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Abstract In this paper, we propose a new linesearch iterative scheme for finding a common solution of split
equilibrium and fixed point problems without pseudomonotonicity of the bifunction fin a real Hilbert space.
When setting the solution of dual equilibrium problem is nonempty, we obtain a strong convergence
theorem which is generated by the iterative scheme. Moreover, we also receive a new linesearch iterative
scheme for finding a solution of the split equilibrium problem in suitable assumptions, and report some
numerical results to illustrate the convergence of the proposed scheme.

Keywords Fixed point problems - Hilbert spaces - Nonexpansive mappings - Split equilibrium problems -
Strong convergence theorem

1 Introduction

In 1994, Censor and Elfving [13] presented the split feasible problem (SFP) in a finite dimensional Hilbert
space H. Let C and Q be nonempty closed convex subsets in real Hilbert spaces H; and H,, respectively. The
SFP is to find

xecC such that  Ax* € Q (1)

where A : H| — H; is a bounded linear operator. This is an important problem because it provides a unifined
framework for the study of many significant real-world problems as in intensity-modulated radiation
therapy, signal processing, medical image reconstruction, etc. (for example [10, 12, 15, 16]). Subsequuently,
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CQ-algorithm was suggested by Byrne [11] for finding a solution of SFP in a finite-dimensional Hilbert
space H, that is,

Xpt1 = Pc(xn + '))AT(PQ — I)Axn)

where C is a closed convex subset of H, P¢ is the projection mapping from H onto C and [/ is the identity
mapping. Furthermore, an iterative scheme for finding a solution of SFP in infinite-dimensional Hilbert
spaces was presented by Xu [52], that is,

Xnp1 = Pc(x, + A" (Po — I)Ax,)

where A* is the adjoint operator of A. In addition, the SFP have been widely and intensively studied, for
example, the split optimization problem , the split common fixed point problem, the split variational
inequality problem, the split equilibrium problem and others (see in
[4, 5, 17, 18, 20, 21, 25-27, 31, 32, 40, 41, 44, 47]).

Moudafi [40] (see also He [27]) introduced a split equilibrium problem (SEP). Let f be a bifunction from
C x C into R and g be a bifunction from Q x Q into R. The SEP is to find

x" € C suchthat x* € EP(C,f) and Ax" € EP(Q, g) (2)
where EP(C,f)={xe€ C:f(x,y)>0,Yy € C} and EP(Q,g) ={xe€C:g(x,y)>0,Vy € O} (see in

[7, 8, 14, 22, 33, 42, 49] for more detail on equilibrium problems). Therefore, the solution of SEP is
denoted by

Q={xeC:x€EP(C,f) and Ax € EP(Q,g)}. (3)

In 2012, He [27] constructed an iterative scheme, and proved that the sequences {x,} and {y,}, defined by
xo € C, {rn} C (Oa —‘rOO),,u >0,

FOnsY) + 0 = Yuyyn — X) 20,y € C,
g(“m V) + i <V — Up, Up — A)’n> Z O7vv S Q7

Xpnt+1 = PC(yn + uA*(”n - Ayn))Nn > 07
converge weakly to a solution of SEP where the bifunctions f and g are monotone on C and Q, respectively.
On the other hand, we mention the fixed point problem which is to find a point x € C such that Tx = x
where a mapping 7 : C — C. The set of fixed point of T is denoted by Fix(T). This problem has many

applications, such as variational inequality problems, saddle point problems, minimax problems (see in
[1, 3,28, 39]). In 1953, Mann [37] proposed an iteration scheme for finding the fixed point of the mapping 7:

{ xp € C, (5)

Xop1 = (1 — o)x, + 00, Ty,

(4)

where {a,} C (0,1) and >, (1 — a,) = co. When T is a nonexpansive mapping, they proved that the
sequence {x,} generated by (5) converges weakly to a fixed point of 7. By the way, Nakajo and Takahashi
[43] suggested the hybrid method which obtians a strong convergence result of the Mann method:

xo € C,
Yn = UpXy + (1 - OC,,)T)C”,
Co ={x € C:|lyn —xl < bxa — x[I}, (6)

