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Abstract In this paper, we consider the generalized Motzkin paths whose step set consists of E =
(1,0), N =(0,1),U = (1,1) and D = (1, —1). In the general case, for the number of such paths running
from (0, 0) to (k,n — 2k), we define a number triangle, which turns out to be a common extension of Pascal
triangle and Delannoy triangle. Under the restriction of above or below the x-axis, these paths can be seen as
an unified generalization of the well-known Dyck paths, Motzkin paths, and Schréder paths. We also
consider the counting of such paths above the main diagonal. In every condition, we treat with two classes of
paths, which are restricted and unrestricted paths. For each class of paths, the corresponding counting array
is a Riordan array. Numerous Combinatorial matrices such as the Catalan matrix, Motzkin matrix, and
Schroder matrix are special cases of these Riordan arrays.

Keywords Generalized Motzkin path - Generating function - Riordan array - Catalan numbers -
Motzkin numbers - Schroder numbers
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1 Introduction

A lattice path in the xy-plane with steps in a given set S C Z x Z is a sequence of points P = vov; - - - v, with
v; € Z x Z such that each vector v;_1v; is a member of the step set S. A grand Motzkin path of length n is a
lattice path from (0, 0) to (n, 0) consisting of steps from the set S3 = {U = (1,1),E = (1,0),D = (1,—1)}.
A Motzkin path is a grand Motzkin path which never passes below the x-axis. Motzkin paths are well-known
combinatorial objects that have been widely studied in the literature [1, 12, 21].

For any positive integers n, k with n >k, let a,; denote the number of grand Motzkin paths from the
point (0, 0) to the point (n, k). Let A = [a, 4], ;o be the infinite lower triangular matrix. The first few rows
of this matrix are
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1 0 0 0 0 0
1 1 0 0 0 0
3 2 1 0 0 0
A= 7 6 3 1 0 0 (1.1)
9 16 10 4 1 0
s1 45 30 15 5 1

This is the right-hand side of triangle of trinomial coefficients (A027907 of [17]). On the other hand, if we
let m,; be the number of Motzkin paths from (0, 0) to (n, k). Then we get the Motzkin matrix M =
[m'hk]n,keN (A064189 of [17]) in which the Motzkin numbers (A001006 of [17]) appear in the first column

1 0 0 0 0 0
1 1 0 0 0 0
2 2 1 0 0 0
M= | 4 5 3 1 0 0 (1.2)
9 12 9 4 1 0
200 30 25 14 5 1

In this paper, we consider those lattice paths starting from (0, 0) that use the step set
S4={E=(1,0),N=(0,1),U = (1,1),D = (1,—1)}, where each step is labeled with weights a, b, ¢ and
1, respectively. For a path P, we define the weight w(P) to be the product of the weight of the steps. We call
these lattice paths generalized Motzkin paths.

Lattice paths are very well-known combinatorial objects that have been widely studied from various
points of view (see e.g. [4, 6, 7, 21]). There are a huge numer of papers on enumeration of lattice paths for
specified steps and by many different methods [2, 5, 9, 10, 15, 16, 18]. Recently, Merlini et al. [10] use
Riordan array to study enumeration of subdiagonal lattice paths (see also [11-13]) and develop a new
method for expressing lower triangular matrices of combinatorial importance to Riordan arrays. Many other
authors investigated enumeration of lattice paths with different step sets (see [3, 5, 8, 14, 18, 23, 24]). In this
paper, we will use Riordan array as main tool in our studies.

Now we recall the definition of Riordan arrays [19, 20] and their properties. An infinite lower triangular
matrix R = [r,x], 1o i called a Riordan array if its column k has generating function g(¢)f (1)¥, where g()
and f{(z) are formal power series with g(0) = 1, f(0) = 0 and f'(0) # 0. That is, the general term of matrix R
is

rag = [0 (1), (1.3)

where [t"] is the coefficient operator. The Riordan array is denoted by R = (g(¢),f(¢)). The set of all
Riordan arrays forms a group under ordinary multiplication of matrices (see [19, 20]). The group law is
given by

(8(1).f (1)) (d(2), h(2)) = (8(1)d(f (1)), h(f(2)))- (1.4)
The identity is (1, #) and the inverse of (g(?), f(¥)) is
050" = (5570, (15)

where f(#) is the compositional inverse of f(t) , i.e., f(f(t)) =f(f(2)) =t.
An important feature of Riordan arrays is that they have a number of characterizations [8, 10]. The
simplest of these is as follows.

