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Abstract In this article, we obatin the l1 estimate of the kernel an;mðtÞ for m ¼ 0; 1, m ¼ n and t 2 ½1;1�
for the propagator e�itHd of one dimensional difference operator associated with the Hermite functions. We
conjecture that this estimate holds true for any positive integer m and in that case, we obtain better decay for

ke�itHdkl1!l1 and ke�itHdkl2
r!l2�r

for large |t| compare to the Euclidean case, see Egorova (J Spectr Theory

5:663–696, 2015). These estimates are useful in the analysis of one-dimensional discrete Schrödinger
equation associated with operator Hd.

Keywords Hermite polynomials � Hermite functions � Dispersion estimates �
Difference operator associated with the Hermite functions

Mathematics subject classification Primary 39A12 Secondary 81U30 � 47B37 � 39A70 � 33C45 � 42B37

1 Introduction

Study of special functions has been of essential importance in mathematics as well as in mathematical
physics. The necessity to study special functions arises from the fact that they appear in physics as solutions
of various important differential equations describing many different kinds of physical phenomenon. For
example study of quantum mechanics is not possible without having the thorough understanding of many
different special functions, such as; Hermite polynomials, which appears as solutions of the quantum
harmonic oscillator problem, or the Laguerre polynomials, which arises while solving the Schrödinger
equation for the hydrogen atom.

The motivation for the present work is, on the one hand, comes from recent work of Teschl et.al.,
[2, 4, 17] where they have established various results for discrete Schrödinger operator and related wave
equations such as NLS and NLKG equation. The work of Teschl and other authors in this area originates
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from the context of non-commutative field theory, where the study of dynamics of non-commutative solitons
in leads to study of NLKG and NLS equations.

On the other hand, motivation also comes from the work on Hermite and special Hermite operator by
Ratnakumar, Nandakumaran and Sohani [11–14]. For the beautiful theory of the Hermite (and special
Hermite) functions and their importance in analysis over symmetric spaces as well as applications in
physics, one is referred to consult the expositions by Thangavelu and Folland [6, 18, 19].

In this work we are concerned with the one-dimensional discrete Schrödinger equation

i _uðt; nÞ ¼ Hduðt; nÞ ðt; nÞ 2 R�N0 ð1:1Þ

associated with the operator Hd
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Explicitly, Hd ¼ ðhn;mÞn;m2N0
with hn;n ¼ 0; hn;nþ1 ¼ hnþ1;n ¼

ffiffiffiffiffi

2n
p

and hn;m ¼ 0 whenever jn� mj[ 1. It is
a self-adjoint Jacobi operator whose generalized eigenfunction are precisely the Hermite functions. See

section 3 for the details on Hd, where we define the operator Hd and its propagator eitHd associated with the

Hermite functions. We also define the kernel an;mðtÞ of the propagator eitHd , (see equation (3.7)).
The main result we derive is the estimates of the kernel an;mðtÞ for m ¼ 0; 1, m ¼ n and which is given by

sup
n� 0

an;mðtÞ�
C
ffiffi

t
p

where jtj 2 ½1;1Þ, m ¼ 0; 1, m ¼ n and constant C is independent of t, see section 5. We also derive a
recurrence relation for an;mðtÞ in Lemma 4.5, section 4, but this relation is not sufficient for getting the
estimates for the kernel an;mðtÞ for general m. We believe that same estimate for an;mðtÞ holds true for
general m also and we state the following conjecture.

Conjecture 1: We conjecture that

sup
n;m� 0

jan;mðtÞj �
C
ffiffi

t
p ð1:3Þ

where t 2 ½1;1Þ and constant C is independent of t.
If above conjecture holds true then we have the following dispersion estimate for our operator Hd:

keitHdkl1!l1 ¼Oðt�
1
2Þ; as jtj ! 1

keitHdkl2
r!l2�r

¼Oðt�1
2Þ; as jtj ! 1;r [

1

2
:

Note that, this is in contrast to the case of the discrete Laplacian D, where one has, (see e.g. [2])

keitDkl1!l1 ¼Oðt�
1
3Þ; as jtj ! 1

keitDkl2
r!l2�r

¼Oðt�1
2Þ; as jtj ! 1;r [

1

2
:

The paper is organised as follows. In section 2, to give the necessary background material, we introduce the
classical Hermite operator and their eigenfunctions, which are known as Hermite functions. We also discuss
about the Hermite polynomials and their properties. In Section 3 we motivate and define discrete Hermite
operator Hd. In section 4 several properties of the Hd are given, in particular we have proved the Conjecture
1(estimate (1.3)) for m ¼ n and obtained better decay estimate (4.4) of an;nðtÞ and also we derive a
recurrence relation for an;mðtÞ in Lemma (4.5). In section 5, we prove the Conjecture 1(estimate (1.3)) for

123

774 V. K. Sohani, D. Tiwari



m ¼ 0 and m ¼ 1. If the Conjecture(estimate (1.3)) holds true then we prove the dispersion estimate for eitHd

in section 6.

