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Abstract In this paper, we propose a new linesearch iterative scheme for finding a common solution of split
equilibrium and fixed point problems without pseudomonotonicity of the bifunction f in a real Hilbert space.
When setting the solution of dual equilibrium problem is nonempty, we obtain a strong convergence
theorem which is generated by the iterative scheme. Moreover, we also receive a new linesearch iterative
scheme for finding a solution of the split equilibrium problem in suitable assumptions, and report some
numerical results to illustrate the convergence of the proposed scheme.

Keywords Fixed point problems � Hilbert spaces � Nonexpansive mappings � Split equilibrium problems �
Strong convergence theorem

1 Introduction

In 1994, Censor and Elfving [13] presented the split feasible problem (SFP) in a finite dimensional Hilbert
space H. Let C and Q be nonempty closed convex subsets in real Hilbert spaces H1 and H2, respectively. The
SFP is to find

x� 2 C such that Ax� 2 Q ð1Þ

where A : H1 ! H2 is a bounded linear operator. This is an important problem because it provides a unifined
framework for the study of many significant real-world problems as in intensity-modulated radiation
therapy, signal processing, medical image reconstruction, etc. (for example [10, 12, 15, 16]). Subsequuently,
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CQ-algorithm was suggested by Byrne [11] for finding a solution of SFP in a finite-dimensional Hilbert
space H, that is,

xnþ1 ¼ PCðxn þ cATðPQ � IÞAxnÞ

where C is a closed convex subset of H, PC is the projection mapping from H onto C and I is the identity
mapping. Furthermore, an iterative scheme for finding a solution of SFP in infinite-dimensional Hilbert
spaces was presented by Xu [52], that is,

xnþ1 ¼ PCðxn þ A�ðPQ � IÞAxnÞ

where A� is the adjoint operator of A. In addition, the SFP have been widely and intensively studied, for
example, the split optimization problem , the split common fixed point problem, the split variational
inequality problem, the split equilibrium problem and others (see in
[4, 5, 17, 18, 20, 21, 25–27, 31, 32, 40, 41, 44, 47]).

Moudafi [40] (see also He [27]) introduced a split equilibrium problem (SEP). Let f be a bifunction from
C � C into R and g be a bifunction from Q� Q into R. The SEP is to find

x� 2 C such that x� 2 EPðC; f Þ and Ax� 2 EPðQ; gÞ ð2Þ

where EPðC; f Þ ¼ fx 2 C : f ðx; yÞ� 0; 8y 2 Cg and EPðQ; gÞ ¼ fx 2 C : gðx; yÞ� 0;8y 2 Qg (see in
[7, 8, 14, 22, 33, 42, 49] for more detail on equilibrium problems). Therefore, the solution of SEP is
denoted by

X ¼ fx 2 C : x 2 EPðC; f Þ and Ax 2 EPðQ; gÞg: ð3Þ

In 2012, He [27] constructed an iterative scheme, and proved that the sequences fxng and fyng, defined by

x0 2 C; frng � ð0;þ1Þ;l [ 0;

f ðyn; yÞ þ 1
rn
hy� yn; yn � xni� 0; 8y 2 C;

gðun; vÞ þ 1
rn
hv� un; un � Ayni� 0; 8v 2 Q;

xnþ1 ¼ PCðyn þ lA�ðun � AynÞÞ; 8n� 0;

8
>>><

>>>:

ð4Þ

converge weakly to a solution of SEP where the bifunctions f and g are monotone on C and Q, respectively.
On the other hand, we mention the fixed point problem which is to find a point x 2 C such that Tx ¼ x

where a mapping T : C ! C. The set of fixed point of T is denoted by Fix(T). This problem has many
applications, such as variational inequality problems, saddle point problems, minimax problems (see in
[1, 3, 28, 39]). In 1953, Mann [37] proposed an iteration scheme for finding the fixed point of the mapping T:

x0 2 C;

xnþ1 ¼ ð1� anÞxn þ anTxn;

�

ð5Þ

where fang � ð0; 1Þ and
P1

n¼0 anð1� anÞ ¼ 1: When T is a nonexpansive mapping, they proved that the
sequence fxng generated by (5) converges weakly to a fixed point of T. By the way, Nakajo and Takahashi
[43] suggested the hybrid method which obtians a strong convergence result of the Mann method:

x0 2 C;

yn ¼ anxn þ ð1� anÞTxn;

Cn ¼ fx 2 C : kyn � xk�kxn � xkg;
Qn ¼ fx 2 C : hx0 � xn; x� xni� 0g;

xnþ1 ¼ PCn\Qn
ðx0Þ;

8
>>>>>><

>>>>>>:

ð6Þ

where fang � ½0; 1	 such that an� 1� �an for some �an 2 ð0; 1	; T is also a nonexpansive mapping, and
PCn\Qn

ðx0Þ is the metric projection onto Cn \ Qn: Further, the sequence fxng generated by (6) converges
strongly to PFixðTÞðx0Þ.

