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Abstract For a connected graph G, we denote the number of connected subgraphs of G by F(G). For a tree
T, F(T) has been studied extensively and it has been observed that F(T) has a reverse correlation with
Wiener index of T. We call F(G), the subgraph index of G. In this paper, we study the subgraph index of
unicyclic graphs and graphs with fixed number of pendant vertices. We obtain the unicyclic graphs which
extremize the subgraph index over all unicyclic graphs on n vertices. The graphs which extremize the
subgraph index among all unicyclic graphs with fixed girth are also obtained. Among all connected graphs
on n vertices with fixed number of pendant vertices, the graph which minimizes and the graph which
maximizes the subgraph index are characterized.

Keywords Tree � Unicyclic graph � Girth � Subtree core � Wiener index
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1 Introduction

Throughout this paper, graphs are finite, simple, connected and undirected. Let G be a graph with vertex set
V ¼ VðGÞ and edge set E ¼ EðGÞ: For a vertex v 2 VðGÞ; NGðvÞ denotes the set of all neighbours of v in G.
We denote by d(v) the degree of a vertex v 2 V . A tree is a connected acyclic graph. A graph G on n vertices
is said to be unicyclic if it has n edges. The girth of a graph G is the length of a shortest cycle in G. A vertex
of degree one is called a pendant vertex of G. For u; v 2 V ; the distance between u and v in G, denoted by
dGðu; vÞ, is the number of edges in a shortest path connecting u and v. For v 2 V ; the distance of v, denoted
by DGðvÞ, is defined as DGðvÞ ¼

P

u2V

dGðv; uÞ: The Wiener index of G, denoted by W(G), is defined as the

sum of distances of all unordered pairs of vertices of G. So, WðGÞ ¼ 1
2

P

v2V

DGðvÞ:
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Let N be the set of natural numbers and let fG : V ! N be the function defined by v 7!fGðvÞ, where fGðvÞ
is the number of connected subgraphs of G containing v. The subgraph core of G, denoted by ScðGÞ; is
defined as the set of vertices maximizing fGðvÞ: The concept of subgraph core of a graph is first defined by
Szekely and Wang in [5] for trees only. They called it as subtree core and proved some interesting results on
ScðGÞ; when G is a tree. For a tree T, they proved that the function fT is strictly concave(see the proof of
Theorem 9.1 of [5]) and using that proved the following result.

Proposition 1.1 ([5], Theorem 9.1) The subgraph core of a tree consists of either one vertex or two
adjacent vertices.

We denote the number of connected subgraphs of G by F(G). In [5], the authors have proved some
extremization results on the number of subtrees of trees. Since then a lot has been studied for the number of
subtrees of trees (see [1–4, 6, 8, 9, 11–13]). In [14], Zhao showed some relation between the number of
subtrees and the reliability of a network with possible failure in both vertices and edges. It is also observed
that there is a reverse correlation between number of subtrees and Wiener index of trees (see [5, 6]). So, it is
quite natural to extend the study on the number of connected subgraphs for general graphs. We call the
number F(G) as the subgraph index of G.

The problem of studying the subgraph index of trees has received much attention. Many results have
been obtained so far related to the subgraph index of trees. In this paper, we study the subgraph index of
unicyclic graphs and graphs with fixed number of pendant vertices.

1.1 Main results

For n� 3; we denote by Un the set of all unicyclic graphs on n vertices and by Un;g the set of all unicyclic
graphs on n vertices with girth g. For g� n, let Up

n;g be the graph obtained by attaching n� g pendant

vertices at one vertex of the cycle Cg and Ul
n;g be the graph obtained by joining an edge between a pendant

vertex of the path Pn�g with a vertex of Cg.
In this paper we prove the following results:

Theorem 1.2 For 3� g� n; let G 2 Un;g: Then

n� g

2

� �
ðnþ g2 þ 3Þ þ g2 þ 1�FðGÞ� nþ g2 � gþ 1þ ð2n�g � 1Þ 2gþ g� 1

2

� �� �

:

The left equality holds if and only if G ffi Ul
n;g and the right equality holds if and only if G ffi Up

n;g.

Theorem 1.3 Let n� 7 and let G 2 Un: Then

n2 þ 9n� 16

2
�FðGÞ� ð7� 2n�3Þ þ n:

The left equality holds if and only if G ffi Ul
n;3 and the right equality holds if and only if G ffi Up

n;3.

Let Hn;k be the class of all connected graphs of order n with k pendant vertices. For 0� k� n� 3, let Pk
n be

the graph obtained by adding k pendant vertices to a single vertex of the complete graph Kn�k.
The path ½v1v2 � � � vn� on n vertices is denoted by Pn. For positive integers k, l, d with n ¼ k þ lþ d, let

T(k, l, d) be the tree of order n obtained by taking the path Pd and adding k pendant vertices adjacent to v1

and l pendant vertices adjacent to vd. Note that T(1, 1, d) is a path on d þ 2 vertices.

Theorem 1.4 Let 0� k� n� 2: Then

(i) For 0� k� n� 3; the graph Pk
n maximizes the subgraph index over Hn;k: Furthermore,

FðPk
nÞ ¼ ð2k � 1ÞðFðKn�kÞ � FðKn�k�1ÞÞ þ FðKn�kÞ þ k:

(ii) The tree Tð1; n� 3; 2Þ maximizes the subgraph index over Hn;n�2: Furthermore,

FðTð1; n� 3; 2ÞÞ ¼ 3ð2n�3Þ þ n:

We define a specific subclass of graphs in Hn;0 as follows. Let m1;m2 and n be positive integers with
m1;m2� 3 and n�m1 þ m2 � 1: If n [ m1 þ m2 � 1; take a path on n� ðm1 þ m2Þ þ 2 vertices and
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identify one pendant vertex of the path with a vertex of Cm1
and another pendant vertex with a vertex of Cm2

:
If n ¼ m1 þ m2 � 1 then identify one vertex of Cm1

with a vertex of Cm2
: We denote this graph by Cn

m1;m2
.

Theorem 1.5 Let 0� k� n� 2 and let G 2 Hn;k . Then

(i) For 2� k� n� 2; FðGÞ�FðTðbk
2
c; dk

2
e; n� kÞÞ and equality happens if and only if

G ffi Tðbk
2
c; dk

2
e; n� kÞ:

(ii) For k ¼ 1; FðGÞ�FðUl
n;3Þ and equality happens if and only if G ffi Ul

n;3:
(iii) For k ¼ 0;

FðGÞ�
FðCnÞ; if n� 16

FðCn
3;3Þ; if n [ 16:

(

Moreover, FðGÞ� minfn2 þ 1; n2þ17n
2
g:

2 Preliminaries

We start this section with the following lemma.