O, ={x€C:{xg—xp,x —x,) <0},
Xnt1 = Pc,no,(x0),
where {a,} C [0,1] such that o, <1 — o, for some o, € (0,1], T is also a nonexpansive mapping, and
Pc,no,(x0) is the metric projection onto C, N Q,. Further, the sequence {x,} generated by (6) converges
strongly to Ppiyr)(Xo)-

Other then, an iterative scheme for finding fixed points of a Lipschitz pseudocontractive mapping 7 was
introduced by Ishikawa [29]:
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x0 €C,
= (1 = o) x, + 0, Ty, (7)
X1 = (1= B)xn + B, Tyn,
where 0<f, <, <1, lim,_,» o, =0, Z;’;O o,f, = oo, and C is a convex compact subset of H. The

sequence {x,} generated by (7) converges strongly to fixed points of 7. In 2008, the shringking projection
method, by using Ishikawa’s concept [29], was presented by Takahashi et al. [50]:

up € H,C, =C,
x1 = Pc, (uo),
Yn = UpXy + (1 - fxn)T-xny

in = ann + (1 - ﬁn)Ty'l
Cor1t ={x € C: ||z — x[| < [[xn — x[|},

Xut1 = Pc,., (x0),

where {o,} C [u, ii] with O<u<j<1, {B,} C[0,1— ] for some € (0,1), and T is a nonexpansive
mapping. The sequence {x,} generated by (8) converges strongly to Pp;7)(xo). This method is defferent
from [43].

Lately, many iterative methods have been suggested for finding a common solution between monotone
equilibrium problems and fixed point problems (for example [9, 19, 34, 35, 45, 46, 48]). In 2016, Dinh et al.
[24] presented a weak convergence algorithm for finding a common solution of split equilibrium and fixed
point problems (SEPNM) by setting the bifunction fis pseudomonotone on C, the bifunction g is monotone
on O, and S and T are nonexpansive mappings. Their process is based on the extragradient method with
Armijo linesearch type rule for the equilibrium problem [51] and Mann method for the fixed point problem
[37]. In addition, they combined the process with hybrid cutting technique [50] to get a strong convergence
theorem. This problem can be work with the pseudomonotonicity of the bifunction f on C (for example
[2, 36, 38, 51]). In recent years, Dinh and Kim [23] introduced two projection algorithms for solving the
equilibrium problem in a real Hilbert space without pseudomonotonicity of the bifunction f on C by setting
the solution set of the Minty equilibrium problem is nonempty. Their first algorithm with the setting can
obtain a weak convergence result. The second one which is a combination between the projection algorithm
and hybrid cutting technique can obtain a strong convergence result.

By the idea of [23, 24, 27], we propose a new linesearch iterative scheme for finding a common solution
of split equilibrium and fixed point problems in a real Hilbert space without pseudomonotonicity of the
bifunction f on C. Our process combines SEPNM, the projection method with Armijo lineseaerch rule, and
Mann method. For obtaining a strong convergence result, we also use the concept of hybrid cutting
technique in our iterative scheme, and assume the solution of dual equilibrium problem is nonempty.
Moreover, we also have a new linesearch iterative scheme for the split equilibrium problem in suit-
able assumptions, and report some numerical results to illustrate the convergence of the proposed scheme.

This paper is organized as follow: In section 2, some lemmas and assumptions will be used in Section 3.
Section 3 will present two new iterative algorithms and prove strong convergence results. Eventually,
Section 4 propose a numerical experiment for supporting our algorithm.

