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Abstract We study the Whittaker space of GL,(O/ (we)) where ¢ > 1, O is the ring of integers of a non-
Archimedean local field and @ is a uniformizer of O. By using Gelfand criterion, we prove that the Whittaker
space is multiplicity free for n = 2, 3. We also state a few related open questions.

Keywords Whittaker space - Multiplicity one - Gelfand—Graev model - Gelfand criterion

Mathematics Subject Classification Primary 20G05 - Secondary 20G25

1 Introduction

Let O be the ring of integers of a non-Archimedean local field and @ be a fixed generator for the maximal ideal
of O. The finite dimensional continuous complex representations of the groups GL, (O) are well studied in the
literature. These representations are obtained from the representations of finite groups GL,(O;) where £ is a
positive integer and Oy := O/(w"). It is well-known that the rings O are finite principal ideal local rings, also
called finite chain rings. The examples of such rings include Z/p‘Z and F pltl/ (t%), where p is a prime and F »
is a finite field with p elements. Note that O is a finite field, say I, for some ¢ = p/. The representations of
the group GL,,(01) = GL, (F,) are well-known, see [14]. The representations of GL, (O;) for £ > 1 are also
well studied, see for example [16,19,26,28-30]. However, many questions regarding construction of irreducible
representtaions of GL,(Oy) for £ > 1 are still open. We refer [27], for a survey article on representations of
GL, (Op).

It is natural to look at those properties of the representations of GL, (IF;) which can be extended to GL, (Oy).
It is worth mentioning that the well-known Harish-Chandra’s philosophy of cusp forms, which works well for
GL,(IF;), does not naturally extend to GL,(Op) for £ > 1, see [9]. In any case, such extension of problems
from GL, (F,) to GL, (Oy) gives rise to interesting questions for GL, (O;). For example, the questions regarding
cuspidal representations of GL,(O,) were considered in [2]. Analogously, the Steinberg representations and
principal series representations of GL, (O,) were explored in [5] and [6,7,21] respectively. The multiplicity one
property (see Definition 2.1) of the Whittaker space, which is a certain induced representation (defined below),
of the group GL, (IF,) is well-known [3,11]. More generally, it is also known for finite groups of Lie type,
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762 S. P. Patel, P. Singla

see [8, Theorem 8.1.3]. Continuing the above theme of extension from GL,, (F;) to GL, (Oy), one considers the
multiplicity one property regarding Whittaker space of GL,(O;) for £ > 1, see [22]. It should be noted that
generally, one uses the Gelfand criterion to prove the multiplicity one property of Whittaker space, see [11,12].
The elegance in using this criterion lies in the fact that it is geometric in nature and does not require any information
about the representations. Applying this criterion boils down to study special functions on certain double cosets.
In contrast, the proof of multiplicity one result in [22] requires an understanding of all regular representations of
GL,,(Oy) for £ > 1. In this article we prove that the Gelfand criterion can be used to prove the multiplicity one
property of Whittaker space of GL,(O,) and GL3(O;) for £ > 1. We point out certain obstructions in extending
this proof to GL,,(Oy) for n > 4 in Section 7.

Let us describe the Whittaker space for GL, (Oy) for £ > 1. Let U, (O;) be the subgroup of upper triangular
unipotent matrices in GL,, (Oy). Let ¢ : Oy — C* be an additive character such that w ‘=10, ¢ Ker(y). Let
0 : U, (Op) — C* be a one dimensional representation, i.e. a character, of U, (O) given by

I wuip ... *
0o . *
0 =Y +uz3+--+up—in).
0o . 1 Un—1.n
o o0 ... 1
Definition 1.1 The Whittaker space of GL,(O¢), denoted by W,f, is defined to be the induced representation
IndGLn (Op) (9)
U,(On) 7

We use Gelfand criterion to prove the following theorem.

Theorem 1.2 Let n = 2,3 and £ > 1. The multiplicity one property holds for the Whittaker space Wf; of
GL, (Oy). Equivalently, the triple (GL,(Oy), U,(Oy), 0) is a Gelfand triple (see Definition 2.3).

An immediate consequence of this theorem is the following.