Lemma 2.1 Let G be a graph and u; v 2 VðGÞ are non adjacent. Let G0 be the graph obtained from G by
joining the vertices u and v by an edge. Then FðGÞ\FðG0Þ:
It follows from Lemma 2.1 that among all connected graph on n vertices, the subgraph index is maximized
by the complete graph Kn and minimized by a tree. Among all trees on n vertices, the subgraph index is
maximized by the star K1;n�1 and minimized by the path Pn (see [5], Theorem 3.1) with

FðK1;n�1Þ ¼ 2n�1 þ n� 1 and FðPnÞ ¼
nþ 1

2

� �

: ð1Þ

Let hk be the number of connected graphs on k vertices. Then hk can be obtained by the recurrence relation

k2
k
2ð Þ ¼

P

i

k
i

� �
ihi2

k�i
2ð Þ (see [7], Theorem 3.10.1). So, h1 ¼ 1; h2 ¼ 1; h3 ¼ 4; � � � and the sequence hk; k� 2

is strictly increasing. We have

FðKnÞ ¼
Xn

i¼1

n

i

� �
hi: ð2Þ

The following two lemmas are very useful.

Lemma 2.2 ([8], Proposition 1) Let G be a graph and u be a cut vertex in G. Let G1 and G2 be two
subgraphs of G with G ¼ G1 [ G2 and VðG1Þ \ VðG2Þ ¼ fug. Then

FðGÞ ¼ FðG1Þ þ FðG2Þ � 1þ ðfG1
ðuÞ � 1ÞðfG2

ðuÞ � 1Þ:

Lemma 2.3 Let G be a graph and e ¼ fu; vg be a bridge in G. Let G1 and G2 be the two connected
components of G n e containing u and v, respectively. Then

FðGÞ ¼ FðG1Þ þ FðG2Þ þ fG1
ðuÞfG2

ðvÞ:

Corollary 2.4 Let G and H be two connected graphs having at least 2 vertices each. Let u; v 2 VðGÞ and
w 2 VðHÞ. Let G1 and G2 be the graphs obtained from G and H by identifying the vertex w of H with the
vertices u and v of G, respectively. If fGðvÞ� fGðuÞ then FðG2Þ�FðG1Þ and equality happens if and only if
fGðvÞ ¼ fGðuÞ:
Proof By Lemma 2.2,

FðG1Þ ¼ FðGÞ þ FðHÞ � 1þ ðfGðuÞ � 1ÞðfHðwÞ � 1Þ

and

123

On the number of connected subgraphs of graphs 573



FðG2Þ ¼ FðGÞ þ FðHÞ � 1þ ðfGðvÞ � 1ÞðfHðwÞ � 1Þ:

So

FðG2Þ � FðG1Þ ¼ ðfHðwÞ � 1ÞðfGðvÞ � fGðuÞÞ

and the result follows since fHðwÞ� 2: h

Let G be a connected graph on n� 2 vertices. Let v be a vertex of G. For l; k� 1; let Gk;l be the graph
obtained from G by attaching two new paths P : vv1v2 � � � vk and Q : vu1u2 � � � ul of lengths k and l

respectively, at v, where u1; u2; . . .; ul and v1; v2; . . .; vk are distinct new vertices. Let eGk;l be the graph

obtained by removing the edge fvk�1; vkg and adding the edge ful; vkg. Observe that the graph eGk;l is

isomorphic to the graph Gk�1;lþ1. We say that eGk;l is obtained from Gk;l by grafting an edge.
Consider the path Pn : v1v2. . .vn on n vertices with vi adjacent to vi�1 and viþ1 for 2� i� n� 1: Then for

i ¼ 1; 2; . . .; n,

fPn
ðviÞ ¼ fPn

ðvn�iþ1Þ ¼ iðnþ 1� iÞ:

So, if n is odd, then

fPn
ðv1Þ\fPn

ðv2Þ\ � � �\fPn
ðvnþ1

2
Þ[ fPn

ðvnþ3
2
Þ[ � � � [ fPn

ðvn�1Þ[ fPn
ðvnÞ

and if n is even, then

fPn
ðv1Þ\fPn

ðv2Þ\ � � �\fPn
ðvn

2
Þ ¼ fPn

ðvnþ2
2
Þ[ � � � [ fPn

ðvn�1Þ[ fPn
ðvnÞ:

The next result follows from the above observation and Corollary 2.4.

Corollary 2.5 If 1� k� l; then FðGk�1;lþ1Þ\FðGk;lÞ:
Let v1; v2; . . .; vk 2 VðGÞ: We denote by fGðv1; v2; . . .; vkÞ, the number of connected subgraphs of G con-
taining v1; v2; . . .; vk: The following result compares the subgraph index of two graphs, where one is obtained
from the other by moving one component from a vertex to another vertex.

Lemma 2.6 Let H, X, Y be three connected pairwise vertex disjoint graphs having at least 2 vertices each.
Suppose that u and v are two distinct vertices of H, x is a vertex of X and y is a vertex of Y. Let G be the
graph obtained from H, X, Y by identifying u with x and v with y, respectively and let G	 be the graph
obtained from H, X, Y by identifying vertices u, x, y. If fHðuÞ� fHðvÞ then FðG	Þ[ FðGÞ:
Proof Construct the graph G1 from H and X by identifying u and x and denote the new vertex as w. Then G
and G	 are the graphs obtained from G1 and Y by identifying v with y and w with y, respectively. So, we
have

fG1
ðwÞ ¼ fXðxÞ þ fXðxÞðfHðuÞ � 1Þ

and

fG1
ðvÞ ¼ fHðvÞ þ fHðu; vÞðfXðxÞ � 1Þ:

Thus,

fG1
ðwÞ � fG1

ðvÞ ¼ ðfXðxÞ � 1ÞðfHðuÞ � 1� fHðu; vÞÞ þ ðfXðxÞ þ fHðuÞ � 1� fHðvÞÞ:

Since fHðuÞ� fHðvÞ and X has at least two vertices, so fXðxÞ þ fHðuÞ � 1� fHðvÞ[ 0. Also as H has at least
two vertices, so fHðuÞ � 1� fHðu; vÞ� 0. Hence, fG1

ðwÞ � fG1
ðvÞ[ 0: Since Y has at least 2 vertices, so the

result follows from the Corollary 2.4. h

The next two corollaries follow from Lemma 2.6.