2 Preliminaries

In this section, we collect essential equipments for using in section 3. Let H be a real Hilbert space. Suppose
that C and Q are two nonempty closed convex sets of H. Note that the metric projection operator onto C, that
is,

Pe(x) € C: [lx = Pe()| < [lx =y, ¥y € C. ©)
The solution of dual equilibrium problem is

DEP(C,f) = {x € C: f(x,y) <0, Vy € C}.
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When f(-,y) is upper semi-continuous for every y € C and f(x,-) is covex for every x € C, it obtains
DEP(C,f) C EP(C,f) (see in [6, 30]).

Lemma 1 [24] Suppose that C is a nonempty closed convex subset in H. Then Pc has the following
properties:

(a) Pc(x) is a singleton and well defined for every x;

b)) z=Pc(x) landonl if x—zy—z><0‘v’ ISOK

@) ‘chx; g gH ﬂ — Pc(y),x Vx,y € Hy

(d) Pc(x x—yH —||x—PC( y+Pc( )7, Vx,y € H.

The bifunctions g and f under the following assumptions.
Assumption A

(A1) g(x,x) =0 for all x € Q;

(A2) g is monotone on Q, that is, g(u,v) + g(v,u) <0 for all u,v € Q;
(A3) g(u,-) is convex and lower semicontinuous on Q for each u € Q;
(A4) for all u,v,w € Q,

limsup g(Aw — (1 — u,v) < g(u,v).
210

Assumption B

Bl)  f(x,x) =0 for all x € C;

(B2)  f(x,-) is convex on C for all x € C;

(B3)  fisjointly weakly continuous on C x C in the sense that, if x,y € C and {x,}, {y,} € C; converge
weakly to x and y, respectively, then f(x,,y,) — f(x,y) as n — oo;

(B4) The mapping x — 05f(x,x) is bounded on every bounded subset of C.

Let ® be an open set containing a set C in a real Hilbert space H. Suppose that the condition

(B2a) f(x,-) is convex on © for all x € C.
Let x,y € C and € > 0. The e-subdifferential of f(x,-) at y defined by
0yf(x,y) ={z € H:f(x,w) —f(x,y) 2 (z,w —y) —€¢,Yw € C}.
For € = 0, the e-subdifferential 05f(x, y) is written as 0,/ (x, y) which called the subdifferential of f(x, -) at y.
Lemma 2 [8] Let g satisfy assumption A, o > 0,u € H and the mapping T% defined on H as

T (u) :{weQ:g(w,v)—i—é(v—w,w—wzo,‘v’ve 0}.

Then T¢ has following properties:

(i) T¢ is a single-valued,
(@) T3 is firmly nonexpansive, that is, for any u,v € H,

175 () = TE W) < (T3 (w) = T (v), u = w); (10)

o

(i) Fix(T§) = EP(Q,8);
(iv) EP(Q, g) is closed and convex.

Lemma 3 [23] Let the bifunction f satisfies the assumption (Bl) on C x C, (B3) on ® x O and (B2a).
Suppose that {x,} is a bounded sequence in C,p > 0 and {y,} is a sequence such that

- ; Py o2
Vi —argryglg{f(xn,y)Jrzlly Xa“}-
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Then {y,} is also bounded.

Lemma 4 [27] Under the assumptions of Lemma 2, for o, f > 0 and u,v € H. Then, we have

Mﬂw—TﬂSIWﬂM+WZfMWﬂW—WL

Lemma 5 [24] Let H be a real Hilbert space. Then, for all x,y € H and o € [0, 1], we have
loce + (1 = ay|* = alx[|* + (1 = @) [yl|* — (1 = @) lx = y]I*.
3 Results

We are going to propose two new linesearch iterative schemes. The first algorithm for finding a common
solution of split equilibrium and fixed point problems. The second algorithm for finding a solution of the
split equilibrium problem. All algorithms without psuedomonotonicity of a bifunction f in a real Hilbert
space.

Throughtout of this section, we denote that C and Q are two nonempty closed convex subsets in real
Hilbert spaces H; and H,, respectively, and suppose that S : C — C, T : Q — Q are nonexpansive mappings
A : Hy — H, is a bounded linear operator with its adjoint A*, g is a bifunction which satisfies assumption A,
and f is a bifunction which satisfies (B1), (B4) on C x C, (B2a), (B3) on O x ©.

