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Abstract In this article, we obatin the [°° estimate of the kernel anym(t) form=0,1,m=nand € [1,0]
for the propagator e~ "¢ of one dimensional difference operator associated with the Hermite functions. We
conjecture that this estimate holds true for any positive integer m and in that case, we obtain better decay for
lle~i ™|, and ||e~™Ha p—p for large Ifl compare to the Euclidean case, see Egorova (J Spectr Theory
5:663-696, 2015). These estimates are useful in the analysis of one-dimensional discrete Schrodinger
equation associated with operator H,.
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1 Introduction

Study of special functions has been of essential importance in mathematics as well as in mathematical
physics. The necessity to study special functions arises from the fact that they appear in physics as solutions
of various important differential equations describing many different kinds of physical phenomenon. For
example study of quantum mechanics is not possible without having the thorough understanding of many
different special functions, such as; Hermite polynomials, which appears as solutions of the quantum
harmonic oscillator problem, or the Laguerre polynomials, which arises while solving the Schrodinger
equation for the hydrogen atom.

The motivation for the present work is, on the one hand, comes from recent work of Teschl et.al.,
[2, 4, 17] where they have established various results for discrete Schrodinger operator and related wave
equations such as NLS and NLKG equation. The work of Teschl and other authors in this area originates
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774 V. K. Sohani, D. Tiwari

from the context of non-commutative field theory, where the study of dynamics of non-commutative solitons
in leads to study of NLKG and NLS equations.

On the other hand, motivation also comes from the work on Hermite and special Hermite operator by
Ratnakumar, Nandakumaran and Sohani [11-14]. For the beautiful theory of the Hermite (and special
Hermite) functions and their importance in analysis over symmetric spaces as well as applications in
physics, one is referred to consult the expositions by Thangavelu and Folland [6, 18, 19].

In this work we are concerned with the one-dimensional discrete Schrodinger equation

ii(t,n) = Hyu(t,n) (t,n) € R x Ny (1.1)

associated with the operator H,

0 v2 0 0 0
V2.0 V4 0 0 .
0 vV4 0 V6 0 .
Hi=119 0o 6 0 V8 . (1.2)
0 0 0 V8 0

Explicitly, H; = (h"m)n,meNU with 71,,, = 0, hy i1 = Hyg1 0 = v/2n and hym = 0 whenever [n —m| > 1. Itis
a self-adjoint Jacobi operator whose generalized eigenfunction are precisely the Hermite functions. See
section 3 for the details on H,, where we define the operator H, and its propagator e¢ associated with the
Hermite functions. We also define the kernel a,,,,(¢) of the propagator e, (see equation (3.7)).
The main result we derive is the estimates of the kernel a,,(¢) for m = 0, 1, m = n and which is given by
Sup ap ;m(t) < £

n>0 - \/Z

where |t € [1,00), m = 0,1, m = n and constant C is independent of ¢, see section 5. We also derive a
recurrence relation for a,,(f) in Lemma 4.5, section 4, but this relation is not sufficient for getting the
estimates for the kernel a,,,(7) for general m. We believe that same estimate for g, ,(f) holds true for
general m also and we state the following conjecture.

Conjecture 1: We conjecture that

sup |anm(t)] < 7 (1.3)
where f € [1,00) and constant C is independent of ¢.
If above conjecture holds true then we have the following dispersion estimate for our operator Hy:
el e =OGT),  as 1] — oc
. 1
ey, =OG7),  as || — 00,0 > 3.

Note that, this is in contrast to the case of the discrete Laplacian A, where one has, (see e.g. [2])
el =OG),  as Ji] = o

||ei’A||,3H,z( =0(r7), as |f| = o0,0 > X
The paper is organised as follows. In section 2, to give the necessary background material, we introduce the
classical Hermite operator and their eigenfunctions, which are known as Hermite functions. We also discuss
about the Hermite polynomials and their properties. In Section 3 we motivate and define discrete Hermite
operator H,. In section 4 several properties of the H; are given, in particular we have proved the Conjecture
I(estimate (1.3)) for m =n and obtained better decay estimate (4.4) of a,,(f) and also we derive a

recurrence relation for a, ,(#) in Lemma (4.5). In section 5, we prove the Conjecture 1(estimate (1.3)) for
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Dispersion estimates for the discrete Hermite operator 775

m = 0 and m = 1. If the Conjecture(estimate (1.3)) holds true then we prove the dispersion estimate for e/«

in section 6.

