdi
in [9] proposed the following problems:

Let Gn and G0n be two nonisomorphic graphs on n vertices with spectra

k1 > k2 > � � � > kn and k01 > k02 > � � � > k0n;

respectively. Define the distance between the spectra of Gn and G0n as

kðGn;G
0
nÞ ¼

Xn

i¼1

ðki � k0iÞ
2 ðor use

Xn

i¼1

jki � k0ijÞ:

Also, define the cospectrality of Gn by

csðGnÞ ¼ minfkðGn;G
0
nÞ : G0n not isomorphic to Gng:

Thus csðGnÞ ¼ 0 if and only if Gn has a cospectral mate. Put

csn ¼ maxfcsðGnÞ : Gn a graph on n verticesg:

This function measures how far apart the spectrum of a graph with n vertices can be from the spectrum of
any other graph with n vertices.

Problem A. Investigate cs(Gn) for special classes of graphs.
Problem B. Find a good upper bound on csn.
Recently, in [3], Abdollahi et al. studied and computed csðGnÞ for the complete graph Kn, the null graph

on n vertices, the disjoint union of the K2 with n� 2 isolated vertices, where n > 2, and the complete
bipartite graph Kn;n. Also, in [2], the authors completely answered Problem B and showed that, for every

graph G0 that csðGÞ ¼ kðG;G0Þ, j
ffiffiffi
e
p
�

ffiffiffiffi
e0
p
j� 1, where e and e0 denote the number of edges of the graphs G

and G0, respectively.
In this paper, we study Problem A and determine the cospectrality of special classes of graphs by the

Euclidian distance, which is kðGn;G
0
nÞ ¼

Pn

i¼1

ðki � k0iÞ
2: In Section 2, we determine the cospectrality of

graphs with n vertices and exactly two edges. In Section 3, we study the cospectrality of graphs with n
vertices and exactly three edges. Finally in the last section, we determine the cospectrality of the complete
graph Kn with one isolated vertex.

For a graph G, we denote the set of vertices and edges of G by V(G) and E(G), respectively. We denote
the complement of G by G. The degree of a vertex v in a graph G, denoted by d(v), is the number of edges of
G incident with v. We denote the minimum and maximum degrees of the vertices of G by dðGÞ and DðGÞ,
respectively. The union of simple graphs G and H is the graph G [ H with vertex set VðGÞ [ VðHÞ and edge
set EðGÞ [ EðHÞ. If G and H are disjoint, the union of G and H is denoted by Gþ H. In particular,
Gþ � � � þ G|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}

n

is denoted by nG. For a positive integer n, we use Kn to denote the complete graph with n

vertices. Let VðKnÞ ¼ fv0; v1; . . .; vn�1g. Then Kt
n :¼ Kn n fv0vtþ1; v0vtþ2; . . .; v0vn�1g, where 1� t� n� 2,

i.e. Kt
n is the graph obtained from Kn by deleting n� t � 1 edges from one vertex of Kn. For positive integers

n1; . . .; nt, Kn1;...;nt
denotes the complete multipartite graph with t parts of sizes n1; . . .; nt. The null graph of

order n is Kn.

2 Cospectrality of graphs with exactly two edges

First of all we recall the following theorems which are used several times in this paper.

Theorem 2.1 ([7, Theorem 9.1.1]) Let G be a graph of order n and H be an induced subgraph of G with
order m. Suppose that k1ðGÞ� � � � � knðGÞ and k1ðHÞ� � � � � kmðHÞ are the eigenvalues of G and H,
respectively. Then, for every i with 1� i�m; we have kiðGÞ� kiðHÞ� kn�mþiðGÞ:
Theorem 2.2 ([5, Theorem 3.1.3]) The only connected graphs having largest eigenvalue 2 are the fol-
lowing graphs (the number of vertices is one more than the index given).
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- - - - - - -Ân(n � 2) Ê6

Ê7

Ê8

- - - - - - -D̂n(n � 4)

Moreover, each connected graphs with largest eigenvalue less than 2 are the following graphs.

- - - - - - -Pn(n � 1) E6

E7

E8

- - - - - - -Dn(n � 4)

Remark 2.3

(i) The eigenvalues of Pn are 2 cos ip=ðnþ 1Þ ði ¼ 1; 2; . . .; nÞ:
(ii) The eigenvalues of Dn are 0 and 2 cos ip=ð2n� 2Þ ði ¼ 1; 3; . . .; 2n� 3Þ:

(iii) Moreover, the eigenvalues E6, E7 and E8 are 2 cos ip=12 ði ¼ 1; 4; 5; 7; 8; 11Þ, 2 cos ip=18 ði ¼
1; 5; 7; 9; 11; 13; 17Þ and 2 cos ip=30 ði ¼ 1; 7; 11; 13; 17; 19; 23; 29Þ, respectively.

The nonisomorphic graphs of order n and size two, are 2K2 þ ðn� 4ÞK1 and P3 þ ðn� 3ÞK1. In the next
theorems, we calculate the cospectrality of these graphs.

Theorem 2.4 If n� 5; then csð2K2 þ ðn� 4ÞK1Þ ¼ 2ð1�
ffiffiffi
2
p
Þ2: In particular, kð2K2 þ ðn� 4ÞK1;GÞ ¼

cs ð2K2 þ ðn� 4ÞK1Þ for some graph G if and only if G ffi K2 þ P3 þ ðn� 5ÞK1:.