Corollary 2.7 Let G be a connected graph and let fu; vg be a bridge in G such that neither u nor v be a
pendant vertex. Let G0 be the graph obtained from G by identifying the vertices u and v (removing the loop)
and adding a pendant vertex y at the identified vertex of G0: Then FðG0Þ[ FðGÞ.
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Corollary 2.8 Let G be a connected graph on n� 2 vertices and let u; v 2 VðGÞ: For n1; n2� 0; let
Guvðn1; n2Þ be the graph obtained from G by attaching n1 pendant vertices at u and n2 pendant vertices at v.
Let fGðuÞ� fGðvÞ: If n1; n2� 1; then

FðGuvðn1 þ n2; 0ÞÞ[ FðGuvðn1; n2ÞÞ:

Lemma 2.9 Let G be a connected graph on n� 3 vertices. Let u; v 2 VðGÞ such that fGðu; vÞ� 2: For
l; k� 1; let Gp

uvðl; kÞ be the graph obtained from G by identifying a pendant vertex of the path Pl with u and
identifying a pendant vertex of the path Pk with v. Let fGðuÞ� fGðvÞ: If l; k� 2; then

FðGp
uvðlþ k � 1; 1ÞÞ\FðGp

uvðl; kÞÞ:

Proof We have

FðGp
uvðl; kÞÞ ¼ FðGÞ þ FðPlÞ þ FðPkÞ � 2þ ðfGðuÞ � 1ÞðfPl

ðuÞ � 1Þ
þ ðfGðvÞ � 1ÞðfPk

ðvÞ � 1Þ þ fGðu; vÞðfPl
ðuÞ � 1ÞðfPk

ðvÞ � 1Þ
FðGp

uvðlþ k � 1; 1ÞÞ ¼ FðGÞ þ FðPlþk�1Þ � 1þ ðfGðuÞ � 1ÞðfPlþk�1
ðuÞ � 1Þ

and the difference

FðGp
uvðl; kÞÞ � FðGp

uvðlþ k � 1; 1ÞÞ
�FðPlÞ þ FðPkÞ � FðPlþk�1Þ � 1

þ ðfGðuÞ � 1ÞðfPl
ðuÞ � 1þ fPk

ðvÞ � 1� fPlþk�1
ðuÞ þ 1Þ

þ fGðu; vÞðfPl
ðuÞfPk

ðvÞ � fPl
ðuÞ � fPk

ðvÞ þ 1Þ
¼ lþ k � lk � 1þ fGðu; vÞðlk � l� k þ 1Þ
¼ ðfGðu; vÞ � 1Þðlk � l� k þ 1Þ
[ 0; as l; k� 2 and fGðu; vÞ� 2:

This completes the proof. h

3 Proofs of Theorem 1.2 and Theorem 1.3

We denote the cycle on n vertices by Cn: The next lemma gives the value of the subgraph index of Cn:

Lemma 3.1 Let n� 3 and let v 2 VðCnÞ: Then FðCnÞ ¼ n2 þ 1 and fCn
ðvÞ ¼ 2nþ n�1

2

� �
:

Proof Let VðCnÞ ¼ fv ¼ v1; v2; . . .; vng and Cn ¼: v1v2 � � � vnv1: The single vertices v1; v2; . . .; vn are n
connected subgraphs of Cn. The cycle Cn itself is one connected subgraph of Cn. Any other connected
subgraph of Cn is a path having the end vertices from v1; v2; . . .; vn. If we chose any two vertices vi; vj from
v1; v2; . . .; vn, it corresponds two paths, one in clockwise direction from vi to vj and other in anticlockwise

direction from vi to vj. So the number of such paths are 2 n
2

� �
. Thus we have

FðCnÞ ¼ nþ 1þ 2
n

2

� �
¼ n2 þ 1:

For 1� i\j� n; fCn
ðviÞ ¼ fCn

ðvjÞ: The single vertex v1 is a connected subgraph of Cn containing v1. The
cycle Cn is also a connected subgraph of Cn containing v1: All other connected subgraphs of Cn containing
v1 are paths with at least two vertices. The number of paths in Cn containing v1 as a pendant vertex is

2ðn� 1Þ and the number of paths in Cn containing v1 as non-pendant vertex is n�1
2

� �
. Thus

fCn
ðv1Þ ¼ 2nþ n�1

2

� �
. h

For 3� g� n; Un;gðT1;T2; . . .;TgÞ denotes the unicyclic graph on n vertices containing the cycle Cg ¼:
12 � � � g1 and trees T1; T2; . . .; Tg; where Ti is a tree on ni þ 1 vertices containing the only vertex i of Cg with
ni� 0 for i ¼ 1; 2; . . .; g and gþ

P
ni ¼ n. Then clearly, Un;gðT1;T2; . . .; TgÞ 2 Un;g:

If Ti is a star on n� gþ 1 vertices for some i ¼ 1; 2; . . .; g, then Un;gðT1;T2; . . .; TgÞ ¼ Up
n;g. The graph

Up
n;g is popularly known as pineapple graph. If Ti is a path on n� gþ 1 vertices with i as one of its pendant
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vertex for some i ¼ 1; 2; . . .; g, then Un;gðT1;T2; . . .;TgÞ ¼ Ul
n;g. The graph Ul

n;g is popularly known as

lollipop graph.

Lemma 3.2 Let Un;gðT1; T2; . . .;TgÞ be a unicyclic graph defined as above. Then

FðUn;gðPn1þ1; � � � ;Pngþ1ÞÞ�FðUn;gðT1; . . .; TgÞÞ�FðUn;gðK1;n1
; . . .;K1;ng

ÞÞ;

where K1;ni
is the star on ni þ 1 vertices with center at i and Pniþ1 is the path with i as one of its pendant

vertex.

Proof Consider the unicyclic graph Un;gðT1; T2; . . .;TgÞ. For i 2 f1; 2; . . .; gg, suppose Ti is not a star with
center at i. Then the vertex i must be adjacent to a vertex, say v of Ti of degree at least 2. Identify the vertices
i and v and add a pendant vertex at i. Continue this operation till Ti becomes K1;ni

with center at i. By
Corollary 2.7, in each step of this the subgraph index will increase. Continuing this, we get the unicyclic
graph Un;gðK1;n1

; . . .;K1;ng
Þ: So, FðUn;gðT1; . . .;TgÞÞ�FðUn;gðK1;n1

; . . .;K1;ng
ÞÞ and the equality happens if

and only if Un;gðT1; . . .; TgÞ ffi Un;gðK1;n1
; . . .;K1;ng

Þ:
For the other inequality, suppose Ti is not a path with i as one of its pendant vertex. Then by using the

grafting of edge operation, we can make Ti a path with i as one of its pendant vertex. By Corollary 2.5, in
each step of this, the subgraph index will decrease. Continuing this, we get the unicyclic graph
Un;gðPn1þ1; . . .;Pngþ1ÞÞ: So, FðUn;gðPn1þ1; . . .;Pngþ1ÞÞ�FðUn;gðT1; . . .;TgÞÞ and the equality happens if and

only if Un;gðT1; . . .;TgÞ ffi Un;gðPn1þ1; . . .;Pngþ1Þ: This completes the proof. h

Proof of Theorem 1.2: If g ¼ n; then Cn is the only graph in Un;g and by Lemma 3.1, the result follows.
So, consider 3� g\n:

Any unicyclic graph on n vertices with girth g is isomorphic to Un;gðT1;T2; . . .;TgÞ for some trees
T1; . . .;Tg: Then by Lemma 3.2, FðGÞ�FðUn;gðK1;n1

