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Abstract In this paper, we consider the generalized Motzkin paths whose step set consists of E ¼
ð1; 0Þ;N ¼ ð0; 1Þ;U ¼ ð1; 1Þ and D ¼ ð1;�1Þ. In the general case, for the number of such paths running
from (0, 0) to ðk; n� 2kÞ, we define a number triangle, which turns out to be a common extension of Pascal
triangle and Delannoy triangle. Under the restriction of above or below the x-axis, these paths can be seen as
an unified generalization of the well-known Dyck paths, Motzkin paths, and Schröder paths. We also
consider the counting of such paths above the main diagonal. In every condition, we treat with two classes of
paths, which are restricted and unrestricted paths. For each class of paths, the corresponding counting array
is a Riordan array. Numerous Combinatorial matrices such as the Catalan matrix, Motzkin matrix, and
Schröder matrix are special cases of these Riordan arrays.

Keywords Generalized Motzkin path � Generating function � Riordan array � Catalan numbers �
Motzkin numbers � Schröder numbers

Mathematics Subject Classification 15A09 � 15B36 � 05A15 � 05A05

1 Introduction

A lattice path in the xy-plane with steps in a given set S � Z� Z is a sequence of points P ¼ v0v1 � � � vn with

vi 2 Z� Z such that each vector vi�1vi
���! is a member of the step set S. A grand Motzkin path of length n is a

lattice path from (0, 0) to (n, 0) consisting of steps from the set S3 ¼ fU ¼ ð1; 1Þ;E ¼ ð1; 0Þ;D ¼ ð1;�1Þg.
A Motzkin path is a grand Motzkin path which never passes below the x-axis. Motzkin paths are well-known
combinatorial objects that have been widely studied in the literature [1, 12, 21].

For any positive integers n, k with n� k, let an;k denote the number of grand Motzkin paths from the
point (0, 0) to the point (n, k). Let A ¼ ½an;k�n;k2N be the infinite lower triangular matrix. The first few rows

of this matrix are
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A ¼

1 0 0 0 0 0 � � �
1 1 0 0 0 0 � � �
3 2 1 0 0 0 � � �
7 6 3 1 0 0 � � �

19 16 10 4 1 0 � � �
51 45 30 15 5 1 � � �
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: ð1:1Þ

This is the right-hand side of triangle of trinomial coefficients (A027907 of [17]). On the other hand, if we
let mn;k be the number of Motzkin paths from (0, 0) to (n, k). Then we get the Motzkin matrix M¼
½mn;k�n;k2N (A064189 of [17]) in which the Motzkin numbers (A001006 of [17]) appear in the first column

M¼

1 0 0 0 0 0 � � �
1 1 0 0 0 0 � � �
2 2 1 0 0 0 � � �
4 5 3 1 0 0 � � �
9 12 9 4 1 0 � � �

21 30 25 14 5 1 � � �
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: ð1:2Þ

In this paper, we consider those lattice paths starting from (0, 0) that use the step set
S4 ¼ fE ¼ ð1; 0Þ;N ¼ ð0; 1Þ;U ¼ ð1; 1Þ;D ¼ ð1;�1Þg, where each step is labeled with weights a, b, c and
1, respectively. For a path P, we define the weight w(P) to be the product of the weight of the steps. We call
these lattice paths generalized Motzkin paths.

Lattice paths are very well-known combinatorial objects that have been widely studied from various
points of view (see e.g. [4, 6, 7, 21]). There are a huge numer of papers on enumeration of lattice paths for
specified steps and by many different methods [2, 5, 9, 10, 15, 16, 18]. Recently, Merlini et al. [10] use
Riordan array to study enumeration of subdiagonal lattice paths (see also [11–13]) and develop a new
method for expressing lower triangular matrices of combinatorial importance to Riordan arrays. Many other
authors investigated enumeration of lattice paths with different step sets (see [3, 5, 8, 14, 18, 23, 24]). In this
paper, we will use Riordan array as main tool in our studies.

Now we recall the definition of Riordan arrays [19, 20] and their properties. An infinite lower triangular
matrix R ¼ ½rn;k�n;k2N is called a Riordan array if its column k has generating function gðtÞf ðtÞk, where g(t)
and f(t) are formal power series with gð0Þ ¼ 1, f ð0Þ ¼ 0 and f 0ð0Þ 6¼ 0. That is, the general term of matrixR
is

rn;k ¼ ½tn�gðtÞf ðtÞk; ð1:3Þ

where ½tn� is the coefficient operator. The Riordan array is denoted by R ¼ ðgðtÞ; f ðtÞÞ. The set of all
Riordan arrays forms a group under ordinary multiplication of matrices (see [19, 20]). The group law is
given by

ðgðtÞ; f ðtÞÞðdðtÞ; hðtÞÞ ¼ ðgðtÞdðf ðtÞÞ; hðf ðtÞÞÞ: ð1:4Þ

The identity is (1, t) and the inverse of (g(t), f(t)) is

ðgðtÞ; f ðtÞÞ�1 ¼ 1

gð �f ðtÞÞ ;
�f ðtÞ

� �

; ð1:5Þ

where �f ðtÞ is the compositional inverse of f(t) , i.e., �f ðf ðtÞÞ ¼ f ð �f ðtÞÞ ¼ t.
An important feature of Riordan arrays is that they have a number of characterizations [8, 10]. The

simplest of these is as follows.