2 Hermite polynomials and Hermite functions

In this section we will review basic properties of Hermite polynomials and Hermite functions, most of the
material presented in this section can be found in [1, 6, 10, 16, 18, 19]. Hermite polynomials are a classical
orthogonal polynomial sequence, which arises often in physical science phenomenon e.g. in quantum
mechanics they give rise to the eigenfunctions/states of the quantum harmonic oscillator. More precisely the
Hermite functions satisfy a differential equation, which is equivalent to the Schrodinger equation for a
harmonic oscillator in quantum mechanics. So Hermite functions are nothing but the solutions of this
differential equation for the quantum harmonic oscillator. For this reason, the Hermite operator is commonly
known as the harmonic oscillator.

To start with we define Hermite polynomials H,(x) as follows

n
o d e (2.1)

dx"

where n is a non-negative integer and x € R. These polynomials are orthogonal on R with respect to weight
function e and satisfy the following relation:

H,(x) = (-1)"e

/ e_"an(x)Hm(x)dx =0,ifn£m

oo

/ e_szrzl(x)dx =2"nlyn, if n=m

oo

Explicitly Hermite polynomials can be described as follows:

Bl n—2k
2x)
=n! E O
H,(x) =n! kzo( 1) K — 26! (2.2)
Polynomials x" can be expressed in terms of finite linear combinations of Hermite polynomials given as:
. 3 H, om(x)

P N e AN
2n £~ ml(n — 2m)!

Hermite polynomials satisfy the following recurrence relations:
H,(x) =2xH,_i(x) = 2(n — 1)H,_»(x) (
H, (x) =2nH,_, (x) (
XH, (x) =nH,_, + nH, (x) (
H!(x) — 2xH) (x) =2nH,(x). (

The Hermite functions {4, : n € Ny} on R are given by

o

X

H,(x)e z
hn(x):\/ﬁ (2.8)
2 [%] n—2
eVl 1y (2x)" % (2.9)

TN kl(n — 2k)!°

5

Hermite functions forms a complete orthonormal system in L?(R). For each n, Hermite function #, is an
eigenfunction of the Hermite operator H = — ;fz + x? with eigenvalue 2n + 1, i.e., Hh, = (2n+ 1)h,. In
view of (2.8) and (2.4) Hermite functions satisfy the following recurrence relation:
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776 V. K. Sohani, D. Tiwari

2xhy(x) = \/2(n + Dhyet (x) + V200, (x). (2.10)

The Hermite functions are also the eigenfunctions of the continuous Fourier transform with eigenvalues
{1,—1,i,—i}. Thus they form an orthonormal basis of L*(R), which diagonalizes the Fourier transform
operator. This should not be a surprising if one just see that Hermite operator defined above remains
invariant under the Fourier transform. One interesting application of this relationship is the following
theorem of Hardy [19]: A R

Hardy’s Theorem If f and f are both O(|x|"e™") for large x and some m, then each is a finite linear

combination of Hermite functions. In particular, if f and f are both C’)(e#) then
~ _2
f = f = Ae 2

where A is a constant; and if one is o(e#), then both are null.

Hermite functions also appear in analysis over Heisenberg group, where they arise as entry functions of
the irreducible representations of Heisenberg group. The Hermite operator is directly related to the sub-
Laplacian on the Heisenberg group.

3 Discrete operator H; and its propagator ¢

The one-dimensional Schrodinger operator
d2
di?

on L?(—00,00) and L*(0,00) and their discrete analogs

V() (3.1)

Up = Upiy + Up—1 + V (1),

on 2(Z) and I*(Np) have been heavily studied mainly for the two reason. First, ordinary differential (or
difference) equation methods helps one to study them in much greater detail than one can do with their
higher-dimensional analogs. Second reason is, if V(x) = V(]x|) is a spherically symmetric function on R",
then —A + V is unitarily equivalent to a direct sum of operators on L*(0, 00) or the form (3.1), where the
effective V's have the form

Vix) = kil + V()
for suitable k;s. The details can be found, for example, in Reed and Simon [15], Appendix for X.1].
The discrete Laplacian Ay is given by

(Aru), = tpy1 —2up + ty_1,n € Z.

ein()

And it has to be noted [3], section 1.3] that functions — € Z,0 € |—=n, n] forms a complete orthonormal
system in L*((—m, 7)) and for each 0, (¢™), _, is a eigenfunction of the discrete Laplacian A; with
eigenvalue 2cos 0 — 2, i.e.,

Are™ = (2cos 0 —2)e™. (3.2)
But if we consider, in same spirit, the discrete operator Hp given by
(Hpu), = —(Aru), + n*u, = — (U1 — 2uy + 1) + n*u,,n € Ny

which is natural discrete analogue of the Hermite operator H = —(;‘fv—zz+x2, then we find that Hermite
functions are not the eigenfunctions for the operator Hp any more. And this prohibits us to have any
reasonable study of Hp.