Lemma 1.1 ([8, 10]) Let R = [r,,,k]n’keN be an infinite lower triangular matrix with roo = 1. Then R is a
Riordan array if and only if there exists two sequences A = (a;); o and Z = (z;); o with ap # 0 such that
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Combinatorial matrices derived from generalized Motzkin paths 601

Fnrlk+1 = Aol k + airp k41 + ATy 42 + -y l’l,k = 07 17 )
Tnt1,0 = 20700 + 211 + 22+ -+, n=0,1,---.
The coefficients ag, a;,as, - - - and zg, 21, 22, - - - are called the A-sequence and the Z-sequence of the Riordan
array R, respectively. The Z-sequence characterize column 0, while the A-sequence characterize all other

columns. Letting A(¢) be the generating function of the A-sequence and Z() be the generating function of the
Z-sequence of the Riordan array (g(¢), f(t) ). Then

1

€0 = =gy S0 = Ar0), (1.6
Furthermore, the inverse (g(¢),f(t))”" = (d(), k(1)) is determined by
o) = 55+ and dlo) :f%. (1.7)

Merlini et al. [10] established another characterization of Riordan arrays by means of A-matrix, and they
studied the lattice path problems by the A-matrix. Using the same approach, we will study the lattice paths
using the step set {E = (1,0),N = (0,1),U = (1,1),D=(1,-1)}.

Lemma 1.2 ([10]) A lower triangular array [r, x|, .oy is @ Riordan array if and only if there exists another

array [o;]; i With g0 # 0, and s sequences {pj[]} ens 1= 1,2, s, such that
Tntlk+l = Z Z i jTn—ik+j Z Z P,[-l] Tnetik+itjt+1- (1.8)
i>0j>0 i=1 j>0

The array [o]; ;e is called the A-matrix of the Riordan array [r, ], cn- Let [ruil,en = (g(2),f(2)). If
(DH( t) denote the generatmg functions of ith row of the A-matrix and and ‘I’[’]( t) is the generating function
for the sequence {pj }ens 1€,

DU (1) = a9 + oyt + 0ot + 03t + -+, i=0,1,2,-,
\P[l](t) = p([)[] +p[ll]t+p[2l]t2 +p[3l]t3 + - ) i= 1a27' cy S,
then we have [10]
=Y ol —l—Ztl TRl (r), (1.9)
i>0
and the A-sequence is determined by
= Aol +ZtA (1)l (1.10)
i>0

The rest of this paper is organized as follows. In section 2, we study the generalized Motzkin paths without
any restriction and obtain some combinatorial matrices as generalizations of Pascal matrix. In sections 3
and 4, we consider enumeration of generalized Motzkin paths under or above the x-axis by using A-matrix,
and derive several Catalan-like matrices. In section 5, we study the generalized Motzkin paths above the
main diagonal y = x and get some new matrices of combinatorial interest.

2 Generalized MotzKin paths with no restriction

In this section, we consider generalized Motzkin paths in general case. Let G(n, k) be the set of all weighted
grand Motzkin paths ending at the point (k,n — 2k). Let G, be the sum of all weights w(P) with P in
G(n, k). The first few rows of matrix [Gn-,k]n,keN are illustrated in Figure 1. The last step of any path from
G(n, k) is one of Sy = {E=(1,0),N=(0,1),U =(1,1),D = (1,—1)}. Therefore, the number G,x =
|G(n, k)| satisfies the following recurrence relation, as shown in Figure 1,
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Gutijr1 = Gup +aGu_ 1 + cGpr ik + bGp iy, (2.1)

with n, k>0 and boundary conditions G, = b" and G, , = 1.
For k>0, let g¢(t) = 3,2, Guxt". Then go(f) = %5 and by (2.1), we have

g1 (1) = tgi(t) + at’gi(t) + cgi(t) + brgr 1 (1).

By iterating, we obtain

t+ at® + ¢ t+at* + cf kel 1
gks1(t) = —————g(t) =

1—bt 1—bt 1—bt
In view of definition (1.3), we have the following theorem.