Proof Assume that G0n is a graph of order n with eigenvalues k01� k02� � � � � k0n. Also, the eigenvalues of
2K2 þ ðn� 4ÞK1 are f1; 1; 0; . . .; 0|fflfflffl{zfflfflffl}

n�4

;�1;�1g. Thus

kð2K2 þ ðn� 4ÞK1;G
0
nÞ

¼ ðk01 � 1Þ2 þ ðk02 � 1Þ2 þ k023 þ � � � þ k02n�2 þ ðk0n�1 þ 1Þ2 þ ðk0n þ 1Þ2:

Clearly kð2K2 þ ðn� 4ÞK1;K2 þ P3 þ ðn� 5ÞK1Þ ¼ 2ð1�
ffiffiffi
2
p
Þ2: Next we show that if G0n is not isomor-

phic with 2K2 þ ðn� 4ÞK1 and K2 þ P3 þ ðn� 5ÞK1, then kð2K2 þ ðn� 4ÞK1;G
0
nÞ[ 2ð1�

ffiffiffi
2
p
Þ2. Con-

sider the following two cases:
Case 1. k01� 2. Thus

kð2K2 þ ðn� 4ÞK1;G
0
nÞ� ðk01 � 1Þ2 [ 2ð1�

ffiffiffi
2
p
Þ2:
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Case 2. k01\2. By Theorem 2.2, G0n is disjoint union of some copies of Ptðt� 1Þ, Dsðs� 4Þ, E6, E7, and E8.

Between all above graphs just for P2, P3 and K1, we have ðk01 � 1Þ2\2ð1�
ffiffiffi
2
p
Þ2: So G0n ffi hP2 þ lP3 þ

ðn� 2h� 3lÞK1 for some nonnegative integers h and l. Easily one can check that

kð2K2 þ ðn� 4ÞK1;G
0
nÞ[ 2ð1�

ffiffiffi
2
p
Þ2. h

Theorem 2.5 If n� 4; then csðP3 þ ðn� 3ÞK1Þ ¼ 2ð
ffiffiffi
3
p
�

ffiffiffi
2
p
Þ2: In particular, kðP3 þ ðn� 3ÞK1;GÞ ¼

csðP3 þ ðn� 3ÞK1Þ for some graph G if and only if G ffi K1;3 þ ðn� 4ÞK1:

Proof Let G0n be a simple graph of order n and size m0 with eigenvalues k01� k02� � � � � k0n. Also, the

eigenvalues of P3 þ ðn� 3ÞK1 are k1 ¼
ffiffiffi
2
p

, k2 ¼ � � � ¼ kn�1 ¼ 0, kn ¼ �
ffiffiffi
2
p

: Thus, we have

kðP3 þ ðn� 3ÞK1;G
0
nÞ ¼ ðk01 �

ffiffiffi
2
p
Þ2 þ k

02
2 þ � � � þ k

02
n�1 þ ðk0n þ

ffiffiffi
2
p
Þ2:

Since kðP3 þ ðn� 3ÞK1;K1;3 þ ðn� 4ÞK1Þ ¼ 2ð
ffiffiffi
3
p
�

ffiffiffi
2
p
Þ2, to complete the proof it suffices to show that,

for every G0n�P3 þ ðn� 3ÞK1, K1;3 þ ðn� 4ÞK1, the following inequality holds

kðP3 þ ðn� 3ÞK1;G
0
nÞ[ 2ð

ffiffiffi
3
p
�

ffiffiffi
2
p
Þ2:

Suppose that c ¼
ffiffiffi
6
p
� 2. We may consider the following cases:

Case 1. k01 >
ffiffiffi
2
p
þ c. Thus

kðP3 þ ðn� 3ÞK1;G
0
nÞ� ðk

0
1 �

ffiffiffi
2
p
Þ2� c2:

If kðP3 þ ðn� 3ÞK1;G
0
nÞ ¼ c2, then

Pn

i¼1

k0i [ 0, which is a contradiction. Thus kðP3 þ ðn� 3ÞK1;G
0
nÞ[ c2.

Case 2. k01\
ffiffiffi
2
p
þ c. So kðP3 þ ðn� 3ÞK1;G

0
nÞ ¼ 2m0 þ 2

ffiffiffi
2
p
ð�k01 þ k0nÞ þ 4. By Perron-Frobenius

Theorem (cf. [6, Theorem 0.13]), k0n� � k01. Thus

kðP3 þ ðn� 3ÞK1;G
0
nÞ� 2m0 þ 2

ffiffiffi
2
p
ð�2k01Þ þ 4 [ 2m0 � 4

ffiffiffi
2
p
ð
ffiffiffi
2
p
þ cÞ þ 4:

For m0 > 4, one can see that 2m0 � 4
ffiffiffi
2
p
ð
ffiffiffi
2
p
þ cÞ þ 4 > c2, and so kðP3 þ ðn� 3ÞK1;G

0
nÞ[ c2. For m0 6 3,

if G0n has two components that they have at least one edge, then, by Theorem 2.1, we have k02� 1 and the
assertion holds. Thus we may assume that G0n ffi Hk þ ðn� kÞK1, where Hk is a connected graph with k
vertices. Therefore Hk is isomorphic graph to K2, P4, or K3. Now, one can easily check that

kðP3 þ ðn� 3ÞK1;G
0
nÞ[ c2. h

3 Cospectrality of graphs with exactly three edges

There are five non-isomorphic graphs with n vertices such that they have three edges. We determine the
cospectrality of these graphs.