Lemma 1.1 ([8, 10]) Let R ¼ ½rn;k�n;k2N be an infinite lower triangular matrix with r0;0 ¼ 1. Then R is a
Riordan array if and only if there exists two sequences A ¼ ðaiÞi� 0 and Z ¼ ðziÞi� 0 with a0 6¼ 0 such that
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rnþ1;kþ1 ¼ a0rn;k þ a1rn;kþ1 þ a2rn;kþ2 þ � � � ; n; k ¼ 0; 1; � � � ;
rnþ1;0 ¼ z0rn;0 þ z1rn;1 þ z2rn;2 þ � � � ; n ¼ 0; 1; � � � :

The coefficients a0; a1; a2; � � � and z0; z1; z2; � � � are called the A-sequence and the Z-sequence of the Riordan
array R, respectively. The Z-sequence characterize column 0, while the A-sequence characterize all other
columns. Letting A(t) be the generating function of the A-sequence and Z(t) be the generating function of the
Z-sequence of the Riordan array (g(t), f(t) ). Then

gðtÞ ¼ 1

1� tZðf ðtÞÞ ; f ðtÞ ¼ tAðf ðtÞÞ: ð1:6Þ

Furthermore, the inverse ðgðtÞ; f ðtÞÞ�1 ¼ ðdðtÞ; hðtÞÞ is determined by

hðtÞ ¼ t

AðtÞ ; and dðtÞ ¼ AðtÞ � tZðtÞ
AðtÞ : ð1:7Þ

Merlini et al. [10] established another characterization of Riordan arrays by means of A-matrix, and they
studied the lattice path problems by the A-matrix. Using the same approach, we will study the lattice paths
using the step set fE ¼ ð1; 0Þ;N ¼ ð0; 1Þ;U ¼ ð1; 1Þ;D ¼ ð1;�1Þg.
Lemma 1.2 ([10]) A lower triangular array ½rn;k�n;k2N is a Riordan array if and only if there exists another

array ½ai;j�i;j2N, with a0;0 6¼ 0, and s sequences fq½i�j gj2N, i ¼ 1; 2; � � � ; s, such that

rnþ1;kþ1 ¼
X

i� 0

X

j� 0

ai;jrn�i;kþj þ
X

s

i¼1

X

j� 0

q½i�j rnþi;kþiþjþ1: ð1:8Þ

The array ½ai;j�i;j2N is called the A-matrix of the Riordan array ½rn;k�n;k2N. Let ½rn;k�n;k2N ¼ ðgðtÞ; f ðtÞÞ. If

U½i�ðtÞ denote the generating functions of ith row of the A-matrix and and W½i�ðtÞ is the generating function

for the sequence fq½i�j gj2N, i.e.,

U½i�ðtÞ ¼ ai;0 þ ai;1t þ ai;2t2 þ ai;3t3 þ � � � ; i ¼ 0; 1; 2; � � � ;
W½i�ðtÞ ¼ q½i�0 þ q½i�1 t þ q½i�2 t2 þ q½i�3 t3 þ � � � ; i ¼ 1; 2; � � � ; s;

then we have [10]

f ðtÞ ¼
X

i� 0

tiþ1U½i�ðf ðtÞÞ þ
X

s

i¼1

t1�if ðtÞiþ1W½i�ðf ðtÞÞ; ð1:9Þ

and the A-sequence is determined by

AðtÞ ¼
X

i� 0

tiAðtÞ�iU½i�ðtÞ þ
X

s

i¼1

tAðtÞiW½i�ðtÞ: ð1:10Þ

The rest of this paper is organized as follows. In section 2, we study the generalized Motzkin paths without
any restriction and obtain some combinatorial matrices as generalizations of Pascal matrix. In sections 3
and 4, we consider enumeration of generalized Motzkin paths under or above the x-axis by using A-matrix,
and derive several Catalan-like matrices. In section 5, we study the generalized Motzkin paths above the
main diagonal y ¼ x and get some new matrices of combinatorial interest.

2 Generalized Motzkin paths with no restriction

In this section, we consider generalized Motzkin paths in general case. Let G(n, k) be the set of all weighted
grand Motzkin paths ending at the point ðk; n� 2kÞ. Let Gn;k be the sum of all weights w(P) with P in
G(n, k). The first few rows of matrix ½Gn;k�n;k2N are illustrated in Figure 1. The last step of any path from

G(n, k) is one of S4 ¼ fE ¼ ð1; 0Þ;N ¼ ð0; 1Þ;U ¼ ð1; 1Þ;D ¼ ð1;�1Þg. Therefore, the number Gn;k ¼
jGðn; kÞj satisfies the following recurrence relation, as shown in Figure 1,
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Gnþ1;kþ1 ¼ Gn;k þ aGn�1;k þ cGn�2;k þ bGn;kþ1; ð2:1Þ

with n; k� 0 and boundary conditions Gn;0 ¼ bn and Gn;n ¼ 1.
For k� 0, let gkðtÞ ¼

P1
n¼k Gn;ktn. Then g0ðtÞ ¼ 1

1�bt and by (2.1), we have

gkþ1ðtÞ ¼ tgkðtÞ þ at2gkðtÞ þ ct3gkðtÞ þ btgkþ1ðtÞ:

By iterating, we obtain

gkþ1ðtÞ ¼
t þ at2 þ ct3

1� bt
gkðtÞ ¼

t þ at2 þ ct3

1� bt

� �kþ1
1

1� bt
:

In view of definition (1.3), we have the following theorem.

