Indian J Pure Appl Math (2021) 52:652-668
https://doi.org/10.1007/s13226-021-00183-9

ORIGINAL RESEARCH ARTICLE

On the Determination of Sylow Numbers

Wolfgang Kimmerle - Iris Koster

Received: 1 March 2020 / Accepted: 30 June 2020 / Published online: 5 November 2021
© The Indian National Science Academy 2021

Abstract Let G be a finite group and denote by ZG its integral group ring. In this note we study whether groups
with isomorphic integral group ring have the same Sylow numbers. We show that the Sylow g - numbers (i.e. the
number of Sylow g - subgroups) coincide provided ZG = ZH and G is g-constrained. If additionally O,/ (G) is
soluble the set sn(G) of all Sylow numbers of G is determined by ZG. This holds as well in the cases when G has
dihedral Sylow 2-subgroups or when all Sylow subgroups are abelian. G. Navarro raised the question whether
even the ordinary character table X(G) of a finite group G determines the Sylow numbers of G. We prove that
this is the case when G is nilpotent-by-nilpotent, quasinilpotent, a Frobenius group or a 2-Frobenius group. In
particular Sylow numbers of supersoluble groups are given by their ordinary character table. It is proved that
for a finite group G with more than two prime graph components ZG determines sn(G). For this we show that
almost simple groups of several series of finite groups of Lie type are characterized by their ordinary character
table up to isomorphism. An essential tool for many results is that the Sylow numbers of a finite group G are
group - theoretically determined from those of factor groups provided G has more than one minimal normal
subgroup. In an appendix a short survey on Sylow like theorems for integral group rings is given by the first
author. Through all sections several open problems are stated.
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Introduction

In 2003 Gabriel Navarro gave an overview of open problems concerning characters and Sylow subgroups.
Especially he posed the question whether the ordinary character table X(G) of a finite group G determines'
ING(P)| for P € Syl »(G) [55, Question 7]. This is still an open problem. Because finite groups with the same

! For a finite group G we say as usual that X(G) or ZG determines a certain property (or that a property is given by X(G), ZG rsp.)
provided X(G) = X(H), ZG = ZH rsp. implies that G and H share this property.
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On the Determination of Sylow Numbers 653

character table have the same order the knowledge of the order of the normalizer of a Sylow p - subgroup is
equivalent to know the number of Sylow p - subgroups which we denote by 7, (G).

As usual 7 (G) denotes the set of primes dividing |G| and the numbers of sn(G) := {n,(G); p € n(G)} are
called the Sylow numbers of G.

In 2012 Alexander Moreté proved that a finite group G with |s,(G)| = 2 is the product of two nilpotent
Hall subgroups and therefore soluble [53, Theorem A]. Moreover G has a nilpotent Hall 7 - subgroup if, and
only if, p does not divide n,(G) for any two different primes p, ¢ € 7 except the cases when {2, 3} C 7 or
{2,7} C m. In the exceptional cases one has to exclude that G has composition factors isomorphic to certain
PSL(2, ¢) or 2G,(3%"*1), cf. [54, Theorem A]. As for a finite group the property to have nilpotent Hall 7-
subgroups is determined by its character table (see [42]), this again leads to the question whether Sylow numbers
are determined by character tables.

It is known that for cyclic Sylow p-subgroups the Sylow p-number n,(G) is determined by the character
table. I. M. Isaacs and G. Navarro proved that the primes dividing |[Ng(P)| are known by X(G) provided G is
soluble, see [31]. In the first part of this article we give a positive answer to Navarro’s question in the case when
G is a nilpotent - by - nilpotent group, cf. Theorem 2.4. Moreover all the Sylow numbers are determined when
G is a Frobenius or a 2-Frobenius group or when G has non-cyclic Sylow p - subgroups for at most one p, cf.
Proposition 2.8 and Corollary 2.9.

Parallel to a preliminary version of this article [38] G.Navarro and N.Rizo proved that X(G) determines
the Sylow p - numbers provided G is p - soluble and G has abelian Sylow subgroups or Sylow subgroups of
exponent p [56]. If even the spectral table Spec(G) is known (i.e. the character table with the power map on the
conjugacy classes), then n,(G) is known provided G is p - soluble [56]. Thus the spectral table of a soluble
group determines all Sylow numbers.

In Section 3 we study Sylow numbers in the context of integral group rings. More precisely, if the finite groups
G and H have isomorphic integral group rings ZG and ZH, the question is whether the Sylow p - numbers
of G and H coincide for a prime p. The hypothesis on finite groups to have isomorphic integral group rings is
much stronger than to assume that their character tables match up. More precisely due to well known results of
G.Glauberman and D.S.Passman the following holds, see [30, 3.17] and [60].

ZG = Z.H = Spec(G) = Spec(H) = X(G) = X(H).

It is well known that the converse of these implications does not hold. Thus it is no surprise that we obtain
for Sylow numbers stronger results concerning integral group rings. Note also that ZG does not determine G up
to isomorphism, cf. [23]. In the second part we prove that ZG determines all Sylow numbers of G provided G is
p - constrained and O, (G) is soluble, see Theorem 3.6. Moreover ZG determines all Sylow numbers provided
G has dihedral Sylow 2 - subgroups or that all Sylow subgroups are abelian.

The paper is organized as follows. In Section 1 we study Sylow numbers under group extensions. The main
result here is that a positive answer to Sylow numbers may be reduced to monolithic groups, i.e. finite groups
with one minimal normal subgroup, cf. Proposition 1.4. This result of the second author’s thesis [43] improves
the earlier version of this article [38] substantially. In Section 2 we present the results concerning character tables
and in Section 3 those for integral group rings.

The prime graph GK(G) of a group G is defined as the graph whose vertices are the prime divisors of the
order of torsion elements of G. Two different vertices p and g are connected by an edge if G has an element of
order p - g. The structure of finite groups with disconnected prime graph has been described by K.W.Gruenberg
and O.Kegel. Thus GK(G) is often called the Gruenberg-Kegel graph of G. Soluble groups with disconnected
prime graph are Frobenius or 2- Frobenius groups. Sylow numbers of such groups are given by their character
table as shown in Section 2. Thus it is natural to ask whether this holds as well for the finite insoluble groups
whose prime graph is disconnected. The reduction to monolithic groups leads in this case to almost simple
groups.

Question A. Are finite almost simple groups determined by their character table up to isomorphism ?

In Section 4 we survey known results on this problem. We show that the answer is positive for many series
of almost simple groups with disconnected prime graph. Using this and results of Section 3 we show that Sylow
numbers of all finite groups whose prime graph has more than two components are determined by their integral
group ring.
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654 W. Kimmerle and I. Koster

If G is a finite monolithic soluble group then its Fitting subgroup is a p - group. If the generalized Fitting
subgroup F*(G) is a p - group then ZG determines G up to isomorphism, see 3.2. Thus an interesting question
is the following.

Question B. Let G be a monolithic finite group. Does ZG = ZH imply that G = H?

Clearly Question A and Question B are related. But non-isomorphic monolithic soluble groups may have the
same character table.

The question on Sylow numbers should be considered as part of the question whether in the units of integral
group rings Sylowlike theorems are valid. As appendix the first author gives a short survey on this open problem.