Algorithm 1 (A new linesearch iterative scheme)
Initialization. Choose the parameters 1, 5 € (0,1),0<y <9y {y,} Cv,¥], 0, > 0,{a,} C [ot,00),u €
(0,—3), {e.} C [0, 00) with lim,_. €, = 0.

2
Step 1. Let”?cy) € By = C. Set n = 0 and compute

_ : P, 2
o = argmin{f(x,.3) + 5 Iy = . ()
If y, = x,, then set u, = x,, and go to Step 5. Otherwise, go to Step 2.
Step 2. (Armijo linesearch rule) Find m, as the smallest positive integer number m satisfying
Znm = (1 - '/Im)xn + ”Im)’n
hm € ang(zn.mazn,m) (12)

<tn,ma-xn - yn> > %Hyn _xn||2 — €.

Step 3. Set 1, = W™, 2, = Zum, and t,, = t, . Denote
Np={x€H: (ty,x —7,) <é€n}. (13)
Step 4. Compute u, = Pc,(x,) where C, = N'_,[C N Al
Step 5. Set v, = (1 — B)u, + BS(u,) and w,, = T% v,.
Step 6. 8n = PC(Vn + :uA*(TWn _Avn))‘
Step 7. Define
Byii ={x € By : [|x — gul| <lx — vl < [Jx — x|} (14)
Compute
Xut1 = Pg,., (x0) (15)

and go to iteration n with n is replaced by n + 1

Lemma 6 Suppose that Qy = {x* € DEP(C,f) N Fix(S) : Ax* € EP(Q,g) NFix(T)} # (. Then the
sequence {x,} generated by Algorithm 1 is well-defined.
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Proof Let x* € Q). So x* € DEP(C,f)NFix(S) and Ax* € EP(Q,g) NFix(T). We will show that
DEP(C,f) C Ny°,C,. Let x € DEP(C,f). It obtains that x € C and f(y,x) <0 for all y € C. By Step 3, we

know that #, € 05'f(z,, z,). Consider
<tn7x - Zn> —€n Sf(znax) 7f(zl1azn) §07 Vy eC. (16)

Thus x € C, for all n € NU {0}. It follows that DEP(C,f) C N2,,C,. We note that x* € DEP(C,f) N2, Cy
and u, = Pc,(x,) In accordance with Lemma 1 (b), we have (x, — u,, u,, — x*) > 0. This implies that

e = %1% = loiw = all® + [t = [ 4 25 — 10 14 = x°)

(17)
2 %12
2 bew = ™ A+ [ — X7
Therefore |[u, — x*||> < |6, — x*||* = ||xp — un||* < |]x, — x*||*. By Step 5, we get
[V = x| = [|(1 = B)un + BSun — x|

= [[(1 = B)(un — x*) + B(Sun — Sx7)|

< (1= B)lfutn = x"[| + BISuun — Sx*|| (18)

< (1= B)fun = x"[| + Bllun — x|

= [lun — X7
Consequently,

(v = 7| < ot — ™[] < [l2cn — 7. (19)

According to (iii) and (ii) in Lemma 2, it can imply that
178 Av, — Ax° | = [T Av, — T3 Ax°
< (T§ Av, — T AX", Av, — AXY)
< (T§ Av, — Ax", A, — Ax")

L . . ,
= S UITS Avy — Ax|[* + [|Avy — AX'|” = || T Avy — Ava|°].