Other then, an iterative scheme for finding fixed points of a Lipschitz pseudocontractive mapping T was
introduced by Ishikawa [29]:
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x0 2 C;

yn ¼ ð1� anÞxn þ anTxn;

xnþ1 ¼ ð1� bnÞxn þ bnTyn;

8
><

>:
ð7Þ

where 0� bn� an� 1; limn!1 an ¼ 0;
P1

n¼0 anbn ¼ 1; and C is a convex compact subset of H. The
sequence fxng generated by (7) converges strongly to fixed points of T. In 2008, the shringking projection
method, by using Ishikawa’s concept [29], was presented by Takahashi et al. [50]:

u0 2 H;C1 ¼ C;

x1 ¼ PC1
ðu0Þ;

yn ¼ anxn þ ð1� anÞTxn;

zn ¼ bnxn þ ð1� bnÞTyn

Cnþ1 ¼ fx 2 C : kzn � xk�kxn � xkg;
xnþ1 ¼ PCnþ1

ðx0Þ;

8
>>>>>>>><

>>>>>>>>:

ð8Þ

where fang � ½l; �l	 with 0\l� �l\1; fbng � ½0; 1� �b	 for some �b 2 ð0; 1Þ; and T is a nonexpansive
mapping. The sequence fxng generated by (8) converges strongly to PFixðTÞðx0Þ: This method is defferent
from [43].

Lately, many iterative methods have been suggested for finding a common solution between monotone
equilibrium problems and fixed point problems (for example [9, 19, 34, 35, 45, 46, 48]). In 2016, Dinh et al.
[24] presented a weak convergence algorithm for finding a common solution of split equilibrium and fixed
point problems (SEPNM) by setting the bifunction f is pseudomonotone on C, the bifunction g is monotone
on Q, and S and T are nonexpansive mappings. Their process is based on the extragradient method with
Armijo linesearch type rule for the equilibrium problem [51] and Mann method for the fixed point problem
[37]. In addition, they combined the process with hybrid cutting technique [50] to get a strong convergence
theorem. This problem can be work with the pseudomonotonicity of the bifunction f on C (for example
[2, 36, 38, 51]). In recent years, Dinh and Kim [23] introduced two projection algorithms for solving the
equilibrium problem in a real Hilbert space without pseudomonotonicity of the bifunction f on C by setting
the solution set of the Minty equilibrium problem is nonempty. Their first algorithm with the setting can
obtain a weak convergence result. The second one which is a combination between the projection algorithm
and hybrid cutting technique can obtain a strong convergence result.

By the idea of [23, 24, 27], we propose a new linesearch iterative scheme for finding a common solution
of split equilibrium and fixed point problems in a real Hilbert space without pseudomonotonicity of the
bifunction f on C. Our process combines SEPNM, the projection method with Armijo lineseaerch rule, and
Mann method. For obtaining a strong convergence result, we also use the concept of hybrid cutting
technique in our iterative scheme, and assume the solution of dual equilibrium problem is nonempty.
Moreover, we also have a new linesearch iterative scheme for the split equilibrium problem in suit-
able assumptions, and report some numerical results to illustrate the convergence of the proposed scheme.

This paper is organized as follow: In section 2, some lemmas and assumptions will be used in Section 3.
Section 3 will present two new iterative algorithms and prove strong convergence results. Eventually,
Section 4 propose a numerical experiment for supporting our algorithm.

2 Preliminaries

In this section, we collect essential equipments for using in section 3. Let H be a real Hilbert space. Suppose
that C and Q are two nonempty closed convex sets of H. Note that the metric projection operator onto C, that
is,

PCðxÞ 2 C : kx� PCðxÞk� kx� yk; 8y 2 C: ð9Þ

The solution of dual equilibrium problem is

DEPðC; f Þ ¼ fx 2 C : f ðx; yÞ� 0; 8y 2 Cg:
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When f ð�; yÞ is upper semi-continuous for every y 2 C and f ðx; �Þ is covex for every x 2 C, it obtains
DEPðC; f Þ � EPðC; f Þ (see in [6, 30]).