Theorem 3.1 For every integer n� 7; csð3K2 þ ðn� 6ÞK1Þ ¼ 2ð
ffiffiffi
2
p
� 1Þ2: In particular, kð3K2 þ ðn�

6ÞK1;GÞ ¼ csð3K2 þ ðn� 6ÞK1Þ for some graph G if and only if G ffi P3 þ 2K2 þ ðn� 7ÞK1.

Proof Let G0n be a simple graph with eigenvalues k01� k02� � � � � k0n. It is known that

Specð3K2 þ ðn� 6ÞK1Þ ¼ f1; 1; 1; 0; . . .; 0|fflfflffl{zfflfflffl}
n�6

;�1;�1;�1g:

Thus,

kð3K2 þ ðn� 6ÞK1;G
0
nÞ& ¼ ðk01 � 1Þ2 þ ðk02 � 1Þ2 þ ðk03 � 1Þ2 þ k024 þ � � �

þ k02n�3 þ ðk
0
n�2 þ 1Þ2 þ ðk0n�1 þ 1Þ2 þ ðk0n þ 1Þ2:

Since kð3K2 þ ðn� 6ÞK1;P3 þ 2K2 þ ðn� 7ÞK1Þ ¼ 2ð
ffiffiffi
2
p
� 1Þ2, we claim that, for every graph

G0n�3K2 þ ðn� 6ÞK1, P3 þ 2K2 þ ðn� 7ÞK1, we have

kð3K2 þ ðn� 6ÞK1;G
0
nÞ[ 2ð

ffiffiffi
2
p
� 1Þ2:

If k01� 2, then
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kð3K2 þ ðn� 6ÞK1;G
0
nÞ� ðk01 � 1Þ2 [ 2ð

ffiffiffi
2
p
� 1Þ2: ð1Þ

Thus assume that the largest eigenvalue of G0n is less than 2. By Theorem 2.2, G0n is disjint union of some
copies of Ptðt� 1Þ, Dsðs� 4Þ, E6, E7, and E8. If G0n include one of the graphs Dsðs� 4Þ, E6, E7, and E8, then

G0n satisfy in inequalities (1). So assume that G0n is disjoint union of some copies of Ptðt� 1Þ. If t� 4, k01 is

greater than 2 cos p=5, and so we have kð3K2 þ ðn� 6ÞK1;G
0
nÞ[ 2ð

ffiffiffi
2
p
� 1Þ2: For t� 3, it is not difficult to

see that the assertion holds. h

Theorem 3.2 For every integer n� 5; csðK1;3 þ ðn� 4ÞK1Þ ¼ 2ð
ffiffiffi
3
p
� 2Þ2: In particular, kðK1;3 þ ðn�

4ÞK1;GÞ ¼ csðK1;3 þ ðn� 4ÞK1Þ for some graph G if and only if G ffi C4 þ ðn� 4ÞK1; K1;4 þ ðn� 5ÞK1:

Proof The eigenvalues of K1;3 þ ðn� 4ÞK1 are k1 ¼
ffiffiffi
3
p

, k2 ¼ � � � ¼ kn�1 ¼ 0, kn ¼ �
ffiffiffi
3
p

. We claim that

csðK1;3 þ ðn� 4ÞK1Þ ¼ kðK1;3 þ ðn� 4ÞK1;GnÞ ¼ 2ð
ffiffiffi
3
p
� 2Þ2, where Gn ffi C4 þ ðn� 4ÞK1,

K1;4 þ ðn� 5ÞK1. Let G0n be a simple graph of order n and size m0 with eigenvalues of k01� k02� � � � � k0n
such that G0n�Gn, K1;3 þ ðn� 4ÞK1. We show that kðK1;3 þ ðn� 4ÞK1;G

0
nÞ[ 2ð

ffiffiffi
3
p
� 2Þ2: Consider the two

following cases:
Case 1. G0n is bipartite. We have

kðK1;3 þ ðn� 4ÞK1;G
0
nÞ ¼ ðk

0
1 �

ffiffiffi
3
p
Þ þ ðk02Þ

2 þ � � � þ ðk0n�1Þ
2 þ ðk0n þ

ffiffiffi
3
p
Þ2

¼ 2m0 þ 6þ 2
ffiffiffi
3
p
ð�k1 þ knÞ

� 2m0 þ 6� 4
ffiffiffi
3
p

k1:

Since G0n is bipartite, k1�
ffiffiffiffiffi
m0
p

(cf. [4, Proposition 2.1]). Thus

kðK1;3 þ ðn� 4ÞK1;G
0
nÞ� 2m0 þ 6� 4

ffiffiffiffiffiffiffi
3m0
p

:

Without loss of generality, we may assume that G0n has only one connected component which has at least

one edge. Otherwise, by Theorem 2.1, we have k02� 1 and the assertion holds. Thus G0n ffi Hk þ ðn� kÞK1,

where Hk is a connected graph with k vertices. For m0 � 5, 2m0 þ 6� 4
ffiffiffiffiffiffiffi
3m0
p

[ 2ð
ffiffiffi
3
p
� 2Þ2. If m0 � 4, then

Hk is isomorphic to one of the graphs K2, P3, P4, P5 or D5. It is not difficult to see that in this case

kðK1;3 þ ðn� 4ÞK1;G
0
nÞ[ 2ð

ffiffiffi
3
p
� 2Þ2.

