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Abstract In recent years, twisted Alexander polynomial has been playing an important role in low-di-
mensional topology. For Montesinos links, we develop an efficient method to compute the twisted
Alexander polynomial associated to any linear representation. In particular, formulas for multi-variable
Alexander polynomials of these links can be easily derived.
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1 Introduction

Twisted Alexander polynomial (TAP for short) was first proposed by Lin [17] and Wada [24] independently.
Given a link L � S3. To each linear representation q of pðLÞ :¼ p1ðS3 � LÞ is associated the TAP DL;q.
People have found TAP to be extremely useful in low-dimensional topology.

Friedl and Vidussi [7] showed that TAP can detect the unknot and the Hopf link. They also constructed a
pair of knots with the same HOMFLY polynomial, Khovanov and knot Floer homology, but distinguished
by TAP.

As a classical result of Fox and Milnor [6], if K is slice, then the ordinary Alexander polynomial can be
written as f ðtÞf ðt�1Þ for some f. Generalized to TAP, more slice obstructions of such kind were obtained.
Kirk and Livingston [14] showed that some knots (e.g. 817) are not concordant to their inverses. Herald, Kirk
and Livingston [11] showed that 16 of the knots with no more than 12 crossings are not slice; this could not
be done before.

Fibredness can also be detected via TAP. Kitano and Morifuji [15] proved that if K is fibered, then DK;q
is monic of degree 4gðKÞ � 2 (where g(K) is the genus of K) for any nonabelian q : pðKÞ ! SLð2; FÞ for
any field F. Closely related is the following

Conjecture 1.1 (Dunfield, Friedl and Jackson, 2012) If K is a hyperbolic knot and qholo : pðKÞ !
SLð2; CÞ is a lift of the discrete and faithful representation defining the hyperbolic metric, then
DK;qholo

¼ 4gðKÞ � 2. Furthermore, K is fibered if and only if DK;qholo
is monic.
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The following result of Friedl and Vidussi [9] is remarkable: a knot K is fibered if and only if there exist
integers a, b (which can be expressed in terms of invariants of K) such that �DK;q ¼ ajGj þ b for any
representation q factoring through a finite group G.

Another topic attracting much attention is the relation K �K 0 defined by the existence of epimorphisms
pðKÞ�pðK 0Þ, which was known to be a partial order among prime knots. As shown in [16], if u :
pðKÞ�pðK 0Þ is an epimorphism, then DK;q�u=DK 0;q 2 R½t�1� for any q : pðK 0Þ ! GLðd; RÞ.

For more applications of TAP, see [5, 8, 10, 12, 23] and the references therein.
TAP can be thought of as a non-abelian, yet manageable invariant. TAPs of twist knots for nonabelian

SLð2; CÞ-representations were computed in [18] and interesting applications were found. Hoste and
Shanahan [13] computed DK;q for a class of 2-bridge knots K and for q factorizing through a dihedral group.
Morifuji and Tran [19] computed TAPs associated to parabolic SLð2; CÞ-representations of double twist
knots and verified Conjecture 1.1. Tran [22] derived formulas for DK;q, when K is a torus knot or a twist
knot, and q is the adjoint representation associated to an SLð2; CÞ-representation. Besides these works, in
the literature there are few computations for families of links or families of representations. Indeed, unlike
the ordinary Alexander polynomial, in general there is no ‘‘skein relation‘‘ to use. For a link with m
crossings and a d-dimensional linear representation, to obtain TAP by definition, one needs to compute the
determinant of a matrix of size ðm� 1Þd 	 ðm� 1Þd, which is a tremendous job.

However, when restricted to Montesinos links L, the situation is different. We shall develop an efficient
method for deriving a ‘‘universal’’ formula for the TAP associated to any linear representation. For a d-
dimensional linear representation q, we may reduce the computation of DL;q to those among d 	 d-matrices.
This method will be useful for knot theorists to do computations. After all, Montesinos links, especially
double twist links and pretzel links, are usually taken as examples to support general results, sometimes a
new conjecture, as done in [1, 19, 20]. Specialized to the trivial representation, multi-variable Alexander
polynomials are quickly computed, which will be beneficial to the realization problem of Alexander
polynomials (see [21] Section 9). Furthermore, till now the relation � between Montesinos knots is not well
understood, neither is ‘‘1-domination‘‘ which is an enhance of � (see [2]); we expect TAP to promote
studying these relations.