Lemma 1 [24] Suppose that C is a nonempty closed convex subset in H. Then PC has the following
properties:

(a) PCðxÞ is a singleton and well defined for every x;
(b) z ¼ PCðxÞ if and only if hx� z; y� zi� 0; 8y 2 C;
(c) kPCðxÞ � PCðyÞk2�hPCðxÞ � PCðyÞ; x� yi; 8x; y 2 H;
(d) kPCðxÞ � PCðyÞk2�kx� yk2 � kx� PCðxÞ � yþ PCðyÞk2; 8x; y 2 H.

The bifunctions g and f under the following assumptions.

Assumption A

(A1) gðx; xÞ ¼ 0 for all x 2 Q;
(A2) g is monotone on Q, that is, gðu; vÞ þ gðv; uÞ� 0 for all u; v 2 Q;
(A3) gðu; �Þ is convex and lower semicontinuous on Q for each u 2 Q;
(A4) for all u; v;w 2 Q;

lim sup
k#0

gðkw� ð1� kÞu; vÞ� gðu; vÞ:

Assumption B

(B1) f ðx; xÞ ¼ 0 for all x 2 C;
(B2) f ðx; �Þ is convex on C for all x 2 C;
(B3) f is jointly weakly continuous on C � C in the sense that, if x; y 2 C and fxng; fyng 2 C; converge

weakly to x and y, respectively, then f ðxn; ynÞ ! f ðx; yÞ as n!1;
(B4) The mapping x! o�2f ðx; xÞ is bounded on every bounded subset of C.

Let H be an open set containing a set C in a real Hilbert space H. Suppose that the condition

ðB2aÞ f ðx; �Þ is convex on H for all x 2 C:

Let x; y 2 C and �� 0: The �-subdifferential of f ðx; �Þ at y defined by

o�2f ðx; yÞ ¼ fz 2 H : f ðx;wÞ � f ðx; yÞ� hz;w� yi � �; 8w 2 Cg:

For � ¼ 0; the �-subdifferential o�2f ðx; yÞ is written as o2f ðx; yÞ which called the subdifferential of f ðx; �Þ at y.

Lemma 2 [8] Let g satisfy assumption A, a [ 0; u 2 H and the mapping Tg
a defined on H as

Tg
a ðuÞ ¼ fw 2 Q : gðw; vÞ þ 1

a
hv� w;w� ui� 0; 8v 2 Qg:

Then Tg
a has following properties:

(i) Tg
a is a single-valued;

(ii) Tg
a is firmly nonexpansive, that is, for any u; v 2 H;

kTg
a ðuÞ � Tg

a ðvÞk� hTg
a ðuÞ � Tg

a ðvÞ; u� vi; ð10Þ

(iii) FixðTg
a Þ ¼ EPðQ; gÞ;

(iv) EP(Q, g) is closed and convex.

Lemma 3 [23] Let the bifunction f satisfies the assumption (B1) on C � C; (B3) on H�H and (B2a).
Suppose that fxng is a bounded sequence in C; q [ 0 and fyng is a sequence such that

yn ¼ arg min
y2C
ff ðxn; yÞ þ

q
2
ky� xnk2g:
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Then fyng is also bounded.

Lemma 4 [27] Under the assumptions of Lemma 2, for a;b [ 0 and u; v 2 H: Then, we have

kTg
a ðuÞ � Tg

bk�ku� vk þ kb� ak
b

kTg
a ðvÞ � vk:

Lemma 5 [24] Let H be a real Hilbert space. Then, for all x; y 2 H and a 2 ½0; 1	; we have

kaxþ ð1� aÞyk2 ¼ akxk2 þ ð1� aÞkyk2 � að1� aÞkx� yk2:

3 Results

We are going to propose two new linesearch iterative schemes. The first algorithm for finding a common
solution of split equilibrium and fixed point problems. The second algorithm for finding a solution of the
split equilibrium problem. All algorithms without psuedomonotonicity of a bifunction f in a real Hilbert
space.

