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Abstract This survey article explores the notion of z-classes in groups. The concept introduced here is related
to the notion of orbit types in transformation groups, and types or genus in the representation theory of finite
groups of Lie type. Two elements in a group are said to be z-equivalent (or z-conjugate) if their centralizers
are conjugate. This is a weaker notion than the conjugacy of elements. In this survey article, we present several
known results on this topic and suggest some further questions.
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1 Introduction

Let G be a group. Two elements g| and g» are called conjugate in G if there exists a7 in G such that rgr~! = g>.
Conjugacy is an equivalence relation which gives rise to the conjugacy classes. For a finite group G, the number of
conjugacy classes is same as the number of non-equivalent irreducible complex-representations. Thus, computing
conjugacy classes is one of the central problems in group theory and representation theory. Let g be an element
of G. The centralizer of g in G is denoted as

Z6(g) ={x € G| xg=gx}.

For a group G, we say, two elements g; and g are z-equivalent or z-conjugate if their centralizers are conjugate
subgroups within G, i.e., if there exists a 7 in G such that  Z5(g1)t~! = Z5(g2). Clearly, z-equivalency is an
equivalence relation on G, and represents the conjugacy classes of centralizer subgroups of G. These equivalence
classes are called the z-classes or the centralizer classes. It is easy to verify that if two elements are conjugate then
they are z-equivalent. However, the converse need not be true. More precisely, z-classes are union of conjugacy
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classes. The notion of z-classes was introduced by Ravi Kulkarni (see [32,33]). This notion is different from
asking if the centralizers are isomorphic (abstractly) groups. We begin with some examples to understand the
subtleties involved.

Example 1.1 For an Abelian group, there are as many conjugacy classes as the number of elements. However,
there is only one z-class.

Thus, we focus on studying non-Abelian groups only.

Example 1.2 For the symmetric group S3 and Sy, the z-classes are same in number as the number of conjugacy
classes. We know that for the symmetric group S,,, the conjugacy classes correspond to the partitions of .
However, in Ss, the elements (123)(45) and (123) are z-conjugate, as they have the same centralizer, but not
conjugate. The precise result for the symmetric groups S, and alternating group A, is in [4] and we discuss this
briefly in Section 5.2.

Example 1.3 In the group GL, (k), the diagonal matrices with distinct diagonal entries (these are example of
regular semisimple elements) have centralizer the diagonal maximal torus, thus they are all z-equivalent even
though they are not conjugate. More generally, z-classes of regular semisimple elements is same as the conjugacy
classes of maximal tori. The z-classes for GL,, (IF;) was studied by Green in [23] in the context of theory of types
while computing characters for this group. More general case of matrices over division rings and affine linear
transformations have been studied in [22] and [32], respectively. The notion of types is extended to “generalised
types” for the set of matrices M,, (k) in Britnell and Wildon [8,9] which coincides with the notion of z-classes
(extended to an associative algebra) in this case.

Example 1.4 In the quaternion group Qg = {%1, i, £, £k}, the centralizers of i and j are abstractly isomor-
phic as groups but not conjugate.

Thus, the main problem here is to list the representatives of z-classes for a given group, and possibly compare
it with the conjugacy classes. Our focus will be mainly on linear groups (the groups which are subgroups of
matrix groups). In Section 2, we begin with the notion of orbit types in geometry and mention the known results
about z-classes for some Lie groups. In Section 3, we discuss the classical groups and the finiteness results
over the fields of type (F). These results were proved case-by-case with explicit computation of centralizers. In
Section 4, we list the finiteness result known for reductive algebraic groups over fields of type (F) using Galois
cohomology. Finally, in Section 5, we put together the results known for some other finite groups, especially
p-groups and Weyl groups. In this survey article, we have summarised the results known on this problem as
far as we could gather information. All throughout we suggest problems which, as far as we know, is still to be
solved. We hope this article will be useful to the graduate students and researchers in this area.