; . . .;K1;ng
ÞÞ and equality happens if and only if G ffi

Un;gðK1;n1
; . . .;K1;ng

Þ: If exactly one vertex on the cycle of Un;gðK1;n1
; . . .;K1;ng

Þ has degree greater than 2

then Un;gðK1;n1
; . . .;K1;ng

Þ ffi Up
n;g: Otherwise, let i and j be two vertices on the cycle of Un;gðK1;n1

; . . .;K1;ng
Þ

of degree greater than 2. Without loss of generality, let fUn;gðK1;n1
;...;K1;ng ÞðiÞ� fUn;gðK1;n1

;...;K1;ng ÞðjÞ: Move the

pendant vertices from the vertex j to the vertex i. Continue this till exactly one vertex on the cycle of
Un;gðK1;n1

; . . .;K1;ng
Þ has degree greater than 2. Then by Corollary 2.8, FðUn;gðK1;n1

; . . .;K1;ng
Þ�FðUp

n;gÞ
and equality happens if and only if Un;gðK1;n1

; . . .;K1;ng
Þ ffi Up

n;g:

Let w be a central vertex of K1;m: Then fK1;m
ðwÞ ¼ 2m: let u be the vertex in Up

n;g with degree at least 3.
Then by Lemma 2.2,

FðUp
n;gÞ ¼ FðCgÞ þ FðK1;n�gÞ � 1þ ðfCg

ðuÞ � 1ÞðfK1;n�g
ðuÞ � 1Þ

¼ g2 þ 1þ 2n�g þ n� g� 1þ 2gþ g� 1

2

� �

� 1

� �

ð2n�g � 1Þ

¼ nþ g2 � gþ 1þ ð2n�g � 1Þ 2gþ g� 1

2

� �� �

:

ð3Þ

Similarly, by Lemma 3.2, FðGÞ�FðUn;gðPn1þ1; . . .;Pngþ1ÞÞ and equality happens if and only if G ffi
Un;gðPn1þ1; . . .;Pngþ1Þ: If exactly one vertex on the cycle of Un;gðPn1þ1; . . .;Pngþ1Þ has degree 3 then

Un;gðPn1þ1; . . .;Pngþ1Þ ffi Ul
n;g: Otherwise let i and j be two vertices on the cycle of Un;gðPn1þ1; . . .;Pngþ1Þ of

degree 3. Without loss of generality, let fUn;gðPn1þ1;...;Pngþ1ÞðiÞ� fUn;gðPn1þ1;...;Pngþ1ÞðjÞ: Replace both the paths at i

and j by a single path at i on ni þ nj þ 1 vertices. Continue this till exactly one vertex on the cycle of

Un;gðPn1þ1; . . .;Pngþ1Þ has degree 3. Then by Lemma 2.9, FðUn;gðPn1þ1; . . .;Pngþ1ÞÞ�FðUl
n;gÞ and equality

happens if and only if Un;gðPn1þ1; . . .;Pngþ1Þ ffi Ul
n;g:

Furthermore, let u be the only degree 3 vertex of Ul
n;g. Then by Lemma 2.2,

FðUl
n;gÞ ¼ FðCgÞ þ FðPn�gþ1Þ � 1þ ðfCg

ðuÞ � 1ÞðfPn�gþ1
ðvÞ � 1Þ

¼ g2 þ 1þ n� gþ 2

2

� �

� 1þ 2gþ g� 1

2

� �

� 1

� �

ðn� gÞ

¼ n� g

2

� �
ðnþ g2 þ 3Þ þ g2 þ 1:

ð4Þ
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This completes the proof. h

The corresponding reverse correlation of Theorem 1.2 with the Wiener index is the following:

Theorem 3.3 ([10], Theorem 1.1) For 3� g� n; among all unicyclic graphs on n vertices with girth g, the

Wiener index is minimized by the graph Up
n;g and maximized by the Ul

n;g:

Proposition 3.4 Let G be a pineapple graph on n� 4 vertices. Then FðGÞ� ð7� 2n�3Þ þ n with equality
happens if and only if G ffi Up

n;3:

Proof We first compare FðUp
n;gÞ and FðUp

n;gþ1Þ for 3� g\n� 1: By (3), we have

FðUp
n;gÞ ¼ nþ g2 � gþ 1þ ð2n�g � 1Þ 2gþ g� 1

2

� �� �

and

FðUp
n;gþ1Þ ¼ nþ ðgþ 1Þ2 � ðgþ 1Þ þ 1þ ð2n�g�1 � 1Þ 2gþ 2þ g

2

� �� �

¼ nþ g2 þ gþ 1þ ð2n�g�1 � 1Þ 2gþ 2þ g

2

� �� �
:

So, the difference

FðUp
n;gÞ � FðUp

n;gþ1Þ

¼ �2gþ ð2n�g � 1Þ 2gþ g� 1

2

� �� �

� ð2n�g�1 � 1Þ 2gþ 2þ g

2

� �� �

¼ �ðg� 1Þ þ 2n�g�1 gðg� 1Þ
2

� 	

¼ ðg� 1Þ 2n�g�1 g

2

� �
� 1

h i

[ 0; since g� 3 and n [ g:

This implies Up
n;3 has the maximum subgraph index among all pineapple graphs on n� 4 vertices and the

result follows from (3) . h

The following result compares the subgraph index of lollipop graphs.

Proposition 3.5 Let 3� g\n and let g0 be the largest positive integer such that
3g2

0
�g0þ2

2g0
\n: Let G be a

lollipop graph on n vertices with girth g. Then

FðUl
n;3Þ�FðGÞ�FðUl

n;g0þ1Þ

with left equality happens if and only if G ffi Ul
n;3 and right equality happens if and only if G ffi Ul

n;g0þ1:

Proof By (4), we have

FðUl
n;gÞ ¼

n� g

2

� �
ðnþ g2 þ 3Þ þ g2 þ 1

and

FðUl
n;gþ1Þ ¼

n� g� 1

2

� �

ðnþ g2 þ 2gþ 4Þ þ g2 þ 2gþ 2:

So the difference

FðUl
n;gþ1Þ � FðUl

n;gÞ ¼ ð2gþ 1Þ n� g

2

� �
� nþ g2 þ 2gþ 4

2

� �

þ 2gþ 1

¼ 2gn� ð3g2 � gþ 2Þ
2

:
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Suppose 2gn� ð3g2 � gþ 2Þ ¼ 0: Then 3g2 � ð2nþ 1Þgþ 2 ¼ 0 which implies g ¼ ð2nþ1Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2nþ1Þ2�24
p

6
:

But g is an integer so ð2nþ 1Þ2 � 24 must be a perfect square. This implies 2nþ 1 ¼ 7 or 5, which is a

contradiction as n� 4: So either FðUl
n;gþ1Þ � FðUl

n;gÞ[ 0 or FðUl
n;gþ1Þ � FðUl

n;gÞ\0:

Let g0 be the largest integer such that
3g2

0
�g0þ2

2g0
\n: Then among all lollipop graph with 3� g\n, the

subgraph index is maximized by the graph Ul
n;g0þ1 and minimized by the graph Ul

n;3 or Ul
n;n�1: But

FðUl
n;3Þ ¼

n� 3

2

� �

ðnþ 9þ 3Þ þ 9þ 1

and

FðUl
n;n�1Þ ¼

1

2
ðnþ ðn� 1Þ2 þ 3Þ þ ðn� 1Þ2 þ 1:

So the difference FðUl
n;n�1Þ � FðUl

n;3Þ ¼ ðn� 3Þðn� 4Þ[ 0 for n� 5: Hence the result follows. h

The graphs Ul
4;3 and C4 are the only elements of U4 and FðC4Þ ¼ 17\18 ¼ FðUl

4;3Þ: For n ¼ 5 and 6, by
Theorem 1.2 and Proposition 3.4, Up

n;g maximizes the subgraph index. By Theorem 1.2 and Proposition 3.5

the subgraph index is minimized by Ul
n;g or Cn over Un. We have FðC5Þ ¼ 26\27 ¼ FðUl

5;3Þ So, C5

minimizes the subgraph index over U5: Also FðC6Þ ¼ 37 ¼ FðUl
6;3Þ, so both the graphs C6 and Ul

6;3

minimizes the subgraph index over U6:

Proof of Theorem 1.3: Given n� 7. By Theorem 1.2 and Proposition 3.4, the graph Up
n;3 maximizes the

subgraph index over Un and FðUp
n;3Þ ¼ ð7� 2n�3Þ þ n:

Also by Theorem 1.2 and Proposition 3.5, the subgraph index is minimized by Ul
n;3 or Cn over Un: We

have FðCnÞ ¼ n2 þ 1 and FðUl
n;3Þ ¼ n2þ9n�16

2
. So FðCnÞ � FðUl

n;3Þ ¼ n2�9nþ18
2

[ 0 as n� 7: This completes

the proof. h

We end this section with the result corresponding to Theorem 1.3 associated with Wiener index.

Theorem 3.6 ([10], Corollary 1.2) Among all unicyclic graph on n� 6 vertices the lollipop graph Ul
n;3 has

the maximum Wiener index and the pineapple graph Up
n;3 has the minimum Wiener index.

For n ¼ 4, the graphs Ul
4;3 and C4 are the only elements of U4 and WðC4Þ ¼ 8 ¼ WðUl

4;3Þ: Over U5, the

maximum Wiener index is attained by Ul
5;3 and the minimum Wiener index is attained by both the graphs

Up
5;3 and C5 with WðC5Þ ¼ 15 ¼ WðUp

5;3Þ:

4 Proofs of Theorem 1.4 and Theorem 1.5

Let Hn;k be the class of all connected graphs of order n with k pendant vertices. If k ¼ n; then n ¼ 2 and
Hn;k ¼ fK2g. If k ¼ n� 1 then n� 3 and Hn;k ¼ fK1;n�1g. For n ¼ 3; either k ¼ 0 (C3 is the only graph in

this case) or k ¼ 2 (K1;2 is the only graph in this case). So, we assume that 0� k� n� 2 and n� 4.

Proof of Theorem 1.4:

(i) Let G 2 Hn;k and let v1; v2; . . .; vn�k be the non-pendant vertices of G. Assume that G�Pk
n. It is enough

to show that FðPk
nÞ[ FðGÞ.

If the induced subgraph G½v1; v2; . . .; vn�k� is not complete, then form a new graph G0 from G by
joining all the non-adjacent non-pedant vertices of G with new edges. If the induced subgraph
G½v1; v2; . . .; vn�k� is complete, the take G0 ¼ G. Then G0 2 Hn;k and by Lemma 2.1, FðG0Þ �FðGÞ: If

G0 ffi Pk
n then G0 6¼ G and in that case FðG0Þ[ FðGÞ. Otherwise, G0 has at least two vertices of degree

greater than or equal to n� k: Form a new graph G00 from G0 by moving all the pendant vertices to one
of the vertex v1; v2; . . .; vn�k following the pattern mentioned in the statement of the Corollary 2.8.

Then G00 ffi Pk
n and by Corollary 2.8, FðG00Þ[ FðG0Þ �FðGÞ.

For any vertex v of the complete graph Kn, fKn
ðvÞ ¼ FðKnÞ � FðKn�1Þ: Also we know, FðK1;kÞ ¼

2k þ k and fK1;k
ðuÞ ¼ 2k where u is the non-pendant vertex of K1;k: Let w be the vertex of Pk

n with

which k pendant vertices are adjacent. Then
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FðPk
nÞ ¼ FðKn�kÞ þ FðK1;kÞ � 1þ ðfKn�k

ðwÞ � 1ÞðfK1;k
ðwÞ � 1Þ

¼ FðKn�kÞ þ FðK1;kÞ þ fKn�k
ðwÞfK1;k

ðwÞ � fKn�k
ðwÞ � fK1;k

ðwÞ
¼ ð2k � 1ÞðFðKn�kÞ � FðKn�k�1ÞÞ þ FðKn�kÞ þ k:

(ii) Let G 2 Hn;n�2: Then G is isomorphic to T(k, l, 2) for some k; l� 1: If k; l� 2 then form the tree
Tð1; n� 3; 2Þ from G by moving pendant vertices from one vertex to other following the pattern
mentioned in the statement of the Corollary 2.8. Then FðTð1; n� 3; 2ÞÞ[ FðGÞ and also

FðTð1; n� 3; 2ÞÞ ¼ 3þ 2n�3 þ n� 3þ 2n�2 ¼ 3ð2n�3Þ þ n. This completes the proof.

h

Let Tn;k denote the subclass of Hn;k consisting of all trees of order n with k, 2� k� n� 2, pendant vertices.
By Theorem 1.4(ii), the tree Tð1; n� 3; 2Þ has the maximum subgraph index over Tn;n�2. We next prove
this result for 2� k� n� 3: To do this, we first define the following tree.

Let Tn;k be the tree of order n that has a vertex v of degree k and Tn;k � v ¼ rPqþ1 [ ðk � rÞPq, where

q ¼ bn�1
k c and r ¼ n� 1� kq. Here, we have 0� r\k:

Theorem 4.1 For 2� k� n� 3; the tree Tn;k maximizes the subgraph index over Tn;k. Furthermore,

FðTn;kÞ ¼ ðqþ 2Þrðqþ 1Þk�r þ ðqþ 1Þðqk þ 2rÞ
2

:

Proof If k ¼ 2 then Pn is the only tree in Tn;2 and the result is true. So assume k� 3: Let T 2 Tn;k be a tree
with maximum subgraph index over Tn;k.