Theorem 2.1 The infinite lower triangular array ½Gi;j�i;j2N has a Riordan array expression given by

G ¼ 1

1� bt
;
t þ at2 þ ct3

1� bt

� �

:

If a ¼ b ¼ c ¼ 1, then the first few terms of this array are (A102036 of [17])

G ¼

1 0 0 0 0 0 0 � � �
1 1 0 0 0 0 0 � � �
1 3 1 0 0 0 0 � � �
1 6 5 1 0 0 0 � � �
1 9 15 7 1 0 0 � � �
1 12 33 28 9 1 0 � � �
1 15 60 81 45 11 1 � � �
..
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:

The sequence of the row sums of G is A077939 of [17], and the diagonal sums is A000078 of [17].

Theorem 2.2 The general term of the array G is given by

Gn;k ¼
X

2k

m¼0

X

bm
2
c

i¼0

n� m

k

� � k

m� i

� �

m� i

i

� �

am�2icibn�k�m: ð2:2Þ

Proof By the definition and the binomial theorem, we have

Fig. 1 Combinatorial interpretation of the matrix ½Gn;k�n;k2N
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Gn;k ¼ ½tn� 1

1� bt

t þ at2 þ ct3

1� bt

� �k

¼ ½tn�k� 1

1� bt

� �kþ1

1þ at þ ct2
� �k

¼ ½tn�k�ð1þ at þ ct2Þkð1� btÞ�ðkþ1Þ

¼ ½tn�k�
X

2k

m¼0

X

bm
2
c

i¼0

k

m� i

� �

m� i

i

� �

am�2icitm �
X

1

j¼0

k þ j

j

� �

b jt j

¼ ½tn�k�
X

1

j¼0

k þ j

j

� �

X

2k

m¼0

X

bm
2
c

i¼0

k

m� i

� �

m� i

i

� �

am�2icibjtmþj

¼
X

2k

m¼0

X

bm
2
c

i¼0

n� m

n� k � m

� � k

m� i

� �

m� i

i

� �

am�2icibn�k�m

¼
X

2k

m¼0

X

bm
2
c

i¼0

n� m

k

� � k

m� i

� �

m� i

i

� �

am�2icibn�k�m:

This complete the proof. h

For an infinite lower triangular matrix R ¼ ½rn;k�n;k2N, its central coefficient sequence is defined as fr2n;ng2N.
If R ¼ ðdðtÞ; hðtÞÞ is a Riordan array, then the generating function of the central coefficient sequence is
determined by [2, 22].

BðtÞ ¼ tf 0ðtÞdðf ðtÞÞ
f ðtÞ ; ð2:3Þ

where f(t) is the generating function defined by the functional equation f ðtÞ2 ¼ thðf ðtÞÞ.
Theorem 2.3 The generating function for the central coefficients of G ¼ 1

1�bt ;
tþat2þct3

1�bt

� �

is given by

BðtÞ ¼ 1
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð1� atÞ2 � 4tðct þ bÞ
q :

Proof Using (2.3), we let f ¼ ð1þafþcf 2Þt
1�bf . Then we have f ðtÞ ¼ 1�at�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð1�atÞ2�4tðctþbÞ
p

2ðctþbÞ , and

BðtÞ ¼ tf 0ðtÞ
f ðtÞð1�bf ðtÞÞ ¼ 1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð1�atÞ2�4tðctþbÞ
p . h

From Theorem 2.2, the sum of weights of all generalized Motzkin paths from (0, 0) to (n, 0) is

G2n;n ¼
X

2n

m¼0

X

bm
2
c

i¼0

2n� m

n

� �

n

m� i

� � m� i

i

� �

am�2icibn�m: ð2:4Þ

Remark 2.1 If a ¼ 0, then

G ¼ 1

1� bt
;
t þ ct3

1� bt

� �

;

and Gn;k ¼
Pk

i¼0
n�2i

n�k�2i

� �

k
i

� �

cibn�k�2i are the sum of weights of the weighted lattice paths from (0, 0) to
ðk; n� 2kÞ with three types of steps N ¼ ð0; 1Þ;U ¼ ð1; 1Þ;D ¼ ð1;�1Þ, where each step is labeled with

weights b, c, 1, respectively. Meanwhile, G2n;n ¼
Pn

i¼0
2n�2i
n�2i

� �

n
i

� �

cibn�2i. For the case b ¼ c ¼ 1 and a ¼ 0,

we have (A257365 of [17])
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G ¼

1 0 0 0 0 0 0 � � �
1 1 0 0 0 0 0 � � �
1 2 1 0 0 0 0 � � �
1 4 3 1 0 0 0 � � �
1 6 8 4 1 0 0 � � �
1 8 16 13 5 1 0 � � �
1 10 28 32 19 6 1 � � �
..
. ..
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B
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C

C

C

C

C

C

C

C

C

C

A

:

For the case a ¼ c ¼ 0 and b ¼ 1, we have the Pascal matrix (A007318 of [17]).

Remark 2.2 If b ¼ 0, then

G ¼ 1; t þ at2 þ ct3
� �

;

and Gn;k ¼
Pk

i¼0
k
i

� �

k�i
n�2kþi

� �

a3k�2i�ncn�2kþi are the sum of weights of the weighted Motzkin paths from
(0, 0) to ðk; n� 2kÞ with three types of steps E ¼ ð1; 0Þ;U ¼ ð1; 1Þ;D ¼ ð1;�1Þ, where each step is labeled

with weights a, c, 1, respectively. In particular, G2n;n ¼
Pn

i¼0
n
i

� �

n�i
i

� �

an�2ici are the generalized central

trinomial coefficients.

