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Abstract For a connected graph G, we denote the number of connected subgraphs of G by F(G). For a tree
T, F(T) has been studied extensively and it has been observed that F(T) has a reverse correlation with
Wiener index of 7. We call F(G), the subgraph index of G. In this paper, we study the subgraph index of
unicyclic graphs and graphs with fixed number of pendant vertices. We obtain the unicyclic graphs which
extremize the subgraph index over all unicyclic graphs on n vertices. The graphs which extremize the
subgraph index among all unicyclic graphs with fixed girth are also obtained. Among all connected graphs
on n vertices with fixed number of pendant vertices, the graph which minimizes and the graph which
maximizes the subgraph index are characterized.
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1 Introduction

Throughout this paper, graphs are finite, simple, connected and undirected. Let G be a graph with vertex set
V = V(G) and edge set E = E(G). For a vertex v € V(G), Ng(v) denotes the set of all neighbours of v in G.
We denote by d(v) the degree of a vertex v € V. A tree is a connected acyclic graph. A graph G on n vertices
is said to be unicyclic if it has n edges. The girth of a graph G is the length of a shortest cycle in G. A vertex
of degree one is called a pendant vertex of G. For u,v € V| the distance between u and v in G, denoted by
dg(u,v), is the number of edges in a shortest path connecting « and v. For v € V| the distance of v, denoted
by Dg(v), is defined as Dg(v) = > dg(v,u). The Wiener index of G, denoted by W(G), is defined as the
ueV
sum of distances of all unordered pairs of vertices of G. So, W(G) =13 Dg(v).
veV
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Let N be the set of natural numbers and let fg : V — N be the function defined by vi—fg(v), where f5(v)
is the number of connected subgraphs of G containing v. The subgraph core of G, denoted by S.(G), is
defined as the set of vertices maximizing f(v). The concept of subgraph core of a graph is first defined by
Szekely and Wang in [5] for trees only. They called it as subtree core and proved some interesting results on
S.(G), when G is a tree. For a tree T, they proved that the function fr is strictly concave(see the proof of
Theorem 9.1 of [5]) and using that proved the following result.

Proposition 1.1 (/5], Theorem 9.1) The subgraph core of a tree consists of either one vertex or two
adjacent vertices.

We denote the number of connected subgraphs of G by F(G). In [5], the authors have proved some
extremization results on the number of subtrees of trees. Since then a lot has been studied for the number of
subtrees of trees (see [1-4, 6, 8, 9, 11-13]). In [14], Zhao showed some relation between the number of
subtrees and the reliability of a network with possible failure in both vertices and edges. It is also observed
that there is a reverse correlation between number of subtrees and Wiener index of trees (see [5, 6]). So, it is
quite natural to extend the study on the number of connected subgraphs for general graphs. We call the
number F(G) as the subgraph index of G.

The problem of studying the subgraph index of trees has received much attention. Many results have
been obtained so far related to the subgraph index of trees. In this paper, we study the subgraph index of
unicyclic graphs and graphs with fixed number of pendant vertices.

1.1 Main results

For n> 3, we denote by U, the set of all unicyclic graphs on n vertices and by U, , the set of all unicyclic
graphs on n vertices with girth g. For g <n, let U}, be the graph obtained by attaching n — g pendant
vertices at one vertex of the cycle C, and U,ll’g be the graph obtained by joining an edge between a pendant
vertex of the path P,_, with a vertex of C,.

In this paper we prove the following results:

Theorem 1.2 For 3<g<n, let G € U,,. Then

i 1
C2gyn+§+s)+£+4§F«H§n+£—g+1+@"L’”Gg+(g2))'

The left equality holds if and only if G = U,’l‘ . and the right equality holds if and only if G = UJ .
Theorem 1.3 Let n>7 and let G € U,,. Then
n’> +9n—16

2
The left equality holds if and only if G = U,[l,3 and the right equality holds if and only if G = Uﬁﬁ.

<F(G)<(7x2"?) +n.

Let 9, be the class of all connected graphs of order n with k pendant vertices. For 0 <k <n — 3, let P* be
the graph obtained by adding k pendant vertices to a single vertex of the complete graph K, ;.

The path [v;v, - - -v,] on n vertices is denoted by P,,. For positive integers k, [, d withn = k+ 1+ d, let
T(k, I, d) be the tree of order n obtained by taking the path P, and adding k pendant vertices adjacent to v;
and [ pendant vertices adjacent to v,. Note that 7(1, 1, d) is a path on d + 2 vertices.

Theorem 1.4 Let 0<k<n—2. Then
(i) For 0<k<n — 3, the graph PX maximizes the subgraph index over 9, Furthermore,
F(Py) = (2" = 1)(F(Kyt) = F(Kyt1)) + F(Kp i) + k.
(ii)) The tree T(1,n — 3,2) maximizes the subgraph index over 9, ,_,. Furthermore,
F(T(1,n—3,2)) =3(2"3) +n.