Claim : There is a unique v 2 VðTÞ with degðvÞ� 3.
Let there be two vertices u; v 2 VðTÞ with degðuÞ ¼ n1� 3, degðvÞ ¼ n2� 3: Let NTðuÞ ¼

fu1; u2; . . .; un1
g and NTðvÞ ¼ fv1; v2; . . .; vn2

g where u1 and v1 lie on the path joining u and v (u1 may be
v and v1 may be u). Let T1 be the largest subtree of T containing u; u2; u3; . . .; un1�1 but not u1; un1

and T2 be
the largest subtree of T containing v; v2; v3; . . .; vn2�1 but not v1; vn2

: We rename the vertices u 2 VðT1Þ and
v 2 VðT2Þ by u0 and v0, respectively. Let H be the connected component of T n
fu2; u3; . . .; un1�1; v2; v3; . . .; vn2�1g containing u and v. Then H;T1 and T2 are trees having at least 2
vertices each. Without loss of generality, let fHðuÞ� fHðvÞ: Construct a tree T 0 from H, T1 and T2 by
identifying the vertices u; u0; v0. Clearly T 0 2 Tn;k and by Lemma 2.6, FðT 0Þ[ FðTÞ, which is a
contradiction. This proves the claim.

So, the connected components of T � v are all paths and degðvÞ ¼ k. Suppose T�Tn;k. Then there exist
two paths P : vv1 � vl1 and Q : vu1. . .ul2 attached at v in T with jl1 � l2j ¼ a� 2. By grafting an edge

operation, we can construct a tree ~T 2 Tn;k from T such that the difference of the lengths between P and Q in
~T is a� 1. Then by Corollary 2.5, Fð ~TÞ[ FðTÞ, which is a contradiction. So, Tn;k is the only tree which

maximizes the subgraph index over Tn;k. This completes the first part of the proof.
For l� 2 and q� 1, let Tq

l be the tree on lqþ 1 vertices with l pendant vertices having one vertex v of
degree l and Tq

l � v ¼ lPq. We will first find the value of FðTq
l Þ and use that to get the value of FðTn;kÞ. In

this context, we denote the path on qþ 1 vertices by Tq
1 : For a pendant vertex v of Tq

1 ; fTq
1
ðvÞ ¼ qþ 1: For

l� 2; fTq
l
ðvÞ ¼ fTq

l�1
ðvÞ þ qfTq

l�1
ðvÞ ¼ ðqþ 1ÞfTq

l�1
ðvÞ: So, we get fTq

l
ðvÞ ¼ ðqþ 1Þl for l� 1: Then by

Lemma 2.3

...........
..........

...........

..........

...........

...........

...........
..........

⎫⎪⎪⎪⎬
⎪⎪⎪⎭

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

r k − r

u1 u2 uq−1 uqv1v2vqvq+1

..

....

.......

Fig. 1 The tree Tn;k
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FðTq
l Þ ¼ FðTq

l�1Þ þ FðPqÞ þ qfTq
l�1
ðvÞ

¼ FðTq
l�1Þ þ

qðqþ 1Þ
2

þ qðqþ 1Þl�1:

Solving this recurrence relation, we get FðTq
l Þ ¼ ðqþ 1Þðlq

2
þ ðqþ 1Þl�1Þ.

For the tree Tn;k; we have n� 1 ¼ kqþ r; 0� r\k: When r ¼ 0; Tn;k is isomorphic to Tq
k and

FðTn;kÞ ¼ ðqþ 1Þðkq
2
þ ðqþ 1Þk�1Þ ¼ ðqþ 1Þk þ kqðqþ1Þ

2
:

For 1� r\k; let v be the vertex of degree k in Tn;k: Then by Lemma 2.2, we have

FðTn;kÞ ¼ FðTqþ1
r Þ þ FðTq

k�rÞ � 1þ ðfTqþ1
r
ðvÞ � 1ÞðfTq

k�r
ðvÞ � 1Þ

¼ ðqþ 2Þ rðqþ 1Þ
2

þ ðqþ 2Þr�1

� �

þ ðqþ 1Þ ðk � rÞq
2

þ ðqþ 1Þk�r�1

� �

� 1

þ ððqþ 2Þr � 1Þððqþ 1Þk�r � 1Þ

¼ ðqþ 2Þrðqþ 1Þk�r þ ðqþ 1Þðqk þ 2rÞ
2

:

This completes the proof. h

The above result is proved by Zhang et al. in [12] (see Corollary 5.3) but this proof is different. We also
explained the counting for FðTn;kÞ. The following is an important result in the study of minimizing the
subgraph index over Hn;k:.

Theorem 4.2 ([3], Theorem 1) For 2� k� n� 2; the tree Tðbk
2
c; dk

2
e; n� kÞ minimizes the subgraph index

over Tn;k. Further

FðTðbk
2
c; dk

2
e; n� kÞÞ ¼

ðn� k � 1Þ2k
2
þ1 þ 2k þ k þ n�k�1

2

� �
; if k is even

3ðn� k � 1Þ2k�1
2 þ 2k þ k þ n�k�1

2

� �
; if k is odd:

(

Proof of Theorem 1.5 (i) and (ii):

(i) Let G 2 Hn;k: Construct a spanning tree G0 from G by deleting some edges. Clearly FðG0Þ\FðGÞ. The
number of pendant vertices of G0 is greater than or equal to k. Suppose G0 has more than k pendant
vertices. Since k� 2, G0 has at least one vertex of degree greater than 2.
Consider a vertex v of G0 with dðvÞ� 3 and two paths Pl1 ;Pl2 with l1� l2 attached at v. Using grafting

of edge operation on G0, we will get a new tree ~G with number of pendant vertices one less than the

number of pendant vertices of G0 and by Corollary 2.5, Fð ~GÞ\FðG0Þ: Continue this process till we

get a tree with k pendant vertices from ~G: By Corollary 2.5, every step in this process the subgraph
index will decrease. So, we will reach at a tree of order n with k pendant vertices and the result follows
from Theorem 4.2.

(ii) Let G 2 Hn;1: Since G is connected and has exactly one pendent vertex, it must contain a cycle. Let Cg

be a cycle in G. If G has more than one cycle, then construct a new graph G0 from G by deleting edges
from all cycles other than Cg so that the graph remains connected. Clearly FðG0Þ\FðGÞ and G0 is a

unicyclic graph on n vertices with girth g. By Proposition 3.5, FðUl
n;3Þ�FðG0Þ and equality happens

if and only if G0 ffi Ul
n;3: As Ul

n;3 2 Hn;1, so the result follows.

h

The only case left in the problem of minimizing the subgraph index over Hn;k is when k ¼ 0: For k ¼ 0; n
must be at least 3. The cycle C3 is the only element of H3;0: With respect to isomorphism, there are only

three connected graphs on 4 vertices without any pendant vertex. It can be easily checked that C4 has the
minimum subgraph index over H4;0: For the rest of this section, n is at least 5. The next lemma compares the

subgraph index of Cn
3;3 and Cn:

Lemma 4.3 For n� 6; FðCnÞ\FðCn
3;3Þ if and only if n� 16.
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Proof For n ¼ 6; let v and w be two vertices of C6
3;3 with dðvÞ ¼ dðwÞ ¼ 3: Then FðC6

3;3Þ ¼ FðC3Þ þ
FðC3Þ þ fC3

ðvÞfC3
ðwÞ[ 37 ¼ FðCnÞ: For n� 7; let v be a vertex of one of the 3-cycles with degree 3 and let

w be the vertex adjacent to v but not in that 3-cycle of Cn
3;3;. Then

FðCn
3;3Þ ¼ FðC3Þ þ FðUl

n�3;3Þ þ fC3
ðvÞfUl

n�3;3
ðwÞ

¼ 10þ n� 6

2

� �

ðnþ 9Þ þ 10þ 7ðnþ 1Þ

¼ n2 þ 17n

2

So, FðCn
3;3Þ � FðCnÞ ¼ n2þ17n

2
� n2 � 1 ¼ 17n�n2�2

2
[ 0 if and only if n� 16: This completes the proof. h

Lemma 4.4 Let m1;m2� 3 be two integer and let n ¼ m1 þ m2 � 1: Then FðCnÞ\FðCn
m1;m2
Þ.