Throughtout of this section, we denote that C and Q are two nonempty closed convex subsets in real
Hilbert spaces H1 and H2, respectively, and suppose that S : C ! C;T : Q! Q are nonexpansive mappings
A : H1 ! H2 is a bounded linear operator with its adjoint A�, g is a bifunction which satisfies assumption A,
and f is a bifunction which satisfies (B1), (B4) on C � C, (B2a), (B3) on H�H:

Algorithm 1 (A new linesearch iterative scheme)

Initialization. Choose the parameters g;b 2 ð0; 1Þ; 0� c� c0; fcng � ½c; c0	;q; a[ 0; fang � ½a;1Þ;l 2
ð0; 1

kAk2Þ; f�ng � ½0;1Þ with limn!1 �n ¼ 0:
Step 1. Let x0 2 B0 ¼ C: Set n ¼ 0 and compute

yn ¼ arg min
y2C
ff ðxn; yÞ þ

q
2
ky� xnk2g: ð11Þ

If yn ¼ xn; then set un ¼ xn and go to Step 5. Otherwise, go to Step 2.
Step 2. (Armijo linesearch rule) Find mn as the smallest positive integer number m satisfying

zn;m ¼ ð1� gmÞxn þ gmyn

tn;m 2 o�n

2 f ðzn;m; zn;mÞ
htn;m; xn � yni� q

2
kyn � xnk2 � �n:

8
><

>:
ð12Þ

Step 3. Set gn ¼ gmn ; zn ¼ zn;m; and tn ¼ tn;m: Denote

Mn ¼ fx 2 H1 : htn; x� zni� �ng: ð13Þ

Step 4. Compute un ¼ PCn
ðxnÞ where Cn ¼ \n

i¼0½C \ Mi	:
Step 5. Set vn ¼ ð1� bÞun þ bSðunÞ and wn ¼ Tg

an
vn:

Step 6. gn ¼ PCðvn þ lA�ðTwn � AvnÞÞ:
Step 7. Define

Bnþ1 ¼ fx 2 Bn : kx� gnk�kx� vnk�kx� xnkg: ð14Þ

Compute

xnþ1 ¼ PBnþ1
ðx0Þ ð15Þ

and go to iteration n with n is replaced by nþ 1

Lemma 6 Suppose that X0 ¼ fx� 2 DEPðC; f Þ \ FixðSÞ : Ax� 2 EPðQ; gÞ \ FixðTÞg 6¼ ;. Then the
sequence fxng generated by Algorithm 1 is well-defined.
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Proof Let x� 2 X0: So x� 2 DEPðC; f Þ \ FixðSÞ and Ax� 2 EPðQ; gÞ \ FixðTÞ: We will show that
DEPðC; f Þ � \1n¼0Cn: Let x 2 DEPðC; f Þ: It obtains that x 2 C and f ðy; xÞ� 0 for all y 2 C: By Step 3, we
know that tn 2 o�n

2 f ðzn; znÞ: Consider

htn; x� zni � �n� f ðzn; xÞ � f ðzn; znÞ� 0; 8y 2 C: ð16Þ

Thus x 2 Cn for all n 2 N [ f0g: It follows that DEPðC; f Þ � \1n¼0Cn: We note that x� 2 DEPðC; f Þ \1n¼0 Cn

and un ¼ PCn
ðxnÞ In accordance with Lemma 1 (b), we have hxn � un; un � x�i� 0: This implies that

kxn � x�k2 ¼ kxn � unk2 þ kun � x�k þ 2hxn � un; un � x�i
� kxn � unk2 þ kun � x�k2:

ð17Þ

Therefore kun � x�k2�kxn � x�k2 � kxn � unk2�kxn � x�k2: By Step 5, we get

kvn � x�k ¼ kð1� bÞun þ bSun � x�k
¼ kð1� bÞðun � x�Þ þ bðSun � Sx�Þk
� ð1� bÞkun � x�k þ bkSun � Sx�k
� ð1� bÞkun � x�k þ bkun � x�k
¼ kun � x�k:

ð18Þ

Consequently,

kvn � x�k� kun � x�k� kxn � x�k: ð19Þ

According to (iii) and (ii) in Lemma 2, it can imply that

kTg
an

Avn � Ax�k2 ¼ kTg
an

Avn � Tg
an

Ax�k2

� hTg
an

Avn � Tg
an

Ax�;Avn � Ax�i
� hTg

an
Avn � Ax�;Avn � Ax�i

¼ 1

2
½kTg

an
Avn � Ax�k2 þ kAvn � Ax�k2 � kTg

an
Avn � Avnk2	:

We conclude that kTg
an

Avn � Ax�k2�kAvn � Ax�k2 � kTg
an

Avn � Avnk2: By the assumption of the mapping
T and a previous inequality, we acquire

kTwn � Ax�k2 ¼ kTTg
an

Avn � TAx�k2

� kTg
an

Avn � Ax�k2

� kAvn � Ax�k2 � kTg
an

Avn � Avnk2:

ð20Þ

By using (20), we get

hAðvn � x�Þ; Twn � Avni ¼ hAðvn � x�Þ þ Twn � Avn � ðTwn � AvnÞ; Twn � Avni
¼ hTwn � Ax�;Twn � Avni � kTwn � Avnk2

¼ 1

2
½kTwn � Ax�k2 þ kTwn � Avnk2 � kAvn � Ax�k2	

� kTwn � Avnk2

¼ 1

2
½ðkTwn � Ax�k2 � kAvn � Ax�k2Þ � kTwn � Avnk2	

� � 1

2
kTg

an
Avn � Avnk2 � 1

2
kTwn � Avnk2:

ð21Þ

By the definition of gn, we have
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kgn � x�k2 ¼ kPCðvn þ lA�ðTwn � AvnÞÞ � PCðx�Þk2

� kðvn � x�Þ þ lA�ðTwn � AvnÞk2

¼ kvn � x�k2 þ klA�ðTwn � AnÞk2

þ 2lhvn � x�;A�ðTwn � AvnÞi
� kvn � x�k2 þ l2kA�k2kTwn � Avnk2

þ 2lhAðvn � x�Þ;Twn � Avni:

Combining (19) with (20), the previous inequality becomes

kgn � x�k2� kvn � x�k2 þ l2kA�k2kTwn � Avnk2

� lkTwn � Avnk2 � lkTg
an

Avn � Avnk2

¼ kvn � x�k2 � lð1� lkAk2ÞkTwn � Avnk2 � lkwn � Avnk2

� kxn � x�k2 � lð1� lkAk2ÞkTwn � Avnk2 � lkwn � Avnk2:

ð22Þ

Since vn ¼ ð1� bÞun þ bSun, Lemma 5, and the nonexpansiveness of S, we have

kvn � x�k2 ¼ kð1� bÞun þ bSun � x�k2

¼ kð1� bÞðun � x�Þ þ bðSun � x�Þk2

¼ð1� bÞkun � x�k2 þ bkSun � x�k2 � bð1� bÞkSun � unk2

¼ ð1� bÞkun � x�k2 þ bkSun � Sx�k2 � bð1� bÞkSun � unk2

� ð1� bÞkun � x�k2 þ bkun � x�k2 � bð1� bÞkSun � unk2

¼ kun � x�k2 � bð1� bÞkSun � unk2:

ð23Þ

From (22), (23), and (20), we have

kgn � x�k2� kvn � x�k2 � lð1� lkAk2ÞkTwn � Avnk2 � lkwn � Avnk2

� kun � x�k2 � bð1� bÞkSun � unk2 � lð1� lkAk2ÞkTwn � Avnk2

� lkwn � Avnk2

� kxn � x�k2 � bð1� bÞkSun � unk2 � lð1� lkAk2ÞkTwn � Avnk2

� lkwn � Avnk2:

ð24Þ

We know that l 2 ð0; 1

kAk2Þ and (24). Therefore

kgn � x�k� kvn � x�k� kun � x�k� kxn � x�k; 8n: ð25Þ

Since x� 2 B0 and (25), we have x� 2 Bn for all n 2 N [ f0g by induction. It obtains that X0 � Bn for all
n 2 N [ f0g: Setting

Dn ¼ fx 2 H1 : kx� gnk�kx� vnk�kx� xnkg; 8n 2 N [ f0g:

Obviously, Dn is closed convex for all n 2 N [ f0g: Furthermore, B0 ¼ C is also closed and convex, and
Bnþ1 ¼ Bn \ Dn: Hence, Bn is closed and convex for all n 2 N [ f0g: Due to xn 2 PBn

ðx0Þ, we get xnþ1 2
Bnþ1 � Bn and

kxn � x0k�kxnþ1 � x0k; 8n 2 N [ f0g: ð26Þ

Since x� 2 Bnþ1, we receive kxn � x0k�kx� � x0k for all n 2 N [ f0g: So

kxn � x0k�kxnþ1 � x0k�kx� � x0k; 8n 2 N [ f0g:

We can conclude that fkxn � x0kg is nondecreasing and bounded. This implies that limn!1 kxn � x0k does
exist. The sequence fxng is well-defined. h
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Theorem 1 If X0 ¼ fx� 2 DEPðC; f Þ \ FixðSÞ : Ax� 2 EPðQ; gÞ \ FixðTÞg 6¼ ;, then the sequences fxng
and fung which genereated by Algorithm 1 converge strongly to a point p 2 X, and fwng converges strongly
to Ap 2 EPðQ; gÞ \ FixðTÞ:
Proof By (25), we note that fgng and fvng are also bounded. For each m [ n; we have xm 2 Bm � Bn and
xn ¼ PBn