The content is organized as follows. Section 2 is a preliminary, introducing some basic notions and
recalling TAP. In Section 3 we present the method, and in Section 4we give several practical examples for
illustration.

2 Preliminary

Notation 2.1 For a (not necessarily commutative) ring R, let R	 denote the set of invertible elements. For

positive integers d; d0, letMd0

d ðRÞ denote the set of d 	 d0 matrices with entries in R. LetMdðRÞ ¼ Md
dðRÞ.

Given A 2Md0

d ðRÞ. Let A:i 2Md0

d�1ðRÞ (resp. A:j 2 Md0�1
d ðRÞ) be the matrix obtained by deleting the i-

th row (resp. j-th column) of A. For a ring homomorphism w : R! R0 and A 2 Md0

d ðRÞ, let wðAÞ 2 Md0

d ðR0Þ
denote the matrix obtained from A by replacing each entry with its image under w.

For k 2 Z and a 2 R	, put

½k�a ¼
1þ aþ � � � þ ak�1; k [ 0;

0; k ¼ 0;
�akð1þ aþ � � � þ ajkj�1Þ; k\0:

8
><

>:

Given a group homomorphism r : G! H, let �r : ZG! ZH denote the canonical linear extension, which is
a ring homomorphism.

For two elements g, h of a group, let g:h ¼ ghg�1.

2.1 Twisted Alexander polynomial

Suppose L is an oriented link with n components. Take a planar diagram for L. Numerating arbitrarily, let
x1; . . .; xm be the directed arcs, and j1; . . .; jm the crossings. Let Fm be the free group on the letters ~x1; . . .; ~xm,
with ~xj corresponding to xj. With the ‘‘over presentation’’ (see [4] Chapter VI) for p ¼ p1ðLÞ, each positive

crossing as in Figure 1 (a) gives rise to a relator ~xj ~xk ~x�1
j ~x�1

‘ , and each negative crossing as in Figure 1 (b)
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½k1� � ½1=k2� þ � � � þ ½kr�; if 2 6j r;
½1=k1� þ ½k2� � � � � þ ½kr�; if 2 j r:

�

Its fraction is given by the continued fraction ½½k1; . . .; kr�� 2 Q, which is defined inductively as

½½k1�� ¼ k1; ½½k1; . . .; kj�� ¼ kj þ 1=½½k1; . . .; kj�1��; j� 2:

Denote ½½k1�; . . .; ½kr�� as [p/q] when its fraction equals p/q.

Fig. 2 A tangle diagram with four ends

Fig. 3 Four tangles in T 2
2: (a) [0], (b) ½1�, (c) [1], (d) ½�1�

Fig. 4 (a) T1 þ T2; (b) T1 � T2
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�/
o~ri

o~xi

;
o~ri

o~xi
;

o~ri

o~xi0

� �
D½1� xi; 1� xi; 1� xi0 � ¼ ð1� xi0 Þ½1� x�1

i
; x�1

i
;�1�:

Consequently,

MD ¼ D0Q; ð3Þ

where

(i) D 2 MmðZpÞ is diagonal, whose j-th diagonal entry is 1� xj;
(ii) D0 2 MmðZpÞ is diagonal, whose i-th diagonal entry is 1� xi0 ;

(iii) Qi;i ¼ 1� x�
i
, Qi;i ¼ x�

i
, Qi;i0 ¼ �1, where � ¼ 1 (resp. � ¼ �1) if ji is positive (resp. negative), and

