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Abstract A graph H of order n is said to be k — placeable into a graph G, having the same order n, if G
contains k edge-disjoint copies of H. Kaneko et al. [9] proved that any non-star tree 7 is 2 — placeable into
its third power 7°. In this paper, we give a particular interest on the 3 — placement of a tree T into its sixth
power T9.
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1 Introduction

We shall use standard graph theory notation. A finite, undirected graph G consists of a vertex set V(G) and
an edge set E(G). Given a graph G, consider X = {x;,x5,...,x,} a subset of V(G). We denote by G[X] or
(x1,x2,...,x,) the subgraph induced by X.

Suppose G, .. ., G; are graphs of order n. We say that there is a packing of G, . . ., G; (into the complete
graph K;) if there exist injections o; : V(G;) — V(K,), i = 1,...,k, such that o (E(G;)) N o (E(G;)) =
for i # j, where the map o : E(G;) — E(K,) is the one induced by o; as follows: a; (xy) = a;(x)o;(y) for all
xy € E(G;).

A packing of k copies of a graph G will be called a k — placement of G. A packing of two copies of G
(i.e. a2 — placement) is an embedding of G (in its complement G). So, an embedding of G is a permutation
o on V(G) such that if an edge xy belongs to E(G) then a(x)a(y) does not belong to E(G). If there exists an
embedding of G we say that G is embeddable.
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Packing three copies of a tree into its sixth power 559

We denote by distr(x,y) the distance in the tree T between the vertices x and y and by Diam(T) the
diameter of the tree T. Recall that, if T is a tree and k an integer, then we denote by T* the graph obtained
from T by adding an edge between any pairwise x,y € V(T) when disty(x,y) < k. The graph T* is called the
k-th power of T.

The following theorem was independently proposed in [1, 4, 14].

Theorem 1 Let G = (V,E) be a graph of order n. If |E(G)|<n—2 then G can be embedded in its
complement.

This result has been improved in many ways. For the reference of the paper and other packing problems, the
reader can find a good survey and books in [1, 16-18].

The example of the star S, (i.e. the graph K;,_;) shows that the Theorem 1 cannot be improved by
raising the size of G even in the case when G is a tree. However, the following theorem was proved in [5].

Theorem 2 Let G = (V,E) be a graph of order n. If |[E(G)| <n — 1 then either G is embeddable in its
complement or G is isomorphic to one of the following graphs: K, ,_1, K\ ,—4 U K3 with n>8, K; UK3,
K> UK3, Ky U2K3, Ky UCy.

Among the exceptions mentioned in this theorem, the star K, ,_; is the only graph which is connected.
Therefore, we have the following immediate consequence (proved also in [7]).

Theorem 3 Let T be a tree of order n, T # K| ,—1. Then T is contained in its own complement.

This result has been improved in many ways. For instance, the packing of two trees was considered in [7]
and the 3-placement of a tree in [15]. The paper [12] contains the complete result concerning the packing of
three trees into the complete graph K,. Analogous results can be found for instance in [6, 13, 19].

An example of such a result is the following theorem contained as a lemma in [8] (cf. also [3])

Theorem 4 Let T be a non-star tree of order n with n > 3. Then there exists a 2 — placement ¢ of T such
that for every x € V(T), distr(x,a(x)) <3.

This theorem immediately implies the following:

Corollary 5 Let T be a non-star tree of order n with n > 3. Then there exists an embedding ¢ of T such
that o(T) C T".

Since 77 is, in general, a proper subgraph of K, the last corollary can be considered as an improvement of
Theorem 3.

In [11], Kheddouci et al. considered the problem of the 2-placement of a tree T into 77 such that p is as
small as possible. They proved the following result.

Theorem 6 Let T be a non-star tree of order n, with n > 3. Then there exists a 2-placement o of T such
that o(T) C T*.

And in the same paper, the authors posed the following conjecture.

Conjecture 1 Let T be a non-star tree of order n, with n > 3. Then there exists a 2-placement o of T such
that o(T) C T°.

In [10], Kheddouci proved that some trees are 2-placeable into their third power, and in [9], Kaneko et al.
proved this conjecture.