Corollary 1.3 Let  be an irreducible representation of GL,,(Oy) forn = 2,3 and £ > 1. Then

. GL, (O
dim Homgy,0,) (7, IndUn(((%;’)(H)) =1L

For ¢ > 1, the decomposition of W,f into irreducible representations has been described in [16,22] and in
fact Theorem 1.2 holds for all n € N. As mentioned earlier, the proofs depend on the construction of regular
representations of GL, (Oy), and therefore heavily use the results of [18,28]. An important ingredient in using
Gelfand criterion in Theorem 1.2 is the knowledge of the double cosets U, (O¢)\GL,(O;)/ U, (O;) which can
be derived from the main results of [20] for n = 2 and 3, see Section 4. These double cosets are not known
for n > 4 and this is the first obstruction in applying the Gelfand criterion to the n > 4 case. See Section 7 for
further discussion on this and some more related open questions.

2 Gelfand Criterion for Multiplicity one

In this section, we recall some required basic results from representation theory and also discuss Gelfand pairs,
Gelfand triples and Gelfand criterion. All of the topics discussed in this section can be found in [4,10,24].

Let (¢, V) (or simply V if there is no confusion) be a finite dimensional complex representation of a finite
group G. One knows that V is completely reducible, i.e. V = Vla '@ --- @ V" where a;’s are non-negative
integers and V;’s are irreducible representations of G with V; 22 V; for 1 <i # j < r. The non-negative integer
a; is called the multiplicity of V; in V for all i.

Definition 2.1 Let V be a finite dimensional representation of a group G and V = V{"' @ - -- @ V" as above. If
a; = 1forall V; # 0Othen V is a called multiplicity free representation. In this case, V is said to have multiplicity
one property.

For a group G, we use Irr(G) to denote the set of equivalence classes of irreducible representations of G. For
(¢, W) arepresentation of a subgroup H of G, we denote its induced representation to G by Indf,(w) or Y.

It follows by Frobenius reciprocity that for every ¢ € Irr(G) there exists a i € Irr(H) such that ¢ is
a subrepresentation of Indg (¢¥). Therefore the following steps give one strategy to determine all irreducible
representations of G.
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Step 1. Find a subgroup H of G for which one can determine Irr(H).

Step 2. Determine the decomposition of Indg (¢) for every ¢ € Irr(H) into a direct sum of irreducible repre-
sentations.

Step 3. Determine equivalences between Indg (¢1) and Indg (¢p2) for @1, ¢o € Irr(H) and pick new irreducible
representations through this.

We will focus on a special case of Step 2 above. Our interest will be among the representations that are
multiplicity free.
The endomorphism algebra Endg (¢) of a representation (¢, V) is defined as follows;

Endg(9) ={f:V >V [ fop(g)=d(g)of Vgei}
where the multiplication of the algebra is given by composition of maps. The following result is well-known.

Lemma 2.2 The representation Indg (¢) is multiplicity free if and only if Endg (Indg (¢)) is a commutative
algebra.

Definition 2.3 Let G be a group, H a subgroup of G and ¢ € Irr(H). The tuple (G, H, ¢) is called a Gelfand
triple if the induced representation Indg (¢) of G is multiplicity free. Moreover, the pair (G, H) is called a
Gelfand pair if (G, H, 1) is a Gelfand triple, where 1p is the trivial representation of H.

Here are some well-known examples of Gelfand pairs. The reader is encouraged to see [4][Chapter 45:
Gelfand pairs] for more details.

Example 2.4 (1) Let S, be the symmetric group on n symbols. The pair (S, Sy X S;) is a Gelfand pair, [4,
Theorem 45.3]. In particular, the pair (S,+1, Sn) is also a Gelfand pair.
(2) Consider G = GL, (F2). Let Hy = GL,(F,) and H the unitary group of n x n matrices contained in G.
Then the pairs (G, Hy) and (G, H») are Gelfand pairs, see [13].
g0

(3) For afield F,let G = GL,41(F) and H = GL,(F) — G given by g — 01)

(a) Thepair (G, H)is NOT a Gelfand pair when I = [F;. For example, consider the pair (GL, (IF; ), GL{ (IF,)).

Then the Steinberg representation St of GL2(IF;) occurs with multiplicity two in Indgt?g:;(l). This

follows because the restriction of St to GL;(IF,) is a direct sum of g one dimensional representations
with the multiplicity of trivial representation of GL;(IF,;) being two. See [25] for some more general
results on this.

(b) For the reader familiar with the similar notions in the context of local fields, in contrast, the pair (G, H)
is a Gelfand pair when F is a local field [1].

In view of Lemma 2.2, (G, H, ¢) is a Gelfand triple if and only if the endomorphism algebra Endg (Indgfﬁ)
is commutative.