Qi;j ¼ 0 for j 62 fi; i; i0g.
As a consequence of (3), for any i, j, one has M:j

:iD
:j
:j ¼ ðD0Þ

:i
:iQ

:j
:i, so

DL;q¼:
det M:j

:i

� �

detð1� xjÞ
¼:

det Q:j
:i

� �

detð1� xi0 Þ
¼:

det Q:j
:i

� �

detð1� xiÞ
; ð4Þ

the last equality following from that xi0 is conjugate to xi.
We shall do elementary transformations to convert Q into another matrix which is highly simplified. To

speak conveniently, introduce for each direct arc z a formal variable nz. Each row of Q corresponds to an
equation

P m
j¼1 Qi;jnxj

¼ 0; and doing row-transformations is equivalent to re-writing equations of such kind.

Note that nz depends only on the underlying arc of z, so nz0 also makes sense for an un-directed arc z0.
For each crossing, let nnw denote the variable associated to the northwest arc, and so on. Adopt the

following abbreviations:

nw ¼
nnw

nsw

� �
; ne ¼

nne

nse

� �
; nn ¼

nnw

nne

� �
; ns ¼

nsw

nse

� �
:

For a positive crossing shown in Figure 6, n‘ ¼ ð1� xjÞnj þ xjnk, so in case (a), (b), (c), (d), respectively,

ne ¼
1� xj xj

1 0

� �
nw; ns ¼

1� x�1
j ; x�1

j

1 0

� �
nn; ð5Þ

ne ¼
1� x�1

j x�1
j

1 0

� �
nw; ns ¼

1� xj xj

1 0

� �
nn; ð6Þ

ne ¼
0 1

x�1
j 1� x�1

j

� �
nw; ns ¼

0 1

x�1
j 1� x�1

j

� �
nn; ð7Þ

Fig. 6 Four possibilities of a positive crossing
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For k 2 Z and a; b 2 p, put

ukða; bÞ ¼
½h�abað1� bÞ; k ¼ 2h;

½hþ 1�aba� ½h�abab; k ¼ 2hþ 1;

�

Gkða; bÞ ¼
1� ukða; bÞ ukða; bÞ

1� uk�1ða; bÞ uk�1ða; bÞ

� �
:

More explicitly,

G2hða; bÞ ¼
1� ½h�abða� abÞ ½h�abða� abÞ
�½h�abða� 1Þ 1þ ½h�abða� 1Þ

� �
;

G2hþ1ða; bÞ ¼
�½hþ 1�abða� 1Þ 1þ ½hþ 1�abða� 1Þ
1� ½h�abða� abÞ ½h�abða� abÞ

� �
:

Using (5)–(12) iteratively, we obtain

nyðjÞ

nxðjÞ

� �
¼ Gkj

ðyðj�2Þ; xðj�1ÞÞ
nyðj�2Þ

nxðj�1Þ

� �
;

The following is tautological:

Lemma 3.3 Suppose T ¼ ½½k1�; . . .; ½kr��. Let n0 ¼ nxð0Þ ; n
00 ¼ nyð0Þ . Then

nTne ¼ ð1� bneÞn0 þ bnen00; nT sw ¼ ð1� bswÞn0 þ bswn00; nT se ¼ ð1� bseÞn0 þ bsen00;

with bne ¼ gyðrÞ ; bsw ¼ gyðr�1Þ ; bse ¼ gxðrÞ , where gxðjÞ ; gyðjÞ are recursively given by gyð0Þ ¼ 1,

gyð1Þ ¼ uk1
ðxð0Þ; yð0ÞÞ, gxð1Þ ¼ uk1�1ðxð0Þ; yð0ÞÞ, and

gyðjÞ

gxðjÞ

� �
¼ Gkj

ðyðj�2Þ; xðj�1ÞÞ
gyðj�2Þ

gxðj�1Þ

� �
; j� 2:

Suppose L ¼ NðTÞ, with T ¼ ½½k1�; . . .; ½kr��. Let m ¼ jk1j þ � � � þ jkrj. Define QT 2Mmþ2
m ðZpÞ by setting

each row to fit the condition (iii) following (3). Then each nxj
can be written as ð1� bjÞn0 þ bjn

00 for some

bj 2 Zp. As effects on matrices, re-numbering columns beforehand if necessary, QT can be converted via a
series of row transformations into

UQT ¼
1� b1 b1 � 1

..