To circumvent this situation we shall follow the approach of [8, 9] and therefore in view of (3.2), and
recurrence relation (2.10), we consider a discrete operator H, associated with Hermite functions on the
sequence space I(Np) as follows:

Hd¢n = (Hd¢)n Y 2(" + 1)¢n+1 + \/ﬂd)n—l? nZO
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Dispersion estimates for the discrete Hermite operator 777

Here, by convention we assume that ¢o_; = 0. Note that this operator H, is nothing but (1.2) mentioned in
section 1.

Remark 3.1 Since (Huu,v) = " (Hqu), vy =Y o otn(Hgv), = (u,Hyv) for compactly supported
sequences u and v, one can conclude that H, is a self-adjoint operator.

Fix x € R and consider the sequence h = {h,(x)},~,, and from equation (2.10), we have
(Hgh),, = Hghy,(x) = \/2(n + 1)hys1(x) + V2nh,_; (x)
= 2xh,(x).

Therefore for each x € R, (h,(x)),—, is a eigenfunction of H, with eigenvalue 2x.
Now we define compactly supported sequence:

Definition 3.2 We say a sequence u = {u, },-, of complex numbers is compactly supported if u, =0V n
except finitely many.

Let u be any compactly supported sequence. We define discrete Hermite-Fourier series on R by

o0

G(x) = tnha().

n=0

We can recover the sequence u from the function #(x) as follows:
u, = / u(x)hy, (x)dx.
R

Moreover, for any given function f € L*(R), we can write

) =3 eah(v)

n=0

where coefficients ¢, can be determined in a unique manner by the following:
cn = (f,hy) = /f(x)hn(x)dx. (3.3)
R
Note that u —  is a unitary transformation from /*(Njy) to L?(R). Observe that
Hau(x) = 2xii(x) (34)

for any compactly supported sequence u. Note that # € L?>(R) for any compactly supported sequence . In
view of (3.3) and (3.4) we define the sequence ey for any t € R and for any compactly supported
sequence u as follows:

eay(x) = €™ (x) (35)

and

Where
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778 V. K. Sohani, D. Tiwari

Anm = /R € Ry, (x) Ay (x)dx (3.7)

is the kernel of the propagator "¢ In view of Plancherel formula |[u|(,) = [|#]|;2(g) for u € P(Ny), it is
easy to see that ¢ is a unitary operator with adjoint e "¢ on I*(N). In view of (3.6), we say that e/ is a
discrete integral operator on the space of compactly supported sequences.

4 Estimate for the kernel of the propagator of H,

In this section we derive an expression for the kernel a,,,, and prove some properties for it, in particular we
derive a decay estimate for a, (). In the following Lemma we compute kernel a,, .

Lemma 4.1 Kernel a,,, given by (3.6) and (3.7) of the propagator ¢™¢ has the following expressions

LI vV n!m!(i)HmHHm,z;,zp(I) €7t2

an,m<t) = (41)
=0 =0 'p!(n — 20)!(m — 2p)ly2mtm
i LT (e ) w2
-~ Vml2n £ IN(n —21)! '

Proof By substituting the values of A, (x), i, (x) from (2.9) in (3.7), we have

B B / (_ 1 )Hﬁ(zx)nfll(zx)mfzp mefxzezm
R lp!(n —20)1(m — 2p)!1\/2"\/7\/2"\/7
gl

G B (_1)1+P2n+m—21—217\/n!m! (43)
= =0 pl(n —20)!(m — 2p)!\V 2t/

2 -
% /er—m—Ql—Zpe—x eletdx.
R

dx

Anm =
=0 p=0

Now consider the integral
o\ ttm=21=2p i
2 &) ¢

_2]— —_ i —x2 \or
/ Xrtm 21 Zpe xzeZIXtdx _ / e ot dx
R

R <2i)n+m72172p

+m—21-2,
_ 1 i m ? efxz e2ixtdx
(Zi)n+m—21—2p dr R

1 d n+m—21-2p 1 -1/2 o
:(2i)n+m—2l—2p E % ¢

\/E n+m—21-2 —
R (1) PHym—21-2p(t)e™

N )

\n+m I _
=Sz O (D) Humap (£)e ™"

2

Where, the second equality follows from the theorem 2.27 of [5] at p. 56. And third equality will follow
from the proposition 8.24 at p. 251 in [5], whereas fourth one follows from (2.1).