1 Sylow numbers under extensions

First we calculate Sylow p-numbers of a group by Sylow p-numbers of certain subgroups and factor groups
mainly due to M.Hall [18] and R.Brauer [14].

Lemma 1.1 Let G be a finite group and M a normal subgroup of G. Let P € Syl ,(G).
a) [18, Theorem 2.1] Then

1p(G) = ny(M)ny(G/M)ny(Npy (P 0V M)/(P O M)).

b) Suppose that G /M has a normal Sylow p - subgroup and that Sylow p - subgroups of M are self-normalizing.
Thennp(G) =n,(M).

Proof of b). It suffices to show the statement when G /M is a p - group. By the Frattini argument Ng (P N M)
covers G/M and Ng(P N M) N M = Ny (P N M). By assumption Ny (PN M) =P N M. Thus Ng(P N M)
is a p - group and b) follows from a). O

In order to use induction (especially for soluble groups) with quotient modulo normal subgroups K (where
p ¢ m(K)) the main problem is to determine n, (P K). A first basic observation is the following.

Proposition 1.2 /14, Proposition IC] Let K<G, P € Syl,(G) for some prime p € w(G) and KN P = 1.
Then

np(PK)=|K :Cg(P)NK]| and n,(G) =n,(G/K)-|K :Cc(P)NK]|.
For the convenience of the reader we include a short proof.

Proof Let P € Syl ,(G) and assume that P¢ € Syl ,(PK). Due to the trivial intersection of P and K and that
K has order coprime to P the Schur-Zassenhaus theorem yields k € K with P¢ = P*. Suppose for k1, k> € K,
that PX1 = P¥2_ Then kik;' € Ng(P) N K, ie. n,(PK) = |K : Ng(P) N K]|.

It remains to prove, that Ng(P) N K = Cg(P) N K. Let k € Ng(P) N K. It follows that p~ 'k~ pk €
K N P = {1} forevery p € P. Consequently pk = kp for every p € P. Thus, the result holds. O

Proposition 1.3 Let p be a prime and suppose that G has a normal q-subgroup Q.

(i) If p # q. then n(G) = n,(G/Q)n (P Q).
(ii) If p = q, then np(G) = np(G/Q).
(iii) Suppose that G has a normal subgroup C which is central in the normal subgroup generated by all Sylow p
- subgroups of G. Then n,(G) = np(G/C). In particular this holds provided C is central in G.

Proof (i) and (ii) follow from Lemma 1.1 a). For (iii) we use induction. So we may assume that C is of prime
power order. By assumption C is contained in the centralizer of each Sylow p - subgroup of G. Thus the result
follows immediately from Proposition 1.2. O

The next result reduces the problem to monolithic groups, i.e. groups with a unique minimal normal subgroup.

Proposition 1.4 [43] Let p be a prime and let G be a finite group with non-trivial normal subgroups M and N
with M NN = 1. Then
np(G/M)-n,(G/N)

@) =T GIMN)
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Proof Let G, be a Sylow p - subgroup of G. By Lemma 1.1a) we get
np(G) =np(G/M)n,(M)n,(Ng,m (G, N M))
and
np(G/N)=np(G/MN)n,(MN/N)n,(NG,un/N(GpN/N N MN/N)).
Since M N N = 1 it follows that
np(G/N) =np(G/MN)n,(M)n,(NG,un/N(GpN/N N MN/N)).

Thus
np(G/M)-ny(G/N)
n,(G/MN)

np(G) =

is equivalent to
np(NG,m(GpNM)) =np(Ng,un/N(GpN/N N MN/N)).

Consider the quotient map G —> G/N, g + gN and denote its restriction to Ng ,» (G, N M) by ¢. Let
x€Gp,NM.ThenxN € G,N/NNMN/N.Certainly G, "M € Syl,(M)and G,N/N € Syl,(G/N). Thus
GpN/NNMN/N € Syl ,(MN/N). As M N N = 1 we see that ¢ restricted to G, N M is injective. Clearly
o(Gp,NM) C GybN/NNMN/N.Because MN/N = M we see that G,N/N N MN /N has the order of a
Sylow p - subgroup of M. It follows that (G, " M) = G,N/N N MN/N.

Consequently for each yN € G,N/N N MN/N we have a unique x € G, N M with ¢(x) = xN = yN.
Lets € NGPM(G,, N M). Then

(SN)"'YyNsN = (sN)"'xNsN = (s7'xs)N € 9(G, N M).

Thus (NG ,m(Gp, " M) C NG, un/N(Gp,N/NNMN/N).
Let x € G, and m € M and assume that xm € Kerg, i.e. that xm € N. This yields x = nm™' e NM.
Write x = x1x2 withx; € G, NN and x2 € G, N M. Then

x2m=xf1n= 1.

Som € G, and Kerg is a p - group.

NextweshowthatwmapsontoNGpMN/N(GpN/NﬂMN/N).AnarbitraryelementofNGpMN/N(GpN/Nﬁ
M N /N) may be written in the form amN witha € G,, m € M. Then for eachxN € G,N/N N MN/N we
get that

(am)"'"NxNamN =m~'a~'xamN = yN € G,N/N N MN/N.
As above we may assume that x, y € G, N M. Thus exists n € N such that

m~ta \xam = yn
and therefore
mxmnl =y e G,NM.

Note that G, N M is normal in G . Thus we see that n = 1 and this shows that am € Ng ,m (G, N M) and
@ is surjective.
Consequently

NG, m (G, N M)/Kerg = NG, yn/n(GpN/N 0 MN/N)

and as Kerg is a p - group this shows finally

np(NG,m(Gp N M) =n,(NG,u (G, N M)/Kerg) = NG, un/n(G,N/N N MN/N).
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656 W. Kimmerle and I. Koster

2 Character Tables

We first collect some of the known results concerning properties of the finite group G reflected by its ordinary
character table X(G).

2.1 Let G be a finite group.
(1) The second orthogonality relations show that X(G) determines the length of the conjugacy classes of G.
(ii) The lattice of normal subgroups may be constructed out of X(G), see [30, p. 23]. The normal subgroups of
G are given by intersections of the kernel of the irreducible characters. For each normal subgroup N of G
the conjugacy classes in N are determined. Moreover |N| is given.
(iii) Let C be a conjugacy class and g € C. Then by aresult of G. Higman [30, Theorem (8.21)] the prime divisors
of the order of g may be calculated from X(G).
(iv) Foragiven N <G the ordinary character table X(G/N) may be computed out of X(G) by deleting appropriate
rows and columns [30, p. 24].

Of course the question whether the character table determines the Sylow numbers has an affirmative answer
when the character table determines the group up to isomorphism. This is for example the case when G is
semisimple, i.e. the direct product of non-abelian simple groups [36, Satz 6.3], see also [42, Theorem 4 and 5].

Proposition 2.2 Suppose that the finite group G is quasinilpotent. Then X(G) determines sn(G).