. ..
. . .

.

1� bm bm � 1

2

6
6
4

3

7
7
5 ;

where bine ¼ bne; bisw ¼ bsw; bise ¼ bse for some ine; isw; ise 2 f1; . . .; mg.
More precisely, as seen from (5)–(12), each of the row transformations used is or can be decomposed

into special transformations, by which we mean those belong to the following:

1) multiplying the i-th row by �x�1
i0 , for some i;

2) adding ð1� x�1
i
Þ times the i-th row to or subtracting ð1� x�1

i
Þ times the i-th row from another row, for

some i.

Lemma 3.4 Suppose f 2 R½t�1�, and suppose P 2 GLðm; ZpÞ satisfies

det
�

P:j
:i

�
¼: detð1� xi0 Þf

for all i, j, then so does VP, for any elementary matrix V representing a special row transformation.

Proof It suffices to show that det
�
ðVPÞ:j

:i

�
can be divided by detð1� xi0 Þf , which can be verified directly.
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Note that UQ can be obtained from UQT by deleting the columns corresponding to Tne, Tse, and modifying

the ine-th and ise-th rows respectively according to nTne ¼ n0 and nT se ¼ nTsw . Precisely, the ine-th row of UQ
is ð�bne; bne; 0; . . .; 0Þ, and the ise-th row is ðbsw � bse; bse � bsw; 0; . . .; 0Þ. This shows

det
�
ðUQÞ:1

:ise

�
¼: det

�
bne

�
: ð13Þ

We already know (retaining (4)) that det
�
Q:j
:i

�
¼: detð1� xi0 ÞDL;q for all i, j, hence by Lemma 3.4,

det
�
Q:1
:ise

�
¼: det

�
ðUQÞ:1

:ise

�
¼: det

�
bne

�
: ð14Þ

Thus by (4),

DNðTÞ;q¼
: det

�
bne

�

detð1� xseÞ ;
ð15Þ

where xse is the directed arc whose underlying arc is Tse.
Now suppose L ¼ DðTÞ, with T ¼ T1 � � � � � Ts, (s� 2), each Tk being a rational tangle. Let mk be the

number of crossings in Tk, and let m ¼ m1 þ � � � þ ms.
For each k, similarly as above, set up QTk

and bne
k , etc. Apply (1) to everything. To conveniently talk

about row-transformations on QTk
, we introduce formal variables nxj

; n0k; n
00
k , nTne

k
and so on; abbreviate nTne

k
to

n
ne

k , etc.
Suppose bne

1 ; . . .; bne
s are all invertible, i.e., detðbne

k Þ 6� 0 as elements of R½t�1�. Re-write n
ne

k ¼
ð1� bne

k Þn
0
k þ bne

k n
00
k as

n
00
k ¼ ð1� bne

k

�1Þn0k þ bne
k

�1
n

ne

k : ð16Þ

With n
00
k substituted, nxj

for each xj in Tk can be expressed as a linear combination of n
0
k and n

ne

k ; in particular,

n
sw

k

n
se

k

" #

¼
1� bsw

k bne
k

�1
bsw

k bne
k

�1

1� bse
k bne

k

�1
bse

k bne
k

�1

" #
n
0
k

n
ne

k

" #

:

The effect on QTk
is to multiply some Uk 2 GLðmk;Mðd; Rðt�ÞÞÞ on the left. Note that

detðUkÞ¼: detðbne
k Þ
�1

, as we have multiplied bne
k

�1
to derive (16).