In this paper, we give a particular interest on the 3-placement of a tree 7 into its sixth power, where the
diameter of T is at least 5, and we prove the following result.

Theorem 7 Let T be a tree with diameter at least 5. Then there exists a 3-placement o of T such that
a(T) C TC.

Note that, if Diam(T) <4, it is not possible in general to embed three copies of a tree T into T%. While, the
example of P, shows that P§ contains only 2 copies of Pj.

Actually, we shall prove a slightly stronger result (see Theorem 8). We shall need some additional
definitions and notations in order to formulate the proof of this result.

Let x be a vertex of a tree 7, the components of 7' \ {x} are called neighbor trees of x. If y is any neighbor
of x in T, we denote by T, the neighbor tree of x which contains y. Consequently, if we delete an edge e = xy
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560 T. Louleb et al.

of T, we obtain two components of 7'\ {e}, respectively, the neighbor tree T, of y and the neighbor tree T}
of x. Let T be a tree defined on V(T') = {x1,x2,...,X,_1,X,} such that x;x,, x,_x, are two edges of T'and x;,
x, are two leaves of T. Consider two distinct trees, together with the tree 7. We denote 7),.T.T,, =
Ty, (1,22, .« oy xp).Txp the tree obtained by identifying x; with some vertex of the first tree, and x,, with some
vertex of the second tree. Doing this, the first tree becomes the neighbor tree T, of x,, and the second tree
becomes the neighbors tree T, of x,1, which explains our notation. In the particular case where the first
tree of this construction is reduced to a single vertex (thus identified with x;), we simplify the notation into
T.T,, = (x1,X2,. %) Ty,

Definition 1 Let 7 be a tree and let x be a vertex of 7. A bi-permutation ¢ = (o1, 02) on V(T) is said to be
(T, x) — bigood if the following conditions are satisfied:

o; is a 2-placement of T3 i = 1,2,

oiNas =0,

ai(T) C TS i=1,2,

distr(x,0;(x)) € {1,2}, i = 1,2 and a1 (x) # 02(x),

For every neighbor y of the vertex x, distr(y,0;(y)) <3,i=1,2.

The tree itself is said to be x — bigood if there exists a (T,x) — bigood bi-permutation. A tree T is called
bigood if it is x — bigood for every x € V(T). Finally, a bi-permutation ¢ is called bigood if it is x — bigood
for every x € V(T).

Remark 1

The conditions (1) and (2) of Definition 1 imply that the bi-permutation o is a 3-placement of 7.
In the remaining, a (T, x) — bigood bi-permutation will be simply called a (T,x) — bigood permutation.

Using this terminology, we shall prove the main result below.
Theorem 8 All trees of diameter at least 5 are bigood.

For the proof of this result, we shall use the lemmas below detailed in the next section.

2 Lemmas

Lemma 9 For the path Pg, there exists a bigood permutation ¢ = (01, 07). In particular, Pg is bigood.

Proof To begin, recall that Pg is bigood if it is x — bigood for each vertex x of Pg. Using an argument of
symmetry, we shall consider only three possibilities for choosing x, A, B and C given in Fig. 1. Bigood
permutations ¢ = (g1, 0;) associated to these three configurations are given by the following cycles:

o op = [(xytvuz), (xzuvty)],

Fig. 1 The three choices for x in Pg
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Packing three copies of a tree into its sixth power 561

o op = [(xtvuzy), (xyzuvt)],
o ac = [(xyztvu), (xuvizy)).

Finally, it is easily checked that, in every case (A), (B) and (C), we have o(x)# o2(x) and
distp,(x,0:(x)) € {1,2}, for all x € V(Pg). Then, ¢ is a bigood permutation. d

Given a tree T such that Diam(T) > 5. Consider a vertex x of 7, and suppose there exists a (T, x) — bigood
permutation ¢ = (01, 02). We denote by M(T,a) (or simply M), the set of vertices m € V(T) such that
a1(m) # ay(m) and distr(m,a;(m)) € {1,2,3}. (That is M=M(T,0) ={meV(T):
a1(m) # oy(m)anddisty(m,o;(m)) € {1,2,3}}). It is easy to see that the set M(T, ¢) contains at least the
vertex x. In particular, Lemma 9 shows that Py is bigood, and that in the three cases (A), (B) and (C), the set
M contains all vertices of Pg.