Theorem 2.1 The infinite lower triangular array (G ], jeN has a Riordan array expression given by

G:<1 1 t+at2+ct3)'

—-bt’ 1—bt
If a = b = c = 1, then the first few terms of this array are (A102036 of [17])

1 o o0 0 0 0 0
I 1 0 0o 0 0 0
1 3 1 0 0 0 0
I 6 5 1 0 0 0
G=1 9o 15 7 1 0o o
112 3 28 9 1 0
115 60 81 45 11 1

The sequence of the row sums of G is A077939 of [17], and the diagonal sums is AO00078 of [17].
Theorem 2.2 The general term of the array G is given by
2 & n—m k M=\ i iyn—k-m
Gn,kzmzz();( K )<m—1)< ; )a c'b . (2.2)

Proof By the definition and the binomial theorem, we have

G0
Go,
Gl} G‘z_j
Cod\ o
TN (;!Q_’()
N9
GQ?Q

Fig. 1 Combinatorial interpretation of the matrix [Gy ], reny
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Combinatorial matrices derived from generalized Motzkin paths 603

1 t+at® + e\
G"’k:[tn]l—bt( 1= bt )

G .
=[] (1 — bt> (14 at+ct*)

=" +at + ) (1 — br)” Y

2k 15 ; 00 .
— [ k m-—1 m—2i itm_ <k+])bjtj
1353 () () 3 (0
nkoo k+.] % im2ll m+j
e ()RS () e

Jj= m=0 i=0
2 13 n—m k m—i 2% i1 n—k
:ZZ< )( )( . )am— i pipn—k—m
— n—k—m/\m-—i i
2% 3] .
_ k _
:Z (I’l m)( > <m l>am 2i lb}’l k— m
o A m=1t !
This complete the proof. O

For an infinite lower triangular matrix R = [r;,x], sen» its central coefficient sequence is defined as {72, } -
If R = (d(¢),h(t)) is a Riordan array, then the generating function of the central coefficient sequence is
determined by [2, 22].

' (0)d(f (1))
Cfl)

where /(1) is the generating function defined by the functional equation f(¢)* = th(f(z)).

B(t) = (23)

Theorem 2.3 The generating function for the central coefficients of G = (ﬁ ,%) is given by
1

B([) = .
V(1 —ar? — di(er +b)
Proof Using (2.3), we let f= (I‘F;llii*l;}‘}d)f_ Then we have f(t)= 1ar- (;(;ZCZ:)?MCW’), and
_ ) _ 1
B(1) -~ SOU=H @) S0 —an)—ar(cr+b) -

From Theorem 2.2, the sum of weights of all generalized Motzkin paths from (0, 0) to (n, 0) is

G B i i 2n — n m—i am—ZiCibn—m (2 4)
2n,n — n m—1i i . |

m=0 i=0

o (! 7t+ct3 ’
1—bt'1—bt
and G, = Yok (,"22) (5)cib" ™+ are the sum of welghts of the weighted lattice paths from (0, 0) to
(k,n — 2k) with three types of steps N = (0,1), U = (1,1),D = (1, —1), where each step is labeled with
weights b, ¢, 1, respectively. Meanwhile, G, = >0 (') (")c'b" % For the case b = ¢ = 1 and a = 0,

n—2
we have (A257365 of [17]) l

Remark 2.1 1If a = 0, then
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I T = W Sy S S S
o AN N = O
W = O O O O

AN = O O O O O

- O O O O o O

For the case a = ¢ = 0 and b = 1, we have the Pascal matrix (A007318 of [17]).
Remark 2.2 1f b = 0, then
= (1L,t +at* + ct),

and G, = >0 (), K )ak 224 are the sum of welghts of the weighted Motzkin paths from
0, 0) to (k,n — 2k) with thrée types of steps E = (1,0),U = (1,1),D = (1, —1), where each step is labeled
with weights a, ¢, 1, respectively. In particular, G, = > -, (") (" ’)a"’Zici are the generalized central

i
trinomial coefficients.