Since n
0
k ¼ n

sw

k�1 and n
ne

k ¼ n
se

k�1 for k ¼ 2; . . .; s, by further substituting, we can re-write each nxj
as a

linear combination of n
0
1 and n

ne

1 . What has been shown is that, re-numbering columns beforehand if

necessary, we may take U 2 GLðm;Mðd; Rðt�ÞÞÞ such that

detðUÞ¼:
Ys

k¼1

detðbne
k Þ
�1; UQ ¼

H � Iðm� 2Þ
B � Ið2Þ

� �
:

The last two rows of UQ respectively express n
sw

s and n
se

s as a linear combination of n
0
1 and n

ne

1 , i.e.,

n
sw

s

n
se

s

� �
¼ B

n
0
1

n
ne

1

" #

, with

B ¼
1� bsw

s bne
s

�1
bsw

s bne
s

�1

1� bse
s bne

s

�1
bse

s bne
s

�1

" #

� � �
1� bsw

1 bne
1

�1
bsw

1 bne
1

�1

1� bse
1 bne

1

�1
bse

1 bne
1

�1

" #

¼
1� c c

H H

� �
;

where c ¼ p1 þ p2q1 þ � � � þ psqs�1 � � � q1, and

pk ¼ bsw
k bne

k

�1; qk ¼ ðbse
k � bsw

k Þbne
k

�1:

Equating n
sw

s , n
se

s with n
0
1, n

ne

1 , respectively, similarly as (13), we obtain
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detððUQÞ:1
:mÞ¼

:
detðcÞ �

Ys

k¼1

detðbne
k Þ:

Note that in above, each of row transformations other than multiplying via bne
k

�1
can be decomposed into

special ones. Similarly as (14), by Lemma 3.4,

detðQ:1
:mÞ¼

:
detððUQÞ:1

:mÞ¼
:

detðcÞ �
Ys

k¼1

detðbne
k Þ: ð17Þ

Therefore, letting xse
s denote the directed arc whose underlying arc is T se

s ,

DL;q¼:
Q s

k¼1 detðbne
k Þ

detð1� xse
s Þ

detðp1 þ p2q1 þ � � � þ psqs�1 � � � q1Þ: ð18Þ

In particular, when s ¼ 3,

DL;q¼:
detðbne

2 Þ detðbne
3 Þ

detð1� xse
3 Þ

det
�

bsw
1 þ

�
bsw

2 þ bsw
3 bne

3

�1ðbse
2 � bsw

2 Þ
�
bne

2

�1ðbse
1 � bsw

1 Þ
�

: ð19Þ

To deal with the ‘‘degenerate‘‘ case when detðbne
k Þ � 0 for some k, we introduce auxiliary variables ek that

commute with everything, replace bne
k by bne

k þ ekI, and run the process from (16) to (17). Then we arrive at

detðc0Þ �
Ys

k¼1

detðbne
k þ ekIÞ; ð20Þ

(where c0 is obtained from c via replacing bne
k by bne

k þ ekI), which can be expanded as a polynomial in
e1; . . .; en, since what is being computed is the determinant of some matrix whose entries are all such

polynomials. Setting e1 ¼ � � � ¼ en ¼ 0 in (20) and dividing by detð1� xse
s Þ, we will obtain an expression for

DL;q.

Remark 3.5 We believe that each bne
k is actually always invertible, but temporarily cannot prove this.

Remark 3.6 Note that DðT1 � � � � � TsÞ is the same as DðT2 � � � � � Ts � T1Þ, so the sub-indices in (18), (19)
can be cyclically permuted.

In particular, if bsw
i ¼ 1 for some i 2 f1; 2; 3g, then with cyclical notations adopted, (19) can be

simplified into

DL;q¼:
detðbne

i�1Þ
detð1� xse

i�1Þ
det

�
bne

iþ1 þ ðbse
i � 1Þ

�
bsw

iþ1 þ bsw
i�1bne

i�1

�1ðbse
iþ1 � bsw

iþ1Þ
� �

: ð21Þ

This will be useful in practical computations, as done in the next section.