Remark 2.3 If c ¼ 0, then

G ¼ 1

1� bt
;
t þ at2

1� bt

� �

;

and Gn;k ¼
Pn�k

j¼0
n�j

k

� �

k
j

� �

a jbn�k�j are the generalized Delannoy numbers, which are the sum of weights of
the weighted lattice paths from (0, 0) to ðk; n� 2kÞ with three types of steps
E ¼ ð1; 0Þ;N ¼ ð0; 1Þ;D ¼ ð1;�1Þ, where each step is labeled with weights a, b, 1, respectively.

Meanwhile, G2n;n ¼
Pn

j¼0
2n�j

n

� �

n
j

� �

a jbn�j are generalized central Delannoy numbers. For the case a ¼
b ¼ 1 and c ¼ 0, we have the Delannoy triangle (A008288 of [17])

G ¼

1 0 0 0 0 0 0 � � �
1 1 0 0 0 0 0 � � �
1 3 1 0 0 0 0 � � �
1 5 5 1 0 0 0 � � �
1 7 13 7 1 0 0 � � �
1 9 25 25 9 1 0 � � �
1 11 41 63 41 11 1 � � �
..
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. ..
. ..

. ..
. ..

. ..
. . .

.
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B
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B

B
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B

B

B

B

@

1

C

C

C

C

C

C

C

C

C

C

C

C

C

C

A

:

3 Generalized Motzkin paths under the x-axis

Let B(n, k) be the set of all generalized Motzkin paths ending at the point ðn;�kÞ not rising above the x-axis.
Let Bn;k be the sum of all w(P) with P in B(n, k), see Figure 2. The last step of any path from B(n, k) is one
of S4 ¼ fE ¼ ð1; 0Þ;N ¼ ð0; 1Þ;U ¼ ð1; 1Þ;D ¼ ð1;�1Þg. Therefore, the number Bn;k satisfies the follow-
ing recurrence relations

Bnþ1;kþ1 ¼ Bn;k þ aBn;kþ1 þ cBn;kþ2 þ bBnþ1;kþ2; ð3:1Þ
Bnþ1;0 ¼ aBn;0 þ cBn;1 þ bBnþ1;1; ð3:2Þ

with n; k� 0 and initial conditions B0;0 ¼ 1 and Bn;n ¼ 1.

Theorem 3.1 The matrix B ¼ ½Bn;k�n;k2N is a Riordan array, and the generating functions of its A-
sequence and Z-sequence are
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AðtÞ ¼ 1þ at þ ct2

1� bt
and ZðtÞ ¼ aþ ct þ bð1þ at þ ct2Þ

1� bt
:

Proof By Lemma 1.2 and (3.1), we have the matrix B ¼ ½Bn;k�n;k2N is a Riordan array, and the generating

functions of rows of its A-matrix are U½0�ðtÞ ¼ 1þ at þ ct2, U½i�ðtÞ ¼ 0 for all i� 1. The generating functions

of associated sequences are W½1�ðtÞ ¼ b, W½i�ðtÞ ¼ 0 for all i� 2. Using (1.9), we get

AðtÞ ¼ U½0�ðtÞ þ tAðtÞW½1�ðtÞ ¼ 1þ at þ ct2 þ btAðtÞ. Thus, AðtÞ ¼ 1þatþct2

1�bt . In view of (3.2) and using

Lemma 1.1, we have ZðtÞ ¼ aþ ct þ bAðtÞ. Consequently, ZðtÞ ¼ aþ ct þ bð1þatþct2Þ
1�bt . h

Theorem 3.2 The matrix B can be represented by Riordan array as

B ¼
1� at �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð1� atÞ2 � 4tðbþ ctÞ
q

2tðbþ ctÞ ;
1� at �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð1� atÞ2 � 4tðbþ ctÞ
q

2ðbþ ctÞ

0

@

1

A:

The general term of the array B is given by

Bn;k ¼
k þ 1

nþ 1

X

2nþ2

m¼0

X

bm
2
c

i¼0

2n� m� k

n� m� k

� �

nþ 1

i

� �

nþ 1� i

m� 2i

� �

am�2ibn�m�kci: ð3:3Þ

Proof Using Theorem 3.1 and (1.5), we get the first assertion. Let B ¼ gðtÞ; f ðtÞð Þ and hðtÞ ¼ t�bt2

1þatþct2.