Case 2. G0n is not bipartite. In this case G0n has an odd cycle C as an induced subgraph with eigenvalues

l01� l02� � � � � l0k. By Theorem 2.1, we have k0i > l0i� k0n�kþið1� i� kÞ. Since

k0n�1� l0k�1 ¼ 2 cosððk � 1Þp
k
Þ, we can say k0n�1� � 1. Therefore kðK1;3 þ ðn� 4ÞK1;G

0
nÞ� k

02
n�1� 1 and

the assertion holds. h

Theorem 3.3 For every integer n� 4;

csðK3 þ ðn� 3ÞK1Þ ¼ kðK3 þ ðn� 3ÞK1;K4 n fe; e0g þ ðn� 4ÞK1Þ:

In particular, kðK3 þ ðn� 3ÞK1;GÞ ¼ csðK3 þ ðn� 3ÞK1Þ for some graph G if and only if
G ffi K4 n fe; e0g þ ðn� 4ÞK1:

Proof It is well-known that the eigenvalues of K3 þ ðn� 3ÞK1 are k1 ¼ 2, k2 ¼ � � � ¼ kn�2 ¼ 0,

kn�1 ¼ kn ¼ �1. Let G0n be a simple graph of order n and size m0 with eigenvalues k01� k02� � � � � k0n. Then

kðK3 þ ðn� 3ÞK1;G
0
nÞ ¼ ðk01 � 2Þ2 þ k

02
2 þ � � � þ ðk0n�1 þ 1Þ2 þ ðkn þ 1Þ

02:

Since

SpecðK4 n fe; e0g þ ðn� 4ÞK1Þ ¼ f2:17011; 0:311; 0; :::; 0|fflfflffl{zfflfflffl}
n�4

;�1;�1:4812g;

we have kðK3 þ ðn� 3ÞK1;K4 n fe; e0g þ ðn� 4ÞK1Þ ¼ 0:3572118521: Now, we claim that
kðK3 þ ðn� 3ÞK1;G

0
nÞ[ 0:3572118521, for every graph G0n�K3 þ ðn� 3ÞK1, K4 n fe; e0g þ ðn� 4ÞK1.

First, suppose that G0n is bipartite. If k01 > 2, then

kðK3 þ ðn� 3ÞK1;G
0
nÞ > ðk0n þ 1Þ2 [ 0:3572118521: ð2Þ
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(kn ¼ �k1). If k01\2, by Theorem 2.2, G0n has to be disjiont union of Ptðt > 1Þ, Dsðs > 4Þ, E6, E7 and E8. If
G0n contains one of Ptðt > 4Þ, Dsðs > 4Þ, E6, E7 and E8, then G0n satisfy in inequalities (2) and the claim
holds. Therefore G0n is disjoint union of some copies of P1, P2 and P3. It is staightforward to check that, in
this case, kðK3 þ ðn� 3ÞK1;G

0
nÞ[ 0:3572118521. Second, G0n is not bipartite. Therefore one of the fol-

lowing cases holds.
Case 1. G0n has odd cycle C with kðk > 5Þ vertices as an induced subgraph.
Case 2. G0n has odd cycle K3 as an induced subgraph.
In Case 1, by Theorem 2.1, k0n 6 2 cosððk � 1Þp

k
Þ and thus

kðK3 þ ðn� 3ÞK1;G
0
nÞ > ðk

0
n þ 1Þ2 [ 0:3572118521:

Now, suppose that G0n has K3 as an induced subgraph. If G0n has two components which each of them has at

least one edge, then, by Theorem 2.1, k02 > 1 and we have

kðK3 þ ðn� 3ÞK1;G
0
nÞ > k

02
2 [ 0:3572118521:

Thus, assume that G0n ffi Hk þ ðn� kÞK1, where Hk is a connected graph. In this case Hk has one of the
following graphs as an induced subgraph: K4, K4 n feg and K4 n fe; e0g. If Hk includes the induced subgraph

K4, by Theorem 2.1, we have k01 > 3. Thus

kðK3 þ ðn� 3ÞK1;G
0
nÞ > ðk01 � 2Þ2 [ 0:3572118521:

Now, assume that Hk contains the induced subgraph K4 n feg. Since

SpecðK4 n fegÞ ¼ f
1þ

ffiffiffiffiffi
17
p

2
; 0;�1;

1�
ffiffiffiffiffi
17
p

2
g;

Theorem 2.1 implies that k01 >
1þ
ffiffiffiffi
17
p

2
and k0n 6

1�
ffiffiffiffi
17
p

2
. Therefore

kðK3 þ ðn� 3ÞK1;G
0
nÞ > ðk01 � 2Þ2 þ ðk0n þ 1Þ2 [ 0:3572118521:

Finally, assume that Hk contains the induced subgraph K4 n fe; e0g. Since Hk�K4 n fe; e0g, by [8, Lemma

2.3], k1ðHkÞ[ 2:17011. By Theorem 2.1, we have k01 [ 2:17011, k02 > 0:311, k0n�1 6 �1 and

k0n 6 �1:4812. Thus kðK3 þ ðn� 3ÞK1;G
0
nÞ[ 0:3572118521: h

Theorem 3.4 For each n� 5; csðP4 þ ðn� 4ÞK1Þ ¼ kðP4 þ ðn� 4ÞK1;D5 þ ðn� 5ÞK1Þ: In particular,
kðP4 þ ðn� 4ÞK1;GÞ ¼ csðP4 þ ðn� 4ÞK1Þ for some graph G if and only if G ffi D5 þ ðn� 5ÞK1:

Proof Let G0n be a simple graph of order n with eigenvalues k01� k02� � � � � k0n. Since the eigenvalues of
P4 þ ðn� 4ÞK1 are k1 ¼ 2 cosðp=5Þ, k2 ¼ 2 cosð2p=5Þ, k3 ¼ � � � ¼ kn�2 ¼ 0, kn�1 ¼ 2 cosð3p=5Þ,
kn ¼ 2 cosð4p=5Þ, we have the following equality:

kðP4 þ ðn� 4ÞK1;G
0
nÞ ¼ ðk01 � 2 cosðp=5ÞÞ2 þ ðk02 � 2 cosð2p=5ÞÞ2 þ k

02
3 þ � � �

þ k
02
n�2 þ ðk0n�1 � 2 cosð3p=5ÞÞ2 þ ðk0n � 2 cosð4p=5ÞÞ2:

Since the eigenvalues of D5 are 0 and 2 cos ip=8 ði ¼ 1; 3; 5; 7Þ,
kðP4 þ ðn� 4ÞK1;D5 þ ðn� 5ÞK1Þ ¼ 0:1489611738. We claim that
kðP4 þ ðn� 4ÞK1;G

0
nÞ[ 0:1489611738, where G0n�P4 þ ðn� 4ÞK1, D5 þ ðn� 5ÞK1. Now consider the

two following cases:
Case 1. k01� 2. If G0n is bipartite, then jk1 � k01j � 0:38 and jkn � k0nj � 0:38, and so we have

kðP4 þ ðn� 4ÞK1;G
0
nÞ[ 0:1489611738. If G0n is not bipartite, then similar to proof Case 2 in Theorem 3.2,

we have k0n�1� � 1. Thus

kðP4 þ ðn� 4ÞK1;G
0
nÞ� ðk1 � k01Þ

2 þ ðkn�1 � k0n�1Þ
2 [ 0:1489611738:

Case 2. k01\2. By Theorem 2.2, G0n is disjoint union of some copies of Ptðt > 1Þ, Dsðs > 4Þ, E6, E7 and E8.
Suppose that G0n has two components such that they have at least one edge. Therefore, by Theorem 2.1,

k02 > 1 and k0n�1 6 �1. Hence

kðP4 þ ðn� 4ÞK1;G
0
nÞ� ðk2 � k02Þ

2 þ ðkn�1 � k0n�1Þ
2 [ 0:1489611738:
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Thus we may assume that Gn ffi Hk þ ðn� kÞK1. If G0n contains one of the graphs E6, E7 or E8, then

kðP4 þ ðn� 4ÞK1;G
0
nÞ� 2ðk1 � k01Þ

2 [ 0:1489611738. It remains to show that if G0n is union of Ptðt > 1Þ or
Dsðs > 4Þ, then kðP4 þ ðn� 4ÞK1;G

0
nÞ[ 0:1489611738. If Hk is isomorphic to Ptðt > 5Þ or Dsðs > 6Þ, then

k02 > 1 and k0n�1 6 �1. So kðP4 þ ðn� 4ÞK1;G
0
nÞ[ 0:1489611738: If Hk is isomorphic to P2, P3 or D4,

then easily one can see that the claim holds. h

Theorem 3.5 For every integer n� 6; csðP3 þ K2 þ ðn� 5ÞK1Þ ¼ 2ð
ffiffiffi
3
p
�

ffiffiffi
2
p
Þ2: In particular, kðP3 þ

K2 þ ðn� 5ÞK1;GÞ ¼ csðP3 þ K2 þ ðn� 5ÞK1Þ for some graph G if and only if G ffi K2 þ K1;3 þ ðn�
6ÞK1; P5 þ ðn� 5ÞK1:

Proof The eigenvalues of P3 þ K2 þ ðn� 5ÞK1 are k1 ¼
ffiffiffi
2
p

, k2 ¼ 1, k3 ¼ � � � ¼ kn�2 ¼ 0, kn�1 ¼ �1,

kn ¼ �
ffiffiffi
2
p

. Since the eigenvalues of K2 þ K1;3 þ ðn� 6ÞK1 and P5 þ ðn� 5ÞK1 are same, we have

kðP3 þ K2 þ ðn� 5ÞK1;K2 þ K1;3 þ ðn� 6ÞK1Þ
¼ kðP3 þ K2 þ ðn� 5ÞK1;P5 þ ðn� 5ÞK1Þ
¼ 2ð

ffiffiffi
3
p
�

ffiffiffi
2
p
Þ2:

Suppose that G0n is a simple graph of order n with eigenvalues k01� k02� � � � � k0n. We claim that if

G0n�P3 þ K2 þ ðn� 5ÞK1, K2 þ K1;3 þ ðn� 6ÞK1, P5 þ ðn� 5ÞK1, then kðP3 þ K2 þ ðn�
5ÞK1;G

0
nÞ[ 2ð

ffiffiffi
3
p
�

ffiffiffi
2
p
Þ2: Consider the two following cases:

Case 1. k01� 2. Since kðP3 þ K2 þ ðn� 5ÞK1;G
0
nÞ� ðk1 � k01Þ

2�ð2�
ffiffiffi
2
p
Þ2, we have

kðP3 þ K2 þ ðn� 5ÞK1;G
0
nÞ[ 2ð

ffiffiffi
3
p
�

ffiffiffi
2
p
Þ2:

Case 2. k01\2. By Theorem 2.2, the components of G0n are Ptðt > 1Þ;Dsðs > 4Þ;E6;E7 or E8. If G0n
contains one of the graphs Ptðt > 6Þ , Dsðs > 5Þ, E6;E7 or E8, then

kðP3 þ K2 þ ðn� 5ÞK1;G
0
nÞ� ðk1 � k01Þ

2 þ ðkn � k0nÞ
2 [ 2ð

ffiffiffi
3
p
�

ffiffiffi
2
p
Þ2:

Therefore G0n is disjoint union of some copies of Ptðt 6 5Þ and D4. It is not difficult to see that

kðP3 þ K2 þ ðn� 5ÞK1;G
0
nÞ[ 2ð

ffiffiffi
3
p
�

ffiffiffi
2
p
Þ2. h

4 Cospectrality of Kn þ K1

For each integer tð1 6 t 6 n� 2Þ, in [3], it has been proved that

SpecðKt
nÞ ¼ f�1; . . .;�1|fflfflfflfflfflfflffl{zfflfflfflfflfflfflffl}

n�3

; kt
1; k

t
2; k

t
3g;

where kt
1; k

t
2; k

t
3 are the roots of polynomial ftðkÞ ¼ k3 � ðn� 3Þk2 � ðnþ t � 2Þkþ tðn� t � 2Þ:

We need the following lemmas to determine the cospectrality of Kn þ K1. At first, we find an upper

bound for kðKn þ K1;K
1
nþ1Þ.

Lemma 4.1 For every n� 7; kðKn þ K1;K
1
nþ1Þ� 0:845625:

Proof By [3, Lemma 3.3], we have

SpecðK1
nþ1Þ ¼ f�1; . . .;�1|fflfflfflfflfflfflffl{zfflfflfflfflfflfflffl}

n�2

; k1
1; k

1
2; k

1
3g;

where k1
1� k1

2� k1
3 are the roots of polynomial f1ðkÞ ¼ k3 � ðn� 2Þk2 � nkþ ðn� 2Þ. For n� 7, f1ðn�

1Þ ¼ �1\0 and f1ðn� 1þ 0:025Þ[ 0. Thus, by Bolzano’s Theorem, f has a root in the interval
½n� 1; n� 1þ 0:025�. Similarly, f1ð0Þ[ 0, f1ð0:65Þ\0, f1ð�1Þ[ 0 and f1ð�1:65Þ\0. Thus f1 has a root

in each of intervals [0, 0.65] and ½�1:65;�1�. Thus f1 has three roots such that, n� 1� k1
1� n� 1þ 0:025,

0� k1
2� 0:65 and �1:65� k1

3� � 1. Since
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SpecðKn þ K1Þ ¼ fn� 1; 0;�1; . . .;�1|fflfflfflfflfflfflffl{zfflfflfflfflfflfflffl}
n�1

g;

we have

kðKn þ K1;K
1
nþ1Þ
� ð0:025Þ2 þ ð0:65Þ2 þ ð0:65Þ2

h

Lemma 4.2 For every n > 7; kðKn þ K1;K
1
nþ1Þ\kðKn þ K1;K

n�2
nþ1Þ:

Proof By [3, Lemma 3.3], the eigenvalues of Kn�2
nþ1 are �1 with multiplicity n� 2 and kn�2

1 , kn�2
2 , kn�2

3 ,

which are the roots of polynomial fn�2ðkÞ ¼ k3 � ðn� 2Þk2 � ð2n� 3Þkþ ðn� 2Þ. It is not difficult to see

that fn�2ð�1:95Þ� 0, for n� 7. Thus kn�2
3 6 �1:95 and kðKn þ K1;K

n�2
nþ1Þ� ðkn�2

3 þ 1Þ2 [ 0:845625. h

Lemma 4.3 For every n > 7; kðKn þ K1;K
1
nþ1Þ\kðKn þ K1;K

n�1
nþ1Þ:

Proof Put t ¼ n� 1, we have fn�1ðkÞ ¼ k3 � ðn� 2Þk2 � 2ðn� 1Þk. Hence

SpecðKn�1
nþ1Þ ¼ f�1; . . .;�1|fflfflfflfflfflfflffl{zfflfflfflfflfflfflffl}

n�2

; kn�1
1 ; kn�1

2 ; kn�1
3 g;

where kn�1
1 > kn�1

2 > kn�1
3 are the roots of fn�1ðkÞ. Since the degree of the polynomial fn�1ðkÞ is three and,

for n > 7, fn�1ðn� 1þ 3=4Þ\0, fn�1ð0Þ ¼ 0 and fn�1ð�1:7Þ[ 0, we have kn�1
1 is greater than n� 1þ 3=4

and kn�1
3 is less than �1:7. Thus kðKn þ K1;K

n�1
nþ1Þ ¼ ðn� 1� kn�1

1 Þ
2 þ ð�1� kn�1

3 Þ
2 [ ðn� 1� ðn�

1þ 3=4ÞÞ2 þ ð�1þ 1:7Þ2 ¼ ð0:75Þ2 þ ð0:7Þ2 ¼ 1:0525. So the assertion holds. h

The next theorem shows that, for n > 7, the minimum of kðKn þ K1;K
t
nþ1Þ for each t, 1� t� n� 3, happens

when t ¼ 1.