2 Hermite polynomials and Hermite functions

In this section we will review basic properties of Hermite polynomials and Hermite functions, most of the
material presented in this section can be found in [1, 6, 10, 16, 18, 19]. Hermite polynomials are a classical
orthogonal polynomial sequence, which arises often in physical science phenomenon e.g. in quantum
mechanics they give rise to the eigenfunctions/states of the quantum harmonic oscillator. More precisely the
Hermite functions satisfy a differential equation, which is equivalent to the Schrödinger equation for a
harmonic oscillator in quantum mechanics. So Hermite functions are nothing but the solutions of this
differential equation for the quantum harmonic oscillator. For this reason, the Hermite operator is commonly
known as the harmonic oscillator.

To start with we define Hermite polynomials HnðxÞ as follows

HnðxÞ ¼ ð�1Þnex2 dn

dxn
e�x2 ð2:1Þ

where n is a non-negative integer and x 2 R. These polynomials are orthogonal on R with respect to weight

function e�x2

and satisfy the following relation:
Z 1

�1
e�x2

HnðxÞHmðxÞdx ¼ 0; if n 6¼ m

Z 1

�1
e�x2

H2
nðxÞdx ¼ 2nn!

ffiffiffi

p
p

; if n ¼ m

Explicitly Hermite polynomials can be described as follows:

HnðxÞ ¼ n!
X

½n
2
�

k¼0

ð�1Þk ð2xÞn�2k

k!ðn� 2kÞ!
ð2:2Þ

Polynomials xn can be expressed in terms of finite linear combinations of Hermite polynomials given as:

xn ¼ n!

2n

X

½n
2
�

m¼0

Hn�2mðxÞ
m!ðn� 2mÞ!

ð2:3Þ

Hermite polynomials satisfy the following recurrence relations:

HnðxÞ ¼2xHn�1ðxÞ � 2ðn� 1ÞHn�2ðxÞ ð2:4Þ

H0nðxÞ ¼2nHn�1ðxÞ ð2:5Þ

xH0nðxÞ ¼nH0n�1 þ nHnðxÞ ð2:6Þ

H00n ðxÞ � 2xH0nðxÞ ¼2nHnðxÞ: ð2:7Þ

The Hermite functions fhn : n 2 N0g on R are given by

hnðxÞ ¼
HnðxÞe�

x2

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2nn!
ffiffiffi

p
pp

ð2:8Þ

¼ e�
x2

2

ffiffiffiffi

n!
p
ffiffiffiffiffiffiffiffiffiffiffi

2n
ffiffiffi

p
pp

X

½n
2
�

k¼0

ð�1Þk ð2xÞn�2k

k!ðn� 2kÞ! :
ð2:9Þ

Hermite functions forms a complete orthonormal system in L2ðRÞ. For each n, Hermite function hn is an

eigenfunction of the Hermite operator H ¼ � d2

dx2 þ x2 with eigenvalue 2nþ 1, i.e., Hhn ¼ ð2nþ 1Þhn. In

view of (2.8) and (2.4) Hermite functions satisfy the following recurrence relation:
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2xhnðxÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2ðnþ 1Þ
p

hnþ1ðxÞ þ
ffiffiffiffiffi

2n
p

hn�1ðxÞ: ð2:10Þ

The Hermite functions are also the eigenfunctions of the continuous Fourier transform with eigenvalues

f1;�1; i;�ig. Thus they form an orthonormal basis of L2ðRÞ, which diagonalizes the Fourier transform
operator. This should not be a surprising if one just see that Hermite operator defined above remains
invariant under the Fourier transform. One interesting application of this relationship is the following
theorem of Hardy [19]:

Hardy’s Theorem If f and f̂ are both Oðjxjme
�x2

2 Þ for large x and some m, then each is a finite linear

combination of Hermite functions. In particular, if f and f̂ are both Oðe�x2

2 Þ then

f ¼ f̂ ¼ Ae
�x2

2

where A is a constant; and if one is oðe�x2

2 Þ, then both are null.
Hermite functions also appear in analysis over Heisenberg group, where they arise as entry functions of

the irreducible representations of Heisenberg group. The Hermite operator is directly related to the sub-
Laplacian on the Heisenberg group.

3 Discrete operator Hd and its propagator eitHd

The one-dimensional Schrödinger operator

� d2

dx2
þ VðxÞ ð3:1Þ

on L2ð�1;1Þ and L2ð0;1Þ and their discrete analogs

un ¼ unþ1 þ un�1 þ VðuÞun

on l2ðZÞ and l2ðN0Þ have been heavily studied mainly for the two reason. First, ordinary differential (or
difference) equation methods helps one to study them in much greater detail than one can do with their
higher-dimensional analogs. Second reason is, if VðxÞ ¼ VðjxjÞ is a spherically symmetric function on Rn,

then �Dþ V is unitarily equivalent to a direct sum of operators on L2ð0;1Þ or the form (3.1), where the
effective V 0s have the form

VlðxÞ ¼ kljxj�2 þ VðxÞ

for suitable k0ls. The details can be found, for example, in Reed and Simon [15], Appendix for X.1].
The discrete Laplacian DL is given by

ðDLuÞn ¼ unþ1 � 2un þ un�1; n 2 Z:

And it has to be noted [3], section 1.3] that functions einh
ffiffiffiffi

2p
p , n 2 Z; h 2 ½�p; p� forms a complete orthonormal

system in L2ðð�p;pÞÞ and for each h, ðeinhÞn2Z is a eigenfunction of the discrete Laplacian DL with

eigenvalue 2 cos h� 2, i.e.,

DLeinh ¼ ð2 cos h� 2Þeinh: ð3:2Þ

But if we consider, in same spirit, the discrete operator HD given by

ðHDuÞn ¼ �ðDLuÞn þ n2un ¼ �ðunþ1 � 2un þ un�1Þ þ n2un; n 2 N0

which is natural discrete analogue of the Hermite operator H ¼ � d2

dx2 þ x2, then we find that Hermite
functions are not the eigenfunctions for the operator HD any more. And this prohibits us to have any
reasonable study of HD.

To circumvent this situation we shall follow the approach of [8, 9] and therefore in view of (3.2), and
recurrence relation (2.10), we consider a discrete operator Hd associated with Hermite functions on the
sequence space lðN0Þ as follows:

Hd/n ¼ ðHd/Þn ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2ðnþ 1Þ
p

/nþ1 þ
ffiffiffiffiffi

2n
p

/n�1; n� 0:
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Here, by convention we assume that /�1 ¼ 0. Note that this operator Hd is nothing but (1.2) mentioned in
section 1.

Remark 3.1 Since hHdu; vi ¼
P1

n¼0ðHduÞnvn ¼
P1

n¼0 unðHdvÞn ¼ hu;Hdvi for compactly supported
sequences u and v, one can conclude that Hd is a self-adjoint operator.

Fix x 2 R and consider the sequence h ¼ fhnðxÞg1n¼0, and from equation (2.10), we have

ðHdhÞn ¼HdhnðxÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2ðnþ 1Þ
p

hnþ1ðxÞ þ
ffiffiffiffiffi

2n
p

hn�1ðxÞ
¼ 2xhnðxÞ:

Therefore for each x 2 R, ðhnðxÞÞ1n¼0 is a eigenfunction of Hd with eigenvalue 2x.
Now we define compactly supported sequence:

Definition 3.2 We say a sequence u ¼ fung1n¼0 of complex numbers is compactly supported if un ¼ 0 8 n
except finitely many.

Let u be any compactly supported sequence. We define discrete Hermite-Fourier series on R by

buðxÞ ¼
X

1

n¼0

unhnðxÞ:

We can recover the sequence u from the function buðxÞ as follows:

un ¼
Z

R

buðxÞhnðxÞdx:

Moreover, for any given function f 2 L2ðRÞ, we can write

f ðxÞ ¼
X

1

n¼0

cnhnðxÞ

where coefficients cn can be determined in a unique manner by the following:

cn ¼ hf ; hni ¼
Z

R

f ðxÞhnðxÞdx: ð3:3Þ

Note that u! bu is a unitary transformation from l2ðN0Þ to L2ðRÞ. Observe that

dHduðxÞ ¼ 2xbuðxÞ ð3:4Þ

for any compactly supported sequence u. Note that bu 2 L2ðRÞ for any compactly supported sequence u. In

view of (3.3) and (3.4) we define the sequence eitHd u for any t 2 R and for any compactly supported
sequence u as follows:

deitHd uðxÞ ¼ eit2x
buðxÞ ð3:5Þ

and

ðeitHd uÞm ¼ h deitHd u; hmi ¼
Z

R

eit2x
buðxÞhmðxÞdx

¼
Z

R

eit2x
X

1

n¼0

unhnðxÞhmðxÞdx

¼
X

1

n¼0

un

Z

R

eit2xhnðxÞhmðxÞdx

¼
X

1

n¼0

unan;m:

ð3:6Þ

Where

123

Dispersion estimates for the discrete Hermite operator 777



an;m ¼
Z

R

eit2xhnðxÞhmðxÞdx ð3:7Þ

is the kernel of the propagator eitHd . In view of Plancherel formula kukl2ðN0Þ ¼ kbukL2ðRÞ for u 2 l2ðN0Þ, it is

easy to see that eitHd is a unitary operator with adjoint e�itHd on l2ðN0Þ. In view of (3.6), we say that eitHd is a
discrete integral operator on the space of compactly supported sequences.

4 Estimate for the kernel of the propagator of Hd

In this section we derive an expression for the kernel an;m and prove some properties for it, in particular we
derive a decay estimate for an;nðtÞ. In the following Lemma we compute kernel an;m.