Proof Quasinilpotent groups are central extensions of semisimple groups. By Proposition 1.3 Sylow numbers
remain unchanged under central extensions and by 2.1(iv) and [36, Satz 6.3] the result follows immediately. O

Lemma 2.3 Let K be a cyclic normal subgroup of G of prime order q and let P € Syl ,(G). Then n,(G) may
be calculated from X(G) provided n,(G/K) is known.

Proof If ¢ = p then n,(G) = n,(G/K) by Proposition 1.3(ii). In the other case we use Proposition 1.2. As K

has prime order the index |K : K N Cg(P)| equals ¢ if and only if there is a non-trivial conjugacy class k¢ € K
such that | P| divides |Cg (k). |

In general we cannot decide by means of the character table whether the whole conjugacy class g€ of g is
contained in Cg (P).

Theorem 2.4 Suppose that the finite group G has a nilpotent normal subgroup N such that G /N is nilpotent
then X(G) determines sn(G).
In particular this holds when G is supersoluble.

Proof By 2.1 we may assume that the Sylow numbers of all proper quotients of G are given. If p € 7w (N), then
the intersection P N N, where P € Syl ,(G), is normal in G. By Proposition 1.3 the Sylow p-number remains
unchanged if we consider n, (G /(P N N)) instead of n,(G).

So assume that p ¢ w(N). Then P N N = 1 and we obtain with Proposition 1.2

np(G) =n,(PN).

N is the direct product of its Sylow subgroups, i.e. N = P; X ... X P, P; € Syl,, (N) and p; { pforalli.Let Z
be a minimal normal subgroup of G contained in P;. Since Pj is as prime power group nilpotent the intersection
of Z with the center Z(P) is non-trivial. Clearly Z(Py), the center of Py, is a normal subgroup of G. Thus by
the minimality of Z it follows that Z is contained in Z(Py).

Consider PN/Z. By Lemma 1.1 a) we get

np(PN) =n,(PN/Z) -n,(PZ).

Proposition 1.2 yields n,(PZ) = |Z : ZNCg(P)|. Leta € Z N Cg(P). As N is nilpotent, we obtain that
a € Z(Nx € p.). By assumption G /N is nilpotent hence for each P € Syl »(G) there exists n € N such that
P=P" Letx € P.Thenx = n~!yn for some y € P andn € N. Now

1 1

a xa=a !

nilyna =n ailyan = nilyn =X.

So it follows that a centralizes each Sylow p - subgroup of G. Hence the same holds for each conjugate of a.
Conseqently a is contained in Cg(P) N Z.
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By 2.1(ii) X(G) determines the normal subgroup lattice of G. Thus we my find in X(G) the conjugacy classes
sitting in N and then those inside of a minimal normal subgroup of N. By 2.1 (i) the classes centralizing a Sylow
subgroup of G are given as well as the length of these classes. Therefore we may calculate |Z N Cg(P)| and
n,(PZ) is determined by X(G).

Indeed the arguments given above show that Z N Cg (P) is a normal subgroup of G. Thus ZNCg(P) = 1 or
= Z. Thus in order to calculate | Z N Cg (P)] it suffices to look at the character table whether there is a non-trivial
conjugacy class inside of Z of p’ -length or not.

By 2.1(iv) X(G/Z) may be calculated from X(G) and thus the Sylow number n,(PN/Z) = n,(G/Z) is
given by induction and thus sn(G) is determined.

If G is supersoluble, then the commutator subgroup [G, G] is nilpotent. This completes the proof. O

Lemma 2.5 Let p® be the exponent of a Sylow p-subgroup of G. Suppose that the intersection of different Sylow
p-subgroups has smaller exponent and assume that all conjugacy classes of p-elements of order p® and the
number k of elements of order p® of a Sylow p-subgroup are given by X(G). Then n,(G) may be computed from
X(G).

Proof By assumption X(G) determines the number N of elements of order p® of G. Clearly N = n,(G) - k. O

Remark 2.6 (i) In [55, Corollary 5] M. Isaacs and G. Navarro have shown that if G has abelian Sylow p-
subgroups then X(G) determines the order of the p-elements. By [55, Theorem 8] X(G) determines whether
G has cyclic Sylow p-subgroups. This shows thatn, (G) is determined by X(G) provided G has cyclic Sylow
p - subgroups.

(i1) Note that for an application of [55, Theorem 8] for p-elements g € G the field F, := Q(x(g); x € IrrG) has
to be computed. Thus one really needs to know the character values of the ordinary irreducible characters.
It can be shown that even under the weaker assumption of Jordan-Holder-Sylow class correspondences the
property whether a finite group G has a cyclic Sylow p - subgroup is determined, for details see [38].

(ii1) In general the character table without the headline does not determine the order of the representatives of all
conjugacy classes. By 2.1(iii) however one can decide which primes divide the order of a representative. If
the spectral table is given then the order of the class representatives may be calculated via the power map.

Proposition 2.7 Suppose that Sylow p-subgroups of G are T.1. and abelian. Then X(G) determines n,(G).

Proof Because Sylow p-subgroups are abelian we get by [55, Corollary 5] that the orders of the representatives
of the conjugacy classes of p-elements are determined by X(G). Thus the conjugacy classes of p-elements of
maximal order p® are known. The T.I. property guarantees that the exponent of the intersection of two Sylow
p-subgroups is 1. By [36, Satz 6.2], [42] X(G) determines abelian Sylow p-subgroups of G up to isomorphism.
Thus the number of elements of order p“ of a Sylow p-subgroup of G is given and n,(G) is determined by
Lemma 2.5. O

Looking for possible candidates of groups whose Sylow numbers are not determined by their character table
the following result shows that they must have at least with respect to two different primes non-cyclic Sylow
subgroups.

Proposition 2.8 Let G be a group of order q* - pi“ o pZ", where p; are pairwise different primes and q is
a prime different from all p;. Assume further that all Sylow p;-groups of G are cyclic. Then X(G) determines
sn(G).

Proof Assume first that G is soluble. Let G be a counterexample of minimal order. Note that the result holds
when G is a p-group. If N is a normal subgroup of G then G/ N satisfies the hypothesis of the theorem as well.
So we may assume that the result holds for G/N. Assume that N is a minimal normal subgroup of G and that
G is not simple. If N is not a g-group then N is cyclic and |N| = pl'-‘ for some i and k < ;. By Lemma 2.3 we
get that sn(G) is determined by X(G). If N is a g-group then n,(G) = ny(G/N) and np, (G) is given by 2.6 (i).
Assume now that G is insoluble. By the Feit-Thompson theorem 2 divides |G| and it follows by [28, IV, Satz
2.8] that ¢ = 2. As in the soluble case it follows that a minimal counterexample does not have minimal normal
subgroups which are cyclic or of order 2. Thus a minimal normal subgroup M is perfect and characteristically
simple. Because Sylow subgroups of odd order are cyclic M is simple and M is the unique minimal normal
subgroup (this would follow also from Proposition 1.4). By [3], see [29, p.190], the only simple groups all of
whose Sylow subgroups of odd order are cyclic are PSL(2,2/), f > 1, PSL(2, p), p > 3, Sz(2***1) and the
Janko group J; of order 23-3.5.7-11-19.
All these simple groups have a cyclic outer automorphism group. Proposition 4.6 completes the proof. O
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658 W. Kimmerle and I. Koster

Corollary 2.9

(i) Let G be a Frobenius group. Then X(G) determines sn(G).
(ii) Let G be a 2-Frobenius group. Then X(G) determines sn(G).