Definition 2.5 Let H be a subgroup of a group G and (¢, W) € Irr(H). Write C?[H\G/H] for the space of
all functions A : G — Hom(W, W) satisfying

A(haghy) = ¢ (h2) A(g)¢p (1)

forall hy, hp, € H and g € G. Then C®[H \G/H] is a C-algebra where the multiplication A| x A, of elements
A1, Ay € C*[H\G/H] is given by

ArxAx(g) =) Ai(gh)Aa(h™"), Vg €G.
heG

The following theorem describing the algebra structure of Endg (Indg¢) is standard.

Theorem 2.6 (Geometric version of Mackey’s theorem) [4, Theorem 32.1] Let (¢, W) be an irreducible rep-
resentation of H. The algebras Endg (Indg (¢)) and C*[H\G/H] are naturally isomorphic.

Now we state the Gelfand criterion, which we will apply to determine whether a triple (G, H, ¢) is a Gelfand
triple. It gives a sufficient condition for the algebra C?[ H\G/H] to be commutative. This criterion is known to
have many applications towards multiplicity one results in representation theory. In simple words the criterion
states the following: Let A be an algebra and let 6 : A — A be a bijection satisfying ¢ (ab) = & (b)o (a) for all
a,b € A. Then 6 (a) = a for all a € A implies that A is commutative.

The proof of the Gelfand criterion is standard, but we include it here because it is central to this article.
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764 S. P. Patel, P. Singla

Proposition 2.7 (Gelfand Criterion) Let (¢, W) be a one dimensional representation of a subgroup H of a group
G. Leto : G — G is a bijection and 0(g182) = 0(g2)o(g1) for all g1, g2 € G, i.e., an anti-automorphism of
G. Assume that the map o satisfies the following hypotheses.

(1) The map o fixes H, i.e. c(H) = H.

2) ¢(o(h)) =¢(h) forallh € H.

(3) For every non-zero f € CP[H\G/H] and g € G such that f(g) # 0, we have o(g) € HgH and
fo(@) = f(g).

Then the algebra C®*[H\G/H] is commutative. In particular, (G, H, ¢) is a Gelfand triple.

Proof Given o satisfying the hypothesis define & : C*[H \ G/H] — C®[H \ G/H]by &(f)(x) = f(o(x))
forall f € C?[H \ G/H]and x € G. Note that the map & is well-defined because

o (f)(high2) = f(o(h2)o(g)o(h1)) = ¢(o(h2)) f(o(g)¢(o1) = ¢ (h2h1)5 (f)(g),

forevery f € C¢[H\G/H], hi,hy € H and g € G. Since o is a bijection it follows that & is an automorphism
of vector space CP[H \ G/H]. The theorem follows if we prove that & (f] * f2) = o (f2) » (1) for all
fi. f» € CPlH \ G/H] and 5(f) = f for all f € C®[H \ G/H]. The first assertion follows because
ot~ =o()"" and

G(fix @) = fix ho@) =) filo@n)fah™) =) frle®o(@)file®)™")

heG teG

=" AN i)™ =G () x5 ().

teG

The assertion & (f) = f follows from hypothesis (3). The conclusion that C*[H\G/H] is commutative
follows because for all fi, f» € C°[H\G/H], we have

fix fh=0(fix fr)=6(f)*c(f1) = fax fi.
O

Remark 2.8 (1) We emphasize that in the proof of Theorem 5.1 and Theorem 6.1 major computations involve
the verification of hypothesis (3).

(2) Although we have stated this theorem for finite groups (since we apply in this setting), the theorem is true
in a more general context, and it is called the Gelfand-Kazhdan criterion. For more details and applications,
see [15]. The Gelfand-Kazhdan criterion has played a vital role in proving many multiplicity one theorems

[1].

3 Gelfand-Graev or Whittaker space for GL, (FF,)

This section discusses the well-known application of the Gelfand criterion towards the Whittaker space for
GL, (F,). We follow [23] for proofs in this section. See also [3] for an alternative proof.

Let ¢ : F, — C* be a non-trivial additive character of I,. Recall that the Whittaker space of GL, (FF,) is

the induced representation Indgtl;("]F(f)" )(9), where 6 : U, (F,) — C* is given by

0((ai,j)) = Y(aip +ars~+ -+ an—1,) for (a; ;) € Uy(Fy).

Theorem 3.1 The triple (GL,,(Fy), U, (Fy), 0) is a Gelfand triple.

Recall that an n x n matrix M € GL, (IF,) is called monomial if there is exactly one non-zero entry in each
row and column of the matrix M. Write E; ; for a n x n matrix whose (i, j)-th entry is 1 and all other entries
are zero.
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Proposition 3.2 Let M = (m; ;) € GL,(F,) be a monomial matrix such that for every 1 < i < n, m; j # 0

and mi41 x # 0 implies k < j + 1. Then there exists N € N and diagonal matrices D1, D, ..., Dy such that,
0 ... 0 Dy
0O ... Dy O
m=| . . .
Dy ... O 0

One can prove this by induction on n, see [23] for details.