Lemma 4.1 Kernel an;m given by (3.6) and (3.7) of the propagator eitHd has the following expressions

an;mðtÞ ¼
X

½n
2
�

l¼0

X

½m
2
�

p¼0

ffiffiffiffiffiffiffiffiffi

n!m!
p

ðiÞnþmHnþm�2l�2pðtÞ
l!p!ðn� 2lÞ!ðm� 2pÞ!

ffiffiffiffiffiffiffiffiffiffi

2nþm
p e�t2 ð4:1Þ

¼
ffiffiffiffiffiffiffiffiffiffi

n!2m

m!2n

r

X

½n
2
�

l¼0

ð�1Þn�2lðd
dtÞ

n�2l tme�t2
� �

l!ðn� 2lÞ! : ð4:2Þ

Proof By substituting the values of hnðxÞ; hmðxÞ from (2.9) in (3.7), we have

an;m ¼
X

½n
2
�

l¼0

X

½m
2
�

p¼0

Z

R

ð�1Þlþpð2xÞn�2lð2xÞm�2p
ffiffiffiffiffiffiffiffiffi

n!m!
p

e�x2

e2ixt

l!p!ðn� 2lÞ!ðm� 2pÞ!
ffiffiffiffiffiffiffiffiffiffiffi

2n
ffiffiffi

p
pp ffiffiffiffiffiffiffiffiffiffiffiffi

2m
ffiffiffi

p
pp dx

¼
X

½n
2
�

l¼0

X

½m
2
�

p¼0

ð�1Þlþp
2nþm�2l�2p

ffiffiffiffiffiffiffiffiffi

n!m!
p

l!p!ðn� 2lÞ!ðm� 2pÞ!
ffiffiffiffiffiffiffiffiffiffi

2nþm
p

ffiffiffi

p
p

�
Z

R

xnþm�2l�2pe�x2

e2ixtdx:

ð4:3Þ

Now consider the integral

Z

R

xnþm�2l�2pe�x2

e2ixtdx ¼
Z

R

e�x2
o
ot

� �nþm�2l�2p
e2ixt

ð2iÞnþm�2l�2p
dx

¼ 1

ð2iÞnþm�2l�2p

d

dt

� �nþm�2l�2pZ

R

e�x2

e2ixtdx

¼ 1

ð2iÞnþm�2l�2p

d

dt

� �nþm�2l�2p
1

p

� ��1=2

e�t2

¼
ffiffiffi

p
p

ð2iÞnþm�2l�2p
ð�1Þnþm�2l�2pHnþm�2l�2pðtÞe�t2

¼
ffiffiffi

p
p

2nþm�2l�2p
ðiÞnþmð�1ÞlþpHnþm�2l�2pðtÞe�t2

:

Where, the second equality follows from the theorem 2.27 of [5] at p. 56. And third equality will follow
from the proposition 8.24 at p. 251 in [5], whereas fourth one follows from (2.1).

By substituting the above value of the integral in (4.3), we get the required identity (4.1).
From (4.1) and using identities (2.1), (2.3), we have
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an;mðtÞ
ðiÞnþm ¼

X

½n
2
�

l¼0

X

½m
2
�

p¼0

ffiffiffiffiffiffiffiffiffi

n!m!
p

Hnþm�2l�2pðtÞ
l!p!ðn� 2lÞ!ðm� 2pÞ!

ffiffiffiffiffiffiffiffiffiffi

2nþm
p e�t2

¼
X

½n
2
�

l¼0

X

½m
2
�

p¼0

ffiffiffiffiffiffiffiffiffi

n!m!
p

ð�1Þnþm�2l�2pDnþm�2l�2pe�t2

l!p!ðn� 2lÞ!ðm� 2pÞ!
ffiffiffiffiffiffiffiffiffiffi

2nþm
p

¼
X

½n
2
�

l¼0

ffiffiffiffiffiffiffiffiffi

n!m!
p

l!ðn� 2lÞ!
ffiffiffiffiffiffiffiffiffiffi

2nþm
p ð�1Þn�2lDn�2l

X

½m
2
�

p¼0

Hm�2pðtÞ
p!ðm� 2pÞ! e�t2

¼
X

½n
2
�

l¼0

ffiffiffiffiffiffiffiffiffi

n!m!
p

l!ðn� 2lÞ!
ffiffiffiffiffiffiffiffiffiffi

2nþm
p ð�1Þn�2lDn�2l tm2me�t2

m!

¼
ffiffiffiffiffiffiffiffiffiffi

n!2m

m!2n

r

X

½n
2
�

l¼0

ð�1Þn�2lDn�2l tme�t2
� �

l!ðn� 2lÞ!

where D ¼ d
dt. Thus we have proved identity (4.2). h

In the following lemma, we represent the kernel an;mðtÞ in terms of the Laguerre polynomials. For a[ � 1,

t 2 R and integer m� 0, one-dimensional Laguerre polynomial LðaÞm ðtÞ of type a is given by

LðaÞm ðtÞ ¼
X

m

j¼0

Cðmþ aþ 1Þ
ðm� jÞ!Cðaþ jþ 1Þ

ð�tÞj

j!
: ð4:4Þ

Lemma 4.2 If n�m, we have the following compact representation for the kernel an;mðtÞ

an;mðtÞ
ðiÞnþm ¼ ð�1Þm

ffiffiffiffiffi

m!

n!

r

ðt
ffiffiffi

2
p
Þðn�mÞLðn�mÞ

m ð2t2Þe�t2

: ð4:5Þ

Proof From the identity (4.2), we have

an;mðtÞ
ðiÞnþm ¼

ffiffiffiffiffiffiffiffiffiffi

n!2m

m!2n

r

X

½n
2
�

l¼0

ð�1Þn�2lDn�2l tme�t2
� �

l!ðn� 2lÞ!