Proof (i) It suffices to show that the Sylow numbers of a Frobenius complement H are determined. Denote by
K the Frobenius kernel then X(G) determines X(G/K) = X(H). But Sylow subgroups of odd order of H are
cyclic. Thus H satisfies the hypothesis of Proposition 2.8 and the result follows.

(ii) Because G is a 2-Frobenius group it has a normal series

1l<M<T<G

such that 7' is a Frobenius group with kernel M and G /M is a Frobenius group with kernel 7/ M. By the structure
theorems of Frobenius groups it follows that M is nilpotent and 7/ M is cyclic of odd order. Moreover because
automorphism groups of cyclic groups are abelian we see that G/ T has to be cyclic again.

Let G be a counterexample to (ii) of minimal order. Using Proposition 1.4 we may assume that M is a p - group.
For g # p all Sylow g-subgroups of G are cyclic by the previous. But by Proposition 2.8 we see that G is not a
counterexample. This completes the proof. m]

3 Integral Group Rings

First we collect known results on properties of G determined by ZG.

3.1 Let G be a finite group.

(1) Itis aresult due to G. Glauberman that ZG = ZH implies that X(G) = X(H) [30, 3.17]. Thus G and H
share all properties given in 2.1.

(i) If ZG = ZH then there is a bijection o : G — H such that the conjugacy classes of o(g) and g have the
same length and representatives of the same order. The power map on the classes is determined, i.e. Spec(G)
and Spec(H) coincide.

(iii) Let NG and ZG = ZH . Then exists M <H such that ZG/N = ZH/M.1f g € N then o(g) € M, where
o is the bijection in (ii).

(iv) F*-Theorem. Assume that the generalized Fitting subgroup? F*(G) is a p-group then ZG = ZH implies

that G = H.

Remark 3.2

(i) Note that a finite group G is p-constrained provided G := G/O p(G) has a normal p-subgroup P such that
CG(I_’) C P (equivalent is to say that F*(G) is a p - group). If G is p-constrained then by the F*-theorem
Z.G determines G/O,/(G). In the case that G is soluble the F *-Theorem shows that ZG determines G
provided 0,(G) = 1.
(i) The F*-Theorem was discovered by K. W. Roggenkamp and L. L. Scott, see [57, Theorem 19] and [59].
However they did not publish a complete proof. A proof of it may be collected via [26] and [25].
(iii) If ZG = ZH then G is p-constrained if, and only if, H is p-constrained.

Proposition 3.3 Suppose that O, (G) # 1, O,(G) # 1 and that G is p-constrained. Then ZG determines
ng(G) provided ng(G/ 0, (G)) is known.

Proof Because G is p-constrained the F'*-theorem shows that ZG determines G/ O, (G) up to isomorphism.
Thus n4(G/0,(G) and ny(G /(O (G) - Op(G)) are known. Now apply Proposmon 1.4 with M = O, (G)
and N = 0,(G).

Corollary 3.4 Let G be finite soluble. Then ZG determines sn(G).

Proof The result holds when G is a p-group. Soluble groups are p-constrained for each prime p. By induction
on the order we may assume that the integral group ring of each proper quotient of G determines the Sylow
numbers of the quotient. If O,/(G) = 1 for some prime p the result follows from 3.1(iv). Otherwise we may
apply Proposition 3.3. O

2 We use the notations and descriptions of the generalized Fitting subgroup given in [2] and [29]
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Remark 3.5 The corresponding and stronger result with respect to spectral tables and Sylow numbers of soluble
groups was proved in [56]. Note there is no result similar to the F* - theorem for spectral or character tables.
The next results show that the F* - theorem permits us in the case of integral group rings to determine Sylow
numbers for further classes of groups.

Theorem 3.6 Assume that G is a q-constrained group. Then Z.G determines n,(G) for each p not dividing
|04 (G)|. In particular ZZ.G determines ngy (G).
If O,/ (G) is soluble then Z.G determines all Sylow numbers.

Proof The F*-theorem determines G/O,(G) up to isomorphism. This establishes the result in the case when
O0,(G) =1.
Suppose now that O,/ (G) # 1. Let P € Syl (G). By Lemma 1.1a) we obtain that

np(G) =np(0g(G)np(G/0y(G)np(Npo,,G)(P N Oy (G))/(P N Oy (G))).

If p ¢ |04(G)], we get np(G) = np(G/O0y(G)nyp(POy(G)). Let G = G/04(G). Note that for each
conjugacy class x¢ we have that [x¢ N P| = |9 N P| because p 1104/(G)|. However |9 N P|is known as G
is determined by the F*-theorem.

Let x € P. Then the character table determines |Cg(x) N O, (G)|. In [56, Proof of Theorem 1.3] it is
shown (using a Brauer-Wielandt formula [56, Theorem A]) that the spectral table (and thus ZG) determines
|04(G) N Cg(P)|. So we get ny(G) from Proposition 1.2.

Let E be a p - soluble extension of a finite group X. Suppose that ZE determines X up to isomorphism.
Then the arguments given in [56, Proof of Theorem 1.3] actually show thatn, (E) is determined using properties
given by Spec(E). Thus if O,/ (G) is soluble all Sylow numbers are determined. O

Using the odd order theorem of W.Feit and J. Thompson we get from Theorem 3.6
Corollary 3.7 Assume that G is a 2-constrained group. Then Z.G determines all Sylow numbers of G.

Proposition 3.8 Let G be a finite group with dihedral Sylow 2 - subgroups. Then ZG determines all Sylow
numbers.

Proof Let G be a counterexample of minimal order. Then G has trivial centre and only one minimal normal
subgroup.

If ZG = Z H then H has also a dihedral Sylow 2 - subgroup [49, Theorem 2]. By [12, Theorem of Gorenstein
and Walter] we have to consider the following three cases

1) G/0y(G) = A7.
(il) G/ Oy (G) is isomorphic to a Sylow 2 - subgroup of G
(iii)) G/O0y(G) is isomorphic to a subgroup of PI'L(2, ¢) containing PSL(2, ¢g) or the projective general linear
group PGL(2, g) as normal subgroup of odd index.

If G/0»(G) = G5 then by Feit and Thompson we know that G is soluble and all Sylow numbers are
determined by Corollary 3.4.

Thus, if Oy (G) = 1, then G is isomorphic to A7 or a subgroup of PI'L(2, ¢). By Proposition 4.7 ZG
determines G also in this case up to isomorphism.