We define a specific subclass of graphs in §,, as follows. Let m;,m; and n be positive integers with
my,my>3 and n>my +my — 1. If n>m; +my — 1, take a path on n— (m; + my) + 2 vertices and

@ Springer



On the number of connected subgraphs of graphs 573

identify one pendant vertex of the path with a vertex of C,,, and another pendant vertex with a vertex of C,,,.
If n = m; + my — 1 then identify one vertex of C,, with a vertex of C,,. We denote this graph by C”

my,my”

Theorem 1.5 Let 0<k<n—2andlet G € S:)H‘k . Then

(i) For 2<k<n-2, F(G)>F(T(|%],[5],n—k)) and equality happens if and only if

G = T(14),5].n - 0.
(i) Fork=1, F(G)> F(Uf,_a) and equality happens if and only if G = U,’ﬁ.
(iii) For k =0,

F(C,), ifn<l16
F(G) > .
F(C35), if n>16.

. n2 n
Moreover, F(G) > min{n* + 1,571},

2 Preliminaries

We start this section with the following lemma.

Lemma 2.1 Let G be a graph and u,v € V(G) are non adjacent. Let G' be the graph obtained from G by
joining the vertices u and v by an edge. Then F(G) <F(G').

It follows from Lemma 2.1 that among all connected graph on n vertices, the subgraph index is maximized
by the complete graph K, and minimized by a tree. Among all trees on n vertices, the subgraph index is
maximized by the star K;,_; and minimized by the path P, (see [5], Theorem 3.1) with

F(Kin1)=2""4+n—-1 and F(Pn)_<n;_1). (1)

Let £y be the number of connected graphs on k vertices. Then /; can be obtained by the recurrence relation
k2() = 3 (4in2(2) (see [7], Theorem 3.10.1). So, iy = 1,hy = 1,h; =4, - - and the sequence Ay, k> 2

]
is strictly increasing. We have

F(K,) = Z(’:)h 2)

The following two lemmas are very useful.

Lemma 2.2 ([8], Proposition 1) Let G be a graph and u be a cut vertex in G. Let G; and G, be two
subgraphs of G with G = G; U G; and V(G;) N V(G,) = {u}. Then

F(G) = F(G1) + F(G2) — 1 + (fg, (u) — 1)(fg,(u) — 1).

Lemma 2.3 Let G be a graph and e = {u,v} be a bridge in G. Let Gy and G, be the two connected
components of G\ e containing u and v, respectively. Then

F(G) = F(G1) + F(G2) + f, (u)fc, (v).

Corollary 2.4 Let G and H be two connected graphs having at least 2 vertices each. Let u,v € V(G) and
w € V(H). Let Gy and G, be the graphs obtained from G and H by identifying the vertex w of H with the
vertices u and v of G, respectively. If fc(v) > fe(u) then F(G,) > F(G) and equality happens if and only if
fo(v) = fa(u).

Proof By Lemma 2.2,

F(G\) =F(G)+FH) — 1+ (fg(u) = 1)(fu(w) — 1)

and
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F(G2) = F(G) + F(H) = 1+ (fo(v) = D)(fu(w) — 1).
So
F(Gay) = F(G1) = (fu(w) = D(fe(v) — fo(u))
and the result follows since fy(w) >2. O

Let G be a connected graph on n>2 vertices. Let v be a vertex of G. For [,k >1, let Gy; be the graph
obtained from G by attaching two new paths P :vvivy---v; and Q :vujup---u; of lengths k and !

respectively, at v, where uj,us,...,u; and vy, vs,. .., v are distinct new vertices. Let Gy; be the graph
obtained by removing the edge {vy_;,vi} and adding the edge {u;,vx}. Observe that the graph ék_] is
isomorphic to the graph Gy_; ;1. We say that GkJ is obtained from Gy ; by grafting an edge.

Consider the path P, : v{v;...v, on n vertices with v; adjacent to v;_; and v;; for 2 <i<n — 1. Then for
i=1,2,...,n,

fo,(vi) = fp, (Va—ir1) = i(n + 1 — ).
So, if n is odd, then
Je,(v1) <fp,(v2) <+ <fp,(viga) > fp,(veg) > -+ > fb,(Vu=1) > fp, (V)
and if n is even, then
fe,(v1) <fp,(v2) <+ <fp,(vs) = fp,(vizz) > -+ > fp, (V1) > fp, (V).
The next result follows from the above observation and Corollary 2.4.
Corollary 2.5 If 1 <k <I, then F(Gy_1 1) <F(Gy,).

Let vi,vy,..., € V(G). We denote by fG(vi,va,...,vx), the number of connected subgraphs of G con-
taining vy, v,, . . ., . The following result compares the subgraph index of two graphs, where one is obtained
from the other by moving one component from a vertex to another vertex.

Lemma 2.6 Let H, X, Y be three connected pairwise vertex disjoint graphs having at least 2 vertices each.
Suppose that u and v are two distinct vertices of H, x is a vertex of X and y is a vertex of Y. Let G be the
graph obtained from H, X, Y by identifying u with x and v with y, respectively and let G* be the graph
obtained from H, X, Y by identifying vertices u, x, y. If fu(u) > fu(v) then F(G*) > F(G).

Proof Construct the graph G, from H and X by identifying u and x and denote the new vertex as w. Then G
and G* are the graphs obtained from G; and Y by identifying v with y and w with y, respectively. So, we
have

Jo,(w) = fx(x) + fx(x) (fu (u) — 1)
and
Jo,(v) = fu(v) + fu(u, v) (fx(x) = 1).
Thus,
Jo,(w) = fo,(v) = (fx(x) = D(fu(u) = 1= fu(u,v)) + (fx(x) + fu(u) = 1= fu(v)).