¼
ffiffiffiffiffiffiffiffiffiffi

n!2m

m!2n

r

X

½n
2
�

l¼0

ð�1Þn�2l

l!ðn� 2lÞ!
X

min ðm;n�2lÞ

j¼0

ðn� 2lÞ!D jtmDn�2l�jðe�t2Þ
j!ðn� 2l� jÞ!

¼
ffiffiffiffiffiffiffiffiffiffi

n!2m

m!2n

r

X

½n
2
�

l¼0

ð�1Þn�2l

l!

X

min ðm;n�2lÞ

j¼0

m!tm�jð�1Þn�2l�jHn�2l�jðtÞe�t2

ðm� jÞ!j!ðn� 2l� jÞ!

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

n!m!2m

2n

r

X

m

j¼0

X

½n�j
2
�

l¼0

Hn�j�2lðtÞ
l!ðn� j� 2lÞ!

ð�1Þjtm�je�t2

j!ðm� jÞ!

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

n!m!2m

2n

r

X

m

j¼0

ð2tÞn�j

ðn� jÞ!
ð�1Þjtm�je�t2

j!ðm� jÞ!

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

n!m!2m

2n

r

ð2tÞn�m
X

m

j¼0

ð2t2Þm�j

ðn� jÞ!
ð�1Þje�t2

j!ðm� jÞ!

¼
ffiffiffiffiffiffiffiffiffi

n!m!
p

ðt
ffiffiffi

2
p
Þn�mð�1Þm

X

m

j¼0

ð2t2Þ j

ðn� mþ jÞ!
ð�1Þje�t2

j!ðm� jÞ!

¼
ffiffiffiffiffi

m!

n!

r

ðt
ffiffiffi

2
p
Þn�mð�1ÞmLðn�mÞ

m ð2t2Þe�t2

:

h
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After having a compact form, in term of Laguerre polynomials, for our kernel an;mðtÞ, we now use an
important result, an asymptotic property of normalized Laguerre functions, which can be found on page 27

of [18]. First recall that Laguerre functions of type a; a [ � 1, form an orthonormal basis for L2ðRþÞ and
are given by (4.4)

La
mðtÞ ¼

m!

Cðmþ aþ 1Þ

� �1
2

La
mðtÞe�

t
2t

a
2 ð4:6Þ

where La
mðtÞ is one-dimensional Laguerre polynomial of type a given by (4.4). In view of equations (4.5) and

(4.6), we observe that

jan;mðtÞj ¼ jLn�m
m ð2t2Þj; an;m

ffiffiffi

t

2

r

� �
	

	

	

	

	

	

	

	

¼ jLn�m
m ðtÞj: ð4:7Þ

Lemma 4.3 ([18, 20]) The Laguerre functions La
mðtÞ given by (4.6) satisfy

jLa
mðtÞj �C

ðtmÞ
a
2; 0� t� 1

m

ðtmÞ�
1
4; 1

m � t� m
2
;

m�
1
4ðm� tÞ�

1
4; m

2
� t� m� m

1
3;

m�
1
3; m� m

1
3� t� mþ m

1
3;

m�
1
4ðt � mÞ�

1
4e�c1m

�1
2ðt�mÞ

3
2 ; mþ m

1
3� t� 3m

2
;

e�c2t; t � 3m
2

8

>

>

>

>

>

>

>

>

>

>

>

<

>

>

>

>

>

>

>

>

>

>

>

:

where both c1; c2 [ 0 are fixed constant, m ¼ 4mþ 2aþ 2 and constant C depends on a.

In the light of this lemma, our kernel an;nðtÞ, would satisfy following decay property:

Theorem 4.4 We have the follwoing estimate for the kernel an;nðtÞ:

sup
n� 0

jan;nðtÞj �
C

t
2
3

where t 2 ½1;1Þ and C is a generic constant independent of t.

Proof In view of equation (4.7), it is enough to prove that

sup
m� 0

jL0
mðtÞj �

C

t
1
3

:

We will prove the above estimate in the following five steps.
Step1: If 1� t� m

2
¼ 2mþ 1, then

jL0
mðtÞj �CðtmÞ�

1
4�Ct�

1
2�Ct�

1
3:

Step2: If m
2
� t� m� m

1
3, then m

2
� t� m, t

1
3� m

1
3� m� t and

jL0
mðtÞj �Cm�

1
4ðm� tÞ�

1
4�Ct�

1
4t�

1
12 ¼ Ct�

1
3:

Step3: If m� m
1
3� t� mþ m

1
3, then m� t� 2m and

jL0
mðtÞj �Cm�

1
3�Ct�

1
3:

Step4: If mþ m
1
3� t� 3m

2
, then m� t� 3m

2
, and 2t

3

� �1
3� m

1
3� t � m

jL0
mðtÞj �Cm�

1
4ðt � mÞ�

1
4e�c1m

�1
2ðt�mÞ

3
2 �Cm�

1
4ðt � mÞ�

1
4�Ct�

1
4t�

1
12 ¼ Ct�

1
3:

Step5: If t� 3m
2

, then

jL0
mðtÞj �Ce�c2t �Ct�

1
3:

h
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Remark 4.1 In the view of ([7, 18, 20]), we remark that this decay (4.4) of an;mðtÞ may not be the best
possible and can be improved further.