So we must have that Oy (G) # 1. As Oy (G) is soluble and G has only one minimal normal subgroup
the Fitting subgroup F(G) is a p - group. If F*(G) = F(G) then by Corollary 3.7 all Sylow numbers are
determined. Consequently for a counterexample the layer E(G) is nontrivial. As G has only a unique insoluble
composition factor and because ZG determines the composition factors of G up to isomorphism by [39] we
get that E(G)/Z(E(G)) = A7 or E(G)/Z(E(G)) = PSL(2, q). However the Schur multiplier of A7 is trivial.
Then E(G) = A7 and we get the contradiction that G has more than one minimal normal subgroup. The Schur
multiplier of PSL(2, g) is trivial or of order two or of order six [17]. As | # Z(E(G)) C Oy (G) it follows
that |Z(E(G))| = 3. But G/Z(E(G)) is not a counterexample. Thus we may apply Lemma 2.3 and get that ZG
determines 7, (G) for each prime r. |

Theorem 3.9 Let G be a finite group with abelian Sylow 2 - subgroups. Then Z.G determines ny(G).
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Proof Suppose that G is a finite group with abelian Sylow 2 - subgroup. By [61] G has a normal series
Il <M <N =G

such that M = Oy (G), G/N has odd order and N /M is a direct product of simple groups with an abelian 2 -
group.

Assume that G is a counterexample of minimal order. So G has trivial center and by Proposition 1.4 G has
precisely one minimal normal subgroup V.

Thus it suffices to prove the following

Proposition 3.10 Let G be a monolithic finite group with abelian Sylow 2 - subgroups. Then Z.G determines the
minimal normal subgroup V of G up to isomorphism. If V is soluble then Z.G determines G up to isomorphism.
In each case ny(G) and the isomorphism type of a Sylow 2 - subgroup is determined.

Proof of Proposition 3.10. Assume that V is insoluble. Then, in the previous notation, M = 1 and N is
a direct product of k copies of a simple nonabelian group S. By [61] S is isomorphic either to A;(2"), A1(g)
with ¢ = p/ and ¢ = +3 mod 8, %G, (q) with ¢ = 3?"*! or J;. By [39] these simple nonabelian groups are
determined up to isomorphism by their order and if ZG = ZH then G and H have the same composition factors.
It follows that the minimal normal subgroups of G and H are isomorphic and because 2 does not divide the index
of the minimal normal subgroup all Sylow 2 - subgroups of G and H rsp. are contained in the minimal normal
subgroup. Thus n2(G) = na(H).

Assume now that V is soluble of odd order. Consider the generalized Fitting subgroup F*(G). Assume
that F*(G) is insoluble. Then the layer E(G) # 1 and its components are central extensions of simple groups
with abelian Sylow 2 - subgroups. Again using the classification of these simple groups by Walter and the
known properties of these groups, see [17], we get that the Schur multipliers of these simple groups do not
have odd primes as divisors. But V is a subgroup of Z(E(G)) and the order of Z(E(G)) is an even prime
power. This contradicts that V has odd order. Consequently the generalized Fitting subgroup conicides with the
Fitting subgroup F(G) which is a ¢ - group of odd order. So Cg(F(G)) = Cg(F*(G)) C F*(G) and G is q -
constrained with O,/(G) = 1. By 3.1(iv) we get that ZG determines G in this case again up to isomorphism.

Finally we have to consider the case that V is an abelian 2 - group. G/N is of odd order and because V
is the unique minimal normal subgroup 3.1(iv) completes the proof of Proposition 3.10 as well as the proof of
Theorem 3.9. |

Remark 3.11 Ttis unknown whether each monolithic finite group with abelian Sylow 2 - subgroups is determined
by its integral group ring up to isomorphism.
With respect to groups with abelian Sylow p - subgroups where p is odd we get the following.

Proposition 3.12 Let p be an odd prime and G a finite group with abelian Sylow p - subgroup. Assume that
O (G) is soluble. Then Z.G determines n,(G).

Proof Let G be a minimal counterexample. Then G is monolithic and has a unique minimal normal subgroup
V. By [42, Theorem 2.1] G has a normal series

l< Op(G) < N <G

where G/N is a p’ - group and N/O,/(G) is a direct product of simple groups with an abelian p - group. If V
is insoluble then O,/ (G) = 1. As in the proof of Theorem 3.9 we see that ZG determines V up to isomorphism.
If F*(G) = F(G) then G is g - constrained where ¢ is the unique prime dividing |V|.
So suppose that E(G) # 1. By assumption O, G) is soluble. Therefore p divides |E(G)| and we get a
component H of E(G) such that p divides |H]|. Let

N/Opy(G) =81 x...x S x A

with S; simple non-abelian and A an abelian p - group. Let X; for I < i < k be the normal subgroups of G
such that X;/0,/(G) = S; and denote by Xy the normal subgroup with X;11/0,(G) = A. Moreover let
X1/0y(G)=H/Z(H).

By [29, Ch.X, Theorem 13.18 (e) ] we obtain

[H,Xi]=1or H<[H, X;].
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If H <[H,X;]thenfor2 <i <k+1
1l <H/Z(H)=HOy(G)/0y(G) <[HO,(G)/O0p(G), Xi/Opy(G)] = 1.

This contradiction shows that each Sylow p - subgroup of X; centralizes Z(H). Of course Z(H) centralizes as
well H, and therefore Z(H) centralizes

(X1)p X oo X (Xp)p x A

which is a Sylow p - subgroup of G. So Z(E (G)) centralizes a Sylow p - subgroup and we may apply Proposition
1.3 and get

np(G) =np(G/Opy(G)IZ(E(G) : Cz(£G)(Gp)| =np(G/Op(G)).

But n,(G/0,(G)) is determined because n,(G/0,(G)) = np(N/Oy(G)) and the latter is just the product
of the Sylow numbers of the simple groups S; and these composition factors are determined up to isomorphism
by ZG [39]. m]

Proposition 3.13 Let G be a finite group all of whose Sylow subgroups are abelian. Then Z.G determines all
Sylow numbers.

Proof If G has odd order then G is soluble and by Corollary 3.4 the statement follows. So assume that 2 divides
|G|. By Theorem 3.9 n5(G) is determined. Looking at the proof of Theorem 3.9, especially that one of Proposition
3.10 we have to deal only with the case that G has a unique minimal normal insoluble subgroup V. Let p be an
odd prime. By assumption Sylow p - subgroups are abelian. Now using [42, Theorem 2.1] we see that p divides
either |V|or |G/ V|.If p divides | V| then n,(G) is determined because V' is determined up to isomorphism and
all Sylow p - subgroups of G are inside of V. If p divides |G/ V| then G is p - soluble. By [56] even the spectral
table of G shows that in this case n,(G) is determined. |

4 Groups with disconnected prime graph

For the convenience of the reader we state the structure theorem of groups with disconnected prime graph.

Theorem 4.1 [63, Theorem A and Proposition 1] Let G be a finite group with disconnected prime graph G K (G).
If 2 is a divisor of |G| then w(y denotes the component of G K (G) which contains 2. Then G has the following
structure.

(i) G is a Frobenius or a 2 - Frobenius group.
(ii) G is non-abelian simple.
(iii) G has a nilpotent normal 1 - group N such that G/N is simple.
(iv) G has a simple non-abelian normal subgroup such that G /S is a soluble 1 - group.
(v) G has a normal series 1 < N < T < G such that N is a nilpotent 7, - group , T /N is simple non-abelian
and G/ T is a soluble r, - group.

Remark 4.2 a) If G has the structure of Theorem 4.1 (iv) or (v) then G/S and G/ T rsp. are the image of a soluble
Frobenius complement. In particular Sylow subgroups of odd order of G/S, G/ T rsp. are cyclic.