Since fu (1) > fu(v) and X has at least two vertices, so fx(x) + fy(u) — 1 — fu(v) > 0. Also as H has at least
two vertices, so fiy(u) — 1 — fy(u,v) > 0. Hence, fg, (W) — fg,(v) > 0. Since Y has at least 2 vertices, so the
result follows from the Corollary 2.4. O

The next two corollaries follow from Lemma 2.6.

Corollary 2.7 Let G be a connected graph and let {u,v} be a bridge in G such that neither u nor v be a
pendant vertex. Let G' be the graph obtained from G by identifying the vertices u and v (removing the loop)
and adding a pendant vertex y at the identified vertex of G'. Then F(G') > F(G).
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Corollary 2.8 Let G be a connected graph on n>?2 vertices and let u,v € V(G). For nj,ny >0, let
G,v(n1, 1) be the graph obtained from G by attaching n, pendant vertices at u and n, pendant vertices at v.
Let fo(u) > fc(v). If ny,ny > 1, then

F(Gu(n + na,0)) > F(Gyy(n1,m2)).
Lemma 2.9 Let G be a connected graph on n>3 vertices. Let u,v € V(G) such that fg(u,v) >2. For

I,k>1, let G (I,k) be the graph obtained from G by identifying a pendant vertex of the path P; with u and
identifying a pendant vertex of the path Py with v. Let fg(u) <fc(v). If I,k >2, then

F(G,(I+k—1,1)) <F(G,(L,k)).

Proof We have
F(G,(Lk)) = F(G) + F(P)) + F(Px) = 2+ (fo(u) = 1)(fp,(u) — 1)

+ (fo(v) = D(fe(v) = 1) + fo(u, v) (e, (u) = D) (fp.(v) — 1)
F(G' (I+k—1,1)) =F(G) + F(Prs—1) — L + (fo(u) — 1)(fp,.,, (u) — 1)
and the difference
F(G(1,K)) = F(Gl,(1+ k — 1,1))
>F(P)+ F(Py) — F(Pr—1) — 1
+ (fo(u) = 1) (fe, () = 1+ fp,(v) = 1= for,, () + 1)
+ fa(u, v) (o, (u)fp, (V) = fr,(u) = fp.(v) + 1)
=1l+k—1lk—1+fe(u,v)(k—1—k+1)
= (fo(u,v) — D)({lk—1—k+1)
>0, as [,k >2 and fg(u,v) >2.

This completes the proof. O

3 Proofs of Theorem 1.2 and Theorem 1.3

We denote the cycle on n vertices by C,. The next lemma gives the value of the subgraph index of C,.
Lemma 3.1 Let n>3 and let v € V(C,). Then F(C,) = n* + 1 and fc,(v) = 2n+ ("}").

Proof Let V(C,) ={v=vi,va,...,v,} and C, =: vivy---v,v;. The single vertices vi,vy,...,v, are n
connected subgraphs of C,. The cycle C, itself is one connected subgraph of C,. Any other connected
subgraph of C, is a path having the end vertices from vy, vs, ..., v,. If we chose any two vertices v;, v; from
Vi,V2, ..., Vp, it corresponds two paths, one in clockwise direction from v; to v; and other in anticlockwise
direction from v; to v;. So the number of such paths are 2(}). Thus we have

n
2

For 1 <i<j<n, fc,(vi) = fc,(vj). The single vertex v; is a connected subgraph of C, containing v;. The
cycle C, is also a connected subgraph of C, containing v;. All other connected subgraphs of C, containing
vy are paths with at least two vertices. The number of paths in C, containing v; as a pendant vertex is

2(n—1) and the number of paths in C, containing v; as non-pendant vertex is (";1) Thus

F(Cn):n+1+2<):n2+1.

an (Vl) =2n-+ (”;l). O
For 3<g<n, U,4(T,Ts,...,T,) denotes the unicyclic graph on n vertices containing the cycle C, =:
12---gl and trees Ty, Ty, ..., Tg, where T; is a tree on n; + 1 vertices containing the only vertex i of C, with

n;>0fori=1,2,...,¢g and g + > n; = n. Then clearly, U, (T, T, ..., ;) € Up,.
If 7; is a star on n — g + 1 vertices for some i = 1,2,..., g, then U, 4(T,T>,...,T,) = U,’;Ag. The graph
UL , 1s popularly known as pineapple graph. If T; is a path on n — g + 1 vertices with i as one of its pendant
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vertex for some i =1,2,...,g, then U, (T, T>,...,T;) = U,llﬁg. The graph Ui,g is popularly known as
lollipop graph.

Lemma 3.2 Let U, (T, T»,...,Ty) be a unicyclic graph defined as above. Then
F(Ung(PnlJrlv e ang+1)) SF(Un,g(Tla BERD Tg)) SF(Un-,g(Klynw .- '7K1-,ng))7

where K ,, is the star on n; 4+ 1 vertices with center at i and P, 1 is the path with i as one of its pendant
vertex.