2 Geometrical motivation and z-classes for Lie groups

Let G be a compact group, and X be a G-space. Two orbits G.x and G.y have the same orbit type if the
stabilisers G, and Gy are conjugate in G (see [26, Definition 10.5]). We can use this to define an equivalence
relation on X by saying that; x, y € X have same orbit types if G, and G, are conjugate in G. The main question
is to determine the orbit types (representatives of the orbit types). This is used to define stable isotropy, that
is, X has a single orbit type. This concept is a generalisation of free action. Montgomery (see [14, Problem
45]) conjectured that if G is a compact Lie group acting on a compact manifold, then it has only finitely many
orbit types. Floyd (see [15]) proved this conjecture positively for a torus group acting on a compact orientable
manifold, and Mostow [36] proved the conjecture fully. A further generalisation of this result is due to Mann [35].
We give an example here.

Example 2.1 Consider the compact real group SO(n) acting on (n — 1)-sphere S"~!, for n > 3, as follows:
SO(n) xS"! — §*~! givenby (g, x) — g(x). Then, the isotropy groups are conjugate to a subgroup SO(n—1).

The study of z-classes can be thought of as a special case where G acts on itself by conjugation. Thus, from
the results mentioned above, it follows that the number of z-classes is finite for a compact Lie group. Now, a
natural question arises in this context is that, what is the (precise) number of z-classes? In an attempt to answer
this question, Singh [42] computed the number of z-classes for the real compact group of type G». Bose [5]
calculated explicitly the number of z-classes for compact simple Lie groups of type A,, B,, Cy, D, F4 and
G, case-by-case. For details, we refer the reader to [5, Table in Section 8]. It would be nice to complete this
computation for the remaining simple Lie groups. Thus we suggest:
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Problem 2.2 Compute the number of z-classes for the compact Lie groups of type E¢, E7, Eg.

The rank one symmetric spaces of compact types are: sphere, complex and quaternionic projective spaces,
and octonionic projective plane. The corresponding isometry groups are the following real compact Lie groups:
O(n + 1), PSU@n + 1) x Z/2Z, PSp(n + 1) and compact group of type Fy. Since, these groups are compact
Lie groups of type: A,, By, Cn, D, and Fy4, from the work of Bose mentioned above, we already have the
precise number of z-classes in these cases. Now, the rank one symmetric spaces of non-compact types are: real,
complex and quaternionic hyperbolic spaces, and the octonionic hyperbolic plane. In this case, the corresponding
isometry groups are the following signature one groups: PO(n, 1), PU(n, 1), PSp(n, 1) and the group of type
F4(~20). Gongopadhyay and Kulkarni [21] studied z-classes of PO(n, 1), the isometry group of the real hyperbolic
space. Gongopadhyay [19, Theorem 1.1] gave an explicit counting of z-classes in Sp(n, 1) (and Sp(n) as well),
the isometry group of the quaternionic hyperbolic space. For an explicit counting of z-classes in U(n, 1), the
isometry group of complex hyperbolic space (which was first studied in [11]), we refer an interested reader to [0,
Proposition 4.4]. Thus, it remains to do the following.

Problem 2.3 Compute the number of z-classes for the group of type F4(—20), the isometry group of octonionic
hyperbolic plane.

3 z-classes for classical groups

In this section, we explore the z-classes for classical groups. For the definition of these groups, we refer a reader
to the book by Grove [25] on the subject. We begin with an example to highlight a particular aspect of our
problem.

Example 3.1 From the theory of Jordan canonical forms, it is clear that the group GL;(C) has only finitely
02 01

group GL,(Q) has infinitely many z-classes of regular semisimple elements caused by the presence of infinitely
many non-conjugate maximal tori in this group.

z-classes. In fact, it has exactly three z-classes given by the representatives /, (1 0) , (1 1). However, the

This example leads us to believe that the arithmetic nature of the base field plays an important role in finiteness
of z-classes. The theorem of Steinberg (which we mention in the following section when we work with algebraic
groups, see Theorem 4.1) tells us so over an algebraically closed field. We recall the definition of fields of type
(F) due to Borel and Serre [7].

Definition 3.2 [Fields of type (F)] A perfect field k is said to be of type (F) (or said to have the property (F)) if
k has only finitely many field extensions of any finite degree, up to isomorphism.

Examples of such fields are, algebraically closed fields (for example, C), real numbers R, local fields (for example,
Qp), and finite fields IF,. The field Q or any number field does not have the property (F). As we mentioned in
the introduction, Kulkarni [32, Theorem 7.4], proved that the number of z-classes in GL,, (k) is finite when k is
of type (F).

