
Indian J Pure Appl Math (2021) 52:787–798
https://doi.org/10.1007/s13226-021-00147-z

ORIGINAL RESEARCH

Hilbert function and facet ideals of products of simplicial
complexes

Nazeran Idrees · Hafiza Nimra Nawaz

Received: 21 July 2019 / Accepted: 7 October 2019 / Published online: 20 July 2021
© The Indian National Science Academy 2021

Abstract Aim of the article is to construct new simplicial complexes by generalizing the idea of graph operations
for simplicial complexes. Union, join, corona product, cartesian product, tensor product and strong product of two
simplicial complexes are defined. F-vectors of the product complexes are computed in terms of their component
simplicial complexes. Hilbert function and facet ideals of these product complexes are also computed and relations
of these invarinats with that of their component simplicial complexes is established. Moreover, interrelation
between these products is also established in terms of Hilbert function.

Keywords Simplicial complex · Graph operations · f -vector · Hilbert function · Stanley-Reisner ideal · Facet
ideal

1 Introduction

Simplicial Complex provide a bridge between algebra and combinatorics. Many algebraic properties of monomial
ideals can be studied via combinatorial properties of simplicial complexes. Facet ideals (cf. [4]) and Stanley-
Reisner ideala(cf. [6]) provide a one-one correspondence between square free monomial ideals and simplicial
complexes.

Simplicial complexes are generalization of graphs and can be viewed as 1- dimensional graphs. Many graph
theoretic concepts have been generalized for simplicial complexes [1,2,5,8]. Graph operations is well known
concept in graph theory. Graph transformations and products provide a way to construct new graphs from a graph
or a finite set of graphs. Some well known graph operations include line graph, gallai graph, caertesian product,
tensor product, union, join, corona product, tensor product and many more have been treated in the context of
different graphical invariants.

Graph transformations and products provide a two way method of viewing a graph in a more comprehensive
way. Properties of a complicated graph are easy to study in terms of simpler graphs which give rise to the original
graphs after applying a set of rules to get the new product .It is interesting area in graph theory to study the graph
invariants in terms of the product graphs. It provides an easy way to study the properties of graphs in terms of
smaller graphs. For definition of different types of graph operations and some interesting applications of graph
operations, we refer to [3,7,9–11].
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788 N. Idrees, H. N. Nawaz

The aim of this paper is to generalize the concept of graph operations to simplicial complexes. Moreover,
behavior of Hilbert function as well as facet ideals of the simplicial complexes are studied under these graph
operations. Hilbert function of a complicated simplicial complex can be computed via Hilbert functions of
component complexes. Moreover theorem 4.7 establishes link between cartesian product, tensor product and
strong product via Hilbert function. It would also be interesting to study about the preservance of properties of
simplicial complexes under the given operations.

2 Preliminaries

A simplicial complex, denoted by �, is the collection of subsets of [n] = {1, 2, 3, ..., n}, where [n] =
{1, 2, 3, ..., n} is a set of vertices, such that for every F ∈ �, F ′ ∈ � for all F ′ ⊂ F . Each element F of � is called
a face of � and its dimension is |F | − 1. The dimension of � is dim� = d − 1, where d = max{|F | : F ∈ �}.
An edge is a face of � of dimension 1. A vertex is a face of � of dimension 0. A facet is a face of � which is
maximal with respect to inclusion. A nonface of � is a subset of [n] which is not in �.

Definition 2.1 A pure simplicial complex is the complex all of whose facets have the same cardinality.
A simplex is a simplicial complex with only one facet.

Definition 2.2 A subcomplex of a simplicial complex � is also a simplicial complex, denoted by �′, whose
facet set is the subset of the facet set of �.

Definition 2.3 The f-vector of a simplicial complex � is the sequence
( f0, f1, f2, ..., fd−1), where fi denotes the number of facets of � of dimension i .