Before we close this section we prove a recurrence relation for the kernel an;m.

Lemma 4.5 Kernel an;m satisfies the following recurrence relation

an;mðtÞ
ðiÞnþm ¼

ffiffiffiffiffiffiffiffiffiffiffi

nþ 1
p

ffiffiffiffi

m
p anþ1;m�1ðtÞ

ðiÞnþm �
ffiffiffi

n
p
ffiffiffiffi

m
p an�1;m�1ðtÞ

ðiÞnþm�2
þ ðm� 1Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

mðm� 1Þ
p

an;m�2ðtÞ
ðiÞnþm�2

:

Proof For m� 1, by substituting

tme�t2 ¼ D
tm�1e�t2

�2

 !

þ ðm� 1Þtm�2e�t2

2

in (4.2), we get

an;mðtÞ
ðiÞnþm ¼

ffiffiffiffiffiffiffiffiffiffi

n!2m

m!2n

r

X

½n
2
�

l¼0

ð�1Þn�2lDn�2l

l!ðn� 2lÞ! D
tm�1e�t2

�2

 !

þ ðm� 1Þtm�2e�t2

2

 !

¼ �1
ffiffiffiffiffiffi

2m
p d

dt

an;m�1ðtÞ
ðiÞnþm�1

þ
ffiffiffiffiffiffiffiffiffiffiffiffi

m� 1

m

r

an;m�2ðtÞ
ðiÞnþm�2

:

ð4:8Þ

Now we interchange the role of n and m in above identity, we have

am;nðtÞ
ðiÞmþn ¼

�1
ffiffiffiffiffi

2n
p d

dt

am;n�1ðtÞ
ðiÞmþn�1

þ
ffiffiffiffiffiffiffiffiffiffiffi

n� 1

n

r

am;n�2ðtÞ
ðiÞmþn�2

: ð4:9Þ

By replacing m by m� 1 and n by nþ 1 in above identity we have

am�1;nþ1ðtÞ
ðiÞmþn ¼ �1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2nþ 2
p d

dt

am�1;nðtÞ
ðiÞmþn�1

þ
ffiffiffiffiffiffiffiffiffiffiffi

n

nþ 1

r

am�1;n�1ðtÞ
ðiÞmþn�2

: ð4:10Þ

Since kernel a(n, m) is symmetric, an;m�1 ¼ am�1;n, by substituting the value of d
dt an;m�1ðtÞ ¼ d

dt am�1;nðtÞ
from (4.10) into (4.8), we get the desired recurrence relation.

h

Remark 4.2 Since an;mðtÞ ¼ an;mð�tÞ, we have jan;mðtÞj ¼ jan;mð�tÞj.

5 Estimates for an;0ðtÞ and an;1ðtÞ

In this section we prove estimates for the kernel an;mðtÞ for m ¼ 0 and 1.

Lemma 5.1 For m ¼ 0, we have the following estimate

sup
n� 0

jan;0ðtÞj �
C
ffiffiffiffiffi

jtj
p for jtj 2 ½1;1Þ:

Proof In view of remark 4.2, we consider t [ 0. By putting m ¼ 0 in (4.1), we have

an;0ðtÞ
in
¼

ffiffiffiffiffi

n!

2n

r

X

½n
2
�

l¼0

Hn�2lðtÞ
l!ðn� 2lÞ! e�t2

¼
ffiffiffiffi

n!
p

2ntne�t2

ffiffiffiffiffi

2n
p

n!

¼
ffiffiffiffiffi

2n
p

tne�t2

ffiffiffiffi

n!
p :

ð5:1Þ

First assume that t is an positive integer i.e. t 2 N and let
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bnðtÞ ¼
tn

n!
; t 2 N:

We have

bnþ1ðtÞ
bnðtÞ

¼ t

nþ 1
and

b0ðtÞ� b1ðtÞ� b2ðtÞ� � � � � bt�1ðtÞ ¼ btðtÞ� btþ1ðtÞ� btþ2ðtÞ� � � � :

Therefore

sup
n2N[f0g

bnðtÞ ¼ btðtÞ ¼
tt

t!
:

Using Stirling’s formula n! �
ffiffiffiffiffiffiffiffi

2pn
p

ðneÞ
n
, i.e.,

lim
n!1

n!
ffiffiffiffiffiffiffiffi

2pn
p

ðneÞ
n ¼ 1; ð5:2Þ

we have

tt

t!
�C

tt

ffiffiffiffiffiffiffi

2pt
p e

t

� �t

�C
et

ffiffi

t
p for t 2 N:

Here constant C is a generic constant not depending on t 2 N. Thus for t 2 N, we have

sup
n� 0

tn

n!
�C

et

ffiffi

t
p :