Lemma 3.3 Let M = (m; ;) € GL,(F,) be amonomial matrix such that for somei withl <i < n,m; ; # Oand
miy1,k 7 0 for some k > j + 1. Then there exists uy, up € Uy (Fy) such that uy M = Mus and 60 (uy) # 6(uz).

Proof Lett € F, suchthaty(¢) # 1. Defineu; = I, +tE; ;11 anduy = I,,+tmi_’;m,-+1,kEj,k.Thenj+l <k,

and therefore 6 (u1) # 0(uz). The identity u1 M = Mu, can be easily verified. m]
Lemma 3.4 Let M be a monomial matrix of the following form,
0 ... 0 D
0 ...Dy O
M=\ . .
Dy ... 0 0

where D;’s are diagonal matrices. If some D; is not a scalar matrix then there exists uy, uy € Uy (Fy) such that
UM = Muy and 6 (uy) # 6(u3).

Proof If D; is not a scalar matrix then there exists some 1 < r, s < n such that m,y # 0, m,41 441 7 0 and
mys 7 myy1s+1. In this case, let t € IF; such that ¥ (r) # w(z‘mr_’slmﬂrl,sﬂ). We take uy = I,, + tE, 41 and
u, = I, + tmr_’slm,+1,s+1E5’s+1. Then it is easy to see that 6 (u1) # 0(uz) and u; M = Mus. O

The following lemma describes the representatives of the U, (F;)\GL, (F;)/ U, (IF,) double cosets. This can
be proved by using row and column operations.

Lemma 3.5 The set of n x n monomial matrices is a complete set of representatives for the double cosets
Un(F\GL, (Fg)/ Un(Fg).

Now we proceed to complete the proof of Theorem 3.1 . Let J = (h; ;) be the monomial matrix such
that h; j = 1 fori 4+ j = n + 1 and zero otherwise. The matrix J is called the exchange matrix of size
n.Defineamapo : G — G by o(g) = Jg¥J~!. Then o is an anti-automorphism of G. Moreover, for
(G, H,¢) = (GL,(Fy), U,(Fy), 0) the map o satisfies the hypothesis (1) and (2) of the Gelfand criterion.
To complete the proof, it remains to verify the hypothesis (3) of Gelfand criterion. If there exists a function
f € Endg (09) supported on a monomial matrix M, then by Lemma 3.3 and Lemma 3.4 the matrix M must be
of the following form,

0 ... 0 Dy
0 ...Dy O
Dy ... 0 0
where each D; is a scalar diagonal matrix. Note that
0 ...0J; 0... 0 Dy 0 ...0J; 0 ... 0 D
0...0 0 ...Dy_1 O 0...0 0 ...Dy O
Jy...0 0 Di... 0 O JN ... 00 Dy... 0 O

where D;’s are scalar matrices and J; are exchange matrices of same size as of D; forall 1 <i < N. This proves
that the map o fixes all non-trivial f € Endg (GG). Therefore (GL,, (IF,), U, (F,), 0) is a Gelfand triple.

Remark 3.6 For G = GL,(Oy), parallel to the above, we define o : G — G by o(g) = Jg"J~! where g
denotes the transpose of g € GL,(Oy) and J, as defined above, is the exchange matrix in GL,(Oy). Then o is
an anti-automorphism of G. More concretely, o is the reflection along anti-diagonal line. We shall use this map
in Sections 5 and 6.
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766 S. P. Patel, P. Singla

4 Representatives of U, (Oy)\GL,(O,)/U,(Oy) forn =2,3

Let B,(Oy) be the subgroup of GL,(Oy) consisting of upper triangular matrices of GL,(Oy). Since we are
interested in the multiplicity one property of Whittaker space of GL,(O), we will be working with dou-
ble cosets U, (O;)\GL,(O;)/U,(O;) which we describe explicitly for » = 2,3. A desired description of
U, (O)\GL,(Oy¢) /U, (Oy) is easier to write if we know a description of B, (Og)-double cosets of GL,,(Oy),
i.e. B, (Op)\GL,(Oy)/B,(Op). Since each B, (O;)-double coset splits into several U, (O)-double cosets, it is
possible to describe U, (O;)-double cosets with the help of B, (O)-double cosets. We first recall a description
of B,,(Oy)-double cosets of GL,,(Oy) for n = 2, 3 from [20] and then describe their U,,(O,)-double cosets.