We conclude that ||T§ Av, — Ax* 1> < |Av, — Ax|)* — 175 Avy, — Av,|?. By the assumption of the mapping
T and a previous inequality, we acquire
| Tw, — Ax*||> = ||TTS Av, — TAx"||”
< |75 Avy — AX'|? (20)
< ||Av, — Ax*|]* = ||TE Av, — Av, ||,

By using (20), we get
(A(vy = x), Tw, — Avy) = (A(vy — X°) + Tw,, — Av, — (Tw,, — Avy), Tw, — Avy)
(Tw, — Ax*, Tw, — Av,) — || Tw,, — Av,||*

1
= 5 [ITwn — AP+ [ Twy — Av* = [[Av, — Ax|]

(| Twn — Av, | (1)

1 #(12 *1(12 2
= 5 [(ITwn = A" = [|Avi — AX[7) = [|Twn — Ava||']

1 1
5175 Av, — An|]* = 5 1T —Av, |

By the definition of g,, we have
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||gn _X*”2 = ||PC(Vn + pA* (Tw, _Avn)> - PC(X*)”2

< (v — X7) + A (Tw, _AVn)Hz

= |lva = x"||° + |pA* (Tw, — An)||
+2ulvy, — x* A (Tw, — Avy))

< v = x| + 12 AT | Twn — Ava|?

+ 2u{A(vy, — X)), Tw, — Avy,).
Combining (19) with (20), the previous inequality becomes
lgn =2 1* < 1lva = 2% + 12 A7 P]| Town — Avi|
— l|Tw, — Ava* = wI|T§ Av, — Av,||®

= [va = x 17 = (1 = wlAIPITw, — Avall® = llwy — Ava|® .
< e = x 17 = (1 = AP Tw, = Aval* = llwa — Ava||*.
Since v, = (1 — p)u, + pSu,, Lemma 5, and the nonexpansiveness of S, we have
v = 2712 = [1(1 = BJutn + Su — x|
= [|(1 = B) (s — ) + (Suy —x")
(1= )ty = "I+ Bty = 1> = B(1 = )ty — -

= (1= B)lluw — x| + Bl Sutn = Sx7[* = (1 = B)[Sttn — ua
< (U= B)llitn = 27|+ Blluaw =317 = B(L = B[Sty —
= [lun = x7[* = B(1 = B)|Sun — un*
From (22), (23), and (20), we have
lgn = %11 < [1vi = x" 17 = (1 = wlAIP)ITwa = Avall* = ellwa — Ava||®

* (12 2 2 2
< luw = "7 = B(L = B)[[Sun — wn || — (1 — pl| ATy — Av,|
- HHWn _AVnH2 (24)
%112 2 2 2
<l = X717 = B = B)ISun — u||” — (1 — wl| Al Twy — Avy|

— pllwn — Ava|I*.
We know that p € (0, W) and (24). Therefore
llgn ="l < lvn = x| <l = [ < Jloen = x7|[, V. (25)

Since x* € By and (25), we have x* € B, for all n € NU {0} by induction. It obtains that Qy C B, for all
n € NU{0}. Setting

Dy =A{x € H : [x = gul <llx = wall <[lx = x|}, ¥n € NU{0}.

Obviously, D, is closed convex for all n € N U {0}. Furthermore, By = C is also closed and convex, and
B,+1 = B, N D,. Hence, B, is closed and convex for all n € NU {0}. Due to x,, € Pp,(x0), we get x,.1 €
BVH—I C Bn and

[0 = xoll < [lxns1 = xoll, Vn € NU{0}. (26)
Since x* € B4, we receive ||x, — xo|| < ||x* — xo|| for all n € NU {0}. So
[0 = X0l < [lxn41 = x0l| < [|¥" = xol|, V2 € NU{0}.

We can conclude that {||x, — xo||} is nondecreasing and bounded. This implies that lim,_ ||x, — xo|| does
exist. The sequence {x,} is well-defined.
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Theorem 1 [f Q) = {x* € DEP(C,f) N Fix(S) : Ax* € EP(Q,g) N Fix(T)} # 0, then the sequences {x,}
and {u, } which genereated by Algorithm 1 converge strongly to a point p € Q, and {w, } converges strongly
to Ap € EP(Q, g) N Fix(T).