ðx0Þ: As a consequence of Lemma 1 (b), we have hx0 � xn; xm � xni� 0. Hence

kxm � x0k2 ¼kxm � xnk2 þ 2hxm � xn; xn � x0i þ kxn � x0k2

�kxm � xnk2 þ kxn � x0k2:

It follows that

kxm � xnk2� kxm � x0k2 � kxn � x0k2

¼ ðkxm � x0k � kxn � x0kÞðkxm � x0k þ kxn � x0kÞ:

Since limn!1 kxn � x0k ¼ 0: Thus, fxng is a Cauchy sequence. Then, there exists p 2 H1 such that

lim
n!1

xn ¼ p: ð27Þ

By Step 7, we have

kgn � xnþ1k�kvn � xnþ1k�kxn � xnþ1k:

Thus,

kgn � xnk� kgn � xnþ1k þ kxnþ1 � xnk
� kxn � xnþ1k þ kxn � xnþ1k
¼ 2kxn � xnþ1k

ð28Þ

and

kvn � xnk� kvn � xnþ1k þ kxnþ1 � xnk
� kxn � xnþ1k þ kxn � xnþ1k
¼ 2kxn � xnþ1k:

ð29Þ

By means of (28), (29), and (27), we receive

lim
n!1
kgn � xnk

¼ lim
n!1
kvn � xnk ¼ 0:

ð30Þ

From (24) and (30), it follows that bð1� bÞkSun � unk2 þ lð1� lkAk2ÞkTwn � Avnk2 þ lkwn � Avnk2

� kxn � x�k2 � kgn � x�k2

¼ ðkxn � x�k þ kgn � x�kÞðkxn � x�k � kgn � x�kÞ
� kxn � gnkðkxn � x�k þ kgn � x�kÞ ! 0 as k!1:

ð31Þ

Since b 2 ð0; 1Þ and l 2 ð0; 1

kAk2Þ, we gather from (31) that

lim
n!1
kSun � unk ¼ 0; lim

n!1
kTwn � Avnk

¼ 0; and lim
n!1
kwn � Avnk ¼ 0:

ð32Þ

Since limn!1 kxn � x0k exists, we note that fxng is bounded. By Lemma 3, fyng is bounded and
consequently fzng is bounded. Moreover, it follows by assumption (B4) that ftng is bounded. We have
un 2 Cn ¼ \n

i¼0½C \ Mi	 which it can imply htn; un � zni� �n: Thereby
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htn; xn � zni ¼ htn; xn � uni
þ htn; un � zni� htn; xn � uni þ �n:

ð33Þ

By Step 2 (Armijo linesearch rule) and (33), we get

q
2
kxn � ynk2 � �n�htn; xn � yni

¼ 1

gn

htn; xn � zni:
ð34Þ

As a consequence of (33) and (34), it implies that

q
2

gnkxn � ynk2�htn; xn � zni� htn; xn � uni

þ �n�ktnkkun � xnk þ �n:

Since ftng is bounded, limn!1 kun � xnk ¼ 0; and limn!1 �n ¼ 0; we have

lim
n!1

gnkxn � ynk2 ¼ 0: ð35Þ

Note that kTwn � wnk�kTwn � Avnk þ kwn � Avnk: Combining the previous inequality with (32). Then

lim
n!1
kTwn � wnk ¼ 0: ð36Þ

Since limn!1 kun � xnk ¼ 0; (29), and (27), it can conclude that

lim
n!1

un ¼ p and lim
n!1

vn ¼ p: ð37Þ

Wherewith

kSp� pk� kSp� Sunk þ kSun � unk þ kun � pk
� kp� unk þ kSun � unk þ kun � pk
¼ 2kun � pk þ kSun � unk;

ð38Þ

(32) and (37), we get kSp� pk ¼ 0; that is, p 2 FixðSÞ:
We note that yn ¼ arg miny2Cff ðxn; yÞ þ q