This may be seen as follows. If G has the structure of (v) then G /N has the structure of (iv). So it suffices to
establish the statement in this case. Because GK(G) has more than one prime graph component there is a prime
q € 7 (S) which is not in 7o (GK(G)). Let Q be a Sylow g - subgroup. Then Ng (Q) covers G/S by the Frattini
argument and GK(Ng(Q)) has as well more than one prime graph component. Because Q is not a g - group
Ng(Q) cannot be as in (v). Thus Ng(Q) is by (i) a Frobenius or a 2-Frobenius group. It follows that G/S is the
image of a Frobenius complement.

b) N. Chigira, N. liyori and H. Yamaki proved that every non-abelian Sylow subgroup of a finite group of
even order has a non-trivial element that commutes with an involution [16]. This shows that Sylow p - subgroups
of finite groups G of even order with disconnected GK(G) are abelian if p ¢ 7o(G).

In [48, Theorem A] it is shown that if p # ¢ are primes and the finite group G does not have any elements of
order pgq then either Sylow p -subgroups or Sylow g - subgroups of G are abelian or G/ Oy, 4y is the Monster
group M and {p, ¢} = {5, 13} or {7, 13}.
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In Section 2 it has been proved that sn(G) is determined by ZG when G is a Frobenius or a 2-Frobenius
group. Thus it is a natural question whether the Sylow numbers of a finite group G with more than one prime
graph component are determined by ZG. If G has the structure of Theorem 4.1 of (iii) or (v) then a positive
answer is given by the following two results which are a little bit more general.

Proposition 4.3 Suppose that the finite group G has a nilpotent normal subgroup N such that G/N is simple.
Then Z.G determines sn(G).

Proof If G/N is simple abelian the result follows from Theorem 2.4. If G is non-abelian simple then X(G)
determines G up to isomorphism, see the remarks before Proposition 2.2.

Let G be a counterexample of minimal order. If N is not a p-group then by Proposition 1.4 G cannot be a
counterexample of minimal order. Thus we may assume that N is a p-group and that G/N is non-abelian simple.
Suppose that Cg(N) ¢ N. Then the structure of G shows that N - Cg(N) = G. Thus N N Cg(N) = 1 or
N N Cg(N) is a non-trivial central subgroup of G. In the first case n,(G) = 1 if p does not divide |G/N|
and n,(G) = n,(G/N) if p divides |G/N]|. In the second case we see by Proposition 1.3(iii) that sn(G) =
sn(G/(N N Cg(N))). Thus the case that CG(N) C N remains. But then the F*-theorem shows that ZG
determines G even up to isomorphism. O

Proposition 4.4 Suppose that the finite group G has a normal series
1l < N<T<G

such that N is nilpotent and that T /N is simple non-abelian. Suppose for each p € w(N) exists q, € w(T/N)
such that G has no element of order p - q, and that each normal subgroup of G is either contained in T or
it contains T. Then Z.G determines sn(G). Moreover ZG determines for each prime p € w(N) the quotient
G/ Oy (N) up to isomorphism.

Proof Each minimal normal subgroup of G is contained in N. Otherwise G would have a normal subgroup S
isomorphicto 7/N.Because SNN = 1 we getthat SN = S x N and the prime graph of SN is a clique. We show
that G/ O, (N) is p - constrained. Clearly N/O,(N) is a p - group P. By the assumptions CG/OP/(N)(P) cP
or it contains 7/0,/(N). In the latter case p is within GK(G/O, (N)) connected with each prime dividing
|T/N| and g, cannot exist. Thus the F* - theorem shows that G/O,/(N) is determined by its integral group
ring. Concerning sn(G) we may use induction on the number of Sylow subgroups of N. With Proposition 1.4
this reduces the proof to the case that N is a p - group. But then G = G/ O (N) and the proof is complete. O

By the previous it remains to consider the case when G has the structure of case (iv) of Theorem 4.1, i.e. G is
an almost simple group with simple group S as unique minimal normal subgroup and with disconnected prime
graph. Such a group is called almost simple of type S.

Proposition 4.5 Let G be an almost simple group of type S with disconnected prime graph. Let p be a prime
which is not in mo(GK (G)). Then n,(G) is determined by X(G).

Proof By Theorem 4.1 p divides only |S|. Thus n,(G) = n,(S) and this Sylow number is determined by X(G)
because X(G) determines the chief factor S up to isomorphism [36]. O

Clearly a positive answer to Question A in the introduction would complete the question concerning Sylow
numbers of groups with disconnected prime graph. Parts of this open question have been proved.

Proposition 4.6 Let G be an almost simple group of type S. Suppose that subgroups of OutS which have the
same order are conjugate.’ Then the character table X(G) determines G up to isomorphism.

Proof By [36, Satz 6.3], see also [42], X(G) determines the chief series of G. Thus X(G) = X(H) implies that
H is an almost simple group of the same order as G and of type S. By the assumption on OutS almost simple
groups of type S which have the same order are isomorphic. So the statement follows. O

Proposition 4.7 Let G be an almost simple group of type A{(p’). Then ZG (even the character table X(G))
determines G up to isomorphism.

3 This is e.g. the case when OutS is cylic or all Sylow subgroups of OutS are cyclic
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Proof Tt is well known that Out(A(p/)) is isomorphic to C5 x Cyr,if pisoddand to Cy, if p iseven. If f is
odd or p = 2 the result follows from the preceeding Proposition 4.6.

So assume that p is odd. In order to describe the actions of specific automorphisms it is suitable to write
PSL(2, p/) = A1(p/) and to consider its elements as images of matrices of SL(2, p/). An automorphism is
called a diagonal automorphism if it is induced from a conjugation with a diagonal matrix in GL(2, p/). The
diagonal automorphisms generate the first factor C, of Out(PSL(2, p7)). The second factor C r comes from the
field automorphisms of F,,;. The Frobenius automorphism yields an element of AutPSL(2, pf) denoted by 7

raising the entries of an element of PSL(2, pf) to the p — th power, see e.g. [62]. We call T’ € AutPSL(2, pf)
a field automorphism if it maps modulo the inner automorphisms to a non-trivial element of C .
PSL(2, p/) has three prime graph components

{p}, 7((p! —1/2), 7((p! +1))2).

This follows from Dickson’s description of the subgroups of PSL(2, p/) [19], [28, Hauptsatz 8.27].

We first suppose that f = 2. Put ¢ = p>. Let o be a diagonal automorphism of 2 - power order.

Note that & € AutPSL(2, p/) commutes with the conjugation by y € PSL(2, ¢) if, and only if, a(y) = y.

PSL(2, g).21 = PGL(2, q) is the subgroup of AutPSL(2, ¢) generated by S and a diagonal automorphism o.
Since PGL(2, g) < PSL(2, ¢%) the subgroups of PGL(2, ¢) are classified by Dickson’s theorem. Note PSL(2, ¢)
has index 2 in PGL(2, ¢g). Thus a diagonal automorphism does not fix any element of order p. In PGL(2, ¢) the
normalizers of the Sylow r - subgroups with » odd and r # p are dihedral groups whose order is divisible by 4.
Thus all odd primes in the components of GK(PSL(2, ¢)) different from {p} are connected in GK(PSL(2, g))
with 2. Thus the prime graph components of PGL(2, ¢) are as follows.