Recall that @ is a fixed generator of the maximal ideal of . We abuse the notation and use the same letter
w for the generator of the maximal ideal in O,. The natural map GL,(O;) — GL,(Oy) is onto and it sends
a B, (Oy)-double coset of GL, (Oy) to a B,(O7)-double coset of GL,,(O1). A set of B, (O1)-double cosets of
GL,,(O}) can be taken to be the set of permutation matrices in GL, (Oy).

Theorem 4.1 ([20, Sections 3 and 4]) For n = 2, 3, an exhaustive set of B,,(Oy)-double coset representatives
of GL,(Oy) is given below.
(1) For GLy(Oy), the set H:l;l (1)i| , |:(1) (1)] [1<i < E} consists of desired representatives.

(2) For GL3(Oy), we have the following list,

1 00
(a) w." 1 0| wherei,j k> 1withj>ikandx € O].
_wjxwkl
[0 10
(b) 1 0 Ofwherei,j=>1.
_w’ w’ 1
_1'00
(c) w"Ol wherei, j > 1.
| @/ 10
0 017
(d) 1'00 wherei > 1.
_w’lO_
[0 1_0_
(e) |0w@' 1| wherei > 1.
|1 0 0]
(001
) [010].
_10()

Let 7,,(Oy) be the group of diagonal matrices in GL,(Oy). Then B, (O;¢) = T,,(O¢)U,,(Oy). Note that for
g € G,(Oy) we have

B, (0O0)gBn(Or) = Up 1reT, (09 Un(Op)t1 812U, (Op).
From this observation, the following result can be derived from the above theorem.
Corollary 4.2 Forn = 2, 3, an exhaustive set of representatives for U, (Oy)-double cosets of GL,(Oy) is given
by the following.

(1) For GL(Oy), the set {|: a“ O] , |:O a1:| |i>1,a1,a2,x € (Og)x} is required set of double coset rep-

wix a ap 0
resentatives.
(2) For GL3(Oy), we have the following list.
aq 0 0
(a) | @ix ay O | wherei,j k> 1withj>i kandai,as, a3, x,y,z € Oy.

wly whz as
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0 a1 0

(b) | a2 0 O |wherei,j>1anday,az,a3,x,y € oy.
| o'x @'y a3

B aq 00

(c) |@'x 0 ay | wherei, j > 1anday,a,a3,x,y € Oy.

| @'y a3 0
0 0 a]
(d) az 0 O | wherei > landal,az,ag,xeolx.
| @'x a3 0 |
[0 a 0]

(e) 10 wix ay | wherei > 1 and ay, a2, a3, x e(’)z(.
az 0 O

[0 0 a;
(f) | 0 ax O | whereay,az, a3 € O).
| a3 00

Remark 4.3 We have divided the set of Uz (O;)-double coset representatives of GL3(Oy) into six types (a) — (f).
These types correspond to elements of the Weyl group of GL3(IF,;), which is S3. This set of representatives is
exhaustive but not exclusive because two different elements in this list may represent the same double coset.
However, if two elements represent the same double coset, they will be of the same type.

5 Multiplicity one property of Whittaker space for GL;(Oy)

For G = GL,(Oy), we consider the anti-automorphism o : G — G as given in Remark 3.6. Then,

ab\ _(db
Nea) = \ca)
The main theorem of this section is the following.

Theorem 5.1 The triple (GL2(Oy), U2(Oy), 0) is a Gelfand triple.

Proof 1t is enough to prove that o satisfies the hypothesis of the Proposition 2.7. We denote U2(Oy) by U. Itis
clear from the definition of o that o (U) = U and 6 (o (1)) = 6(u) for all u € U. Therefore it only remains to
verify hypothesis (3) of Gelfand criterion. Let S be a set of representatives for U\ G /U, which can be taken to
be a subset of elements as described in Corollary 4.2(1). Then, as a vector space A, := C?[U\G/U] is spanned
by the functions supported on UgU for g € S, i.e.

Ar = span{f € A, | g € S and Supp(f) C UgU}.
We prove that each element in this spaning set satisfies the hypothesis of Proposition 2.7.

0 a1> € S and f € Aj such that Supp(f) C UgU. Then clearly o (g) = g and hence

Case 1: Let g = @ 0

flo(@) = f(g).

Case 2: Let g = ( a0

wix ap
hence f(o(g)) = f(g). Let us assume that a; # a». If g~ ug € U>(Oy) for some u € U>(Oy) then

Ou)f(g) = flug) = f(gg 'ug) = 0(g 'ug) f(g).