2
ky� xnk2g. Then 0 2 o2f ðxn; ynÞ þ qðyn � xnÞ þ NCðynÞ: So

there are n̂n 2 o2f ðxn; ynÞ and /̂n 2 NCðynÞ such that n̂n þ qðyn � xnÞ þ /̂n ¼ 0: Combining a previous
equality with /̂n 2 NCðynÞ; it follows that

hn̂n; y� yni þ qhyn � x; y� yni� 0; 8y 2 C: ð39Þ

Since n̂n 2 o2f ðxn; ynÞ; we obtain that

f ðxn; yÞ � f ðxn; ynÞ� hn̂n; y� yni; 8y 2 C: ð40Þ

From (39) and (40), we get

f ðxn; yÞ � f ðxn; ynÞ þ qhyn � xn; y� yni� 0; 8y 2 C: ð41Þ

Since hyn � xn; y� yni� kyn � xnkky� ynk; it follows from (41) that

f ðxn; yÞ � f ðxn; ynÞ þ qkyn � xnkky� ynk� 0: ð42Þ

We now consider two distinct cases.
Case 1. lim supn!1 gn [ 0: There exist �g [ 0 and a subsquence of fgni

g � fgng such that gni
[ g for all

i. Thanks to (35), it obtains that

lim
i!1
kxni
� yni

k ¼ 0: ð43Þ

As a result of xn ! p and (43), we have yni
! p as i!1: Replace xn ¼ xni

and yn ¼ yni
in (42) that for

every y 2 C,
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f ðxni
; yÞ � f ðxni

; yni
Þ þ qkyni

� xni
kky� yni

k� 0: ð44Þ

Letting i!1 in (44), by the continuity of f and (43), we obvious that f ðp; yÞ � f ðp; pÞ� 0: Then f ðp; yÞ� 0
for every y 2 C; and hence p 2 EPðC; f Þ:

Case 2. limn!1 gn ¼ 0: From the boundedness of fyng, there exists fyni
g � fyng such that fyni

g* �y as
i!1. Replacing xn ¼ xni

; yn ¼ yni
and y ¼ xni

in (42), we obtain

f ðxni
; yni
Þ� � qkyni

� xni
k2: ð45Þ

From Step 3, there is tni;mni�1
2 o

�ni

2 f ðzni;mni
�1; zni;mni

�1Þ for n ¼ ni such that

htni;mni
�1; xni

� yni
i\ q

2
kyni
� xni

k2 � �ni ð46Þ

where �ni
[ 0. By the convexity of f ðzni;mi�1; �Þ, we get

f ðzni;mni
�1; yni

Þ� f ðzni;mni
�1; zni;mni

�1Þ þ htni;mni
�1; yni

� zni;mni
�1i � �ni

¼ ð1� gni;mni
�1Þhtni;mni

�1; yni
� xni

i � �ni

� � ð1� gni;mni
�1Þ

q
2
kyni
� xni

k2 þ ð1� gni;mni
�1Þ�ni

� �ni

¼ � ð1� gni;mni
�1Þ

q
2
kyni
� xni

k2 � gni;mni
�1�ni

:

ð47Þ

Thank to (43) and (47), we have

f ðzni;mni
�1; yni

Þ� ð1� gni;mni
�1Þf ðxni

; yni
Þ � gni;mni

�1�ni
: ð48Þ

Therefore f ðp; �yÞ ¼ 0 and limi!1 kyni
� xni

k2 ¼ 0: From Case 1, it is immediate that p 2 EPðC; f Þ: Hence,
we can conclude that

p 2 EPðC; f Þ \ FixðSÞ: ð49Þ

Moreover, we obtain from (37) that limn!1 Avn ¼ Ap: Combining this with (32) yields

lim
n!1

wn ¼ Ap: ð50Þ

Consider

kTAp� Apk� kTAp� Twnk þ kTwn � wnk þ kwn � Apk
� kAp� wnk þ kTwn � wnk þ kwn � Apk
¼ 2kwn � Apk þ kTwn � wnk:

In view of (36) and (50), we obtain kTAp� Apk ¼ 0: Therefore Ap 2 FixðTÞ: As Lemma 4, we have

kTg
bAp� Apk� kTg

bAp� Tg
bAvnk þ kTg

bAvn � Avnk þ kAvn � Apk
¼ kTg

bAp� Tg
bAvnk þ kwn � Avnk þ kAvn � Apk

� kAvn � Apk þ kan � bk
an

kTg
bAvn � Avnk

þ kwn � Avnk þ kAvn � Apk

¼ 2kAvn � Apk þ kan � bk
an

kwn � Avnk þ kwn � Avnk

where the last inequality comes from Lemma 4. Letting n!1 and recalling that limn!1 Avn ¼ Ap; from
(32), it can imply

kTg
bAp� Apk ¼ 0: ð51Þ

So Ap 2 FixðTg
bÞ ¼ EPðQ; gÞ. Hence Ap 2 EPðQ; gÞ \ FixðTÞ: We can conclude that p 2 X. The proof is

complete. h
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Especially, by setting S ¼ IH1
and T ¼ IH2

, we obtain the following new linesearch algorithm for the split
equilibrium problem (SEP) without psuedomonotonicity of a bifunction f in a real Hilbert space.