By the lemma below, we can construct bigood trees of higher cardinality.

Lemma 10 Ler T be a tree with Diam(T) >5, x € V(T ).and let 6 = (61,0,) be a (T,x) — bigood per-
mutation. Let T' be a tree obtained from T, by one of the following ways:

1. Adding a new vertex v by joining it to a vertex m of M.
2. Adding a bigood tree U by joining one of it’s vertices to a vertex m of M.
3. Adding p stars (T}), <j<p» Where p >2, by joining each of them by an edge to the same vertex m of M.

Then ¢ can be extended to a (7', x) — bigoodpermutation ¢’ (see Fig.2).

Proof Since ¢ is a (T, x) — bigood permutation, we have distr(x, 5;(x)) € {1,2}, i € {1,2}. We describe
in each case an extension ¢’ of ¢ to the tree 7’. By definition, we must have ¢’(¢) = o(¢) for all t € V(T), so
we need only give the values of ¢’ on the vertices added to T.

Case 1: T’ is obtained by adding a new vertex v and joining it to a vertex m element of M. In this case it
suffices to put o/, (v) = v (see Fig.2(A)). Observe that we have disty(g;(m), 0;(v)) € {2,3,4}. Moreover if
m = x, we have disty(v,d’(v)) = 0(<3), so ¢’ is a (T’,x) — bigood permutation.

Case 2: T' is obtained by adding a bigood tree U and joining one of its vertices to a vertex m element of
M. Since U is a bigood tree, there exists a (U, u) — bigood permutation 6y = ((a1), (62),,) of U. We will
extend ¢ by this permutation gy. Since, by Definition 1, we have disty (u,0;(u)) € {1,2}, then by the
definition of the set M, it follows that dist; (¢’ (m), 6’ (u)) < 6. Note that if m = x, then u is a neighbor of x in
T'. In each case, the permutation ¢’ is bigood (see Fig.2(B)).

Case 3: T is obtained by adding p stars (7), - j<p» Where p>2, and joining each of them by an edge to
the same vertex m element of M. First, we note that there are two ways by which we can join a star to the
vertex m, namely m is joined either to the center or to an end-vertex of this star. Without loss of generality,
we may suppose that the k first stars (with 0 <k <p) are joined to m by their centers, respectively, yi, .. ., ¥k,
and the (p — k) others are joined by end-vertices, respectively, Yii1, .. .,Yp, With zx41, ..., 2, denoting their
respective centers.

e If p>3: We then extend the (Ty,x) — bigood permutation a¢ by the cycle [(yiya. . ViVt 1Zk+1Yk+22k+2
.. .y,,zp), (1 VpZpYp—12p—1+ - Vi1 Zk+1YkVk—1- - 2)], letting the other vertices of the stars 7; fixed (see
Fig.2(C)).

e If p = 2: Then we are in the case D, E or F of Fig.2. we then extend the (T, x) — bigood permutation op,
op and op, respectively, by the cycle [(yiz1y222), (it1z282)], [(V1v222), (V1z122y2)] and the cycle
[()’1Z1)’222)a (MZlZz)’z)]-

It follows from the definition that disty(a}(m), oi(y;)) <6, for all 1 <j<p and i = 1,2. Moreover, if m = x

then disty (y;, oi(y;)) <3 for all the new neighbors y; of x. Thus, ¢’ is a (T, x) — bigood permutation.
O

Remark 2

Since ¢’ is an extension of , M (T, o) is a subset of M(T", ¢’), so we can iterate the construction of Lemma
10 as many times as wanted.

Some of the stars considered in Case 3 for p > 3 may be reduced to a single vertex y; or to complete graph
K. Then the vertex joined to m is considered as the center. Consequently, joining two isolated vertex and
one single star to the same vertex m of M(T, o) may be considered as a special configuration of Case 3 for
p=>3.