Now if t 2 ð0;1Þ, we have t� ½t� þ 1 and

tn

n!
� ð½t� þ 1Þn

n!
�C

e½t�þ1

ffiffiffiffiffiffiffiffiffiffiffiffiffi

½t� þ 1
p

�C
eet

ffiffi

t
p

�C
et

ffiffi

t
p 8 t [ 0:

Therefore we conclude:

sup
n� 0

tn

n!
�C

et

ffiffi

t
p 8 t [ 0: ð5:3Þ

In above inequality, if we replace t by 2t2, we have

2nt2n

n!
�C

e2t2

t
8 t [ 0; n� 0:

Taking the square root on the both sides, we have

2
n
2tn

ffiffiffiffi

n!
p �C

et2

ffiffi

t
p :

Now from (5.1) and above estimate we get the desired estimate for an;0ðtÞ. h

Lemma 5.2 For m ¼ 1, we have the following estimate

sup
n� 0

jan;1ðtÞj �
C
ffiffiffiffiffi

jtj
p for jtj 2 ½1;1Þ:

Proof In view of remark 4.2, we consider t [ 0. By putting m ¼ 1 in (4.2), we have

123

782 V. K. Sohani, D. Tiwari



an;1ðtÞ
inþ1

¼
ffiffiffi

2
p

ffiffiffiffiffi

n!

2n

r

X

½n
2
�

l¼0

ð�1Þn�2lDn�2lðte�t2Þ
l!ðn� 2lÞ!

¼
ffiffiffi

2
p ffiffiffiffiffi

n!

2n

r

D

�2

� �

X

½n
2
�

l¼0

Hn�2lðtÞe�t2

l!ðn� 2lÞ!

¼�
ffiffiffiffiffiffiffiffiffi

n!

2nþ1

r

D
2n

n!
tne�t2

� �

¼�
ffiffiffiffiffiffiffiffiffi

2n�1

n!

r

ðntn�1e�t2 � 2tnþ1e�t2Þ

¼ e�t2 ðt
ffiffiffi

2
p
Þnþ1

ffiffiffiffi

n!
p � ðt

ffiffiffi

2
p
Þn�1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðn� 1Þ!
p

ffiffiffi

n
p

" #

:

Replacing t by
ffiffi

t
2

p

, we have the expression

an;1

ffiffi

t
2

p� �

inþ1
¼ e�t=2 ð

ffiffi

t
p
Þnþ1

ffiffiffiffi

n!
p � ð

ffiffi

t
p
Þn�1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðn� 1Þ!
p

ffiffiffi

n
p

" #

¼ e�t=2 ð
ffiffi

t
p
Þn�1

ffiffiffiffi

n!
p ðt � nÞ

" #

:

Let us consider

BnðtÞ ¼ t
1
4an;1

ffiffiffi

t

2

r

� �
	

	

	

	

	

	

	

	

¼ e�
t
2t

n
2
�1

4

ffiffiffiffi

n!
p ðt � nÞ

B0nðtÞ ¼
e�

t
2t

n
2
�5

4

ffiffiffiffi

n!
p � 1

2
tðt � nÞ þ t þ n

2
� 1

4

� �

ðt � nÞ
� �

¼�e�
t
2t

n
2
�5

4

4
ffiffiffiffi

n!
p 2tðt � nÞ � 4t � ð2n� 1Þðt � nÞ½ �

¼�e�
t
2t

n
2
�5

4

4
ffiffiffiffi

n!
p 2t2 � ð4nþ 3Þt þ nð2n� 1Þ


 �

:

B0nðtÞ ¼ 0 has two non zero roots tn ¼ 4nþ3þ
ffiffiffiffiffiffiffiffiffiffi

9þ16n
p

4
and sn ¼ 4nþ3�

ffiffiffiffiffiffiffiffiffiffi

9þ16n
p

4
. It is easy to see that B00nðtnÞ\0 and

B00nðsnÞ[ 0. Therefore Bn has local maxima at tn and local minima at sn. Since jBnðtÞj ! 0 as t!1, we
have

sup
t2½1;1Þ

jBnðtÞj ¼ maxfjBnðtnÞj; jBnðsnÞjg:

In order to prove the Lemma, it is enough to prove that fjBnðtnÞjg and fjBnðsnÞjg are bounded sequences. We
see that

123

Dispersion estimates for the discrete Hermite operator 783



jBnðtnÞj ¼e�
4nþ3þ

ffiffiffiffiffiffiffi

9þ16n
p

8
4nþ 3þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

9þ 16n
p

4

� �

n
2
�1

4 3þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

9þ 16n
p

4
ffiffiffiffi

n!
p

�Ce�
n
2e
�
ffiffiffiffiffiffiffi

9þ16n
p

8 n
n
2
�1

4 1þ 3þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

9þ 16n
p

4n

� �

n
2
�1

4
ffiffiffi

n
p
ffiffiffiffi

n!
p

�Ce�
n
2e
�
ffiffiffiffiffiffiffi

9þ16n
p

8 n
n
2
�1

4 1þ 3þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

9þ 16n
p

4n

� �

n
2
�1

4
ffiffiffi

n
p e

n
2

ð2pnÞ
1
4n

n
2

�Ce
�
ffiffiffiffiffiffiffi

9þ16n
p

8 1þ 3þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

9þ 16n
p

4n

� �

n
2
�1

4

�Ce
�
ffiffiffiffiffiffiffi

9þ16n
p

8 1þ 3þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

9þ 16n
p

4n

� �

n
2

log jBnðtnÞj � log C �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

9þ 16n
p

8
þ n

2
log 1þ 3þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

9þ 16n
p

4n

� �

:

Second inequality will follow from Stirling’s formula (5.2). Here C is a generic constant not depending on n.
Now we can conclude that fjBnðtnÞjg is a bounded sequence. We observe that

jBnðsnÞj ¼ e�
4nþ3�

ffiffiffiffiffiffiffi

9þ16n
p

8
4nþ 3�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

9þ 16n
p

4

� �

n
2
�1

4�3þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

9þ 16n
p

4
ffiffiffiffi

n!
p

�Ce�
n
2e
ffiffiffiffiffiffiffi

9þ16n
p

8 n
n
2
�1

4 1þ 3�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

9þ 16n
p

4n

� �

n
2
�1

4
ffiffiffi

n
p
ffiffiffiffi

n!
p

�Ce�
n
2e
ffiffiffiffiffiffiffi

9þ16n
p

8 n
n
2
�1

4 1þ 3�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

9þ 16n
p

4n

� �

n
2
�1

4
ffiffiffi

n
p e

n
2

ð2pnÞ
1
4n

n
2

�Ce
ffiffiffiffiffiffiffi

9þ16n
p

8 1þ 3�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

9þ 16n
p

4n

� �

n
2
�1

4

�Ce
ffiffiffiffiffiffiffi

9þ16n
p

8 1þ 3�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

9þ 16n
p

4n

� �

n
2

log jBnðsnÞj � log C þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

9þ 16n
p

8
þ n

2
log 1þ 3�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

9þ 16n
p

4n

� �

:

Fourth inequality will from 1
2
� 1þ 3�

ffiffiffiffiffiffiffiffiffiffi

9þ16n
p

4n . We conclude that fjBnðsnÞjg is a bounded sequence and hence
the Lemma.

h

6 Dispersion estimate for eitHd

For the usual Euclidean Laplacian D, the operator eitD is called the evolution operator (or propagator)
corresponding to the free Schrödinger equation i.e. Schrödinger equation for the free particle. Study of the
oscillatory semi-group for continuous Hermite operator has been done by Ratnakumar and Nandakumaran
in [11, 12]. We are adopting from [2], the following definition of weighted spaces lpr ¼ lp

rðZ� 0Þ; r 2 R
associated with the norm

kukp
lr
¼

P1
n¼0ð1þ nÞprjunjp

� �1
p; if p 2 ½1;1Þ;

supn2Z� 0
ð1þ nÞrjunj; if p ¼ 1:

(

If the Conjecture 1(estimate (1.3)) holds true, then we have the following result.
Conjecture 2: The propagator eitHd for the operator Hd has the following asymptotic behaviour in

operator norm:
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keitHdkl1!l1 ¼Oðt�
1
2Þ; jtj ! 1 ð6:1Þ

keitHdkl2r!l2
�r
¼Oðt�1

2Þ; jtj ! 1; r [
1

2
: ð6:2Þ

Proof To prove the above conjecture, it is enough to establish the following estimates

keitHd ukl1 �Ct�
1
2kukl1 ð6:3Þ

keitHd ukl2�r
�Ct�

1
2kukl2r

ð6:4Þ

for compactly supported sequences u.
Let u be a compactly supported sequence. Then we have

ðeitHd uÞm ¼h deitHd u; hmi ¼
Z

R

eit2x
buðxÞhmðxÞdx

¼
X

1

n¼0

unan;mðtÞ:

Proof of (6.3) will now follow from the Conjecture 1(estimate (1.3)). Now we will prove (6.4) for r [ 1
2
.

eitHd u
� �

n
¼
X

1

m¼0

an;mðtÞum

keitHd uk2
l2
�r
¼
X

1

n¼0

jðeitHd uÞnj
2ð1þ nÞ�2r

¼
X

1

n¼0

j
X

1

m¼0

an;mumj2ð1þ nÞ�2r

�
X

1

n¼0

X

1

m¼0

jan;mumj
 !2

ð1þ nÞ�2r

� C2

t

X

1

n¼0

X

1

m¼0

jumj
 !2

ð1þ nÞ�2r

� C2

t

X

1

n¼0

X

1

m¼0

ð1þ mÞ�rjumjð1þ mÞr
 !2

ð1þ nÞ�2r

� C2

t

X

1

n¼0

X

1

m¼0

ð1þ mÞ�2r

 !

X

1

m¼0

jumj2ð1þ mÞ2r

 !

ð1þ nÞ�2r

� C2

t
kuk2

l2r
:

h

Remark 6.1 The dispersive estimates for the (1.1), as well as for its perturbations are an important
ingredient in the standard procedure for the proof of asymptotic stability for non-linear PDE’s. Furthermore,
the understanding of the free evolution (1.1) is a necessary prerequisite for a successful development of
scattering theory.
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