Proof Consider the unicyclic graph U, (T}, 75, ..., Ty). Fori € {1,2,..., g}, suppose 7; is not a star with
center at i. Then the vertex i must be adjacent to a vertex, say v of 7; of degree at least 2. Identify the vertices
i and v and add a pendant vertex at i. Continue this operation till 7; becomes K ,, with center at i. By
Corollary 2.7, in each step of this the subgraph index will increase. Continuing this, we get the unicyclic
graph U, ¢(Kin,s- - Kin,). S0, F(Upg(T1, .., Tg)) S F(Upg(Kipy, - -+ Kin,)) and the equality happens if
and only if Ung(Tl, ceay Tg) = Un,g(Kl,nl g o ~7Kl,ng)~

For the other inequality, suppose T; is not a path with i as one of its pendant vertex. Then by using the
grafting of edge operation, we can make 7; a path with i as one of its pendant vertex. By Corollary 2.5, in
each step of this, the subgraph index will decrease. Continuing this, we get the unicyclic graph
Ung(Pnys1s -+ Prgi1)). SO, F(Upg(Pryits - -+ Prgi1)) SF(Upng(Th, - -, T,)) and the equality happens if and
only if U, (T1,...,Tg) =2 Upg(Pn 11, - -, Pn,+1). This completes the proof. O

Proof of Theorem 1.2: 1f g = n, then C, is the only graph in U/, , and by Lemma 3.1, the result follows.
So, consider 3 < g <n.

Any unicyclic graph on n vertices with girth g is isomorphic to U, (71, T>,...,T,) for some trees
Ty,...,Tg. Then by Lemma 3.2, F(G) < F(U,¢(K1,,- -, Ki,,)) and equality happens if and only if G =
Ung(Kins- - Kin,). If exactly one vertex on the cycle of U, ¢(Ki s, ..., K1,,) has degree greater than 2
then U, ¢ (Kin,,- - - Kin,) = U . Otherwise, let i and j be two vertices on the cycle of Ung(Kings- - Kin,)
of degree greater than 2. Without loss of generality, let fy, (ki ...k, () Zfv, (K1, K1) (1) Move the
pendant vertices from the vertex j to the vertex i. Continue this till exactly one vertex on the cycle of
Ung(Kipnys - Kin,) has degree greater than 2. Then by Corollary 2.8, F(U,¢(Kin,, - - - K1) <F(US,)
and equality happens if and only if U, ¢(Ki ;- -, Kin,) = Ul

Let w be a central vertex of K ,,. Then fx,,(w) = 2. let u be the vertex in U} , with degree at least 3.
Then by Lemma 2.2,

F(U},) = F(C) + F(King) = 1+ (fc,(u) = D(fi,, () = 1)

1
_ 2 n—g g_l n—g
=g +14+2"8+n—-—g—-1+4+|2g+ ) —1)(2"%-1) (3)

—1
_n+g2g+1+(2"gl)<2g+(g2 >)

Similarly, by Lemma 3.2, F(G)> F(U,g(Pn +1,---,Pn,+1)) and equality happens if and only if G =
Ung(Pui+15 -+ Pn,11). If exactly one vertex on the cycle of U, (P, +1,...,Py41) has degree 3 then
Ung(Pnys1s- -5 Pogy1) & U,’Lg. Otherwise let i and j be two vertices on the cycle of Uy, ¢(Pp, 41, - - - Pn,+1) Of
degree 3. Without loss of generality, let fy, (p, .7, 1) () <fu, (P, 1...P.,.1) ()- Replace both the paths at i
and j by a single path at i on n; +n; + 1 vertices. Continue this till exactly one vertex on the cycle of
Ung(Pn 415 - -+ Pn,y1) has degree 3. Then by Lemma 2.9, F(U,4(Py 115 - -, Pr1)) > F(U,llﬁg) and equality
happens if and only if U, ¢(Pp, 11, ..., Ppt1) U,’,_’g.
Furthermore, let u be the only degree 3 vertex of Ufhg. Then by Lemma 2.2,

F(U,,) = F(Co) + F(Pyg1) — 1+ (fe,(u) = 1)(fp, .. (v) = 1)
:g2+1+<n_§+2>—1+(2g+<g;1)—1>(n—g) ()

-
= (Tg)(n+g2+3)+g2+l.
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This completes the proof. O
The corresponding reverse correlation of Theorem 1.2 with the Wiener index is the following:

Theorem 3.3 ([10], Theorem 1.1) For 3 < g <n, among all unicyclic graphs on n vertices with girth g, the
Wiener index is minimized by the graph U7, and maximized by the Ufl’g.

Proposition 3.4 Let G be a pineapple graph on n > 4 vertices. Then F(G) < (7 x 2"=3) + n with equality
happens if and only if G = Uy, ;.

Proof We first compare F(U?,) and F(Uy,,.,) for 3<g<n — 1. By (3), we have

and

F(ULe) =n+(g+ 17 =g+ D+1+ " =1 (2+2+(5))

—n+@ g1+ - (2424 (i))

So, the difference

F(Uy,) = F(Uy,.1)
= —2g+ (2" — 1)<2g—|— <g; 1)) _ (et 1)<2g+2+ @)
— (g~ 2t [HEET)

—¢-1(8
(g—1) 5
>0, since g>3 and n > g.

This implies U” ; has the maximum subgraph index among all pineapple graphs on n >4 vertices and the
result follows from (3) . O

The following result compares the subgraph index of lollipop graphs.