{p}. (g —1/2)Un(g +1/2).

Denote by PSL(2, ¢).2,> the subgroup of Aut(PSL(2, ¢)) generated by the inner automorphisms and the
specific field automorphism t described above. So 7 raises the entries of the matrices to the second power. T
fixes precisely the matrices with entries in F, i.e. a subgroup isomorphic to PSL(2, p) is fixed by 7. Looking at
the action of t we see that the prime graph components of PSL(2, ¢g).2; are

{pyUn((g —1/2),m((qg +1)/2) if p is odd.

Note that 2 has to divide (¢ — 1)/2.

Next let p = o’ o T/ be the product of a diagonal automorphism ¢’ and a field automorphism t” which
differs from t by an inner automorphism y. Denote by PSL(q).23 the subgroup of Aut(PSL(g)) generated by
Inn(PSL(g)) and p. Suppose that y € PSL(2, p) of order p is fixed by p. With t/ = y o T we get

1

y=pW=0doylot(y)=c oy ).

But o’ oy ~! is a diagonal automorphism which does not fix any element of order p. So p cannot fix a p -element

of PSL(2, p). Because each p - element of PSL(2, ¢) is conjugate to a p - element of PSL(2, p) it follows that
PSL(2, g¢).23 has no element of order 2p.

Again let p as above and suppose now that an element y of PSL(2, ¢) of prime order r dividing (¢ + 1)/2 is fixed
by p. Clearly because the images of field and diagonal automorphisms in Out(PSL(2, ¢)) commute and after a
suitable modification by an inner automorphism we may write p = t” o ¢” where 7 is a field automorphism
and o a diagonal one which fixes y. Then

y=p(y)=1t"00"(y)=1"().

But field automorphisms do not fix elements of order r. Because each element of order r of PSL(2, g) is conjugate
to an element of order r of < y > this contradiction shows that PSL(2, ¢).23 does not have elements of order
2r. So the prime graph of PSL(2, ¢).23 has the following components

{p}. (g —1/2), (g + 1/2).
Consequently, as an intermediate result, we proved that the groups
PSL(2, ¢).21, PSL(2, q).2,, PSL(2, q).23

have pairwise different prime graph.
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Let now G be an almost simple group of type PSL(2, p/), f arbitrary even. Let V be the subgroup of
Aut(PSL(2, p/)) generated by PSL(2, ¢).21 and PSL(2, ¢).2,. If G contains V, then Aut(PSL(2, p))/G is
cyclic. So G is the only subgroup of Aut(PSL(2, p/)) of order |G| and therefore determined by X(G). Note
X(G) = X(H) yields isomorphic normal subgroup lattices and therefore H has to contain V as well (of course
we may consider H as subgroup of Aut(PSL(2, pf )) of order |G|) . So it remains to consider the case when GNV
has order 2. X(G) = X(H) shows in this case that G NV and H N V are in normal subgroup correspondence.
By 2.1 (iii) their prime graphs must coincide. By the previous G NV = H N V. But there is only one subgroup
of Aut(PSL(2, pf)) of order |G| containing V N G and G = H follows. O

The following summarizes the previous results.

Theorem 4.8 Let G be an almost simple group of type S. Then X(G) determines G up to isomorphism provided
one of the following holds.

a) S is an alternating simple group A,.
b) S is a simple group of Lie type of type

A1(q), Bu(q) (q even), Ga(q), E7(q) (g even), Es(q), Fi(q),
2B2(q), *Da(q),*E6(q) B fq+ 1), Fa(q), *F4(2), *G2(q)
A2(2), E7(3), As(2), 2E6(2) .

c) S is one of the 26 sporadic simple groups.

Proof a) Out(A,) is of order 2 except the case n = 6. So Proposition 4.6 settles n # 6. Because Ag = PSL(2,9)
this case follows from Proposition 4.7.
b) If G is of Lie type

B, (q) (q even), G2(3™) (m > 2), E7(q) (g even) , Eg(q), F4(2") (m = 2),
2B2(q), *Da(q), *Es(q) B fq+ 1), *Fu(q), *Ga(q)

then all outer automorphisms of G arise from the cyclic group of field automorphisms, cf. [17].

If G isof type G2 (3) or F4(2) then by [62,4.3.9 and 4.8.10] the graph automorphism squares to the generating
field automorphism. Moreover A>(2), E7(3) and 2 F4(2) have outer automorphism group of order 2 [17].

So in all these cases OutG is cylic and the statement follows from Proposition 4.6.

If G is of type A(q) we get the result from Proposition 4.7.

Finally, if G = 2A5(2) = Ug(2) or G = 2E4(2) the outer automorphism group is S3. So Proposition 4.6
completes the proof of b).

c) follows as well from Proposition 4.6 because the outer automorphism group of a sporadic simple group is
of order 1 or 2, cf. [17]. O

Theorem 4.9 Suppose that G has more than two prime graph components. Then Z.G determines the Sylow
numbers of G. If G is additionally almost simple, then sn(G) is given by X(G).

Proof The simple groups with disconnected prime graph components have been classified by J.S.Williams [63]
and A.S.Kondratev [44]. Frobenius and 2-Frobenius groups have two prime graph components. So by Theorem
4.1 and Proposition 4.4 it remains to consider almost simple groups.

From now we use the weaker assumption that X(G) is given. The groups with more than two components
which are not covered by Theorem 4.8 are almost simple groups of type

2D,(3) with p =2" +1,n > 2 or Ax(4).

Let G = A>(4) = PSL(3, 4). Then OutG = C; x S3. The prime graphs of G.21, G.2,, G,.3, are disconnected
and pairwise different. The prime graphs of the larger automorphism groups of G are connected. So in the
disconnected case the ordinary character table determines the group up to isomorphism and so of course also
their Sylow numbers are determined.

Let G be an almost simple group of type 2Dp (3). By [17] Out(sz (3)) is a 2 - group. Sylow 2-subgroups
of 2D »(3) are self-normalizing by [45, Theorem 4.1]. So Lemma 1.1 b) shows that n2(G) is determined by
2Dp(3). But by 2.1 X(G) = X(H) implies that H is an almost simple group of the same type as G. Thus X(G)
determines 17 (G). The Sylow numbers of the odd primes are determined because Sylow subgroups of odd order
are contained in 2D p(3). O
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Remark 4.10 a) Theorem 4.8 does not list all almost simple groups of Lie type whose outer automorphism group
satisfies the hypothesis of Proposition 4.6. Mainly complete series and groups relevant for Theorem 4.9 are listed.
b) There are some insoluble groups with disconnected prime graph which have only two components, see
[44,63]. It is likely that their Sylow numbers are also determined by their integral group ring (or even their
ordinary character table).