Then, by (1.5), we have B�1 ¼ hðtÞ
t ; hðtÞ

� �

, gðtÞ ¼ �hðtÞ
t , and f ðtÞ ¼ �hðtÞ. Thus, using the definition and

Lagrange inversion formula, we obtain

Bn;k ¼ ½tn�gðtÞf ðtÞk ¼ ½tn�
�hðtÞ
t

�hðtÞk

¼ ½tnþ1� �hðtÞkþ1 ¼ k þ 1

nþ 1
½tn�k� t

hðtÞ

� �nþ1

¼ ½tn�k� k þ 1

nþ 1
ð1þ at þ ct2Þnþ1ð1� btÞ�ðnþ1Þ

¼ ½tn�k� k þ 1

nþ 1

X

2nþ2

m¼0

X

bm
2
c

i¼0

nþ 1

i

� �

nþ 1� i

m� 2i

� �

am�2icitm �
X

1

j¼0

nþ j

j

� �

b jt j

¼ ½tn�k� k þ 1

nþ 1

X

1

j¼0

nþ j

j

� �

X

2nþ2

m¼0

X

bm
2
c

i¼0

nþ 1

i

� �

nþ 1� i

m� 2i

� �

b jam�2icitmþj

¼ k þ 1

nþ 1

X

2nþ2

m¼0

X

bm
2
c

i¼0

2n� m� k

n� m� k

� �

nþ 1

i

� �

nþ 1� i

m� 2i

� �

bn�m�kam�2ici:

This complete the proof. h

Let CðtÞ ¼ 1�at�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð1�atÞ2�4tðbþctÞ
p

2tðbþctÞ ¼
P1

j¼0 Cnða; b; cÞtn. Then Cnða; b; cÞ counts the number of generalized
Motzkin paths from (0, 0) to (n, 0) weakly below the x-axis. From Theorem 3.2, we have

Fig. 2 Enumeration of lattice paths under the x-axis
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Cnða; b; cÞ ¼
1

nþ 1

X

n

m¼0

X

bm
2
c

i¼0

2n� m

n� m

� �

nþ 1

i

� �

nþ 1� i

m� 2i

� �

am�2ibn�mci:

Let B�ðn; kÞ be the set of all generalized Motzkin paths ending at the point ðn;�kÞ. Let B�n;k be the sum of all
w(P) with P in B�ðn; kÞ. Then B� ¼ ½B�n;k� has the same A-matrix with the matrix B. Thus, B� ¼ ½B�n;k� is also

a Riordan array.

Theorem 3.3 The matrix B� is a Riordan array given by

B� ¼ 1
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð1� atÞ2 � 4tðbþ ctÞ
q ;

1� at �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð1� atÞ2 � 4tðbþ ctÞ
q

2ðbþ ctÞ

0

B

@

1

C

A

; and

B�n;k ¼
X

n

m¼0

X

bm
2
c

i¼0

2n� k � m

n

� �

n

m� i

� � m� i

i

� �

am�2icibn�k�m:

Proof Let B� ¼ ðg�ðtÞ; f �ðtÞÞ. Then the generating function f �ðtÞ is completely determined by its A-matrix.
Hence, f �ðtÞ ¼ f ðtÞ since B� ¼ ½B�n;k� has the same A-matrix with the matrix B. On the other hand, by

definition, the column 0 of B� ¼ ½B�n;k� is the central coefficients of G ¼ 1
1�bt ;

tþat2þct3

1�bt

� �

. By Theorem 2.3,

g�ðtÞ ¼ 1
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð1�atÞ2�4tðbþctÞ
p . Therefore, B� ¼ 1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð1�atÞ2�4tðbþctÞ
p ;

1�at�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð1�atÞ2�4tðbþctÞ
p

2ðbþctÞ

� �

. Since the matrix B� is

the half of G, so we have B�n;k ¼ G2n�k;n. By Theorem 2.2, we get the expression for B�n;k. h

If a ¼ b ¼ c ¼ 1, then

B ¼

1 0 0 0 0 0 0 � � �
2 1 0 0 0 0 0 � � �
7 4 1 0 0 0 0 � � �

29 18 6 1 0 0 0 � � �
133 86 33 8 1 0 0 � � �
650 431 179 52 10 1 0 � � �

3319 2238 978 316 75 12 1 � � �
..
. ..

. ..
. ..

. ..
. ..

. ..
. . .

.

0

B

B

B

B

B

B

B

B

B

B

B

B

B

B

@

1

C

C

C

C

C

C

C

C

C

C

C

C

C

C

A

;

B� ¼

1 0 0 0 0 0 0 � � �
3 1 0 0 0 0 0 � � �
15 5 1 0 0 0 0 � � �
81 28 7 1 0 0 0 � � �

459 161 45 9 1 0 0 � � �
2673 946 281 66 11 1 0 � � �

15894 5642 1742 449 91 13 1 � � �
..
. ..

. ..
. ..

. ..
. ..

. ..
. . .

.

0

B

B

B

B

B

B

B

B

B

B

B

B

B

B

@

1

C

C

C

C

C

C

C

C

C

C

C

C

C

C

A

:

The first column of B is A064641 of [17], and the first column of B� is A122868 of [17].
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Remark 3.1 If a ¼ 0, then

B ¼ 1�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� 4bt � 4ct2
p

2bt þ 2ct2
;
1�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� 4bt � 4ct2
p

2bþ 2ct

 !

;

B� ¼ 1
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� 4bt � 4ct2
p ;

1�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� 4bt � 4ct2
p

2bþ 2ct

 !

:

In the case b ¼ c ¼ 1 and a ¼ 0,

B ¼

1 0 0 0 0 � � �
1 1 0 0 0 � � �
3 2 1 0 0 � � �
9 7 3 1 0 � � �

31 24 12 4 1 � � �
..
. ..

. ..
. ..

. ..
. . .

.

0

B

B

B

B

B

B

B

B

B

@

1

C

C

C

C

C

C

C

C

C

A

;

B� ¼

1 0 0 0 0 � � �
2 1 0 0 0 � � �
8 3 1 0 0 � � �

32 13 4 1 0 � � �
136 55 19 5 1 � � �

..