Remark 2.3 If ¢ = 0, then
G 1 7t+at2,
1—bt"1—bt

and Gup = Y & (") (*)a’/b"* are the generalized Delannoy numbers, which are the sum of weights of

the weighted lattice paths from (0,0) to (k,n—2k) with three types of steps
= (1,0),N =(0,1),D = (1,—1), where each step is labeled with weights a, b, 1, respectively.
Meanwhile, Gz, = (2"”_’) (j)a/b” ~ are generalized central Delannoy numbers. For the case a =

b =1 and ¢ = 0, we have the Delannoy triangle (A008288 of [17])

1 0 o0 0 0 0 0
I 1 0 0 0 0 0
1 3 1 0 0 0 0
I 5 5 1 0 0 0
G=y 7 13 7 1 0o o
19 25 25 9 1 0
111 41 63 41 11 1

3 Generalized Motzkin paths under the x-axis

Let B(n, k) be the set of all generalized Motzkin paths ending at the point (n, —k) not rising above the x-axis.
Let B, be the sum of all w(P) with P in B(n, k), see Figure 2. The last step of any path from B(n, k) is one
of S4 ={E=(1,0),N=(0,1),U = (1,1),D = (1, —1)}. Therefore, the number B, satisfies the follow-
ing recurrence relations

Bui1ir1 = Bug + aBpiy1 + ¢Bpjia + bBuy1 p2, (3.1)

Bui10 =aBno+ cB,1 +bB,y11, (3.2)
with 7,k > 0 and initial conditions Bop = 1 and B, , = 1.

Theorem 3.1 The matrix B = [By ], cn iS a Riordan array, and the generating functions of its A-
sequence and Z-sequence are
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Combinatorial matrices derived from generalized Motzkin paths 605

Bool Bro Bao Bso Bio

22  Bsa Bia

B33 Bas

B,

Fig. 2 Enumeration of lattice paths under the x-axis

1 +at+ cr? b(1 + at + c?)

Alt)=———— and Z(t) = g TaTA)

(1) T and Z(t) =a+ct + -

Proof By Lemma 1.2 and (3.1), we have the matrix B = [B, 4], keN is a Riordan array, and the generating
functions of rows of its A-matrix are (1) = 1 4 at + ¢12, @1 (r) = 0 for all i > 1. The generating functions
of associated sequences are PU(r)=b, W) =0 for all i>2. Using (1.9), we get
A(r) = O () + tA()) P (1) = 1 4 ar + > + btA(r). Thus, A(r) = Hl“ﬂ In view of (3.2) and using

_ _ b(1+at+ct?)
Lemma 1.1, we have Z(r) = a + ct + bA(r). Consequently, Z(1) = a + ct + “—5—. O

Theorem 3.2 The matrix B can be represented by Riordan array as

l—at—\/(l—at)2—4t(b+ct) l—at—\/(l—at)2—4t(b+ct)

B =
2t(b + ct) ’ 2(b+ct)

The general term of the array B is given by

k12280 o —m—k\ (n+ 1\ (1 =0\ i mmt s
m— lb’lfm* l. 3.3
n—i—lmzolz<n—m—k)( i )<m—2i)a ¢ (33)
Proof Using Theorem 3.1 and (1.5), we get the first assertion. Let B = (g(),f(¢)) and h(f) = =2

1+at+ct?*

Then, by (1.5), we have B~! = (M,h(t)), g(t) = Q, and f(t) = h(t). Thus, using the definition and

t

Lagrange inversion formula, we obtain

n+1 h(t)
k+1
ok 2\n+1 (n+1)
= 1 1
[ ]n—l—l( +at+ct?)" (1 —br)
k 12n+2 L%J 1 1 g o
=[] i Z <n+ > <n * .l> amHclm (n +]) bt
n+1 == i m—2i = Jj
o0 N 2n+2 L%J
S (Y () (L e
n+1 = Jj == i m— 2i
_k+1 22 5L o m—k\ (n 1\ (n+ 1 —i ik =2 i
n+tle=ss\n—m—k i m —2i '
This complete the proof. O

1—at— (1 at) —4t(b+ct)

Let C(t) = =Y 72 Cula,b,c)t". Then C,(a,b,c) counts the number of generalized
Motzkin paths from (0 6) to (n, 0) weakly below the x-axis. From Theorem 3.2, we have
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Z":LZ: 2n—m\ (n+1\(n+1—i m-2ipn-m i
a c.
n+1m — \n—m i m—2i

Let B*(n, k) be the set of all generalized Motzkin paths ending at the point (n, —k). Let B}, be the sum of all
w(P) with P in B*(n, k). Then B* = [B; ] has the same A-matrix with the matrix B. Thus B* = [B, ] is also

a Riordan array.