If f(g) =0then f =0 and clearly f(o(g)) = f(g). From now onwards we assume that f(g) # 0. Then we
ln
01

) € S and f € Aj such that Supp(f) C UgU.If a; = a then 6(g) = g and

must have 0 (g ~'ug) = 6(u) for every u € U such that g™'ug € U. Letu = < ) € U such that g7 lug e U,

then the following conditions hold.
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768 S. P. Patel, P. Singla

2) lp(azal_ln) = Y (n) for all n satisfying (1).

If ix = 0 then condition (1) is redundant and condition (2) should hold for all n € O,. But the property of the
character v implies that aj = ay. Then o (g) = g and hence f (o (g)) = f(g). .
Let us consider when w'x #0ie.0 <i <{¢{—1landx € OZ. Then condition (1) holds for n € ot~ 1O, and

condition (2) implies that azal_l € 1+ @' Oy. We claim that we can modify the representative g by multiplying
by elements from U from left and right so that the diagonal entries are equal. In other words, we are claiming

that there exists u, v € Oy such that
y(lu v
§=\o1)8\o1

is fixed by the map o. This amounts to say that there exist u, v € O, such that
ay + wixu = ay + wixv.

Since az_lal e 1+ @Oy, we write aj —a, = w'y for some y € Oy. Thus we want u, v € O such that
@ix(u —v) = @'y, which follows because x € O/ . This completes the verification of hypothesis (3) of the
Gelfand criterion. Therefore (G, U, 0) is a Gelfand triple. |

6 Multiplicity one property of Whittaker space for GL3(O;)

Let G = GL3(O¢) and U = U3z(Oy). We consider the anti-automorphism o : G — G as given in Remark 3.6.
Then,

a1 di2 a3 asz 3 dz3 di3
o az;1 a2z a3 =l|4a32d224d1,2
as;1 dz2 ds3 as;1 az;1 di,l

It is clear that o leaves (U, 6)-invariant. In this section, we prove the following theorem.
Theorem 6.1 The triple (GL3(Oy), U3(Oy), 0) is a Gelfand triple.
Let S be a set of representatives of the double cosets of U\G/U. The elements of S can be taken from those
listed in Corollary 4.2. Define A3z := c? [U\G/U]. Then
A3 = span {f € Az | g € Sand Supp(f) C UgU}.

In order to prove Theorem 6.1, we prove that o satisfies the hypothesis of the Proposition 2.7. It is clear from
the definition of o that o (U) = U and 0(o (1)) = 0(u) for all u € U. It remains to verify the hypothesis (3) of
the Gelfand criterion for all possible choices of g € § as listed in Corollary 4.2(2).

Proposition 6.2 Letg € Sand f € A3z be suchthatSupp(f) C UgU.Theno(g) € UgU and f(o(g)) = f(g).

Proof The elements of S can be of six types (a) — (f) as described in Corollary 4.2(2). We prove the proposition
by dealing with each of these six types of g € S separately below.

ap 0 O
Type (a): Take g = wix ay 0 | wherei, Jj.k>1with j >i kand ay,ay, a3, x,y,z € (’)g(.
wly wkz a
1 0 0 a; 0 0
First of all we note that the above g satisfies ¢ = th forsome h = | wix’ 1 O]andt=| 0 ar 0
wly wk7 1 0 0 a3

Then it is clear that gng~! = thnh~'tr~!. Below first, we determine Anh~! by simple matrix computations and

then use this to deduce important information regarding g.

0 0 luv
The following equations are satisfied forh = | @’x’ 1 O0|andn=|01w
wly w1 001
1 0 0
= —wix 1 0 6.1)
_w_jy/ + ZD‘k_Hx/Z/ _wkz/ 1
1 u v
hm=|o'x oxu+l o' x'v+w . (6.2)

wly wiyu+ ok wiyv+ofZ/w+1
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Further the matrix ~nh ™! is given as below,

| —oix'u —olyv+oktix'zv u—wkzv v
* wix'u+1—ok(w+ oix'v) o'x'v+w ,
*ok wlyu — ok (@wiy'v+ okw) wiyv+ orw+ 1

where x = @2 x?u + (w'x'v+w)(—w’/y + o tix'z) and sx = w!y — @' x'(@/y'u +w* ) + (@ y'v+

wkz/w + 1)(_w]y/ + wk+ix/z/).
Lemma 6.3 If f is non-zero then the following are satisfied.

(a) i =k,
(b) ara;' € 1+ k0,
(c) a2a3_1 el + ak0,.