Theorem 4.4 For n > 7 and every integer t with 2� t� n� 3;

kðKn þ K1;K
1
nþ1Þ\kðKn þ K1;K

t
nþ1Þ:

Proof By [3, Lemma 3.3], the eigenvalues of Kt
nþ1 are �1 with multiplicity n� 2 and kt

1; k
t
2; k

t
3, where

kt
1; k

t
2; k

t
3 are the roots of ftðkÞ ¼ k3 � ðn� 2Þk2 � ðnþ t � 1Þkþ tðn� t � 1Þ. We show that k1

1\kt
1,

k1
2\kt

2 and k1
3 [ kt

3, for every integer t, 2 6 t 6 n� 3. It is not hard to see that ftðkÞ has three roots

such that kt
1 [ kt

2� 0 [ kt
3. Since f 0t ðkÞ ¼ 3k2 � 2ðn� 2Þk� ðnþ t � 1Þ, it follows that

f 01ðkÞ[ f 02ðkÞ[ � � � [ f 0n�3ðkÞ. Since, for each t with 1� t� n� 3, ftðn� 1Þ ¼ �t2, we have
f1ðaÞ[ f2ðaÞ[ � � � [ fn�2ðaÞ, for every a� n� 1. By Bolzano’s Theorem, each ftðkÞ has a root in the
interval ½n� 1;þ1Þ. Now fix a 2 ½n� 1;þ1Þ. Since f 0t ðaÞ ð1� t� n� 3Þ is strictly increasing,

n� 1\k1
1\k2

1\ � � �\kn�2
1 . Intersection point of f1ðkÞ and ftðkÞ ð2� t� n� 3Þ happens in

k ¼ n� ðt þ 2Þ, which is greater than zero. It is easy to see that for every t, 1� t� n� 3, ftð�1Þ ¼
tðn� tÞ[ 0: Therefore f1ð�1Þ\ftð�1Þ, and we have f1ðaÞ\ftðaÞ, for every a 2 ð�1;�1�: Thus, k1

3 [ kt
3,

where 2 6 t 6 n� 3: Since

ftðkÞ � f1ðkÞ ¼ ðn� kÞðt � 1Þ � tðt þ 1Þ þ 2;

we have

ftðk1
2Þ ¼ ðn� k1

2Þðt � 1Þ � tðt þ 1Þ þ 2

�ðn� 1Þðt � 1Þ � tðt þ 1Þ þ 2:

Because 0\k1
2\1. Thus for each tð2� t� n� 3Þ, ftðk1

2Þ[ 0. Since k ¼ n� ðt þ 2Þ is the intersection point

of f1ðkÞ and ftðkÞ, we have k1
2\kt

2, and so
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kðKn þ K1;K
t
nþ1Þ ¼ ðkt

1 � nþ 1Þ2 þ ðkt
2Þ

2 þ ðkt
3 þ 1Þ2

[ ðk1
1 � nþ 1Þ2 þ ðk1

2Þ
2 þ ðk1

3 þ 1Þ2

¼ kðKn þ K1;K
1
nþ1Þ:

h

Corollary 4.5 For every integer n and t with n > 7 and 2� t� n� 1;

kðKn þ K1;K
1
nþ1Þ\kðKn þ K1;K

t
nþ1Þ:

Theorem 4.6 Let n > 7 be an integer, csðKn þ K1Þ ¼ kðKn þ K1;K
1
nþ1Þ: In particular, kðKn þ K1;GÞ ¼

csðKn þ K1Þ; for some graph G if and only if G ffi K1
nþ1:

Proof Let G0nþ1 be a simple graph of order nþ 1 and size m0 with eigenvalues of k01� k02� � � � � k0nþ1 such

that G0nþ1�K1
nþ1, Kn þ K1. We show that kðKn þ K1;K

1
nþ1Þ\kðKn þ K1;G

0
nþ1Þ. By Lemma 4.1,

kðKn þ K1;K
1
nþ1Þ 6 0:845625. It has been shown that dðG0nþ1Þ 6 k01 6 DðG0nþ1Þ [5, Proposition 3.1.2]. If

DðG0nþ1Þ 6 n� 2, then kðKn þ K1;G
0
nþ1Þ > ðk01 � ðn� 1ÞÞ2 > 1. Thus we may assume that DðG0nþ1Þ ¼ n or

n� 1. Now consider the two following cases:
Case A. DðG0nþ1Þ ¼ n� 1. Suppose that u; v 2 VðG0nþ1Þ such that dðuÞ ¼ n� 1 and u is not adjacent to v.