Proposition 3.5 Let 3 < g<n and let gy be the largest positive integer such that 3%%00” <n. Let G be a
lollipop graph on n vertices with girth g. Then

F(U1[13) < F(G) < F(Uiﬁg(ﬁ'l)

with left equality happens if and only if G = U;lz,3 and right equality happens if and only if G = U’
Proof By (4), we have

,8ot+1°

n—g
F(U,,) = (T>( +g24+3)+g +1

and
F(U! _ n—g—1 2 2
(Upgs1) = — (n+g +2g+4)+g +2g+2.

So the difference

n—g n+g>+2g+4
F(Up,) —F(U,,) = (2g+1)( 3 )— < 5 +2g+1
_ 2¢n— (3¢ —g+2)
- . .
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Suppose 2gn — (3g> — g +2) = 0. Then 3g> — (2n+ 1)g +2 = 0 which implies g = @nii)+ 6(2”1)2724.

But g is an integer so (2n + 1) — 24 must be a perfect square. This implies 2n + 1 =7 or 5, which is a
contradiction as n>4. So either F(U11g+l) F(U! ¢) >0 or F( MH) F(U[ ) <O.
Let go be the largest integer such that 272 <n. Then among all lolhpop graph with 3 <g<n, the

subgraph index is maximized by the graph U, , ., and minimized by the graph U, 3 or Un ._1- But
; n—3
F(U,5) = 5 (n+9+3)+9+1
and
I 1 2 2
F(U,,) zi(n—é—(n— D"+3)+(n—-1)"+1.
So the difference F(U},_,) — F(U.3) = (n —3)(n —4) > 0 for n>5. Hence the result follows. O

The graphs U} ; and Cy are the only elements of Uy and F(Cy) = 17 <18 = F(U, 3). For n =5 and 6, by
Theorem 1.2 and Proposition 3.4, Ul , maximizes the subgraph index. By Theorem 1.2 and Proposition 3.5

the subgraph index is minimized by U, or C, over U,. We have F(Cs) =26<27 = F(U3) So, Cs
minimizes the subgraph index over Us. Also F(Cg) =37 = F(Uj ), so both the graphs Cs and Ug,
minimizes the subgraph index over Us.

Proof of Theorem 1.3: Given n>"7. By Theorem 1.2 and Proposition 3.4, the graph Up maximizes the
subgraph index over U, and F(Uy ;) = (7 x 2" %) +n.

Also by Theorem 1.2 and Proposition 3.5, the subgraph index is minimized by U, n3 or Gy over U,. We
have F(C,) = n> + 1 and F(U! ;) = 2216 S0 F(C,) — F(U! ;) = “=2+18 > 0 as n>7. This completes
the proof. ' O

We end this section with the result corresponding to Theorem 1.3 associated with Wiener index.

Theorem 3.6 ([10], Corollary 1.2) Among all unicyclic graph on n > 6 vertices the lollipop graph U’ u3 has
the maximum Wiener index and the pineapple graph U,’; 5 has the minimum Wiener index.

For n = 4, the graphs Uy ; and C, are the only elements of Uy and W(Cy) = 8 = W(Uj 3). Over Us, the
maximum Wiener index is attained by U5 5 and the minimum Wiener index is attained by both the graphs

Us, and Cs with W(Cs) = 15 = W(US ).

4 Proofs of Theorem 1.4 and Theorem 1.5

Let $,, be the class of all connected graphs of order n with k pendant vertices. If k = n, then n = 2 and
Oui = {K2}. If k =n—1thenn>3and $,, = {K1, 1}. For n = 3, either k = 0 (Cj is the only graph in
this case) or k = 2 (K > is the only graph in this case). So, we assume that 0 <k <n — 2 and n>4.

Proof of Theorem 1.4:

(i) LetG e 9, andletvy,v,,..., v, be the non-pendant vertices of G. Assume that G%Pﬁ. It is enough
to show that F(P¥) > F(G).
If the induced subgraph G[vi,va,...,v,—] is not complete, then form a new graph G’ from G by
joining all the non-adjacent non-pedant vertices of G with new edges. If the induced subgraph
G[vi,v2, ..., Vu_] is complete, the take G' = G. Then G’ € §,,; and by Lemma 2.1, F(G') > F(G). If
G' = P! then G’ # G and in that case F(G') > F(G). Otherwise, G’ has at least two vertices of degree
greater than or equal to n — k. Form a new graph G” from G’ by moving all the pendant vertices to one
of the vertex vy, v, ..., v, following the pattern mentioned in the statement of the Corollary 2.8.
Then G” 2 P¥ and by Corollary 2.8, F(G") > F(G') > F(G).
For any vertex v of the complete graph K, fx, (v) = F(K,) — F(K,—1). Also we know, F(K;;) =
2F + k and fx,, (u) = 2F where u is the non-pendant vertex of K. Let w be the vertex of P with
which k pendant vertices are adjacent. Then

@ Springer



On the number of connected subgraphs of graphs 579

Kiw) =1+ (i, () = D(fk, (w) — 1)
Kl-,k) +fKn—k (W)le.k (W) _fank (W) _le,k (W)
= (2k - 1)(F(Kn7k) - F(ankfl)) + F(ank) + k.

(i) Let G€9,,_,. Then G is isomorphic to T(k, [, 2) for some k,/>1. If k,1>?2 then form the tree
T(1l,n—3,2) from G by moving pendant vertices from one vertex to other following the pattern
mentioned in the statement of the Corollary 2.8. Then F(T(1,n—3,2)) > F(G) and also
F(T(1,n—3,2)) =3 +2"3%+n—3+42"2=3(2"3) + n. This completes the proof.