In the Case 3 for p = 2 we do not consider the case when a star is reduced to a singleton.
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562 T. Louleb et al.

(A) (B)

(E) (F)

Fig. 2 The cases of Lemma 10.(The dotted edges are the images edges possible in 7°)

To simplify the proof of Theorem 8, we denote by F the set of trees T obtained from the path Pg by adding
new edges and joining each of them by an edge to Pg, such that for each vertex x of Py,
degr(x) <degp,(x) + 1. The path P is called the support of the tree T and a vertex x € P is called a basic
element of 7.

Lemma 11 Let T be a tree element of F. Then, there exists a bi-permutation o which is (T, x) — bigood for
all basic element x of T, such that M(T,c) = V(T).

Proof Consider a tree T element of F. Let Pg = (x1, X2, X3, X4, X5, X6 ), be the support of the tree 7. First, we
suppose that for all basic element x; of T, i € {1,...,6}, degr(x;) = degp,(x;) + 1. For i =1,...,6, we
denote the neighbor of x;, that do not belong to Pg, by x;. Let x! be the neighbor of x; for i € {I,...,6}.
Consider the bi-permutation ¢ defined as follows: ¢ = (01, 02) = ((x12] x| X2X x5 x4X Xy X625 X X5X e x5 X3X5 XY ),
(X1 X5 X5 X3 X Xy X5 XX X6 X5Xs XaXsx5 XX, x])). Tt is easy to see that ¢ is a (T,x;) — bigood permutation for
i € {l,...,6}. It remains to prove that if there exists j € {1,...,6} such that degy(x;) = degp,(x;), then T is
x; — bigood for all basic element x; of T, i € {1, ...,6}. In this case, it suffices to delete the vertices xj’- and xj’-’
from the cycles of the permutation ¢ to obtain a bigood permutation of 7. Finally, since for all v € V(T) we
have a1(v) # 02(v) and distr(v,0;(v)) € {1,2,3}, then v € M. O
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Packing three copies of a tree into its sixth power 563

Corollary 12 Let T' be a tree obtained from a tree T element of F by adding new vertices and joining each

of them by an edge to T, Then, there exists a permutation ¢ which is (T',x) — bigood for all basic element
xof T.

Proof By Lemma 11, there exists a permutation o, (T, x) — bigood for all basic element x of T, such that
M(T,o) = V(T). Then, by iteration of Case 1 of Lemma 10, we obtain a permutation ¢’ which is (77, x) —
bigood for all basic element x of T.

Lemma 13  Let T be one of trees presented in Fig.3 and let x be the specified vertex of T. Then, there exists
a (T, x) — bigood permutation.

Proof For each pair (T, x) in Fig.3, we present a (T, x) — bigood permutation as described below. We give
them in the usual cyclic form, omitting the fixed points.

oa = ((xzuyugut yyoy1)(tt2), (xy1y2yun uzuszitaty ),

op = ((xzuyuaut yyoy1)(1t2), (xy1y2yumau, zttat,)),

oc = ((xy1y2yztuyuau), (xuuauzu tzyy,yy)) and since t € M we apply Case 3 of Lemma 10,
((
(

Xy1y2yztuiuput), (xuupuytzyy,yr)) and since 1 € M we apply Case 3 of Lemma 10,
(xy1yayzttatiuyunue), (xuuauzuityyayy )(zt1t2)) and since 1, € M we apply Case 3 of Lemma 10,

op =

(E) (F)

Fig. 3 Specific trees
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564 T. Louleb et al.

o op = ((xy1y2yzttatiuupu), (xuupuityy,y1 ) (zt112)) and since t, € M we apply Case 3 of Lemma 10,
o gc = ((xyiyyzttatstiuyuau), (xuuauzus tyysyr) (2t tatats)),
o oy = ((xyyayzttatstiuyupu), (xuusuityyry1) (2t tatat3)).

O

Now, before presenting the proof of Theorem 8, we denote by I', A, ®, E and IT the particular trees
presented in Fig.4. These trees are useful to simplify the proof of Theorem 8.