Let X ¼ fw 2 VðG0nþ1Þ j w is adjacent to vg and Y ¼ VðG0nþ1Þ n ðX [ fugÞ. If jXj ¼ 0, then kðKn þ
K1;G

0
nþ1Þ is minimum when G0nþ1 ffi Kn n eþ K1 [3, Theorem 1.3]. In this case k03 ¼ 0, and

kðKn þ K1;G
0
nþ1Þ > ð1þ k03Þ

2 ¼ 1. So we can assume that v is not isolated vertex. If jYj ¼ 0, then either

G0nþ1 has induced subgraph C4, or G0nþ1 is isomorphic to Kn�1
nþ1 . In the former case, by Theorem 2.1, G0nþ1 has

an eigenvalue less than �2, thus kðKn þ K1;G
0
nþ1Þ > ð1þ k0nþ1Þ

2 ¼ 1: In the latter case, by Corollary 4.5,

we have kðKn þ K1;G
0
nþ1Þ[ kðKn þ K1;K

1
nþ1Þ. Now suppose that jXj � 1, we can distinguish the following

cases:
Case A.1. jXj > 2. First, if the induced graph on V(X) is not a complete graph, then there exist two

vertices x1 and x2 which are not adjacent. Therefore G0nþ1 has induced subgraph C4 and, by Theorem 2.1,

k0nþ1 6 �2, and so kðKn þ K1;G
0
nþ1Þ > 1. Second, if the induced subgraph on V(X) form a complete graph,

then we consider the following cases:
Case A.1.1. The induced subgraph on V(Y) is not a complete graph. So, there exist two vertices in V(Y)

which are not adjacent. In this case G0nþ1 contains one of the following induced subgraphs:

It is not difficult to see that, by Theorem 2.1, kðKn þ K1;K
1
nþ1Þ\kðKn þ K1;G

0
nþ1Þ:

Case A.1.2. The induced subgraph on V(Y) is a complete graph. If the induced subgraph on VðXÞ [ VðYÞ
form a complete graph, by Corollary 4.5, kðKn þ K1;G

0
nþ1Þ[ kðKn þ K1;K

1
nþ1Þ. Otherwise, there exist

x 2 VðXÞ and y 2 VðYÞ such that x is not adjacent to y. In this case G0nþ1 contains one of the following

induced subgraph:

x

y

x

y

It is easy to check that, by Theorem 2.1, kðKn þ K1;K
1
nþ1Þ\kðKn þ K1;G

0
nþ1Þ:

Case A.2. jXj ¼ 1. Suppose that x 2 X. If the induced subgraph on V(Y) is not a complete graph, then
there are two vertices in part Y such that they are not adjacent. Similar to Case A.1.1, we can see that

kðKn þ K1;G
0
nþ1Þ is greater than kðKn þ K1;K

1
nþ1Þ. Now, if the induced subgraph on V(Y) is a complete

graph, we can consider the two following cases:
Case A.2.1. x is adjacent to all vertices of Y. In this case, by Corollary 4.5,

kðKn þ K1;G
0
nþ1Þ[ kðKn þ K1;K

1
nþ1Þ.
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Case A.2.2. x is not adjacent to all V(Y). Therefore G0nþ1 includes one of the following induced subgraphs:

Thus, by Theorem 2.1, we have kðKn þ K1;K
1
nþ1Þ\kðKn þ K1;G

0
nþ1Þ.

Case B. DðG0nþ1Þ ¼ n. If G0nþ1 ffi Knþ1, then kðKn þ K1;Knþ1Þ ¼ 2. Also, if G0nþ1 ffi Kt
nþ1 for an arbitrary

t ð2 6 t 6 n� 1Þ, by Corollary 4.5, kðKn þ K1;G
0
nþ1Þ[ kðKn þ K1;K

1
nþ1Þ. Thus suppsose that G0nþ1 is a

graph which G0nþ1�Knþ1 and G0nþ1�Kt
nþ1 for each t with 1 6 t 6 n� 1. So we can assume that there exist

two edges which are removed from G0nþ1. To complete the proof, we consider two cases:

Case B.1. There exist edges e1 and e2 which are deleted from G0nþ1 and do not have a common vertex. In
this case G0nþ1 has one of the following induced subgraphs:

Easily one can check, by Theorem 2.1, kðKn þ K1;G
0
nþ1Þ[ 0:845625:

Case B.2. For each two deleted edges, they have a common vertex. Let e1 and e2 be two edges such that
e1, e2 62 EðGÞ and have a common vertex v. Assume that u 2 VðG0nþ1Þ such that dðuÞ ¼ n and S1 ¼ fw 2
VðG0nþ1Þ j w is adjacent to vg n fug and S2 ¼ fw 2 VðG0nþ1Þ j w is not adjacent to vg. Suppose that G0nþ1

contains K1;3, as induced subgraph. Since the eigenvalues of K1;3 are
ffiffiffi
3
p

, 0, 0, �
ffiffiffi
3
p

, it follows from

Theorem 2.1, k03� 0. Thus

kðKn þ K1;G
0
nþ1Þ� ðk03 þ 1Þ2� 1 [ kðKn þ K1;K

1
nþ1Þ:

Therefore we may assume that the induced subgraph on S2 form a complete graph. Clearly, the induced

subgraph on S1 is a complete graph, otherwise, Case B.1 will happen. Since G0nþ1�K1
nþ1, we have S1 6¼ ;: If

all vertices in S1 are adjacent to all vertices in S2, then G0nþ1 ffi Kt
nþ1, where integer t is in the interval

½1; n� 2�. But this is impossible, because G0nþ1�Kt
nþ1 for each t with 1 6 t 6 n� 1. Now suppose that there

exist vertices w1 2 S1 and w2 2 S2 such that w1 is not adjacent to w2. Therefore there exist two edges e0 and

e
00

such that they do not have common vertex, which is a contradiction. h

Note that, in [1], the authors have showed that, for every positive integer n with n\6,

kðKn þ K1;Gnþ1Þ[ kðKn þ K1;K
1
nþ1Þ, where Gnþ1 is a graph of order nþ 1 and nonisomorphic to K1

nþ1.
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