Cu(a,b,c)

Theorem 3.3 The matrix B* is a Riordan array given by

1 l—at—\/l—at —4t(b + ct)
B = 5 , and
\/(1—at)2—4t(b—|—ct) 2(b +ct)
n 3 .
2n—k—m n m—1i .
B* — < ) m—2i lbnfkfm.
25 9 M G [P

Proof Let B* = (g*(t),f*(¢)). Then the generating function f*(¢) is completely determined by its A-matrix.
Hence, f*(t) = f(t) since B* = [B;,,] has the same A-matrix with the matrix B. On the other hand, by

definition, the column 0 of B* = | flk] is the central coefficients of G = (ﬁ , %) By Theorem 2.3,
g (1) = m. Therefore, B* = < \/(melim(“a) e g(hitc):)m(b“t)). Since the matrix B* is
the half of G, so we have B;k = Goy—k,n- By Theorem 2.2, we get the expression for B;k. ]
Ifa=b=c=1, then
0 0 0 0 0 0
1 0 0 0 0 0
7 4 1 0 0 0 0
29 18 6 1 0 0 0
B=1 133 8 33 8 10 0 )
650 431 179 52 10 1 0
3319 2238 978 316 75 12 1
0 0 0 0 0 0
3 1 0 0 0 0 0
15 5 1 0 0 0 0
. 81 28 7 1 0 0 0
B =1 459 161 45 9 10 0
2673 946 281 66 11 1 0
15894 5642 1742 449 91 13 1

The first column of B is A064641 of [17], and the first column of B* is A122868 of [17].
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Combinatorial matrices derived from generalized Motzkin paths 607

Remark 3.1 1If a = 0, then

B_(l—V1—4M—4a21—V1—4M—4m?

2bt + 2ct? ’ 2b + 2ct

B — 1 1 — V1 —4bt — 4ct?
 \V1 —4br — 42’ 2b + 2ct '

Inthe case b=c =1 and a = 0,

10 0 0 0
11 0 0 0
3 2 1 0 0
B=1l9 7 3 1 o )
31 24 12 4 1
O 0 0 0
2 10 o0 o0
8§ 3 1 0 0
B=13% 13 4 1 o
136 55 19 5 1

The first column of B is A052709 of [17], and the first column of B* is A122868 of [17].
Remark 3.2 1f b = 0, then

1—at —\/(1 —at)* —4c® 1 —at — /(1 — ar)* — 4cr?
B =
' 2ct ’

2ct?

1 1 —at — /(1 —at)?* — 4ct?
B* =

(1 — at)* — 4cr? 2t

The terms of column O of B

—k

nok| .
- (” + 1) ( J ) 2k ke
pary j n—k—j

are the generalized Motzkin numbers, while the terms of column O of B*

=2 ()1 e

i=0

=

k+1

C,(a,0,c) = o

are the generalized central trinomial coefficients.
In the case a =c =1 and b =0, we get the Motzkin matrix M and A (4064189 and A094531) in
Section 1.
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Remark 3.3 1If ¢ =0, then

1 —at — /(1 —at)* —4bt 1 —at — /(1 — at)* — 4bt
B= 2bt ’ 2b ’

1 1 —at— /(1 —ar)* — 4bt

B = ,
(1 —at)* — 4bt 2b

The terms of column O of B are

I 2n—m\(n+1\ ,.nm
Cn(a,b,O)—n+1Z<n_m>< M >a b

m=0

which are the generalized Schroder numbers, while the terms of column O of B* are
2n
* 2n—m n miyn—m
Bn.O:r;)( n )(m)a b )

which are the generalized central Delannoy numbers. In the case a =b =1 and ¢ = 0,
1 0 0 0 0

2 1 0 0 0
6 4 1 0 0
B =
22 16 6 1 0 ’
90 68 30 8 1
1 0 0 0 0
3 1 0 0 0
13 5 1 0 0
B =
63 25 7 1 0
321 129 41 9 1

which are the Schroder matrix A080247 of [17] and A113139 of [17].
Inthe case b=1and a = c =0,