3 Proof of Theorem 8

For the proof, we proceed by induction on the order n > 6 of T. For n = 6 there is only one tree 7 such that
Diam(T) > 5, namely Pg, which is bigood by Lemma 9. Suppose, now, that n > 7 and the theorem holds for
all 6 <n'<n. Let T be a tree of order n such that Diam(T) > 5 and let x be a vertex of T.

Claim 1 If there exists an edge xy of T such that neither the neighbor tree T of y nor the neighbor tree T,
of x are stars, then there exists a (T,x) — bigood permutation.

Proof Since T, and T, are not stars, then Diam(Ty) and Diam(T,) are at least 3. We shall distinguish the
following cases.

Case 1: If Diam(T,) > 5 and Diam(Ty) > 5.

Case 2: If Diam(T,) > 5 and Diam(T,) = 3. In this case, according to the position of y, T, must have one
of the two configurations I" or A (see Fig. 4).

Subcase 1: If 7} has the configuration I". Then let ¢ be a (T, x) — bigood permutation and z is a neighbor
of x in 7. Since distr, (x,0:(x)) € {1,2} and distr,(z,0;(z)) <3, it is clear that o;(x)y, 6;(x)y1, 6;(z)y1 and
oi(z)y, are edges of T®. Thus, we can define a (T,x)— bigood permutation ¢ by the cycle

((01(x)y2)(vy1y3), (02(x)y1y2y)) and ¢'(v) = a(v) for each v € T\ {x}.
Subcase 2: If 7, has the configuration A.

The vertex x has only one neighbor on T, namely z.

We denote by x,1,...,4 the neighbors of z in Ty, k> 1. First, if there exists j € {1,...,k} such that
Diam(T;) > 5, then Diam(T \ T,) >5. Thus, by the induction hypothesis, 7, = T\ T; and T; are,
respectively, x — bigood and t; — bigood. Let o, and ¢, be, respectively, the (Ty,x) — bigood and
(T, 1;) — bigood permutations. Since z is a neighbor of x in T7, then, by Definition 1, distz: (z, 0.(z)) < 3.
Furthermore, distr, (1, 6,,(1;)) € {1,2}. Therefore, it is clear that o(z)oy () € E(T®). Hence, the
permutation ¢ defined by ¢(v) = 6,(v), ¥v € V(T), and o(v) = o, (v) Vv € V(Ty), is a (T, x) — bigood
permutation (see Fig. 5). Second, suppose that for all je& {1,...,k}, Diam(T,)<4. Under this
assumption, we shall distinguish three cases.

Tree = Tree 11

Fig. 4 Particular trees used in the proof of Theorem 8
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Packing three copies of a tree into its sixth power 565

1.1
If there exists j € {1,...,k} such that Diam(T;) = 3, then T, must have one of the configurations I" or
Ain Fig. 4. In this case, 7; is represented by 7 and the set {z,,,1,, #3} represent a specific vertex subset of
T; as shown in Fig. 7. Let T, = (x,y).Ty and 7" =T\ [T, U T;] (see Fig. 7).
If Diam(T')>5 then T’, by the induction hypothesis, is z — bigood and we can extend a (77,z) —
bigood permutation g, to a (T,x) — bigood permutation ¢ as follow: First, if 7, ~ I, then we can
extend o, by the cycle ((xtt21y)(yi11y2), (xy1y2yi1312)) and fix the other vertices (Fig. 6). Second, if
T, ~ A, then we can extend g, by the cycle ((xf1yy2y1)(#t2), (xy1y2yit2t1)) and fix the other vertices.
Now, if Diam(T') < 4. In this case, we always find a sub-tree 7" of T such that 7" € F and x is a basic
element of T’. Then, we can obtain a bigood permutation ¢ by applying Corollary 12 and Lemma 10,
unless if 7 have one of the configurations (A) or (B) of Fig. 3, where the result is given by Lemma 13.