O

Let T, x denote the subclass of $,,;, consisting of all trees of order n with k, 2 <k <n — 2, pendant vertices.
By Theorem 1.4(ii), the tree T(1,n — 3,2) has the maximum subgraph index over T, 2. We next prove
this result for 2 <k <n — 3. To do this, we first define the following tree.

Let T, be the tree of order n that has a vertex v of degree k and T, — v = rP,1 U (k— r)Pq, where
g =] and r = n — 1 — kq. Here, we have 0 <r<k.

Theorem 4.1 For 2 <k <n — 3, the tree T, maximizes the subgraph index over I, . Furthermore,

F(T,0) = (g + 2 (g + 1) U DEE20),
Proof 1f k = 2 then P, is the only tree in I, and the result is true. So assume k> 3. Let T € T, be a tree
with maximum subgraph index over T, .

Claim : There is a unique v € V(T) with deg(v) > 3.

Let there be two vertices u,v € V(T) with deg(u) =n; >3, deg(v)=ny>3. Let Nr(u)=
{ur,uz,...,uy, } and Ny(v) = {vy,va,...,v,, } where u; and v; lie on the path joining u and v (#; may be
v and v may be u). Let T} be the largest subtree of T containing u, us, u3, . . ., ,,—; but not u;,u,, and T, be
the largest subtree of T containing v, v;, vs, ..., V,,—1 but not vi,v,,. We rename the vertices u € V(7T;) and
veV(T,) by u and V', respectively. Let H be the connected component of T\
{uz,uz, ..., Uy, —1,V2,V3,...,Vy,_1 } containing u and v. Then H,T, and T, are trees having at least 2
vertices each. Without loss of generality, let f(u) > fy(v). Construct a tree T’ from H, T; and T, by
identifying the vertices wu,u’,v. Clearly T’ € T,; and by Lemma 2.6, F(T') > F(T), which is a
contradiction. This proves the claim.

So, the connected components of 7 — v are all paths and deg(v) = k. Suppose T2T, . Then there exist
two paths P:vv;-v, and Q :vu;...u, attached at v in T with |l; — | = o >2. By grafting an edge
operation, we can construct a tree T € T, x from T such that the difference of the lengths between P and Q in
T is o — 1. Then by Corollary 2.5, F(T) > F(T), which is a contradiction. So, T, is the only tree which
maximizes the subgraph index over I, x. This completes the first part of the proof.

For [>2 and ¢ > 1, let T} be the tree on lg + 1 vertices with / pendant vertices having one vertex v of
degree [ and T/ — v = IP,. We will first find the value of F(7}) and use that to get the value of F(7,). In
this context, we denote the path on ¢ + 1 vertices by T7. For a pendant vertex v of T}, fT]q(v) =gqg+ 1. For

122, fro(v) =fro, (v) +afrs (v) = (g + 1)fzs (v). So, we get fra(v)=(q+ 1)" for {>1. Then by
Lemma 2.3

Ugr1l Vg vy vy uy us Ug—1  Ug
— 0o a\ S @i ;

r : k—r
...................... —o
0 e —& 8 ceeennn — o

Fig. 1 The tree T,
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F(T}) = F(T.) + F(Py) + afrs (v)
q(q+1)
2

Solving this recurrence relation, we get F(T}) = (¢ + 1)(% +(g+ D).

For the tree T,;, we have n—1=kg+r, 0<r<k. When r =0, T,; is isomorphic to T,f and
F(Tu) = (q+ DE+ (g + 1)) = (g + 1) + 448,

For 1 <r<k, let v be the vertex of degree k in T, x. Then by Lemma 2.2, we have

F(Tox) = F(T) + F(T{,) = 1+ (fn (v) = D(frs (v) = 1)

= (q+2)(w+ (q+2)r_l> + (g + 1)<M+ (g + l)k_r_]> -1

=F(T])) + +q(g+1)""

2 2
+((@+2) =g+ 1) =1)

=(q+2)(g+ 1" +w.

This completes the proof. O

The above result is proved by Zhang et al. in [12] (see Corollary 5.3) but this proof is different. We also
explained the counting for F(T,). The following is an important result in the study of minimizing the
subgraph index over 9, ..

Theorem 4.2 ([3], Theorem 1) For 2 <k <n — 2, the tree T(|%], [£], n — k) minimizes the subgraph index
over I, ;. Further

F(T(L

k, k (n—k—1)25 428 k4 ("~
EJ’[E—I’ - ))_{

];71), if k is even
3(n—k— 127 +28 4k + ("5, if kis odd.
Proof of Theorem 1.5 (i) and (ii):

(i) LetG € 9,;. Construct a spanning tree G’ from G by deleting some edges. Clearly F(G') < F(G). The

number of pendant vertices of G’ is greater than or equal to k. Suppose G’ has more than k pendant
vertices. Since k>2, G’ has at least one vertex of degree greater than 2.
Consider a vertex v of G’ with d(v) >3 and two paths P;,, P;, with [; > [, attached at v. Using grafting
of edge operation on G', we will get a new tree G with number of pendant vertices one less than the
number of pendant vertices of G’ and by Corollary 2.5, F(G) <F(G'). Continue this process till we
get a tree with k pendant vertices from G. By Corollary 2.5, every step in this process the subgraph
index will decrease. So, we will reach at a tree of order n with k pendant vertices and the result follows
from Theorem 4.2.