1 0 0 0 0 1 0 0 0 0

1 1 0 0 0 2 1 0 0 0

2 2 1 0 0 6 3 1 0 0
B = B =

5 5 3 1 0 ’ 20 10 4 1 0

14 14 9 4 1 70 35 15 5 1

which are the Catalan matrix A033184 of [17] and A092392 of [17].
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By
R3s Py
s B3 Ep

iy oy B3y Ex

Poo Pio Pop P30 FPap

Fig. 3 Enumeration of lattice paths above the x-axis

4 Generalized MotzKkin paths above the x-axis

Let P(n, k) be the set of all generalized Motzkin paths ending at the point (n — k, k) not going below the x-
axis. Let P, 4 be the sum of all w(P) with P in P(n, k), see Figure 3. The last step of any path from P(n, k) is
one of Sy ={E=(1,0),N=(0,1),U=(1,1),D=(1,—1)}. Therefore, the number P, satisfies the
following recurrence relations

Poiigs1 = bPug + aPpjpq1 + cPu_i g + Puyi 12, (4.1)
Poi1o=aP,o+ P11, (4.2)

with 7,k > 0 and initial conditions Pop = 1 and P,, = b".
Theorem 4.1 The matrix P = [P,,,k]n_’,(EN is a Riordan array, and the generating functions of its A-

_ btartn/ (b+ar)* —4er(1—1) _ 2atb—at++/ (b+ar)’ —4ct(t—1)
= ST1) and Z(t) = ) .

sequence and Z-sequence are A(t)

Proof By Lemma 1.2 and (4.1), we have the matrix P = [P, ], ke 1s a Riordan array, and the generating
functions of rows of its A-matrix are ®%(r) = b + ar, (D[l (t) = ¢, @ (r) = 0 for all i >2. The generating
functions of associated sequences are WUl(r) =1, Wi(r) =0 for all i>2. Using (1.9), we get
A(r) = O (1) + iA() 'O (1) + A() PN (1) = b +at+ ctA() " +1A(1).  Thus, (1 —0)A®)? — (b +

2
at)A(t) —ct =0 and A(r) = btart (Zaa_fz‘)*4ct(t—l).
In view of (42) and wusing Lemma 1.1, we have Z(r)=a+A(r). Consequently,
Z([) _ 2a-+b—at+ 221]77:?);)27&1(1‘71). -

Theorem 4.2 The matrix P can be represented by Riordan array as

1—at — /(1 —at)* —4t(b+ct) 1 —at — /(1 —at)* — 41(b + ct
. Ve ) Vi )

2t(b +cr) ’ 2
Proof Using Theorem 5.2 and (1.5), we get the assertion. ]
2
Using C(f) = =V (oa —4bie) g the above theorem, we can write

2t(b+ct)
P = (C(t),t(b+ ct)C()).

From the previous section, C(t) = 3% Cy(a, b, c)¢". Thus, C,(a, b, ¢) also counts the number of paths from
0,00 to (n,0) weakly above the x-axis consisting of four types of steps:
E=(1,0),N=(0,1),U=(1,1),D=(1,—1). In special cases, we have C,(0,1,0) = C, are Catalan
numbers, C,(1,0,1) = M,, are Motzkin numbers, and C,(1,1,0) = R, are larger Schréder numbers.

Let P*(n, k) be the set of all generalized Motzkm paths ending at the point (n — k, k). Let P, ; be the sum
of all w(P) with P in P*(n, k). Obviously, P* = (P} ) has the same A-matrix with the matrlx P. Thus,
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P* = (P,,) is a Riordan array, and its column 0 is the central coefficients of G = <ﬁ,%> By

Theorem 2.3, we have the following theorem.

Theorem 4.3 The matrices P* can be represented as

1 l—at—\/(l—at)2—4t(b+ct)
O —a? 4+ ey 2

The matrix P* is the left half of G, so we have PZ,k = Gop—kn—k- By Theorem 2.2,

BB o —k—m\ =K\ =i\
Z;(z k= ><m_’i><l>a B (4.3)

P =

Ifa=5b=c=1, then

0 0 0 o 0 0
2 1 0 0 0o 0 0
7 5 1 0 o 0 0
29 2 8 1 0o 0 0
P=1133 104 46 11 1 0 0 )
650 517 251 79 14 1 0
3319 2669 1369 497 121 17 1
1 0 0 0 o 0 0
3 0 0 o 0 0
15 6 1 0 o 0 0
* 81 33 9 1 o 0 0
Pr=1 459 189 60 12 1 0o 0
2673 1107 3718 9% 15 1 0
15804 6588 2349 675 141 18 1

The first column of P is A064641 of [17], and the first column of P* is A122868 of [17].