Definition 2.4 Let � be a simplicial complex over[n] and K [x1, x2, ..., xn] be a polynomial ring then for each
F ⊂ [n].

X F =
∏

i∈F

xi

Definition 2.5 The facet ideal of a simplicial complex � over [n], where [n] = 1, 2, ..., n, is an ideal F(�) of
K [x1, ..., xn] which is generated by those square free monomials X F with F ∈ {F1, ..., Fm}, where {F1, ..., Fm}
is a set of facets.

Remark 2.6 If � =< F1, ..., Fm > then F(�) = (X F1, ..., X Fm ).

Definition 2.7 The Stanley-Reisner ideal of a simplicial complex � over [n], where [n] = {1, 2, ..., n}, is an
ideal N (�) of K [x1, ..., xn] which is generated by those square free monomials X F such that F is non face of
�.

Definition 2.8 A simplicial complex � over [n] is shellable if its facets can be ordered F1, F2, ..., Fs such that
∀ 2 ≤ j ≤ s the subcomplex �<Fj > =< F1, ..., Fj−1 > ∩ < Fj > is a pure of dimension dim(Fj − 1).
F1, F2, ..., Fs is called shelling of �.

Definition 2.9 The Alexander dual of a simplicial complex �, denoted by �∨, is defined as

�∨ = {F ⊂ V (�) : V (�)\F�}

Remark 2.10 �∨∨ = �

Definition 2.11 Let � be a simplicial complex of dimension d − 1 with f -vector ( f0, f1, ..., fd−1) then

Hk[�](t) =
d∑

i=o

fi−1t i (1 − t)d−i

(1 − t)d

is the criterion for Hilbert function.

123



Hilbert function and facet ideals of products… 789

Fig. 1 Union of �1 and �2

Fig. 2 join of �1 and �2

3 Generalizing graph operations for simplicial complexes

Definition 3.1 The union of two simplicial complexes �1 and �2, denoted by �1 ∪ �2, is also a simplicial
complex with vertex set V (�1) ∪ V (�2) and faces of �1 ∪ �2 are the union of faces of �1 and �2.

Example 3.2 The union of two simplicial complexes �1 = 〈{p, q, r}, {t, r, s}〉 and �2 = 〈{x, y, z}〉 is �1∪�2 =
〈{x, y, z}, {p, q, r}, {t, r, s}〉 which is depicted in figure 1.

Remark 3.3 Number of facets of (�1 ∪ �2) = number of facets of �1+ number of facets of �2

Definition 3.4 Let �1 and �2 be two simplicial complexes. The join of �1 and �2, denoted by �1 + �2, is
also a simplicial complex with vertex set V (�1) ∪ V (�2) and faces of �1 + �2 is the union of faces of �1 and
�2 along with the faces obtained by joining each vertex of �1 to all the vertices of �2 .

Example 3.5 Let �1 = 〈{r, s, t}〉 and �2 = 〈{u, v}〉 be two simplicial complexes. Join of �1 and �2, denoted by
�1 +�2, is given as �1 +�2 = 〈{r, s, t}, {r, u}, {r, v}, {s, u}, {s, v}, {t, u}, {t, v}, {u, v}〉 , which is represented
in figure 2.

Remark 3.6 Number of facets of �1 + �2 = number of facets of �1+ number of facets of �2+n1n2 where
n1 =number of vertices of �1 and n2 = number of vertices of �2

Definition 3.7 The cartesian product of two simplicial complexes �1 and �2, denoted by �1 ⊗ �2, is also a
simplicial complex with vertex set V (�1) × V (�2) such that any set F = {(r1, s1), ..., (rn, sm)} is a facet of
�1 ⊗ �2 if and only if either {r1 = r2 = ... = rn} and {s1, s2, ..., sm} is facet in �2 or {s1 = s2 = ... = sm} and
{r1, r2, ..., rn}is a facet in �1.