Algorithm 2 (A new linesearch iterative scheme for SEP)

Initialization. Choose the parameters g 2 ð0; 1Þ; 0� c� c0; fcng � ½c; c0	; q; a[ 0; fang � ½a;1Þ;l 2
ð0; 1

kAk2Þ; f�ng � ½0;1Þ with limn!1 �n ¼ 0:
Step 1. Let x0 2 B0 ¼ C: Set n ¼ 0 and compute

yn ¼ arg min
y2C
ff ðxn; yÞ þ

q
2
ky� xnk2g: ð52Þ

If yn ¼ xn; then set un ¼ xn and go to Step 5. Otherwise, go to Step 2.
Step 2. (Armijo linesearch rule) Find mn as the smallest positive integer number m satisfying

zn;m ¼ ð1� gmÞxn þ gmyn

tn;m 2 o�n

2 f ðzn;m; zn;mÞ
htn;m; xn � yni� q

2
kyn � xnk2 � �n:

8
><

>:
ð53Þ

Step 3. Set gn ¼ gmn ; zn ¼ zn;m; and tn ¼ tn;m: Denote

Mn ¼ fx 2 H1 : htn; x� zni� �ng: ð54Þ

Step 4. Compute un ¼ PCn
ðxnÞ where Cn ¼ \n

i¼0½C \ Mi	:
Step 5. Set wn ¼ Tg

an
un:

Step 6. gn ¼ PCðun þ lA�ðwn � AunÞÞ:
Step 7. Define

Bnþ1 ¼ fx 2 Bn : kx� gnk�kx� unk� kx� xnkg: ð55Þ

Compute

xnþ1 ¼ PBnþ1
ðx0Þ ð56Þ

and go to iteration n with n is replaced by nþ 1

By Algorithm 2 and Theorem 1, it can obtain the following corollary.

Corollary 1 If X0 ¼ fx� 2 DEPðC; f Þ : Ax� 2 EPðQ; gÞg 6¼ ;; then the sequences fxng and fung gen-
ereated by Algorithm 2 converge strongly to a point p 2 X and fwng converges strongly to Ap 2 EPðQ; gÞ:

4 Numerical experiments

In this section, we will show a numerical experiment to illustrate the performance and convergence of our
result. In our experiment, the stop criterion is kxnþ1 � xnk� 10�6.

Example 1 Let H1 ¼ H2 ¼ R, and let two subsets of Hilbert space C and Q be defined by C ¼ ½0; 3	 
 H1

and Q ¼ R 
 H2. Let two nonexpansive mappings S : C ! C and T : Q! Q be defined by SðxÞ ¼ 1
2

x and
TðxÞ ¼ sinðxÞ. Let f ðu; vÞ ¼ 2v2 þ uv� 3u2 for all u; v 2 C and gðx; yÞ ¼ x2 þ y2 for all x; y 2 Q. Define the
bounded linear operator A as AðxÞ ¼ 3x and let A� be an adjoint of A.

To do this experiment with Matlab we set the parameter g ¼ 0:25, q ¼ 0:5, a ¼ 0:05 and �n ¼ 0.
First, we will set different parameter b and observe the behavior of the sequence fxng. Figure 1 reveals

that if we set different parameters b, it leads to the rate of convergence of the sequence xn are different as
well. Moreover, we see that if we choose the parameter b close to 1 it make the sequence converge to the
solution faster than the parameter b close to 0.

Next, In Figure 2, we observe the behavior of the set Bn that Bnþ1 � Bn � B1 � B0 ¼ C. That is our
algorithm make the set Bn squeeze the area until we obtain the approximated solution.
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Finally, we will set three initial points with parameter b ¼ 0:5 and observe the behavior of the sequence
fxng. In Figure 3 we see that if we choose the initial point close to the solution 0, the sequence will converge
to the solution faster than other initial points.

5 Conclusions

A new linesearch iterative scheme for finding a common solution of split equilibrium and fixed point
problems have been proposed, in which the bifunction f is not pseudomonotone on C, the bifunction g is
monotone on Q, and S and T are nonexpansive mappings. After that the strong convergence theorem is
generated by a new lineseaech iterative scheme to find the common solution of this problems. Furthermore,
we also have a new linesearch iterative scheme for the SEP without pseudomonotonicity of the bifunction
f on C.
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