By substituting the above value of the integral in (4.3), we get the required identity (4.1).

From (4.1) and using identities (2.1), (2.3), we have
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Dispersion estimates for the discrete Hermite operator 779

[3 v}’l' 'Hn+m72172p(t) 6712
()" 5 4= lpl(n — 20)(m — 2p) 1/ 2r

5] n'm|( 1)n+m*21*2PDn+m—21—2pe—z2

= p=0 Up!(n—2D)!(m —2p)lv2mtm

o n'm' n 20 ~n—21 m 2[7 lz
- 21)!\/2n+m P Z (m — 2p
_ [i] n'm! (_ 1)}172an—2[ tmzme7t2
S\ (n - 20)1 /20 m!
i L (—1) D2 (e )
~Vomi2n — IN(n —2)!
where D = 4. Thus we have proved identity (4.2). O

In the following lemma, we represent the kernel a,, ,,(¢) in terms of the Laguerre polynomials. For oo > — 1,
t € R and integer m > 0, one-dimensional Laguerre polynomial Lﬁj)(t) of type o is given by

(4.4)

@) z’": Cm+a+1) (—ty
(m—P)(a+j+1) j! °
Jj=

Lemma 4.2 If n>m, we have the following compact representation for the kernel ay (t)

“’}v’"(t) =(=1)" \/7 (1v/2) L= (22)e 7 (4.5)

(l)n+m

Proof From the identity (4.2), we have

ann() ¢ﬁﬁ%1@n“%w40%ﬂﬁ
@y Voml2e D I'(n —21)!
\/W yr=2t min@nn=2l) G DI pr2-i (et
'Z”Zl'n—Zl 2 1 —21—)!

=0

al2m L (— )2 min 2D i 2T (e

mi2n e |l = (m—j)yl(n =21 -

jOlol'n—J—Zl ]!(m—])!
nlm!2m i (20)" 7 (1Y e
NV L) A
lm!2m " (22)" (—1Y e

[ 200" (1Y

2" j=0 (l’l—])']'(ﬂ’l—j)'

—Valml(1/2)" " (— mﬁin (7)) (=1Ye”

2 (n—m -+ )L — )]

—¢§&¢®"W—> LR "

O
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After having a compact form, in term of Laguerre polynomials, for our kernel a,,,,(f), we now use an
important result, an asymptotic property of normalized Laguerre functions, which can be found on page 27
of [18]. First recall that Laguerre functions of type o, > — 1, form an orthonormal basis for L?(R, ) and
are given by (4.4)
1
m' 2 ta
L) =———— ) L*(t)e 2 4.6
20 = (ray) Lal0e (46)
where L’ (1) is one-dimensional Laguerre polynomial of type o given by (4.4). In view of equations (4.5) and
(4.6), we observe that

lanm(1)] = |£,7"(27)], 3

an,m< 5) ‘ — 1L (0. (4.7)

Lemma 4.3 ([18, 20]) The Laguerre functions L, (t) given by (4.6) satisfy

()}, 0<r<!

_1 )

(tv) %, L<r<y,
_1 -1 , 1
L2 ()| < C vy =0 § <1<y,

v, = W< ey,
L 3

Vﬁi(l _ V)fie*?’l" 2(tfv)2, v+ V% <t< %,

e ! t > %‘

where both y,,7y, > 0 are fixed constant, v = 4m + 20 + 2 and constant C depends on .
In the light of this lemma, our kernel a, ,(¢), would satisfy following decay property:

Theorem 4.4 We have the follwoing estimate for the kernel a,,(t):

C
sup |an, (1)] < —
n>0 13

where ¢ € [1,00) and C is a generic constant independent of ¢.