Proof By (25), we note that {g,} and {v,} are also bounded. For each m > n, we have x,, € B,, C B, and
X, = Pp,(x0). As a consequence of Lemma 1 (b), we have (xo — X, X, — x,) <0. Hence

[t — xOHZ =|lxm — anz + 2(Xm — Xu, Xp — Xo) + |0 — x0||2
> |l — anz + ||xn — XOHZ-
It follows that
e = xall* < [l = xol” = [}w — xo|
= (lxm — xoll = [lxa = xol[) (llxm — xoll + [lxa — xol])-
Since lim,_ ||x, — xo|| = 0. Thus, {x,} is a Cauchy sequence. Then, there exists p € H; such that
Jim 5 = @)

By Step 7, we have

Hgn - xn+l|| < ”Vn - xn+l|| < ”xn - xn+1H'

Thus,
llgn — xull < llgn — X || + [ — xa|
S ”xn - xn+1|| + Hxn *xn+l|| (28)
= 2|lxn — Xt |
and

Vi = Xall < NV = Xag1 | 4 (%011 — Xl
< e = Xt ]+ [0 — X | (29)
= 2||x, — Paan Il

By means of (28), (29), and (27), we receive

lim [|g, — x,||

n—oo 30
= lim ||v, — x,|| = 0. (30)

From (24) and (30), it follows that S(1 — B)||Su, — un||* + u(1 — l|A|*) | Tw, — Av||* + pllwn — Av,|)?
%12 %12
< b = 27 = [lgn — X7

= (en = X[+ llgn = D) ([lxa = %"l = llgn — x7[]) (31)
< en = gall(oen — X7 + [lgn = x7[) — 0 as k — oo.

Since € (0,1) and u € (0, W), we gather from (31) that

lim ||Su, — u,|| = 0, lim ||Tw, — Av,||
n—oo n—oo

. (32)
= 0, and lim ||w, — Av,|| = 0.
n—oo

Since lim,_ ||x; — xo]| exists, we note that {x,} is bounded. By Lemma 3, {y,} is bounded and

consequently {z,} is bounded. Moreover, it follows by assumption (B4) that {z,} is bounded. We have
u, € C, = N_([C N 4] which it can imply (t,, u, — z,) <¢,. Thereby
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<tna~xn - Zn> = <tn7~xn - un>

+ (s un — Zn) < (tny X — ) + €. (33)
By Step 2 (Armijo linesearch rule) and (33), we get
L N
(34)
= — (tw, Xn — Zn)-
As a consequence of (33) and (34), it implies that
S tallen = 3l < (0 = 20) < (s — )
+ en < |tallllun — xal + €n-
Since {t,} is bounded, lim,_ ||u, — x,|| = 0, and lim,_.» €, = 0, we have
Tim 7, %, —yu|* = 0. (35)

Note that ||Tw, — wy|| < ||Tw, — Avy|| + ||Wn — Av,||. Combining the previous inequality with (32). Then
lim ||Tw, — wy]|| = 0. (36)
n—oo

Since lim, . ||un — x|| = 0, (29), and (27), it can conclude that

limu,=p and limv,=p. (37)
n—oo

n—0o0

Wherewith
1Sp = pll < ISp — Sun|| 4 [[Sttn — wn | + [Jutn — p|

< lp = unll + [1Sun — | + |lun — p| (38)

= 2|Juy — pl| + [|Sun — un,
(32) and (37), we get ||Sp —p|| =0, that is, p € Fix(Sg.