Proof For h and n as above with u = w = 0 and v such that /v = wiT*y = 0, we have

1 —wkzv v
mh='=10 1 @ix'v
0 0 1

By further conjugating by torus element we see that gng~! € U and therefore we must have ¥ (w'x'v) =
Y (zw/y'v) for all v € Oy. By definition of 1, this implies i = k. This proves (a). For (b) and (c), the proof

follows by taking appropriate u as in Case(2) of proof of Theorem 5.1. O

Thus we can take ay = a, a; = a + @*s and a3 = a + @t and then g will become

a+wks 0 0
g = wk_x a 0
wly wkza+ okt

Without loss in generality, we can assume that a = 1 in what follows.

1+oks 0 0
Lemma 6.4 Let g = wkx 1 0 . Then there exists ui,ur € U with 9(u1u;1) = 1 and
wly wkz 1+ okt
u1g = o(g)uy. Therefore o (f) = f for f € Az such that Supp(f) C UgU.

luv 1u v
Proof We prove that there existsu; = |01 w | andup = |0 1 w’ | with
001 00 1
luv\ ([14+aF 0 0 1+t 0 0 Lu v
01w wkx 1 0 = wkz 1 0 01w
001 wly wkz 1+ okt wly wkx14+wks) \00 1

and
9(u1u2_1) = 1 equivalently ¥ (u + w —u’ — w') = 1.

Equating the (i, j) entry in the above matrix identity gives the following conditions:

(1,1): okxu + wjyv + wks = wkt.

(1,2): u+wkzv =u' + ot
(1,3): v="v".

2,1): wkx + zzrij = wkz.
(2,2): wkzw = wkzu'.

(2,3): wkiw+w =k +w'.
(3.2): wkz = wlyu' + wkx.

(3.3): @kt = wiyv + whxw’ + whs.
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It remains to prove that we can choose six variables u, v, w, u’, v', w’ € O, which satisfies the above conditions
with ¥ (u +w — 1’ — w’) = 1. We observe that these conditions can be further reduced to the following six
conditions.

(D) u—u =ok@u — z7v).

2) w—w =wkizv—tw).

3) wk(w—u")=0.

@) ok —u)=0.

5) wkxw' + wiyv = okt — ).

6) v="u.

The conditions (1), (2) and (3) imply that the condition ¥ (u + w — u’ — w’) = 1 is automatic. It is easy to see
that following choice of u, v, w, u’, w’ works:

v=0=v,u=w=x"'t—s)u=w=>10+z")u

0 al 0
Type (b): Takeg = | a0 O | wherei, j > landaj,az,a3,x,y € o/.
o'x w!y a3
It is enough to prove that there exists n € U such that g~!'ng € U and 8(g~'ng) # 6(n). If we take

luv
n=|01w| then g~ 'ng equals
001
1~|—a2_1xwiw az_lyij az_lagw
al_lazu—l—al_lxwiv l—i—a]_lywjv al_lagv
* —a;l(aflyzarzjv + a{lxywiﬂw) 1— a;]xwiw - aflywjv
where x = —a3_1 (al_lazywju + al_lxywi+~/v + az_lxzwzjw). We see that g~ !'ng € U imposes the following
conditions on the (i, j)-th entries of g~ 'ng:
(L1): w'w =0,
2,2): w’/v =0,

2,1): asu +wixv=0.
1 az_leyw a3a2_lw

Under these conditions g 'ng = |0 1 a3a1_1v . Moreover 6(n) = ¥ (u + w) and 6(g " 'ng) =
0 0 1

l/f(az_leyw + agal_lv).

We cantake v = 0; and then u = 0 (from 3rd condition). Then 6 (n) = v (w) and@(g_lng) = w(agleyw).
Since Y|, e-10, # 1 we can choose w = @'~ 1r such that ¥ (w®~!r) # 1. Moreover i > 1 implies that the
condition r/w = 0 is satisfied and; j > 1 implies that az_leyw =0,1i.e. I/J(az_leyw) = 1. Therefore for
the choice u = 0 = v and w = @~ !r as above, we see that g~ 'ng € U and 0(n) # 0(g~'ng).

a 00
Type (c): Take g = w’ix 0 ay | wherei, j > landay,az,a3,x,y € Of.
wlyaz 0

By the definition of o, note that o (g) is of the form considered in Type (b). By observing Supp(f) C UgU,

it follows that 6 (f) = 0 . Therefore f = 0.