1.2
If there exists j € {1,...,k} such that Diam(T,) = 4, then T, must have one of the configurations ©, =
or IT presented in Fig. 4. Similarly to the previous case, #; will be represented by ¢ and the set
{t,t1,1,, 13} represent a specific vertex subset of 7; as depicted in Fig. 7. Let T, = (x,y).T, and
T'=T\I[T.JUT,] (see Fig. 7).
If Diam(T’') >5 then, by the induction hypothesis, T’ is z — bigood and we can extend a (T',z) —
bigood permutation o, to a (T,x) — bigood permutation ¢ as follow : First, if 7; ~ ®, then we can
extend g, by the cycle ((xto1(z)yyay1), (xy1y2y02(2)t)). After that, since r € M, we use Lemma 10.
Second, if T; ~ Z. According to the number of neighbors of #,, we distinguish two subcases. Either 7,
has at least two neighbors other than ¢ then we can extend o, by the cycle
((xyyay112t), (xy1y2) (1) (#122)). Similarly, since 7, € M, we use Lemma 10. Or, there is only one
neighbor #; of #,. Then, we may extend g, by the cycle ((xyy.yi1t2tt3), (xy1y2)(¥t)(t:1£312)). Note that, in
this two subcases, if there exists other vertices, they will be fixed in the proposed permutation. Finally,
if T, ~ II. Suppose that #, has at least two neighbors other than ¢, in the tree 7, then we can extend the
permutation o, by the cycle ((xyy2y1f152f), (xy1y2tt2t1y)). After that, we use Lemma 10, since t, € M
(Fig. 6).
If there is only one neighbor t;3 of f, in the tree 7. Then we may extend o, by the cycle
((xyyoy1t1ttsty), (xy1y2) (yitatsty)). In this two subcases, the eventual other vertices will be fixed in the
proposed permutations.
Suppose, now, that Diam(T") < 4. Clearly, if there exists j € {1,...,k} such that Diam(T;) = 3, we can
apply Subcase 2.1.1. Thus, we can assume that for all j € {1,...,k} Diam(T;) # 3. Under this
assumption, either T has one of the configurations (C), (D), (E), (F), (G) or (H) presented in Fig.3 or
T contains a sub-tree T’ € F such that x is a basic element of 7”. For the first situation, the result is given
by Lemmas 13. For the second one, the result is deduced by Corollary 12 and Lemma 10.
Where T; is one of the following subtrees presented in Fig 7.

1.3
If for all j € {1,...,k}, Diam(T;) <2. It is easily checked that all the neighbor trees (7;), ;- of z
must be stars. Then, T € F where Ps = (z,x,y,y1,Y2,y3) is the support of T. By applying Corollary 12
and Lemma 10, we obtain a (T, x) — bigood permutation.

/

The vertex has at least two neighbors.

We denote by zj,...,zx the neighbors of x in T,, where k>2. It is easy to see that if there exists
j€{1,...,k} such that Diam(T,,) > 5, then Diam(T, = T \ T,) > 5. Thus, by the induction hypothesis, T
and T, are respectively x — bigood and z; — bigood. Then, it suffices to apply Case 2 of Lemma 10 to
obtain a (7', x) — bigood permutation. Now, suppose that for all j € {1,...,k}, Diam(T,,) <4.In this case,
we have to discuss it by the same way as in subcases 2.1.1, 2.1.2 and 2.1.3 presented previously. Then,
using the same cycles obtained in these previous cases and by interchanging, respectively, x,y, y;, t, t; by
Y, V1, Yit1,2,Zi» Where i > 1, we can directly conclude.

Case 3: If Diam(T,) > 5 and Diam(T,) = 4.
This means that 7, must have one of the configurations ®, Z or II in Fig. 7. Let ¢ be a
(Ty,x) — bigood permutation and z a neighbor of x in 7.
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566 T. Louleb et al.

Fig. 5 Tllustration of subcases 2.(1.1) (Claim 1)

Fig. 6 Tllustration of subcases 2.1.1 and 2.1.2 when Diam(T’) > 5

Fig. 7 Specific subtrees

If 7, has the configuration ® (see Fig. 8).