5 Appendix: On Sylow like theorems in integral group rings

by W. Kimmerle

Let G be a finite group. Denote its integral group ring by ZG and let V (ZG) be the group of normalized units
of ZG (i.e. units with augmentation 1). For the background on units of integral group rings see [32,33] or [60].
The question in which classes of infinite groups Sylow’s theorem or a variant of it holds is an old topic, cf. [11]
or [13]. Note that for a given prime p a Sylow p - subgroup of an infinite group H is a maximal p - subgroup.
By Zorn’s lemma each p - subgroup of H is contained in a Sylow p - subgroup.

Sylow p - subgroups of countable groups may be non-isomorphic, for examples see [46]. The unit group U (ZG)
of an integral group ring of a finite group is a countable group. The few exceptional cases when this unit group is
finite have been completely classified by G.Higman [27]. He showed also that, if G is finite abelian, then torsion
units of V(ZG) are trivial units, i.e they are of the form £g € G. It follows that Sylow’s theorem is valid for
integral group rings of abelian groups (even for infinite abelian groups). However for the smallest non-abelian
group S3 there are involutions in V (ZS3) which are not conjugate to involutions of S3. These involutions are
conjugate in QS3 to an involution of S3, see e.g. [37]. Note that this conjugation is not an automorphism of ZG.
As the research of the last decades has shown the following question is nowadays in the centre of the study of
torsion units of integral group rings.

Main problem. Let G be a finite group, let p be a prime and U be a finite p - subgroup of V(ZG). Is U conjugate
by a unit of QG to a subgroup of G?

If this is the case then we say that p-ZC3 holds for ZG. The abbreviation is justified because its content is
precisely the third Zassenhaus ZC3 conjecture for p - subgroups. Note that for all three Zassenhaus conjectures
counterexamples have been constructed, for a recent survey we recommend [52]. A. Weiss has shown that p-ZC3
holds for ZG provided G has a normal p- subgroup [60, 41.12]. It is also valid if G is p - constrained and Sylow
p - subgroups are abelian [5, Proposition 3.2]. It is open whether p-ZC3 holds for each prime p and each finite
group G.

If p-ZC3 is valid for a given finite group G and all primes p we say that a Sylowlike theorem holds for ZG. 4

Problem A. Find, as a first step towards the main problem, interesting classes of finite groups such thatin ZG a
Sylowlike theorem holds for each group G of this class.

Problem A is solved for nilpotent-by-nilpotent groups [20] and for Frobenius groups [20,21,35], [15,40]. It is
especially open when G is soluble. Other interesting classes of finite groups are especially those ones which
played a special role for integral group rings in related areas. This includes for instance groups whose integral
group rings have only trivial units, see [4,10] or groups whose rational group algebras may be described with
the aid of Shoda pairs, see e.g. [9,34].

Note that V(ZG) is a subgroup of GL(|G|, Z). So evidence that p-ZC3 holds (at least for many classes of
finite groups) is given by the result of H.Abold and W.Plesken that p - subgroups of GL(n, Z) are conjugate in
GL(n, Q) to a subgroup of a Sylow p - subgroup of GL(n, Z) [1].

On the other hand in the 2 - adic group ring 784 there are two dihedral groups of order 8 which are not conjugate
within Q184 [58, p.141, §2].

It is well known that each torsion subgroup U of V (ZG) is finite and that |U| divides |G|. Thus p-ZC3 is a
question only for p € w(G). Because the main problem may have for some groups a negative answer it is
of interest to study (at least first) weaker properties. If for each prime p each p - subgroup U of V(ZG) is
isomorphic to a subgroup of G then we say that a weak Sylowlike theorem holds for ZG. This terminology has
been introduced in [40].

4 This does not mean that maximal p - subgroups of V(ZG)) have the same order.

@ Springer



666 W. Kimmerle and I. Koster

Very little is known for insoluble groups. Taking off with the article of I.Luthar and I.B.S. Passi [47] character
theoretical methods and algorithms have been developed to attack such groups, for an overview see [6]. In the
mean time a weak Sylowlike theorem has been achieved for the series PSL(2, rf ) in the case when f < 3 [7,24].
Moreover p-ZC3 is known for these groupsif p Zrorp=r=2or f = 1.

For groups G and H the isomorphism problem IP is the question whether ZG = ZH implies G = H. Suppose
that G is finite. Then a subgroup H of V(ZG) of the same order as G consists of Z - linearly independent elements
and ZG = ZH follows. Such a subgroup is called a group basis of ZG. Moreover, if ZG = ZH, then H is
isomorphic to a group basis of G. The example of ZS3 mentioned above shows that finite subgroups of the units
with augmentation 1 are in general not contained in a group basis. Because in general IP has a negative answer
[23], subgroups contained in a group basis play a special role. The question arises how much group bases may
differ from each other. It is natural to ask whether Sylow p-subgroups of group bases G and H are isomorphic
or even conjugate within QG. Clearly this question is a special case of the main problem. But its relation to IP
shows that it deserves extra attention. Moreover in this situation it makes sense to consider as well the numbers
of Sylow p - subgroups and to pose the question whether different group bases have the same Sylow numbers.

We say that a Sylowlike theorem holds for group bases of ZG provided ZG = ZH implies that Sylow p -
subgroups of G and H are conjugate within QG and sn(G) and sn(H) conincide.

Problem B. Classify the classes of finite groups such that a Sylowlike theorem is valid for group bases of ZG
for each group of this class.

If G is soluble then a Sylowlike theorem for group bases of ZG holds. If G is p - constrained then Sylow p -
subgroups of different group bases of ZG are conjugate within QG. This follows from [41] and Theorem 3.6.
If in ZG the second Zassenhaus conjecture holds, i.e. group bases are conjugate by a unit of QG, then Sylow
subgroups of group bases are conjugate in QG. Of course in this situation the Sylow numbers coincide and thus
a Sylowlike theorem for group bases holds.

In integral group rings elements of group bases are rationally conjugate because they are in class sum corre-
spondence, see 3.1 (ii). Suppose that Sylow p - subgroups of different group bases of ZG are isomorphic. Let
H be a group base of ZG and let T be a group isomorphism from Pg to Py, where Pg, Py rsp. denote Sylow
p - subgroups of G, H rsp. By [51], see also [52, Proposition 5.1] we may embed G into a larger group E such
that in E elements are conjugate if, and only if, they have the same order. This will always work for £ = Sg,
where G acts on Sg, the symmetric group on G, just via group multiplication. Thus 7(g) is conjugate in QF to
g for each g € Pg. It follows that Pg and Py have in each Wedderburn block of QE the same characters and
therefore they are conjugate in QE. In other words enlarging the group leads to conjugation in a larger group
ring.

Similar arguments may be applied in the situation when p - elements of V(ZG) are rationally conjugate to
elements of G, i.e. the first Zassenhaus conjecture holds for such elements. It follows that isomorphic p -
subgroups of V (ZG) are rationally conjugate in a group ring of a larger group. Note in this context that the known
counterexamples to the first Zassenhaus conjecture [22] involve only torsion units whose order is divisible by at
least two different primes.

So, if the first Zassenhaus conjecture (for p - elements) and a weak Sylowlike theorem are valid for ZG, then
each finite p - subgroup of V(ZG) is conjugate in QS to a subgroup of G. This variant of Sylowlike results is
in the same spirit as replacements for the first Zassenhaus conjecture concerning arbitrary torsion units which
have been studied in [8].
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