. ..
. ..

. ..
. ..

. . .
.

0

B

B

B

B

B

B

B

B

B

@

1

C

C

C

C

C

C

C

C

C

A

:

The first column of B is A052709 of [17], and the first column of B� is A122868 of [17].

Remark 3.2 If b ¼ 0, then

B ¼
1� at �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð1� atÞ2 � 4ct2

q

2ct2
;
1� at �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð1� atÞ2 � 4ct2

q

2ct

0

@

1

A;

B� ¼ 1
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð1� atÞ2 � 4ct2

q ;
1� at �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð1� atÞ2 � 4ct2

q

2ct

0

B

@

1

C

A

:

The terms of column 0 of B

Cnða; 0; cÞ ¼
k þ 1

nþ 1

X

bn�k
2
c

i¼0

nþ 1

j

� �

j

n� k � j

� �

a2j�nþkcn�k�j

are the generalized Motzkin numbers, while the terms of column 0 of B�

B�n;0 ¼
X

bn
2
c

i¼0

n

n� i

� � n� i

i

� �

an�2ici:

are the generalized central trinomial coefficients.
In the case a ¼ c ¼ 1 and b ¼ 0, we get the Motzkin matrix M and A (A064189 and A094531) in

Section 1.
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Remark 3.3 If c ¼ 0, then

B ¼
1� at �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð1� atÞ2 � 4bt

q

2bt
;
1� at �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð1� atÞ2 � 4bt

q

2b

0

@

1

A;

B� ¼ 1
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð1� atÞ2 � 4bt

q ;
1� at �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð1� atÞ2 � 4bt

q

2b

0

B

@

1

C

A

:

The terms of column 0 of B are

Cnða; b; 0Þ ¼
1

nþ 1

X

n

m¼0

2n� m

n� m

� �

nþ 1

m

� �

ambn�m;

which are the generalized Schröder numbers, while the terms of column 0 of B� are

B�n;0 ¼
X

2n

m¼0

2n� m

n

� �

n

m

� �

ambn�m;

which are the generalized central Delannoy numbers. In the case a ¼ b ¼ 1 and c ¼ 0,

B ¼

1 0 0 0 0 � � �
2 1 0 0 0 � � �
6 4 1 0 0 � � �

22 16 6 1 0 � � �
90 68 30 8 1 � � �
..
. ..

. ..
. ..

. ..
. . .

.

0

B

B

B

B

B

B

B

B

B

@

1

C

C

C

C

C

C

C

C

C

A

;

B� ¼

1 0 0 0 0 � � �
3 1 0 0 0 � � �

13 5 1 0 0 � � �
63 25 7 1 0 � � �

321 129 41 9 1 � � �
..
. ..

. ..
. ..

. ..
. . .

.

0

B

B

B

B

B

B

B

B

B

@

1

C

C

C

C

C

C

C

C

C

A

:

which are the Schröder matrix A080247 of [17] and A113139 of [17].
In the case b ¼ 1 and a ¼ c ¼ 0,

B ¼

1 0 0 0 0 � � �
1 1 0 0 0 � � �
2 2 1 0 0 � � �
5 5 3 1 0 � � �

14 14 9 4 1 � � �
..
. ..

. ..
. ..

. ..
. . .

.

0

B

B

B

B

B

B

B

B

B

@

1

C

C

C

C

C

C

C

C

C

A

; B� ¼

1 0 0 0 0 � � �
2 1 0 0 0 � � �
6 3 1 0 0 � � �

20 10 4 1 0 � � �
70 35 15 5 1 � � �
..
. ..

. ..
. ..

. ..
. . .

.

0

B

B

B

B

B

B

B

B

B

@

1

C

C

C

C

C

C

C

C

C

A

:

which are the Catalan matrix A033184 of [17] and A092392 of [17].
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4 Generalized Motzkin paths above the x-axis

Let P(n, k) be the set of all generalized Motzkin paths ending at the point ðn� k; kÞ not going below the x-
axis. Let Pn;k be the sum of all w(P) with P in P(n, k), see Figure 3. The last step of any path from P(n, k) is
one of S4 ¼ fE ¼ ð1; 0Þ;N ¼ ð0; 1Þ;U ¼ ð1; 1Þ;D ¼ ð1;�1Þg. Therefore, the number Pn;k satisfies the
following recurrence relations

Pnþ1;kþ1 ¼ bPn;k þ aPn;kþ1 þ cPn�1;k þ Pnþ1;kþ2; ð4:1Þ

Pnþ1;0 ¼ aPn;0 þ Pnþ1;1; ð4:2Þ

with n; k� 0 and initial conditions P0;0 ¼ 1 and Pn;n ¼ bn.

Theorem 4.1 The matrix P ¼ ½Pn;k�n;k2N is a Riordan array, and the generating functions of its A-

sequence and Z-sequence are AðtÞ ¼ bþatþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðbþatÞ2�4ctðt�1Þ
p

2ð1�tÞ and ZðtÞ ¼ 2aþb�atþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðbþatÞ2�4ctðt�1Þ
p

2ð1�tÞ .