4 Computations

Example 4.1 Let K be the triple twist knot Nð½½2h1�; ½2h2�; ½2h3 þ 1��Þ given in Figure 9 (a). Apply Lemma
3.3 to compute gyð0Þ ¼ 1,

gyð1Þ ¼ u2h1
ðx; yÞ ¼ ½h1�xyðx� xyÞ; gxð1Þ ¼ u2h1�1ðx; yÞ ¼ w1 þ 1;

gyð2Þ

gxð2Þ

� �
¼ G2h2

ðy; x�1
1 Þ

gyð0Þ

gxð1Þ

� �
¼

1þ ½h2�yx�1
1
ðy� yx�1

1 Þw1

1þ ðw2 þ 1Þw1

" #

;

gyð3Þ

gxð3Þ

� �
¼ G2h3þ1ðy1; x2Þ

gyð1Þ

gxð2Þ

� �
¼ zðw2w1 þ ðxyÞh1Þ þ ½h1�xyðx� xyÞ

H

" #

:

where
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w1 ¼ ½h1�xyðx� 1Þ; w2 ¼ ½h2�yx�1
1
ðy� 1Þ; z ¼ ½h3 þ 1�y1x2

y1 � ½h3�y1x2
y1x2;

and H denotes something irrelevant to us. By (15),

DL;q¼:
detðgy3

Þ
detð1� xseÞ ¼

detðzðw2w1 þ ðxyÞh1Þ þ ½h1�xyðx� xyÞÞ
detð1� xÞ ¼:

det
�
ð½h3 þ 1�y1x2

y1 � ½h3�y1x2
y1x2Þð½h2�yx1

�1ðy� 1Þ½h1�xyðx� 1Þ þ ðxyÞh1Þ þ ½h1�xyðx� xyÞ
�

detð1� xÞ :

In particular, when q ¼ 1 (the trivial representation), x ¼ x1 ¼ x2 ¼ y ¼ y1 ¼ t, and the ordinary Alexander
polynomial is easily found (referring to (2)):

DK¼: ð½h3 þ 1�t2 � t½h3�t2Þðh2ðt � 1Þ2½h1�t2 þ t2h1Þ þ ð1� tÞ½h1�t2 :
As a special case, N([2], [2], [3]) (with h1 ¼ h2 ¼ h3 ¼ 1) is the knot 75, so

D75;q¼:
det

�
y1ð1þ x2y1 � x2Þð1� x� yþ yxþ xyÞ þ xð1� yÞ

�

detð1� xÞ : ð22Þ

In particular, the ordinary Alexander polynomial

D75
¼: 2t4 � 4t3 þ 5t2 � 4t þ 2:

It is easy to see that pð75Þ ¼ hx; y j ðx2y1Þ2 ¼ yx2y1x2i, with y1 ¼ ðxyÞ:x, x2 ¼ ðyxÞ:y. Due to
D75
ð2Þ � 0ðmod 7Þ, there are homomorphisms

s� : pð75Þ ! Z7o2Z3 ¼ ha; b j a7 ¼ b3 ¼ 1; ba ¼ a2bi; � 2 f�1g;

sending x to b� and y to ab�. Let f ¼ e2pi=7, and let w : Z7o2Z3 ! SLð3; CÞ denote the representation
sending a; b to A, B, respectively, where

Fig. 9 (a) The triple twist knot Nð½½2h1�; ½2h2�; ½2h3 þ 1��Þ; (b) The triple twist link Nð½½2h1�; ½2h2�; ½2h3��Þ
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A ¼
f 0 0

0 f2 0

0 0 f4

2

6
4

3

7
5 ; B ¼

0 1 0

0 0 1

1 0 0

2

6
4

3

7
5 :

Let q75
� : pð75Þ ! SLð3; CÞ be the composite w � s�. We can compute y1 ¼ tA�2�B�, x2 ¼ tA1þ2�B�, and then

by (22),

D
75;q75

�
¼: t9 � 5t6 þ 5t3 � 1: ð23Þ

Example 4.2 Let L be the triple twist link Nð½½2h1�; ½2h2�; ½2h3��Þ given in Figure 9 (b). Similarly as in the
previous Example,