Let V be an n-dimensional vector space over a field k of characteristic # 2 which is of type (F), equipped with
a non-degenerate symmetric or skew-symmetric bilinear form B. Gongopadhyay and Kulkarni [20, Theorem
1.1] proved that the number of z-classes in orthogonal groups O(V, B) and symplectic groups Sp(V, B) are
finite.

Suppose, k is a perfect field of characteristic # 2 with a non-trivial Galois automorphism of order 2. Let V
be a finite dimensional vector space over k with a non-degenerate Hermitian form B. Suppose, the fixed field k¢
is of type (F). Then, in [6, Theorem 1.2], we proved that the number of z-classes in the unitary group U(V, B) is
finite. The condition that field is of type (F) is necessary for the above results as shown by the following example
(see [6, Example 5.1]).

Example 3.3 We embed GL2(Q) in Sp,(Q) with respect to the skew-symmetric form <_ b 12> given by

A

i\
to infinitely many z-classes (of semisimple elements) in Sp,(Q). A similar example could be constructed for
orthogonal and unitary groups. For details, we refer an interested reader to [24, Section 5].

A — _1). This embedding gives maximal tori in Sp,(Q) coming from that of GL(Q). This leads
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The conjugacy classes for these groups have been known, and most of the work mentioned in this section relies
on explicitly describing the centralizers of elements, which is useful in its own right. The problem of studying
z-classes in classical groups have two main components. First, whether the number of z-classes is finite or not.
The second component is to compute the exact number of z-classes, whenever the number is finite or the group
in question is finite. So far, we have shown that the classical groups over fields of type (F) have finitely many
z-classes. Now we move on to the counting aspect of this problem.

3.1 Counting and types

If we look at the character table of SL(g) (one can find this in [3] or [38]) we notice that several conjugacy
classes and irreducible characters are grouped together in parametrized form. One observes a similar pattern
in Spy(g) from the work of Srinivasan [41]. In [23], Green studied the complex representations of GL,(g)
where he introduced the function #(n) for the ‘types of characters/classes’ which is the number of z-classes
in GL,(g). In Deligne-Lusztig theory, where we study the representation theory of finite groups of Lie type,
z-classes of semisimple elements play an important role. Carter [10] and Humphreys [29] define genus of an
element in algebraic group G over k. This definition was generalised by Bose in [5]. Two elements have the
same genus if they are z-equivalent in G (k) and the genus number (respectively semisimple genus number) is
the number of z-classes (respectively the number of z-classes of semisimple elements). While calculating genus
number for simply connected simple algebraic groups over algebraically closed field (see [5, Table in Section
8]), Bose computed z-classes for some of these groups too. Thus, understanding z-classes for finite groups of
Lie type, especially semisimple genus, and their counting is of importance in representation theory as well
(see [10,13,16-18]). We finish this section by recalling a result which fits in this discussion.

Theorem 3.4 [6, Theorem 1.3] Forq > n, the number of z-classes in U, (q) is same as the number of z-classes in
o oo
. 1
. . . 1 — -
GL,,(q). Further, the generating function for the number of z-classes is | |1 z(x"), where z(x) = | |1 Y0
1= j=
and p(j) is the number of partitions of j.

With this in mind, we suggest some questions in this direction for further exploration.
Problem 3.5 Determine the number of z-classes in Sp,,(¢) and O, (¢) and write the generating functions.

Problem 3.6 Compute the number of z-classes in the finite exceptional groups of Lie type.

3.2 Classical groups over rings

We can consider the classical groups over certain rings as well, for example, PIDs, EDs, or local rings. For
definitions of the classical groups in this generality, we refer a reader to the book [27]. The centralizers of
elements for some of these groups have been studied in [37,39] over local rings of length two. We suggest the
following question.

Problem 3.7 Parametrize the z-classes in classical groups over local rings of length two.

4 z-classes for algebraic groups

We are interested in linear algebraic groups defined over a base field k. Let K be an algebraically closed field. An
algebraic group G is an affine variety defined over K with a group structure where the two group operations,
namely multiplication and inversion, are morphisms of varieties. This definition is equivalent to having a Hopf
algebra structure on the coordinate ring K[G]. Let k be a field and its algebraic closure is k. An algebraic group
G (a priory over k) is said to be defined over base field k if the coordinate ring k[G] is defined over k. The
k-points of G are denoted as G (k). For a detailed account of the theory of linear algebraic groups, one can see
the classic textbooks [28,43] among many others.