Proof By Lemma 1.2 and (4.1), we have the matrix P ¼ ½Pn;k�n;k2N is a Riordan array, and the generating

functions of rows of its A-matrix are U½0�ðtÞ ¼ bþ at, U½1�ðtÞ ¼ c, U½i�ðtÞ ¼ 0 for all i� 2. The generating

functions of associated sequences are W½1�ðtÞ ¼ 1, W½i�ðtÞ ¼ 0 for all i� 2. Using (1.9), we get

AðtÞ ¼ U½0�ðtÞ þ tAðtÞ�1U½1�ðtÞ þ tAðtÞW½1�ðtÞ ¼ bþ at þ ctAðtÞ�1 þ tAðtÞ. Thus, ð1� tÞAðtÞ2 � ðbþ
atÞAðtÞ � ct ¼ 0 and AðtÞ ¼ bþatþ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðbþatÞ2�4ctðt�1Þ
p

2ð1�tÞ .

In view of (4.2) and using Lemma 1.1, we have ZðtÞ ¼ aþ AðtÞ. Consequently,

ZðtÞ ¼ 2aþb�atþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðbþatÞ2�4ctðt�1Þ
p

2ð1�tÞ . h

Theorem 4.2 The matrix P can be represented by Riordan array as

P ¼
1� at �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð1� atÞ2 � 4tðbþ ctÞ
q

2tðbþ ctÞ ;
1� at �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð1� atÞ2 � 4tðbþ ctÞ
q

2

0

@

1

A:

Proof Using Theorem 5.2 and (1.5), we get the assertion. h

Using CðtÞ ¼ 1�at�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð1�atÞ2�4tðbþctÞ
p

2tðbþctÞ and the above theorem, we can write

P ¼ CðtÞ; tðbþ ctÞCðtÞð Þ:

From the previous section, CðtÞ ¼
P1

j¼0 Cnða; b; cÞtn. Thus, Cnða; b; cÞ also counts the number of paths from
(0, 0) to (n, 0) weakly above the x-axis consisting of four types of steps:
E ¼ ð1; 0Þ;N ¼ ð0; 1Þ;U ¼ ð1; 1Þ;D ¼ ð1;�1Þ. In special cases, we have Cnð0; 1; 0Þ ¼ Cn are Catalan
numbers, Cnð1; 0; 1Þ ¼ Mn are Motzkin numbers, and Cnð1; 1; 0Þ ¼ Rn are larger Schröder numbers.

Let P�ðn; kÞ be the set of all generalized Motzkin paths ending at the point ðn� k; kÞ. Let P�n;k be the sum
of all w(P) with P in P�ðn; kÞ. Obviously, P� ¼ ðP�n;kÞ has the same A-matrix with the matrix P. Thus,

Fig. 3 Enumeration of lattice paths above the x-axis
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P� ¼ ðP�n;kÞ is a Riordan array, and its column 0 is the central coefficients of G ¼ 1
1�bt ;

tþat2þct3

1�bt

� �

. By

Theorem 2.3, we have the following theorem.

Theorem 4.3 The matrices P� can be represented as

P� ¼ 1
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð1� atÞ2 � 4tðbþ ctÞ
q ;

1� at �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð1� atÞ2 � 4tðbþ ctÞ
q

2

0

B

@

1

C

A

:

The matrix P� is the left half of G, so we have P�n;k ¼ G2n�k;n�k. By Theorem 2.2,

P�n;k ¼
X

2ðn�kÞ

m¼0

X

bm
2
c

i¼0

2n� k � m

n� k

� �

n� k

m� i

� �

m� i

i

� �

am�2icibn�m: ð4:3Þ

If a ¼ b ¼ c ¼ 1, then

P ¼

1 0 0 0 0 0 0 � � �
2 1 0 0 0 0 0 � � �
7 5 1 0 0 0 0 � � �

29 22 8 1 0 0 0 � � �
133 104 46 11 1 0 0 � � �
650 517 251 79 14 1 0 � � �

3319 2669 1369 497 121 17 1 � � �
..
. ..

. ..
. ..

. ..
. ..

. ..
. . .

.

0

B

B

B

B

B

B

B

B

B

B

B

B

B

B

@

1

C

C

C

C

C

C

C

C

C

C

C

C

C

C

A

;

P� ¼

1 0 0 0 0 0 0 � � �
3 1 0 0 0 0 0 � � �

15 6 1 0 0 0 0 � � �
81 33 9 1 0 0 0 � � �

459 189 60 12 1 0 0 � � �
2673 1107 378 96 15 1 0 � � �

15894 6588 2349 675 141 18 1 � � �
..
. ..

. ..
. ..

. ..
. ..

. ..
. . .

.

0

B

B

B

B

B

B

B

B

B

B

B

B

B

B

@

1

C

C

C

C

C

C

C

C

C

C

C

C

C

C

A

:

The first column of P is A064641 of [17], and the first column of P� is A122868 of [17].

Fig. 4 Enumeration of lattice paths above the diagonal
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5 Generalized Motzkin paths above the diagonal

Let U(n, k) be the set of all generalized Motzkin paths ending at the point ðn� k; nÞ not going below the
diagonal y ¼ x. Let Un;k be the sum of all w(P) with P in U(n, k), see Figure 4. The last step of any path
from U(n, k) is one of S4 ¼ fE ¼ ð1; 0Þ;N ¼ ð0; 1Þ;U ¼ ð1; 1Þ;D ¼ ð1;�1Þg. Therefore, the number Un;k

satisfies the following recurrence relations

Unþ1;kþ1 ¼ bUn;k þ cUn;kþ1 þ aUnþ1;kþ2 þ Unþ2;kþ3; ð5:1Þ

Unþ1;0 ¼ cUn;0 þ aUnþ1;1 þ Unþ2;2; ð5:2Þ

with n; k� 0 and the initial conditions U0;0 ¼ 1 and Un;n ¼ bn.