DL;q¼:
detð½h3�y1x2

ðy1 � y1x2Þðw2w1 þ ðxyÞh1Þ þ ½h1�xyðx� xyÞÞ
detð1� x3Þ

¼:

det
�
½h3�y1x2

ðy1 � y1x2Þð½h2�yx1
�1ðy� 1Þ½h1�xyðx� 1Þ þ ðxyÞh1Þ þ ½h1�xyðx� xyÞ

�

detð1� yÞ :

The multi-variable Alexander polynomial can be easily found by setting x ¼ y1 ¼ t1 and y ¼ x1 ¼ x2 ¼ t2:

DL¼: ½h1�t1t2
½h3�t1t2

ðh2ðt1 � 1Þðt2 � 1Þ þ t1t2 � 1Þ þ ½h1�t1t2
þ ½h3�t1t2

Þ:

Example 4.3 Let K ¼ Pð2k1 þ 1; 2k2 þ 1; 2k3 þ 1Þ as illustrated in Fig. 10. It is easy to see that

bse
1 ¼ u2k1

ðx2; x�1
3 Þ; bse

2 ¼ u2k2
ðx3; x�1

1 Þ; bne
2 ¼ u2k2þ1ðx3; x�1

1 Þ;

and bsw
i ¼ 1, i ¼ 1; 2; 3. Let

zi ¼ ½ki�xiþ1x�1
i�1

xiþ1ð1� x�1
i�1Þ � 1; wi ¼ ½ki þ 1�xiþ1x�1

i�1
ðxiþ1 � 1Þ þ 1:

Then by (21),

DK;q¼:
detðw3Þ

detð1� x1Þ
det

�
w2 þ z1ð1þ w3

�1z2Þ
�
: ð24Þ

In particular, the ordinary Alexander polynomial is

Fig. 10 The pretzel knot Pð2k1 þ 1; 2k2 þ 1; 2k3 þ 1Þ
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DK¼: 1þ ð1þ k1 þ k2 þ k3 þ k1k2 þ k2k3 þ k1k3Þðt þ t�1 � 2Þ:

Consider the case k1 ¼ k2 ¼ k3 ¼ 1. We have

z1 ¼ tqðx2Þ � qðx2x�1
3 Þ � 1; ð25Þ

z2 ¼ tqðx3Þ þ tqðx3x�1
1 Þ � 1; ð26Þ

w2 ¼ tqðx3Þ þ tqðx3x�1
1 x3Þ þ qðx3x�1

1 Þ; ð27Þ

w3 ¼ tqðx1Þ þ tqðx1x�1
2 x1Þ � qðx1x�1

2 Þ: ð28Þ

The results of [3] enable us to easily construct irreducible 2-dimensional representations of pðKÞ. For
instance, the assignment

x1 7!
1 1

0 1

� �
; x2 7!

1 0

�3 1

� �
; x3 7!

2 1

�1 0

� �

defines a representation q : pðKÞ ! SLð2; F11Þ, as can be checked using (16)–(18) of [3]. By (24) and (25)–
(28), we can compute

DPð3;3;3Þ;q¼
: ðt þ 2Þðt þ 4Þðt2 þ 3t � 2Þ

ðt � 1Þ2
2 F11ðtÞ:

Example 4.4 Let L be the 3-component pretzel link (Fig. 11) Pð2k1; 2k2; 2k3Þ.
For i ¼ 1; 2; 3, let yi ¼ xiþ1x�1

i�1, and vi ¼ ½ki�yi
, then bsw

i ¼ 1, bne
i ¼ viðxiþ1 � yiÞ, bse

i ¼ viðxiþ1 � 1Þ þ 1.
By (21),

DL;q¼:
detðv3ðx1 � y3ÞÞ

detð1� x2Þ
det

�
v2ðx3 � y2Þ þ v1ðx2 � 1Þ þ v1ðv3y3Þ�1v2ðx3 � 1Þ

�
:

Specialized to q ¼ 1 so that xi ¼ ti, the multi-variable Alexander polynomial is easily found:

Fig. 11 The pretzel link Pð2k1; 2k2; 2k3Þ
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DL¼:
X3

i¼1

ti�1ðti � 1Þ½kiþ1�ti�1t�1
i
½ki�1�tit�1

iþ1
:

As a special case when k1 ¼ k2 ¼ k3 ¼ 1, L ¼ Pð2; 2; 2Þ is the 3-chain link, a very interesting link whose

complement in S3 is named the ‘‘magic manifold’’. The formula can be simplified into

DPð2;2;2Þ;q¼
:

detððx2
�1 þ x1

�1Þðx3 � 1Þ � x2
�1x3x1

�1 þ 1Þ:

Example 4.5 Let K ¼ Mð7=3; 2; 7=2Þ, which is the mirror of 12a 0423 in the knot table. Write
K ¼ DðT1 � T2 � T3Þ, with T1 ¼ ½½3�; ½2��, T2 ¼ ½2�, T3 ¼ ½½2�; ½3��. Use x, y, z to express other elements
(Fig. 12):

x0 ¼ z�1:x; y0 ¼ ðxy�1xÞ:y; z0 ¼ ðxzÞ�1:z; w ¼ ðxy�1Þ:x:
Computing routinely,

bsw
1 ¼ u3ðx; y�1Þ ¼ xð1þ y�1x� y�1Þ;

bne
1

bse
1

� �
¼ G2ðy�1; w�1Þ

1

u2ðx; y�1Þ

� �
¼ 1þ y�1ð1� w�1Þðx� xy�1 � 1Þ

H

� �
;

bse
2 ¼ y0;

bsw
3 ¼ u2ðx0; z0Þ ¼ x0ð1� z0Þ;

bne
3

bse
3

� �
¼ G3ðz0; z�1Þ

1

x0

� �
¼ 1þ z0ð1þ z�1z0 � z�1Þðx0 � 1Þ

1þ z0ð1� z�1Þðx0 � 1Þ

� �
:

Then DK;q can be obtained via (21) by plugging in these.
Specialized to q ¼ 1,

bsw
1 ¼ 2t � 1; bse

2 ¼ t; bsw
3 ¼ t � t2; t2bne

1 ¼ bne
3 ¼ bse

3 � bsw
3 ¼ 2t2 � 3t þ 2;

leading us to

Fig. 12 The knot M(7/3, 2, 7/2)
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DK¼: ð2t2 � 3t þ 2Þð2t4 � 4t3 þ 5t2 � 4t þ 2Þ¼: ð2t2 � 3t þ 2ÞD75
:

Similarly as in Example 4.1, we can consider representations pðKÞ ! Z7o2Z3. The relations of pðKÞ are

ðwyÞ�1:y ¼ ðz0z�1Þ:z0; y�1:w ¼ ðy0x0Þ:y0;

from which it follows that the assignment x7!b, y 7!aab, z7!abb defines a nonabelian representation pðKÞ !
Z7o2Z3 if and only if b � a 6� 0ðmod 7Þ. Let qK

a : pðKÞ ! SLð3; CÞ denote the composite of this
representation with w (given in Example 4.1). With the help of Mathematica, we compute

DK;qK
a
¼: 1

t3 � 1

�
t18 � ð2f5a þ 3f4a þ f3a þ 4f2a þ 3fa þ 5Þt15 þ ð11f5a þ 2f4a

þ 10f3a þ 10f2a þ 7fa þ 8Þt12 � ð4f5a þ 3f4a þ 8f3a þ 6f2a � faÞt9�

ð4f5a þ f3a þ 5f2a þ 3fa þ 9Þt6 þ ðf5a þ 2f3a þ 3f2a þ 2fa þ 2Þt3 þ 1
�

:

Assume there exists an epimorphism / : pðKÞ�pð75Þ. Then q75
e � / is conjugate to qK

a for some a and
e 2 f�1g. However, looking back to (23), we see that D

75;q75
�1

6j DK;qK
a
. Thus, while the ordinary Alexander

polynomial does not detect K� 75, TAP does.
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