0 0 aq
Type (d): Take g = | a2 0 O | wherei > 1 and aj, a2, a3, x € o).
w'x az 0
luv 1+a2_1xwiw a2_1a3w 0
Ifn=|01w| eUtheng 'ng = —a{laglxzquiw 1 —a;'xer'w 0 |. Then g~'ng € U imposes
001 al_l(azu + w'xv) al_la3v 1

the following conditions: .
u=0=vandw'w =0.
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1 aza, Yw 0
Under these conditions g 'ng = | 0 1 0 |. If f is non-zero then we must have 6(n) = (g~ 'ng). In
0o 0 1

particular, we must have ¢ (w) = ¢ (agaz_lw) for all w satisfying o/ w = 0. This implies that a3a2_1 e l+w'O,.
Let us write a; = a and a3 = a + w't. Then we can change the representative of the double coset given by
g to the following.

0 0 a1\ [1-x"1t0 0 0 a
a 0 . 0 0O 1 0= a —ax7 't 0
w'xa+w't 0 0O 0 1 wix a 0

which is fixed by the map o. Thus f(o(g)) = f(g)-

0 aj 0
Type (¢): Take g = | O wix ay | wherei > land aj, a2, az, x € OZ.
az 0 O

For the given representative g the element g~

observing o (g™ = o (g)~ .
0 0a
Type (f): Take g = | 0 a2 O | where ay, a2, a3 € O).
as 00
In this case, 0 (g) = g. Therefore f(o(g)) = f(g). This completes the proof of Proposition 6.2.

is as considered in Type (d), and hence the proof follows by

7 Further questions

In this section, we mention a few other related questions.

(1) For the proof of Theorem 5.1 and Theorem 6.1, we used an exhaustive list of double cosets as described in
Corollary 4.2. This list of double coset representatives, although not exclusive, enables us to verify the Gelfand
criterion. In the same spirit, a suitable exhaustive list of double coset representatives U, (O,)\GL,, (Oy) /U, (Oy) is
required to apply the Gelfand Criterion. Such a description is not known for n > 4. It is to be noted that the double
coset representatives of U, (O¢)\GL,,(Oy) /U, (O,) are easily obtained from those of B,,(O¢)\GL,,(O¢)/ B, (Op).
One difficulty that lies in the description of B, (O¢)-double cosets is the fact that forn > 3 and £ > 1, the double
cosets depend not only on n and £ but also on the field O, see [20, Theorem 6.1] for more details. We also
remark that the knowledge of B3(Oy)-double cosets was heavily used in [6,7,21], to obtain information regarding
principal series representations of GL3(QO;). The parallel questions regarding principal series representations for
GL, (Oy) for n > 4 have not been explored and require the knowledge of B, (O;)-double cosets for n > 4.

(2) The character 6 as in Definition 1.1, is a non-degenerate character of U, (O;) because 0 restricted to the
subgroup H; = {I + sE; ;11 | s € O} is non-trivial for all 1 < ¢ < n — 1. One can also consider degenerate
characters of U, (Oy) that may be trivial on some of the H,’s. For example, 0" : U,(O;) — C* given by
0" ((ai,j)) = ¥ ((arp +az3+ -+ an—1,n) — ar41) for 1 <1 < n — 1is a degenerate character of U, (Op)
being trivial on H;. Gelfand-Graev [11] proved that every irreducible representation of GL,, (O1) is a constituent of
IndSL ©n (0) for some character 6 of U, (Oy), see also [31] for the decomposition of this induced representation.

Uy (Ol )
In the parallel direction, describing the irreducible constitutes of the induced representation IndSIl‘E’((Q(Z‘Z) (0) for a

character 6 of U, (Oy) is an interesting question. For the case, where 6 is non-degenerate, the precise answer to
this question was obtained in [22]. However, all the degenerate cases are still unanswered.

(3) For GL,(IF,) parallel to Whittaker space, there are other known constructions of multiplicity free repre-
sentations of GL, (IF;) such as Symplectic model and more generally, Klyachko model [17]. Without many
details, we further mention that the Klyachko model is complete for GL,, (IF,) in the sense that every irreducible
representation of GL, (IF;) occurs as its constituent with multiplicity equal to one. The question of describing a
parallel complete model, if any, for GL, (O,) with £ > 1 is still open.

(4) To understand more about the representations of other classical groups G over O, like SL,,, Sp,,,, orthogonal
group, etc., one can ask multiplicity one question regarding Whittaker spaces of these groups. It is to be noted that
to define Whittaker space, the group U needs to be defined appropriately. For G = SL,(O;) and U = U, (Oy),
an answer towards the decomposition of the Whittaker space was obtained in[22].
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