Theorem 5.1 The matrix U ¼ ½Un;k�n;k2N is a Riordan array, and the generating functions of its A-

sequence and Z-sequence are AðtÞ ¼ 1�at�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð1�atÞ2�4tðbþctÞ
p

2t and ZðtÞ ¼ 1�ðaþ2bÞt�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð1�atÞ2�4tðbþctÞ
p

2t2 .

Proof By Lemma 1.2 and (5.1), we have the matrix U ¼ ½Un;k�n;k2N is a Riordan array, and the generating

functions of rows of its A-matrix are U½0�ðtÞ ¼ bþ ct, U½i�ðtÞ ¼ 0 for all i� 1. The generating functions of

associated sequences are W½1�ðtÞ ¼ a, W½2�ðtÞ ¼ 1, W½i�ðtÞ ¼ 0 for all i� 3. Using (1.9), we get

AðtÞ ¼ U½0�ðtÞ þ tAðtÞW½1�ðtÞ þ tAðtÞ2W½2�ðtÞ ¼ bþ ct þ atAðtÞ þ tAðtÞ2. Thus, AðtÞ ¼ 1�at�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð1�atÞ2�4tðbþtÞ
p

2t .

In view of (5.2) and using Lemma 1.1, we have ZðtÞ ¼ cþ aAðtÞ þ AðtÞ2 ¼ AðtÞ�b
t . Consequently,

ZðtÞ ¼ 1�ðaþ2bÞt�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð1�atÞ2�4tðbþctÞ
p

2t2 . h

Theorem 5.2 The matrix U�1 can be represented by Riordan array as

U�1 ¼ 2bt

1� at �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð1� atÞ2 � 4tðbþ ctÞ
q ;

2t2

1� at �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð1� atÞ2 � 4tðbþ ctÞ
q

0

B

@

1

C

A

:

Proof Using Theorem 5.1 and (1.7), we get the assertion. h

Let hðtÞ ¼ 2vt2

1�at�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ð1�atÞ2�4tðbþctÞ
p . Then, U�1 ¼ bhðtÞ

t ; hðtÞ
� �

. By (1.5), we have U ¼ �hðtÞ
bt ;

�hðtÞ
� �

. Noting that

hðtÞ ¼ t
ðbþctÞCðtÞ and applying Lagrange inversion formula, we have

Un;k ¼ ½tn�
�hðtÞ
bt

�hðtÞk ¼ ½tnþ1� 1
b

�hðtÞkþ1

¼ k þ 1

bðnþ 1Þ ½t
n�k� t

hðtÞ

� �nþ1

¼ k þ 1

bðnþ 1Þ ½t
n�k�ðbþ ctÞnþ1CðtÞnþ1

¼ k þ 1

bðnþ 1Þ
X

n�k

j¼0

½tn�k�j�ðbþ ctÞnþ1½t j�CðtÞnþ1

¼ k þ 1

nþ 1

X

n�k

j¼0

Bjþn;n
nþ 1

n� k � j

� �

bkþjcn�k�j;

where Bi;j is the generic element of matrix B ¼ ðCðtÞ; tCðtÞÞ in Theorem 3.2.
Let U�ðn; kÞ be the set of all generalized Motzkin paths ending at the point ðn� k; nÞ. Let U�n;k be the

sum of all w(P) with P in U�ðn; kÞ. Obviously, U� ¼ ðU�n;kÞ has the same A-matrix with the matrix U. Thus,

U� ¼ ðU�n;kÞ is also a Riordan array, and its column 0 is the central coefficients of P�. Since the matrix U� is

the half of P�, so we have
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U�n;k ¼ P�2n�k;n ¼
X

2ðn�kÞ

m¼0

X

bm
2
c

i¼0

3n� 2k � m

n� k

� �

n� k

m� i

� �

m� i

i

� �

am�2icib2n�k�m: ð5:3Þ

If a ¼ b ¼ c ¼ 1, then

U ¼

1 0 0 0 0 0 0 � � �
3 1 0 0 0 0 0 � � �

18 6 1 0 0 0 0 � � �
144 45 9 1 0 0 0 � � �

1323 396 81 12 1 0 0 � � �
13176 3834 783 126 15 1 0 � � �

138348 39474 8019 1332 180 18 1 � � �
..
. ..

. ..
. ..

. ..
. ..

. ..
. . .

.

0

B

B

B

B

B

B

B

B

B

B

B

B

B

B

@

1

C

C

C

C

C

C

C

C

C

C

C

C

C

C

A

;

U� ¼

1 0 0 0 0 0 0 � � �
6 1 0 0 0 0 0 � � �

60 9 1 0 0 0 0 � � �
675 96 12 1 0 0 0 � � �

7992 1107 141 15 1 0 0 � � �
97416 13284 1701 195 18 1 0 � � �

1209951 163296 20952 2484 258 21 1 � � �
..
. ..

. ..
. ..

. ..
. ..

. ..
. . .

.

0

B

B

B

B

B

B

B

B

B

B

B

B

B

B

@

1

C

C

C

C

C

C

C

C

C

C

C

C

C

C

A

:

The first column of U is A107708 of [17], and the first column of U� is A232969 of [17].
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