We note that y, = argminycc{f(x,,y) + 5y — xul|"}. Then 0 € Oof (x4, yx) + p(¥n — Xu) + Nc(¥a)- So

there are ¢, € 05f(x,,yn) and ¢, € Ne(y,) such that &, + p(y, —x,) + ¢, = 0. Combining a previous
equality with ¢, € N¢(y,), it follows that

(Cwry = V) + P — %,y —yu) 20, ¥y € C. (39)
Since &, € 0,f (%n,yn), we obtain that
FOony) = s ya) = (Ensy = va), Wy € C (40)
From (39) and (40), we get
F s ¥) = f (s ¥0) + pn = X,y — yu) 20, ¥y € C. (41)
Since (¥, — %0, ¥ — Yu) < ||yn — Xul|||ly — yull, it follows from (41) that
S y) = f Gny yn) + pllyn = xalllly = yull 2. (42)

We now consider two distinct cases.
Case 1. limsup, . n, > 0. There exist 7 > 0 and a subsquence of {17, } C {n,} such that y, > » for all
i. Thanks to (35), it obtains that

=0. (43)

111’1’1 H'xni - yni'
i—00

As a result of x, — p and (43), we have y,, — p as i — oo. Replace x, = x,,, and y, = y,, in (42) that for
everyy € C,
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Sy ¥) = F i ) + Pl — X [y = vl > 0. (44)

Letting i — oo in (44), by the continuity of fand (43), we obvious that f(p,y) — f(p,p) > 0. Then f(p,y) >0
for every y € C, and hence p € EP(C,f).

Case 2. lim,—. 11, = 0. From the boundedness of {y,}, there exists {y,,} C {y.} such that {y,,} — y as
i — oo. Replacing x, = x,,,y, = ys, and y = x,, in (42), we obtain

Sy yn) < = pllym = x> (45)
From Step 3, there is t,,n, , € oyif (2 my, 15 Zngm,, —1) for n = n; such that
(g —15 %, — Yy) < g ¥, = X |I* — €, (46)
where ¢,, > 0. By the convexity of f(z, m—1,-), we get

f(zni,m,,i—layni) > f(zni,mni—ly Zn,umni—l) + <tn,»,mni—17yn,- - Zn,-,mnl.—l> — €y,

= (1 - ’7n,-.,m,,l.71)<tn,',mn;17yn,‘ - xn,-> — €y,
P 2
> - (1 - nni,mni—l)i ”y"i - xﬂi” + (1 - nn;,m,,i—l)eni — €
p 2
- = (] - nn[,m,,,.fl) E ”yni - ‘xni” - nn[,m,,,.fleni'
Thank to (43) and (47), we have
f(Zn;,m,,,.—l ayn,) Z (1 - nni,m,,l.fl)f<xnmynf> - nn,’,m,,/.flGHI' (48)

Therefore f(p,y) = 0 and lim;_. ||y, — x, || = 0. From Case 1, it is immediate that p € EP(C,f). Hence,
we can conclude that

p € EP(C,f) N Fix(S). (49)
Moreover, we obtain from (37) that lim,_, Av, = Ap. Combining this with (32) yields
lim w, = Ap. (50)
n—oo

Consider
ITAp — Ap|| < | TAp — Twal| + [|Twn — wall + [[wa — Ap||
< [[Ap = wall + 17wy — wall + [lwa — Ap]|
= 2w = Apll + [[Twn — wal|.
In view of (36) and (50), we obtain ||[TAp — Ap|| = 0. Therefore Ap € Fix(T). As Lemma 4, we have
IT5Ap — Apl| < | TGAp — TfAv,|| + |T§Av, — Av,|| + [|[Av, — Ap|
= 1T8Ap — T3Av,I| + [hwy — Aval| + Av, — Ap]

Oy — >
< v, —apl + 22 =P yregy, — v,
+ [lwn — Ava| + [[Av, — Apl|
llotn — Bl
= 2[|Av, — Ap| +na—|lwn — Avp|| + |lw, — Avy]|

where the last inequality comes from Lemma 4. Letting » — oo and recalling that lim,,_,o, Av,, = Ap, from
(32), it can imply

IT§Ap — Ap|| = 0. (51)
So Ap € Fix(T;) = EP(Q,g). Hence Ap € EP(Q,g) N Fix(T). We can conclude that p € Q. The proof is
complete. O
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Especially, by setting S = I, and T = Iy,, we obtain the following new linesearch algorithm for the split
equilibrium problem (SEP) without psuedomonotonicity of a bifunction f in a real Hilbert space.