Proof 1In view of equation (4.7), it is enough to prove that

sup |£,,(1)] <

m>0

==l Q)

We will prove the above estimate in the following five steps.
Stepl: If 1 <7< 5 =2m+ 1, then

wl—

|£2 ()| < C(v) i< Cri<cr,
Step2: If 5 gtgv—v%, then 3 <7<, t%gv%gv—tand
L0 (1) < Cv (v — 1) F< Crir e = Cr
Step3: If v — v-%gtgv—i—v%, then v<¢<2v and
Lo <Cvi< e,
Stepd: If v+ i <7< 3 then v<t< 3, and (%)%gvégtfv

(r—v)

3
2

_1
|£gz(t>| S Cv_%(t — v)_%e_"h" 2(1—v) S Cyv™

-

IA
Q
e
NI
I
Q
|

Step5: If 1 > 2, then

1

L2 (1)| < Ce™"' < Crs,
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Dispersion estimates for the discrete Hermite operator 781

Remark 4.1 In the view of ([7, 18, 20]), we remark that this decay (4.4) of a,,,(#) may not be the best
possible and can be improved further.

Before we close this section we prove a recurrence relation for the kernel a,, ,.

Lemma 4.5 Kernel a,,, satisfies the following recurrence relation
an‘m(t) _ vn + 1an+l,m71(t) _ ﬁanfl,mfl(t) + ( - 1) A m— Z(t)
(i)n+m \/ﬁ (i)n+m \/ﬁ (l.)n+m—2 m( — 1) ( )n-‘rm 2
Proof For m>1, by substituting

et _ p Ml t N (m—1)"2e "
e =
-2 2

in (4.2), we get

Bl n—=2lyn—2I m—1 ,—1> m—2 ,—1*
anm(t) 2 S (=1)"""D ( (t e ) (m—1)"*e )
T E D +

(i) mi2" & [l(n — 2I)! -2 2
—1 day,—1(1) n fm—1aym,_(t)
\/_dt ( )n+m 1 m (i)n+m72 .
Now we interchange the role of n and m in above identity, we have
A (t -1 day, t n—1ayu,—2(t
mal) L ontll) o Lol (49)
(™" Vandr (i) 0
By replacing m by m — 1 and n by n + 1 in above identity we have
Q11 (t -1 dan_1,(t no ay_1a—1(t
i (0) tall) | ESION (4.10)
(l) /211 + d[ m+n n + 1 (i)m+n

Since kernel a(n, m) is symmetric, @y ,—1 = dm—1,, by substituting the value of £ a,,,_1(f) =L a,_1,(1)
from (4.10) into (4.8), we get the desired recurrence relation.

(4.8)

O

Remark 4.2 Since @, ,,(t) = a,m(—t), we have |a, ,(¢)| = |apm(—1)].

5 Estimates for a,(¢) and a,(?)

In this section we prove estimates for the kernel a,,,,(¢) for m =0 and 1.

Lemma 5.1 For m =0, we have the following estimate

sup |a
nZI())|nO |_\/_

Proof 1In view of remark 4.2, we consider ¢t > 0. By putting m = 0 in (4.1), we have

ano /n H,_ 2z(t
n Z I(n —20)!

_ \/Zz"f"e_’ (5.1)
NGZ

V2ie "
Vval

First assume that ¢ is an positive integer i.e. + € N and let

for |¢| € [1,00).
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782 V. K. Sohani, D. Tiwari

tl’l
bn(t) av teN
We have
buy1(2) t
= d
be(t) nt1 ™"
bo(r) <b (t) <by(t) < <b (1) = by(t) > bii1 (1) > bya (1) >
Therefore
tl
sup by(1) = bi(1) = .
neNU{0} t
Using Stirling’s formula n! ~ v/2zn(%)", i.e.,
|
lim —— =1, (5.2)

we have
'

t—t<Ct—t(f)t<Ce—fort€N
1 \2m\t) Tt '

Here constant C is a generic constant not depending on ¢t € N. Thus for t € N, we have

tn t
sup— < C—

n>0n' - \/Z
Now if 7 € (0,00), we have ¢ <[r] + 1 and

AP (UE VP
n! -

Therefore we conclude:

N

su —<C— vVit>0. 53
n>%n \/Z ( )

In above inequality, if we replace ¢ by 2>, we have

Znt2n 6212

n!

Taking the square root on the both sides, we have

23" e
Vnl TVt
Now from (5.1) and above estimate we get the desired estimate for a,o(z). O

Lemma 5.2 For m = 1, we have the following estimate

\/_

Proof In view of remark 4.2, we consider ¢ > 0. By putting m = 1 in (4.2), we have

sup a1 (1) for |7] € [1,00).
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Dispersion estimates for the discrete Hermite operator 783

it n I'(n —21)!