Ugp  Ussz Uss Usx Uy

Usp U Us; Us

Usp  Upy Uxp

Up Uy

Uo

Fig. 4 Enumeration of lattice paths above the diagonal
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5 Generalized Motzkin paths above the diagonal

Let U(n, k) be the set of all generalized Motzkin paths ending at the point (n — k, n) not going below the
diagonal y = x. Let U, be the sum of all w(P) with P in U(n, k), see Figure 4. The last step of any path
from U(n, k) is one of S4 = {E = (1,0),N =(0,1),U = (1,1),D = (1, —1)}. Therefore, the number U, «
satisfies the following recurrence relations

Uni1j+1 = bUni + cUppir + aUnyi pi2 + Ung2p43, (5.1)
Uny10 = cUpp +aUyi1) + Upgap, (5.2)

with n,k >0 and the initial conditions Upg = 1 and U, , = b".
Theorem 5.1 The matrix U = [U,, k}nkeN is a Riordan array, and the generating functions of its A-

1—at—/(1— at —41(b+ct) Z(t) = 1—(a+2b)t—+/ (1—at)*—41(b+ct)

212

sequence and Z-sequence are A(t) =

Proof By Lemma 1.2 and (5.1), we have the matrix U = [U, ]n,keN is a Riordan array, and the generating
functions of rows of its A-matrix are ®%(z) = b —1— ct, ®(¢) = 0 for all i > 1. The generating functions of
associated sequences are W!(r) =a, WP(r)=1, Pli(1)=0 for all i>3. Using (1.9), we get
2
Mo:mmm+mumen+maﬁw%0:b+a+amm+mu#.ﬂm&Am:Jﬂ“‘5@‘”“?
In view of (5.2) and using Lemma 1.1, we have Z(r) =c + aA(t) + A(t)* = AUB*]’. Consequently,
Z(t) = 1—(a+2b)t— é;;at)274t(h+ct)- N
Theorem 5.2 The matrix U~" can be represented by Riordan array as
. 2bt 22
1—at— \/(1 —at)’* —4t(b+ct) 1 —at — \/(1 —at)* — 4t(b + ct)
Proof Using Theorem 5.1 and (1.7), we get the assertion. O
2vz2 —1 _ (ph(y) ) _ (@ - ) .
Let h(t) = T R . Then, U ( =, h(t) ). By (1.5), we have U 5> h(t) ). Noting that
h(t) = W and applylng Lagrange inversion formula, we have
h(t) - 1ok
Uox = [1=Lh(0) = [ = k()"
& = [0 = ) R

B k—|-1 - L n+1
_bm+1ﬂ’]<mg>
K+ 1

L P Cnl n+1
= sy b+ ey

k 1 n— k
_ + n k ] b+ct VH»I[ ]C(t>n+1
n+l ]:0

k+13 n+1 P
Bnn b+)nk;
n+121+ ( ])

where B;; is the generic element of matrix B = (C(r),7C(t)) in Theorem 3.2.
Let U*(n, k) be the set of all generalized Motzkin paths ending at the point (n — k,n). Let U}, be the
sum of all w(P) with P in U*(n, k). Obviously, U* = (U, ) has the same A-matrix with the matrix U. Thus,

U* = (U;,) is also a Riordan array, and its column 0 is the central coefficients of P*. Since the matrix U* is

the half of P*, so we have
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2nb) 18] .
k=P g0 = 2, 2 <3n " ikk m> (:1 _f) (ml, l) am A pPkem, (5.3)
Ifa=b=c=1, then
1 0 0 0 0 0 0
3 1 0 0 0 0 0
18 6 1 0 0 0 0
144 45 9 1 0 0 0
U= 1323 396 81 12 1 0 0 ’
13176 3834 783 126 15 1 0
138348 39474 8019 1332 180 18 1
0 0 0 0 0 0
6 1 0 0 0 0 0
60 9 0 0 0 0
675 96 12 1 0 0 0
U= 799 1107 141 15 10 0
97416 13284 1701 195 18 1 0
1209951 163296 20952 2484 258 21 1

The first column of U is A107708 of [17], and the first column of U* is A232969 of [17].

Funding The research is supported by the National Natural Science Foundation of China (Grant Nos. 11561044, 11861045)
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