(i) LetG € 9,;. Since G is connected and has exactly one pendent vertex, it must contain a cycle. Let C,
be a cycle in G. If G has more than one cycle, then construct a new graph G’ from G by deleting edges
from all cycles other than C, so that the graph remains connected. Clearly F(G') <F(G) and G’ is a
unicyclic graph on n vertices with girth g. By Proposition 3.5, F (Uiﬁ) < F(G’) and equality happens
if and only if G’ = U! ;. As Ul ; € $,,, so the result follows.

O

The only case left in the problem of minimizing the subgraph index over 9, is when k = 0. For k =0, n
must be at least 3. The cycle C; is the only element of ;. With respect to isomorphism, there are only
three connected graphs on 4 vertices without any pendant vertex. It can be easily checked that C4 has the
minimum subgraph index over §, . For the rest of this section, # is at least 5. The next lemma compares the
subgraph index of Cj 5 and C,.

Lemma 4.3 Forn>6, F(C,) <F(C33) if and only if n<16.
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Proof For n=6, let v and w be two vertices of C3; with d(v) = d(w) = 3. Then F(C$;) = F(C3) +
F(C3) + fc,(v)fc,(w) > 37 = F(C,). For n > 7, let v be a vertex of one of the 3-cycles with degree 3 and let
w be the vertex adjacent to v but not in that 3-cycle of C3;,. Then

F(C}) = F(C3) + FUL33) +fe, 0)fyr (w)
— 10+ <";—6)(n+9)+ 10+ 7(n + 1)

_n2—|—17n
o 2

So, F(C53) — F(C,) = "ZJF% —n*—1= 17”%”2’2 > 0 if and only if n < 16. This completes the proof. [
Lemma 4.4 Let my,my >3 be two integer and let n = my + my — 1. Then F(C,) <F(C" ).

miy,my

Proof Let v be the vertex of degree 4 in C Then

my,my”

F(Cym) = F(Cn) + F(Cy) =1+ (fc,, (V) = D e, (v) = 1)

-1 —1
_m’f’+1+m§+11+<2m1+<m12 )1)(2m2+<m22 >1)

Zm% +m§ + 14+ 4dmym,.

So, the difference F(C? ) — F(C,) >2mimy + 2my +2m; — 1 > 0. O

my,my

Corollary 4.5 Let my,my; >3 be two integer and let n =m; +my — 1. Let G € Sj,,,o with C;l117m2 as a
subgraph of G. Then F(G) > F(C,).

Lemma 4.6 Let u be the pendant vertex and v be a non-pendant vertex of the unicyclic graph U,[l_’ o Then

for () <fur (v).
Proof Let g be the vertex of degree 3 in U,IL ¢ and let g 4 1 be the vertex adjacent to g not on the g-cycle of
U,[l’g. Then

for (u) =fp,_,(u) +fc,(g)-

ng

If v is a vertex on the cycle C, of Ui_g, then

Jur, ) =fe,(v) + fe, (v, 8)fp, (8 + 1)
and if w is a non pendant vertex of U,’q,g which is not on the cycle then

fo, (W) = fo,_ (W) +fc (&), (8 + 1, w).

ng

Since fp, (¢ + 1) =fp,_ (1) and fp,_ (W) > fp,_ (1), sO
Jur, ) = for (u) = fp,_, ()(fc,(v.8) = 1) > 0.

ng

fo,, W) =fur () = fo, (W) = fp, () +fc, (&) (fp, (g +1,w) = 1) > 0.

ng

The next corollary follows from Lemma 4.6 and Corollary 2.4.

Corollary 4.7 Let u be a vertex of a connected graph G on at least two vertices. Suppose v is the pendant
vertex of Ui,x and w is a non-pendant vertex of Ui Let Gy be the graph obtained from G and Ui_g by
identifying u with v and G, be the graph obtained by identifying u with w. Then F(G,) <F(G,).

Proposition 4.8 Let G € 9, with at least one cut-vertex. Suppose C,, . withm; +my —1=nisnota

subgraph of G. Then F(G) > F(C" ) for some g1,g> >3 and the equality holds if and only if G = G

81,82 1,82°

Proof Since G has a cut-vertex and no pendant vertices, so G contains two cycles with at most one
common vertex. Let Cy, and Gy, be two cycles of G with at most one common vertex. Since C,, . with
m; +my — 1 = n is not a subgraph of G, so g; + g» <n. Clearly G has at least n + 1 edges.
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If G has exactly n + 1 edges, then there is no common vertex between C, and C, and G = Cy, .. So, let
G has at least n + 2 edges. Suppose |E(G)| =n + k, where k>2. Choose k — 1 edges {ej,...,ex_1} C
E(G) such that e¢; € E(Cy,)UE(C,,), i=1,...,k—1 and G\ {ey,...,ex_1} is connected. Let G| =
G\ {ey,...,ex—1} (G; may have some pendant vertices). Then F(G;) <F(G). If G| has no pendant vertices
then G| = C;’l .