Now, we explore the question of conjugacy classes and z-classes in G (k) and some of the subtleties involved.
We remark that when we look for conjugacy in this context, the conjugating elements are in G (k). The structure
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of centralizers plays an important role in the classification of linear algebraic groups. For example, centralizer
of a semisimple element in a connected semisimple group is again reductive (see Chapter 2 in [29]). This helps
us in proving results using the method of induction. Once again, when we consider the z-classes we take the
centralizer subgroup and its k-point under the conjugation action. The issue of smoothness etc could arise over
arbitrary field. We begin with an interesting result by Steinberg (Section 3.6 Corollary 1 to Theorem 2 in [44]):

Theorem 4.1 Let G be a connected reductive algebraic group defined over an algebraically closed field K in
good characteristic. Then the number of conjugacy classes of centralizers in G (i.e., z-classes) is finite.

Notice that the number of conjugacy classes could be infinite in these cases (see Example 1.3). Bose calculated
genus number for simply connected simple algebraic groups over algebraically closed field (see [5, Table in
Section 8]), thus completing the counting problem here. We would like to raise the following question:

Problem 4.2 Let G be a linear algebraic group defined over a field k. Classify the z-classes in G (k).

In [24], this problem is studied for reductive groups and the following is proved with some mild assumptions on
k and G to ensure smoothness of centralizers and normalizers (see [24, Theorem 4.3]).

Theorem 4.3 Let G be a reductive algebraic group defined over a field k of type (F). Then, the group G (k) has
finitely many z-classes.

Now the problem remains to show if we can extend the above result to arbitrary algebraic groups, a particular
case being solvable groups and nilpotent groups.

4.1 z-classes for solvable groups

All the results stated so far in this section are for reductive algebraic groups. Now, we move on to discuss other
extremes, namely solvable linear algebraic groups, which is not much explored yet. Let B, (k) denote the group
of upper triangular matrices in GL,, (k). Lie-Kolchin theorem says that a connected solvable linear algebraic
group G defined over an algebraically closed field & is a subgroup of B, (k) for some n. Before we state the main
result of this section, we begin with a simple example. For the remainder of this section, we assume that k is an
arbitrary field of characteristic # 2.

Example 4.4 We know that the number of unipotent conjugacy classes in GL,, (k) is in one to one correspondence
with the number of partitions of n. However, in general, this is not true for its subgroups. For instance, B3 (k)
the subgroup of upper triangular matrices in GL3 (k) has 5 unipotent conjugacy classes. Note that, the number of
semisimple z-classes in B3 (k) is 5. Thus, the number of z-classes in B3 (k) is finite (for details, see [2, Proposition
2.1 and Appendix]).

In general, this gives a misleading picture as we will see soon. Even the finiteness result, as for the reductive
algebraic groups, depending on the arithmetic nature of the base field doesn’t hold true. More precisely, it turns
out that the number of z-classes in B,, (k) is infinite whenever the field & is infinite and n > 6 (see [2, Theorem
1.2]). It is finite otherwise. Thus a more general question remains:

Problem 4.5 For a nilpotent and solvable linear algebraic group defined over k, determine when the number of
z-classes is finite (possibly depending on derived length).

5 z-classes for finite groups

In this section, unless specified otherwise, we assume that the groups are finite. We begin with some examples.

Example 5.1 Let Ds, = (r,s | " = s> = 1, rs = sr~!) be the dihedral group of order 2n. The element r and
all its powers are called rotations and ris are called reflections. When n is odd, the number of z-classes in Dy,
is 3, corresponding to the identity element, r and s. When n = 2(mod4), the Zp, (s) = Zp,, (sr/?). Thus,
two non-conjugate reflections are z-conjugate. Hence the number of z-classes is 3 again, corresponding to the
identity, r and s, in this case as well. But when n = 0 mod 4, the two distinct conjugacy classes of reflections
are not z-conjugate. Thus, the number of z-classes in D», is 4 corresponding to central elements, r and two
reflections, in this case. Therefore, we have the following:

3ifn=1,2,3 mod 4,

Number ofz — classes inD,, = {4 fn=0 mod4
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Clearly, if two groups are isomorphic then they have the same number of z-classes. In fact, it is true under
certain weaker assumptions. Let us recall the definition.