] -2
. n! (D 2 H,,,Q[(l‘)el
=V2 7<——2> PO TR

=0

Replacing ¢ by \/Z, we have the expression

@i (D) _ o [M"“ OO ﬁ]

i+l

Let us consider

, e i 1 n 1
B (1) = <—§t(t—n) +1+ <§_Z> (t—n)>
=——[2t(t —n) — 4t — (2n— 1)(t — n)]

_tn_ 5
—e 21274
4+/n!
B! (#) = 0 has two non zero roots f,, = ¥ EI0 apg 5, — 3VILIOn Ty g eagy to see that Bl (f,) <0 and

B!!(s,) > 0. Therefore B, has local maxima at #, and local minima at s,. Since |B,(t)| — 0 as t — oo, we
have

27 — (4n +3)t +n(2n — 1)].

sup. [Bn(1)] = max{|Bu(tn)], |Ba(sn)]}-

tel,00

In order to prove the Lemma, it is enough to prove that {|B,(#,)|} and {|B,(s.)|} are bounded sequences. We
see that
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784 V. K. Sohani, D. Tiwari

n_1
|B (Z )\ . 74!1-3+§/§m dn+34+vV9+16n\* *34+V9+ 16n
n\In)| =€ 2 4\/1?
n_1
2 4
< Ce_%e@n%_%(l N 34+V9+ 16n> ﬁ
4n V!
n_1
53 1
scese“"’:_“’"nuo L340 16n> il
4n (2nn)in
n_1
44
< ce—“%:_‘ﬁ"(l L3O 16n>
4n
%
< o1 LTI
4n
9+ 16 3 9+ 16
log [Ba(t,)| < log C ——T%]og(] L3+VOFien V4n+">

Second inequality will follow from Stirling’s formula (5.2). Here C is a generic constant not depending on n.
Now we can conclude that {|B,(t,)|} is a bounded sequence. We observe that

g <4n Y3 0F 16n> 34 51 6
4 4+/n!
. TR ﬂ%(l L3O +—16n>H N

|Bu(sn)| = e

<Ce ¢ 8 n2

n_1
7% n
L (= =D Ve
4n (2mn)in2
n_1
— 274
<" (1 ; ﬂ)
4n
:
<Cce (1 +w>
4n
9416 3-V9F16
log |B,(sn)] < logc+\/?+;10g<1 +\<4n+7”)

Fourth inequality will from § <1 + 329 We conclude that {|B,(s,)|} is a bounded sequence and hence
the Lemma.
O

6 Dispersion estimate for ¢

For the usual Euclidean Laplacian A, the operator ¢ is called the evolution operator (or propagator)
corresponding to the free Schrodinger equation i.e. Schrodinger equation for the free particle. Study of the
oscillatory semi-group for continuous Hermite operator has been done by Ratnakumar and Nandakumaran
in [11, 12]. We are adopting from [2], the following definition of weighted spaces /2 = I(Z >(),0 € R
associated with the norm

L
Jlf, = { (St + "'}, it p € [1,00),
’ suppez ., (1 4 n)°|uy|, if p = oo.

If the Conjecture 1(estimate (1.3)) holds true, then we have the following result.
Conjecture 2: The propagator e for the operator H, has the following asymptotic behaviour in
operator norm:
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]l e = 0@, 1] — o0 (6.1)
le oy =0, |- o0, o> % (6.2)
Proof To prove the above conjecture, it is enough to establish the following estimates
el < Cr¥ (63)
e ullp, < Cr¥ull (6.4)

for compactly supported sequences u.
Let u be a compactly supported sequence. Then we have

(¢"u),, =(eu, hy,) = / T (x)h (x)dx
R

0
§ anm

n=0

Proof of (6.3) will now follow from the Conjecture 1(estimate (1.3)). Now we will prove (6.4) for ¢ > %

(e”Hdu)n: Z G (1) Uiy
m=0
||6itHduH123 Z| thd +n) 20
:Z|Zanmum| —I—n)72r
n=0 =0
SZ(ZIanmum (1+n)%
n=0 \m
Cz 00 0 iy
g-Z(me (1+n)
t n=0 \m=0
C2 %) 00 2
<= DAt m) | (1 m)” | (1)
n=0 \m=0
C2 = = —20 20 —20
gTZ > (1+m) Z\um| +m)* | (1 +n)
n=0 \m=0
C2
< < Jul

O

Remark 6.1 The dispersive estimates for the (1.1), as well as for its perturbations are an important
ingredient in the standard procedure for the proof of asymptotic stability for non-linear PDE’s. Furthermore,
the understanding of the free evolution (1.1) is a necessary prerequisite for a successful development of
scattering theory.
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