Let G; has some pendant vertices. Then for some /<n, Cé . subgraph of G,. By grafting of edges
operation(if required), we can form a new graph G, from Gl where G, is isomorphic to the graph obtained

by attaching paths to different vertices of C, . Then by Corollary 2.5, F(G,) <F(G). If there are paths

attached to more than one vertex of C' éh ¢ 11 G2, then using the graph operation as mentioned in Lemma 2.9,
form a new graph G; from G,, where G5 has exactly one path attached to Ci,hgz. Then by Lemma 2.9,
F<G3) <F(G2).

Let the path attached to the vertex u in Céhgz of G3. Then we have two cases:

Case-1: u € V(C,,) UV(C,,)

Without loss of generality, assume that u € V(C,,). Then the induced subgraph of G3 containing the
vertices of C,, and the vertices of the path attached to it, is the graph UII,’gl for some p > g;. Let v be the
pendant vertex of U;,gl- Since the two cycles Cy, and C,, have at most one vertex in common, so we have

two subcases:

Subcase-1: V(Cq,) N V(Cy,) = {w}

Let H; be the induced subgraph of G; containing the vertices {V(Gs) \ V(U, gl)} U {w}. Clearly H; is
the cycle C,,. Then identify the vertex v of U;%gl with the vertex w of H; to form a new graph G4. By
Corollary 4.7, F(Gs) <F(G3) and Gy is the graph Cj, .

Subcase-2: V(C,,) NV(Cy,) =0

Let H, be the induced subgraph of G; containing the vertices V(G3) \ V(U,, gl) In G5 exactly one vertex
wy € U]lm,1 adjacent to exactly one vertex w, of H,. Form a new graph Gs from G3 by deleting the edge
{wi, w2} and adding the edge {v,w>}. By Corollary 4.7, F(Gs) <F(Gs) and Gs is the graph Cy .

Case-2: u ¢ V(Cq,) UV(C,,)

Let w be the pendant vertex of Gz and let w3 be a vertex in Cél‘ , Of G3 adjacent to u. Form a new graph
G from G5 by deleting the edge {u, w3} and adding the edge {w, w3 }. By Corollary 4.7, F(G¢) < F(G3) and
G is the graph Cj; . This completes the proof. O

Lemma 4.9 Let u be a vertex of a connected graph G For m>4, let G| be the graph obtained by
identifying the vertex u of G with the pendant vertex of U,, +1 m and Gy be the graph obtained by identifying

the vertex u with the pendant vertex of U, | 5. Then F(G,) <F(G)).

Proof We have

F(G1) = F(G) + F(Uypyy,) — 1+ (fo(w) = D(fyr | (u) = 1)
F(Gy) = F(G) + F(U,,3) — 1+ (fo(u) = V)(fyr | (u) = 1).
By Proposition 3.5, F(U, ;) <F(U.,, ). So, the difference
F(G\) = F(G2) > (folu) = )y () =fr (1))
—(fc(u)—1)<1+2m+<m2 m+2—7)

)-
~ otw) = D (m-4+ ("3 "))

>0

O

Corollary 4.10 Let my,my >3 be two integers and let my +my <n. Then F(C, ,)>F(C;;) and
equality happens if and only if m; = my = 3.
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Proposition 4.11 Let G be a 2-connected graph on n>5 vertices. Then F(G) > F(C,) and the equality
holds if and only if G == C,.

Proof Let g be the circumference (length of the longest cycle) of G. Let C, be a g-cycle in G. Then every
connected subgraph of Cy is also a connected subgraph of G. If g = n and G is not isomorphic to C,, then G
has at least n + 1 edges. In this case clearly F(G) > F(C,).

If ¢ = n — 1 then the number of connected subgraphs of C, is equal to (n — 1)2 + 1. Let v be the vertex of
G not on the cycle C, of G. Since G is 2-connected, so v is adjacent to at least two vertices of Cy. Let u be a
vertex of C, such that {u, v} is an edge in G. Then C, U {u, v} is a connected subgraph of G. By Lemma 3.1,
the number of connected subgraphs of C,U{u,v} containing {u,v} is 2(n—1)+ (”;2). So,
F(G)>m—17+1+42(n—1)+ ("}%) >n> +1=F(C,).

If g <n — 2 then at least two vertices of G are not on the cycle C,. Since G is 2-connected, so for every
pair of distinct vertices u,v € V(G) \ V(C,) there exists at least two distinct paths in G with u and v as
pendant vertices. Each of these paths is a connected subgraph of G. Apart from these subgraphs, also for
every v € V(G) \ V(C,) there exists a w € V(C,) such that there is a path joining v and w. This path
together with C, gives a subgraph of G with v as a pendant vertex. Thus there are at least (n — g)(fc,(w))
more connected subgraphs in G different from the above mentioned connected subgraphs of G. Thus

FG)2F(C)+2(" %) + (1= 8)(fc,(w)

2
_ 2 g—1
=g +l+n—gh-—g-D+n-g) |2+ (",
:n2+1+@(g—3) >4 1=F(C).
The last inequality follows from the fact that g is the circumference of a 2-connected graph on n>5
vertices. Hence the result follows. O

Proof of Theorem 1.5(iii): 1If G has no cut-vertices, then by Proposition 4.11 and Lemma 4.3 the result
follows. Suppose G has a cut-vertex. If C! with m; +my — 1 = n is a subgraph of G then by Corol-

lary 4.5 and and Lemma 4.3 the result follows. If Chym, Withmy +my — 1 = n is not a subgraph of G then
by Proposition 4.8, Corollary 4.10 and Lemma 4.3, the result follows. U
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