Definition 5.2 Two groups G and H are said to be isoclinic if there is an isomorphism ¢ : G/Z(G) — H/Z(H)
and an isomorphism ¥ : [G, G] — [H, H] such that the following diagram commutes:

G/2(G) x G/2(G) % H/Z(H) x H/Z(H) ,

l w lw

[G, G] [H, H]

where the vertical maps 7 and 7wy are the natural commutator maps.

Kulkarni et al., in [31, Theorem 2.2], proved that if G and H are isoclinic, then the number of z-classes in G
is equal to the number of z-classes in H. We know that a normal subgroup is a union of conjugacy classes.
Likewise, in any group G, a maximal Abelian normal subgroup is a union of z-classes (see [31, Theorem 3.5]).
On this note, we also point out that the classification of finite groups with some given condition on the set
of centralizers is studied. Let C(G) be the set of centralizers of G. In [12,40,45] and [34] the classification of
groups is studied with given condition on |C(G)|.
A very important family of finite groups is p-groups, which we will deal with in the subsection to follow.

5.1 z-classes for finite p-groups

Here we collect some results regarding study of finite p-groups using the z-classes. Kulkarni et al., in [31,
Theorem 3.7, 3.10], proved that for a non-Abelian finite p-group G the number of z-classes is p + 2 if and only
if either G/ Z(G) = C, x C), or G has a unique Abelian subgroup of index p and the order of Z(G/Z(G)) is
p, where C), is a cyclic group of order p. If G is a group of order p or p? then G is Abelian, thus the number of
z classes is 1. Now, if G is a non-Abelian group of order p* or p* then the number of z-classes is p + 2. Jadhay
and Kitture in [30] studied the z-classes in groups of order p>. Thus, the following question remains:

Problem 5.3 Determine the z-classes in groups of order p" for n > 6.

In general, Kulkarni et al. (see [31, Theorem 3.14]) proved that if a finite p-group G with [G : Z(G)] =

k
p* (k > 2) having ’;}—__11 + 1 many z-classes, then either G/ Z(G) = C), x C), or G is isoclinic to special p-group
with no Abelian subgroup of index p . Observe that this is a necessary condition but not sufficient (for details,
see [31, Remark 3.15]). Later, Arora and Gongopadhyay in [1, Theorem 1.1], gave a sufficient condition to the

above theorem when G is a non-Abelian finite group of conjugate type (n, 1). For the sake of clarification, here
we include the definition of conjugate type.

Definition 5.4 A finite group G is called a group of conjugate type (ny, na, ..., ng)ifny >ny > - >nx =1
are the indices of the centralizers of elements of G in G.

Thus, we can ask the following more general question:

Problem 5.5 Characterize the z-classes in groups of conjugate type (ny, na, ..., ng).

5.2 z-classes for symmetric and alternating groups

It is well-known that the conjugacy classes in symmetric group S, is given by the partitions of n. Using com-
binatorial arguments related to the partitions of n and centralizers structure, in [4, Corollary 1.2], we computed
the number of z-classes in S, which is equal to

p(n)—pn—=2)+pn—3)+pn—4) —ph —73),

where p(m) is the number of partitions of m. From Example 1.2, note that the number of conjugacy classes and
z-classes in S3 and S4 are same, and the number is 3 and 5 respectively. There is no other coincidence for higher
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n. The z-classes in the alternating group A, turns out to be slightly tricky, but the counting is done in a similar
fashion. It follows from this work that the number of z-classes in A,, is

cl(Ay) — (g(n) +q(n — 3)) + €(n),

where cl(A,) = M is the number of conjugacy classes in A, g (n) is the number of partitions of n which
has all parts distinct and odd, g(m) is the number of restricted partitions of m, with all parts distinct, odd and
which do not have 1 (and 2) as its part and € (n) is the number of partitions of n with all of its parts distinct, odd
and square (for details, see [4, Corollary 1.4]). We suggest the following question:

Problem 5.6 Compute the number of z-classes for other Weyl groups.
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