Algorithm 2 (A new linesearch iterative scheme for SEP)

Initialization. Choose the parameters 5 € (0,1),0<y <9y {y,} Cv,V], 0,0 > 0,{at,} C [ot,00),u €
(O,#), {ex} C [0, 00) with lim,_.« €, = 0.

Step 1. Let”éco € By = C. Set n = 0 and compute
_ : P, 2
Yn = arg I)Iylelg{f(xna)’) + ) [y — xall "} (52)

If y, = x,, then set u, = x,, and go to Step 5. Otherwise, go to Step 2.
Step 2. (Armijo linesearch rule) Find m, as the smallest positive integer number m satisfying

Znm = (1 - ’/Im)xn + ”Im)’n
Ihm € aglf(zn,mvzn,m) (53)

<tn,maxn - yn> > %Hyn —x,,||2 — €n-

Step 3. Set 1, = W™, 2, = Zum, and t,, = t, . Denote
Np={x€H: (ty,x —2,) <én}. (54)
Step 4. Compute u, = Pc,(x,) where C, = N_,[C N Al
Step 5. Set wy, = T§ uy.
Step 6. 8n = Pc(uy, + pA*(w, — Auy)).
Step 7. Define
By ={x € B, [|x — gull < llx — || < |lx — xa[}- (55)
Compute
Xnt1 = P, (x0) (56)

and go to iteration n with n is replaced by n + 1

By Algorithm 2 and Theorem 1, it can obtain the following corollary.

Corollary 1 If Qy = {x* € DEP(C,f) : Ax* € EP(Q,g)} # ), then the sequences {x,} and {u,} gen-
ereated by Algorithm 2 converge strongly to a point p € Q and {w,} converges strongly to Ap € EP(Q, g).

4 Numerical experiments

In this section, we will show a numerical experiment to illustrate the performance and convergence of our
result. In our experiment, the stop criterion is ||x,41 — x,|| < 107°.

Example 1 Let H = H, = R, and let two subsets of Hilbert space C and Q be defined by C = [0,3] C H,
and Q = R C H,. Let two nonexpansive mappings S : C — C and T : Q — Q be defined by S(x) = %x and
T(x) = sin(x). Let f(u,v) = 2v* + uv — 3u? for all u,v € C and g(x,y) = x> + y? for all x,y € Q. Define the
bounded linear operator A as A(x) = 3x and let A* be an adjoint of A.

To do this experiment with Matlab we set the parameter 1 = 0.25, p = 0.5, « = 0.05 and ¢, = 0.

First, we will set different parameter § and observe the behavior of the sequence {x,}. Figure 1 reveals
that if we set different parameters f, it leads to the rate of convergence of the sequence x,, are different as
well. Moreover, we see that if we choose the parameter f§ close to 1 it make the sequence converge to the
solution faster than the parameter f close to 0.

Next, In Figure 2, we observe the behavior of the set B, that B, C B, C B C By = C. That is our
algorithm make the set B, squeeze the area until we obtain the approximated solution.
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Fig. 3 Behavior of ||x,1 — x,]| at difference initial point xo = 3 with the paremeters § = 0.9

Finally, we will set three initial points with parameter § = 0.5 and observe the behavior of the sequence
{x,}. In Figure 3 we see that if we choose the initial point close to the solution 0, the sequence will converge
to the solution faster than other initial points.

5 Conclusions

A new linesearch iterative scheme for finding a common solution of split equilibrium and fixed point
problems have been proposed, in which the bifunction f is not pseudomonotone on C, the bifunction g is
monotone on O, and S and T are nonexpansive mappings. After that the strong convergence theorem is
generated by a new lineseaech iterative scheme to find the common solution of this problems. Furthermore,
we also have a new linesearch iterative scheme for the SEP without pseudomonotonicity of the bifunction
fon C.
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