Proof Let v be the vertex of degree 4 in Cn
m1;m2

: Then

FðCn
m1;m2
Þ ¼ FðCm1

Þ þ FðCm2
Þ � 1þ ðfCm1

ðvÞ � 1ÞðfCm2
ðvÞ � 1Þ

¼ m2
1 þ 1þ m2

2 þ 1� 1þ 2m1 þ
m1 � 1

2

� �

� 1

� �

2m2 þ
m2 � 1

2

� �

� 1

� �

�m2
1 þ m2

2 þ 1þ 4m1m2:

So, the difference FðCn
m1;m2
Þ � FðCnÞ� 2m1m2 þ 2m1 þ 2m2 � 1 [ 0: h

Corollary 4.5 Let m1;m2� 3 be two integer and let n ¼ m1 þ m2 � 1: Let G 2 Hn;0 with Cn
m1;m2

as a
subgraph of G. Then FðGÞ[ FðCnÞ:
Lemma 4.6 Let u be the pendant vertex and v be a non-pendant vertex of the unicyclic graph Ul

n;g. Then
fUl

n;g
ðuÞ\fUl

n;g
ðvÞ.

Proof Let g be the vertex of degree 3 in Ul
n;g and let gþ 1 be the vertex adjacent to g not on the g-cycle of

Ul
n;g. Then

fUl
n;g
ðuÞ ¼ fPn�g

ðuÞ þ fCg
ðgÞ:

If v is a vertex on the cycle Cg of Ul
n;g, then

fUl
n;g
ðvÞ ¼ fCg

ðvÞ þ fCg
ðv; gÞfPn�g

ðgþ 1Þ

and if w is a non pendant vertex of Ul
n;g which is not on the cycle then

fUl
n;g
ðwÞ ¼ fPn�g

ðwÞ þ fCg
ðgÞfPn�g

ðgþ 1;wÞ:

Since fPn�g
ðgþ 1Þ ¼ fPn�g

ðuÞ and fPn�g
ðwÞ� fPn�g

ðuÞ; so

fUl
n;g
ðvÞ � fUl

n;g
ðuÞ ¼ fPn�g

ðuÞðfCg
ðv; gÞ � 1Þ[ 0:

fUl
n;g
ðwÞ � fUl

n;g
ðuÞ ¼ fPn�g

ðwÞ � fPn�g
ðuÞ þ fCg

ðgÞðfPn�g
ðgþ 1;wÞ � 1Þ[ 0:

h

The next corollary follows from Lemma 4.6 and Corollary 2.4.

Corollary 4.7 Let u be a vertex of a connected graph G on at least two vertices. Suppose v is the pendant
vertex of Ul

n;g and w is a non-pendant vertex of Ul
n;g. Let G1 be the graph obtained from G and Ul

n;g by
identifying u with v and G2 be the graph obtained by identifying u with w. Then FðG1Þ\FðG2Þ:
Proposition 4.8 Let G 2 Hn;0 with at least one cut-vertex. Suppose Cn

m1;m2
with m1 þ m2 � 1 ¼ n is not a

subgraph of G. Then FðGÞ�FðCn
g1;g2
Þ for some g1; g2� 3 and the equality holds if and only if G ffi Cn

g1;g2
:

Proof Since G has a cut-vertex and no pendant vertices, so G contains two cycles with at most one
common vertex. Let Cg1

and Cg2
be two cycles of G with at most one common vertex. Since Cn

m1;m2
with

m1 þ m2 � 1 ¼ n is not a subgraph of G, so g1 þ g2� n: Clearly G has at least nþ 1 edges.
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If G has exactly nþ 1 edges, then there is no common vertex between Cg1
and Cg2

and G ffi Cn
g1;g2

: So, let
G has at least nþ 2 edges. Suppose jEðGÞj ¼ nþ k, where k� 2: Choose k � 1 edges fe1; . . .; ek�1g �
EðGÞ such that ei 62 EðCg1

Þ [ EðCg2
Þ; i ¼ 1; . . .; k � 1 and G n fe1; . . .; ek�1g is connected. Let G1 ¼

G n fe1; . . .; ek�1g (G1 may have some pendant vertices). Then FðG1Þ\FðGÞ: If G1 has no pendant vertices
then G1 ffi Cn

g1;g2
:

Let G1 has some pendant vertices. Then for some l\n; Cl
g1;g2

is a subgraph of G1: By grafting of edges
operation(if required), we can form a new graph G2 from G1 where G2 is isomorphic to the graph obtained

by attaching paths to different vertices of Cl
g1;g2

: Then by Corollary 2.5, FðG2Þ\FðG1Þ: If there are paths

attached to more than one vertex of Cl
g1;g2

in G2, then using the graph operation as mentioned in Lemma 2.9,

form a new graph G3 from G2, where G3 has exactly one path attached to Cl
g1;g2

: Then by Lemma 2.9,

FðG3Þ\FðG2Þ:
Let the path attached to the vertex u in Cl

g1;g2
of G3: Then we have two cases:

Case-1: u 2 VðCg1
Þ [ VðCg2

Þ
Without loss of generality, assume that u 2 VðCg1

Þ: Then the induced subgraph of G3 containing the

vertices of Cg1
and the vertices of the path attached to it, is the graph Ul

p;g1
for some p [ g1: Let v be the

pendant vertex of Ul
p;g1

. Since the two cycles Cg1
and Cg2

have at most one vertex in common, so we have

two subcases:
Subcase-1: VðCg1

Þ \ VðCg2
Þ ¼ fwg

Let H1 be the induced subgraph of G3 containing the vertices fVðG3Þ n VðUl
p;g1
Þg [ fwg: Clearly H1 is

the cycle Cg2
: Then identify the vertex v of Ul

p;g1
with the vertex w of H1 to form a new graph G4: By

Corollary 4.7, FðG4Þ\FðG3Þ and G4 is the graph Cn
g1;g2

:

Subcase-2: VðCg1
Þ \ VðCg2

Þ ¼ ;
Let H2 be the induced subgraph of G3 containing the vertices VðG3Þ n VðUl

p;g1
Þ: In G3 exactly one vertex

w1 2 Ul
p;g1

adjacent to exactly one vertex w2 of H2: Form a new graph G5 from G3 by deleting the edge

fw1;w2g and adding the edge fv;w2g: By Corollary 4.7, FðG5Þ\FðG3Þ and G5 is the graph Cn
g1;g2

.