Denote by yy, ..., yx, where k > 2, the center of the non-singleton neighbor stars of y, and let z;, . . ., zx be
their respective end-vertex. First, assume that k = 2 or k = 3. Hence, we extend ¢ respectively by the
cycles ((o1(x)y12122y2), (02(x)y2y1y)) and ((01(x)y12122y323Y2), (02(x)y2y1¥)(212223)), and we keep
fixed the other vertices of 7). Second, if k> 4. In this case, the tree 7' = T, U Ty, y1, 2,21, 22] satisfied
the case when k = 2. Consequently, T’ is x — bigood such that y € M. Thus, the result is got by applying
the Case 3 of Lemma 10.

If T, has the configuration E (see Fig. 9).

In this case, we consider the tree T' = T.(x,y,y1,y>). Initially, we extend ¢ to ¢’ by the cycle
((a1(x)y2y1Y), (g2(x)y1y2y)). After That, we discuss two situations according to the number of neighbors
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Packing three copies of a tree into its sixth power 567

of y,. Either y, has at least two neighbors other than y. In such a case, we can extend ¢’ to a (T,x) —
bigood permutation by applying Lemma 10 since y, € M. Or, y, has only one neighbor y;. Then, we may
extend o by the cycle ((a1(x)y1y4y3yy2), (62(x)y2y3y1y)). The other vertices for these two situations will
be fixed in our permutation.

If T, has the configuration IT (see Fig. 10).

Let T’ = Ty.(x,y,y1,y2). We denote by Ty, , where k > 3, the neighbor trees of y, outside 7", such that for
all k, y; is not an end-vertex. Let z; be an end-vertex of T,,. According to the values of k, we shall
distinguish the following three cases. First, if k = 3, let Ty’ = Ty.(x,). It is clear that, in this case, we can
apply subcase 2 considered in the proof of Claim 1 to the edge yyi, since Diam(T;) >S5 and Ty, ~ A.
Furthermore, all the permutation given in this case are x — bigood and z — bigood at the same time. Thus,
by analogy, all the permutation obtained are y — bigood and x — bigood at the same time. From which, we
can deduce the corresponding permutation. Second, if k =4 or k =5, then it suffices to extend o,
respectively, by the cycles ((yy1y3zayay2), (yy2y123y3yaz4)) and ((yy1yazayaysy2), (¥y2y123y3ysyaza)), and
let fix the other vertices. Finally, if k > 6, then we consider the permutation obtained when k = 4 and
apply the Case 3 of Lemma 10, since y, € M.

Case 4:  If Diam(T,) <4 and Diam(T,) <4.

We observe that 7 must belong to F such that x is a basic element of 7. Then, we can obtain our result by
applying Corollary 12 and Lemma 10. O

Claim 2 [f x is adjacent to an end-vertex y, then there exists a (T,x) — bigood permutation.

Proof Since Diam(T) > 5, then Diam(T \ {y}) > 4. If Diam(T \ {y}) = 4, then T must belong to F such
that x is a basic element of 7. Thus, the result is given by Corollary 12 and Lemma 10. Otherwise, we may
apply Case 1 of Lemma 10 to the tree T \ {y}. O

Remark 3 Let T be a subtree of T’ with Diam(T) > 5, x € V(T). Suppose that (7, x) is not isomorphic to
any couple of Fig. 3, and let ¢ be a (T, x) — bigood permutation.

All permutations defined in V(7"), obtained by Claim 1 or Claim 2, never change the values of o(v) for
eachv e V(T)\ {x}.

Let Pg = (a1, 0, 013, 04, 05, ¢l ) be a path of T. Then there exists a permutation o, (T, ;) — bigood for all
ie{l1,2,. . .6

Proof

It easily obtained from the proof of Claim 1 and Claim 2.

Fig. 8 The case when T, has the configuration ®
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Fig. 9 The case when T, has the configuration =

Fig. 10 The case when T, has the configuration I1

Let T be a tree with Diam(T)>5. Let Pg = (o, 0, 03, 04, %5, 0g) be a path of 7. In order to build a
permutation o, (T, a;) — bigood for all i € {1,2,...,6}, we follow the following steps:

6
Step 1: Let T; = Pg U(U T,,), where T, is the unique eventual neighbor star of o; fori € {1,2,...,6}. It

i=1
is clear that 7 is obtained from an element of F by adding new vertices. Then, by Corollary 12, there
exists a permutation o; which is (71, o;) — bigood, 1 <i<6.
Step 2: Let T, =T, U(U T,,), where T,  are the new eventual neighbor trees of o;. By applying

Lemma 10 and Claim 1 z{szrlnany times necessary, we can extend oy to a (T3, o) — bigood permutation 5.
Since, by Remark 3 (1), a2(o;) = gy (o;) for 2 <i <6, then o, is (T», ;) — bigood for all i € {1,2,...,6}.
Step 3: We repeat step 2 for oy, a3, .. ., 0.