Case-2: u 62 VðCg1
Þ [ VðCg2

Þ
Let w be the pendant vertex of G3 and let w3 be a vertex in Cl

g1;g2
of G3 adjacent to u. Form a new graph

G6 from G3 by deleting the edge fu;w3g and adding the edge fw;w3g: By Corollary 4.7, FðG6Þ\FðG3Þ and
G6 is the graph Cn

g1;g2
: This completes the proof. h

Lemma 4.9 Let u be a vertex of a connected graph G. For m� 4; let G1 be the graph obtained by
identifying the vertex u of G with the pendant vertex of Ul

mþ1;m and G2 be the graph obtained by identifying

the vertex u with the pendant vertex of Ul
mþ1;3. Then FðG2Þ\FðG1Þ.

Proof We have

FðG1Þ ¼ FðGÞ þ FðUl
mþ1;mÞ � 1þ ðfGðuÞ � 1ÞðfUl

mþ1;m
ðuÞ � 1Þ

FðG2Þ ¼ FðGÞ þ FðUl
mþ1;3Þ � 1þ ðfGðuÞ � 1ÞðfUl

mþ1;3
ðuÞ � 1Þ:

By Proposition 3.5, FðUl
mþ1;3Þ\FðUl

mþ1;mÞ. So, the difference

FðG1Þ � FðG2Þ[ ðfGðuÞ � 1ÞðfUl
mþ1;m
ðuÞ � fUl

mþ1;3
ðuÞÞ

¼ ðfGðuÞ � 1Þ 1þ 2mþ m� 1

2

� �

� mþ 2� 7

� �

¼ ðfGðuÞ � 1Þ m� 4þ m� 1

2

� �� �

[ 0

h

Corollary 4.10 Let m1;m2� 3 be two integers and let m1 þ m2� n: Then FðCn
m1;m2
Þ�FðCn

3;3Þ and
equality happens if and only if m1 ¼ m2 ¼ 3:
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Proposition 4.11 Let G be a 2-connected graph on n� 5 vertices. Then FðGÞ�FðCnÞ and the equality
holds if and only if G ffi Cn.

Proof Let g be the circumference (length of the longest cycle) of G. Let Cg be a g-cycle in G. Then every
connected subgraph of Cg is also a connected subgraph of G. If g ¼ n and G is not isomorphic to Cn, then G
has at least nþ 1 edges. In this case clearly FðGÞ[ FðCnÞ:

If g ¼ n� 1 then the number of connected subgraphs of Cg is equal to ðn� 1Þ2 þ 1: Let v be the vertex of
G not on the cycle Cg of G. Since G is 2-connected, so v is adjacent to at least two vertices of Cg. Let u be a
vertex of Cg such that fu; vg is an edge in G. Then Cg [ fu; vg is a connected subgraph of G. By Lemma 3.1,

the number of connected subgraphs of Cg [ fu; vg containing fu; vg is 2ðn� 1Þ þ n�2
2

� �
: So,

FðGÞ[ ðn� 1Þ2 þ 1þ 2ðn� 1Þ þ n�2
2

� �
[ n2 þ 1 ¼ FðCnÞ:

If g� n� 2 then at least two vertices of G are not on the cycle Cg. Since G is 2-connected, so for every
pair of distinct vertices u; v 2 VðGÞ n VðCgÞ there exists at least two distinct paths in G with u and v as
pendant vertices. Each of these paths is a connected subgraph of G. Apart from these subgraphs, also for
every v 2 VðGÞ n VðCgÞ there exists a w 2 VðCgÞ such that there is a path joining v and w. This path
together with Cg gives a subgraph of G with v as a pendant vertex. Thus there are at least ðn� gÞðfCg

ðwÞÞ
more connected subgraphs in G different from the above mentioned connected subgraphs of G. Thus

FðGÞ�FðCgÞ þ 2
n� g

2

� �
þ ðn� gÞðfCg

ðwÞÞ

¼ g2 þ 1þ ðn� gÞðn� g� 1Þ þ ðn� gÞ 2gþ g� 1

2

� �� �

¼ n2 þ 1þ gðn� gÞ
2
ðg� 3Þ[ n2 þ 1 ¼ FðCnÞ:

The last inequality follows from the fact that g is the circumference of a 2-connected graph on n� 5
vertices. Hence the result follows. h

Proof of Theorem 1.5(iii): If G has no cut-vertices, then by Proposition 4.11 and Lemma 4.3 the result
follows. Suppose G has a cut-vertex. If Cn

m1;m2
with m1 þ m2 � 1 ¼ n is a subgraph of G then by Corol-

lary 4.5 and and Lemma 4.3 the result follows. If Cn
m1;m2

with m1 þ m2 � 1 ¼ n is not a subgraph of G then

by Proposition 4.8, Corollary 4.10 and Lemma 4.3, the result follows. h
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6. L. A. Székely and H. Wang, Binary trees with the largest number of subtrees, Discrete Appl. Math., 155 (2007), no. 3,

374–385.
7. H. S. Wilf, Generatingfunctionology, Second edition, Academic Press (1994).
8. Y. Xiao, H. Zhao, Z. Liu and Y. Mao, Trees with large numbers of subtrees, Int. J. Comput. Math., 94 (2017), no. 2,

372–385.
9. W. Yan and Y. N. Yeh, Enumeration of subtrees of trees, Theoret. Comput. Sci., 369 (2006), no. 1-3, 256–268.

10. G. Yu and L. Feng, On the Wiener index of unicyclic graphs with given girth, Ars Combin., 94 (2010), 361–369.
11. X. M. Zhang, X. D. Zhang, D. Gray and H. Wang, Trees with the most subtrees - an algorithmic approach, J. Comb., 3

(2012), no. 2, 207–223.
12. X. M. Zhang, X. D. Zhang, D. Gray and H. Wang, The number of subtrees of trees with given degree sequence, J. Graph

Theory, 73 (2013), no. 3, 280–295.
13. X. M. Zhang and X. D. Zhang, The minimal number of subtrees with a given degree sequences, Graphs Combin., 31

(2015), no. 1, 309–318.
14. H. X. Zhao, Research on subgraph polynomials and reliability of networks, Ph.D. thesis, School of Computer, North-

western Polytechnical University, Xi’an, China, 2004.

123

On the number of connected subgraphs of graphs 583



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 600
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.01667
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 600
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 2.03333
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 2250
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (sRGB IEC61966-2.1)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<


    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200036002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200036002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /ESP <>
    /ETI <>
    /FRA <>



    /HUN <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 6.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200036002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 6.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>


    /SKY <>

    /SUO <>
    /SVE <>
    /TUR <>

    /DEU <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


		2021-07-24T16:12:07+0530
	Preflight Ticket Signature