Thus, it is easy to see that we build a permutation ¢ which is (T, ;) — bigood for all i € {1,2,...,6}.

(A) (B)

Fig. 11 The two possibilities of Case 4
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From now, we shall assume that we can apply neither Claim 1 nor Claim 2 to the couple (7, x).

Under this assumption, we shall distinguish four cases.

Case 1: The vertex x has at least four neighbors.

Denote by yi,...,y,, r >4 the neighbors of x. It is easy to see that all the neighbor trees (T},), - j<rofx
must be stars. Furthermore, there exists at least one neighbor tree, for example 7;,, 1 </ <r, which is joined
to x by an end-vertex. The tree T =T \ (T,, UT,, ), (p # q,p # | and g # I), is bigood by the induction
hypothesis. And by applying the Case 3 of Lemma 10, we can extend a (7', x) — bigood permutation to a
(T, x) — bigood permutation.

Case 2: The vertex x has three neighbors.

We proceed similarly as the previous case. We observe that 7 must belong to F such that x is a basic
element of 7. Then, by applying Corollary 12, there exists a (7, x) — bigood permutation.

Case 3: The vertex x has two neighbors.

Denote by y;,y, these neighbors. We may assume that neither y; nor y; is an end-vertex, otherwise we
may apply Claim 2. Moreover, at least one neighbor tree of x, say T, is a star, otherwise we may apply
Claim 1 to the edge xy,. If T}, is also a star, then, it easily checked that, in this case, T € F and x is a basic
element of 7. Thus, the result is given by Corollary 12.

Suppose now that T, is not a star. Since we cannot apply Claim 1 to the edge xy, the neighbor tree T, of
y must be a star of center y,. Let P¢ = (¢,z,y1,x,2,a) be a path of 7. By Remark 3, there exists a
permutation ¢, o« — bigood for all o € V(Pg). In particular, o is a (T, x) — bigood permutation.

Case 4: The vertex x has one neighbor.

Call y this neighbor. Denote by z;,...,z, k> 1, the neighbors of y other than x. Let P¢ be a path of T
containing y, then we have the two possibilities of Fig.11.

If x € P (see Fig.11(A)). By Remark 3, there exists a permutation g, o — bigood for all o € V(Pg). In
particular, o is a (T, x) — bigood permutation.

If x & Pg (see Fig.11(B)). Let P¢ = (t1,21,¥,22, 12, u2) be a path of T. We present below a (7, x)-bigood
permutation ¢ = (g1,0,). We give it in the usual cyclic form, omitting the fixed points.
o = (01,02) = ((xz12u22y11), (X221 1y 2U2) ).

This completes the proof of Theorem 8.

4 Concluding remarks

If p <4, it is not possible in general to pack three copies of T'in 77 by reason of size. On the other hand, we
do not know any example of a tree T of diameter at least 5, three copies of which are not placeable into 7.
However, in several situations in the proof of Theorem 8, the permutations given use the edges of T°. So, in
order to prove that, for every tree T of diameter at least 5, there exists a 3 — placement of T into T3, we need
other technics than those used above.

According to the results obtained from the above sections, we propose these two conjectures.

Conjecture 2 Let T be a tree of order n, with Diam(T) > 5. Then there exists a 3-placement ¢ of T such
that o(T) C T°.

Conjecture 3 Let k be an integer and T a tree of order n, with Diam(T) > 2k — 1. Then there exists a k-
placement ¢ of T such that o(T) C T*.

Acknowledgements Authors gratefully thank professor Youssef Boudabbous for his constructive and important comments
that he give us in ( [2]) during the development of this work.
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