Example 3.8 The cartesian product of two simplicial complexes �1 = 〈{x, y, z}〉 and �2 = 〈{u, v}〉 is �1 ⊗
�2 = 〈{(x, u), (y, u), (z, u)}, {(x, v), (y, v), (z, v)}, {(x, u), (x, v)}, {(y, u), (y, v)}, {(z, u), (z, v)}〉, as given
by figure 3.

Remark 3.9 Number of facets of �1 ⊗ �2 =(number of facets of �1)(number of vertices in �2)+(number of
facets of �2)(number of vertices in �1).
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Fig. 3 Cartesian product of �1 and �2

Definition 3.10 Let �1 and �2 be two simplicial complexes. Corona product of �1 and �2, denoted by �1
�2,
is obtained by taking one copy of �1 and n1 copies of �2 such that each vertex of the i-th copy of �2 is joined
to the i-th vertex of �1, where 1 ≤ i ≤ n1. The corona product of �1 and �2 has total n1n2 + n1 number of
vertices.

Example 3.11 The corona product �1 
 �2 of two simplicial complexes �1 = 〈{x, y, z}, {y, z, t}〉 and �2 =
〈{u, v}〉 is shown in figure 4 below.

Remark 3.12 Number of facets of �1 
 �2 =(number of facets of �1)+(n1)(number of facets of �2)+n1n2

Definition 3.13 The tensor product or kronecker product of two simplicial complexes �1 and �2, denoted by
�1 ×�2, is the simplicial complex with vertex set V (�1)× V (�2) such that any set F = {(r1, s1), ..., (rn, sm)}
is a facet of �1 × �2 if and only if {r1, r2, ..., rn} ∈ �1 and {s1, s2, ..., sm} ∈ �2.

Example 3.14 The tensor product of two simplicial complexes �1 = 〈{r, s, t}〉 and �2 = 〈{u, v}〉 is �1 ×�2 =
〈{(r, u), (s, u)}, {(r, u), (r, v)}, {(r, u), (s, v)}, {(r, u), (t, v)}, {(s, u), (t, u)}, {(s, u), (r, v)}, {(s, u), (s, v)},
{(s, u), (t, v)}, {(t, u), (s, v)}, {(t, u), (t, v)}, {(r, v), (s, v)}, {(s, v), (t, v)}〉 , which is represented by figure 5.

Remark 3.15 Number of facets of �1 × �2 = 2! f1G1 + 3! f2G2 + ... + (n + 1)! fnGn where

fi = number of faces of �1 of dim i.

Fi = number of facets of �1 of dim i.

Fig. 4 Corona product of �1 and �2
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Fig. 5 Tensor product of �1 and �2

Fig. 6 Strong product of �1 and �2

gi = number of faces of �2 of dim i.

Gi = number of facets of �2 of dim i.

Definition 3.16 The strong product of two simplicial complexes �1 and �2, denoted by �1 ��2, is a simplicial
complex with vertex set V (�1) × V (�2) such that any set F = {(r1, s1), ..., (rn, sm)} is a face of �1 � �2 if
and only if either [{r1 = r2 = ... = rn} and {s1, s2, ..., sm} is facet of �2] or
[{s1 = s2 = ... = sm} and {r1, r2, ..., rn} is facet of �1] or [{r1, r2, ..., rn} ∈ �1 and{s1, s2, ..., sm} ∈ �2].
Example 3.17 The strong product of two simplicial complexes �1 = 〈{r, s, t}〉 and �2 = 〈{u, v}〉 is �1 ��2 =
〈{(r, u), (s, u), (t, u)}, {(r, v), (s, v), (t, v)}, {(r, u), (r, v)}, {(s, u), (s, v)}, {(t, u), (t, v)}, {(r, u), (s, v)}, {(r, u),

(t, v)}, {(s, u), (r, v)}, {(s, u), (t, v)}, {(t, u), (s, v)}〉, as one can see in the figure 6 below.

Remark 3.18 Number of facets of�1��2 =(number of facets of�1)(n2)+(number of facets of�2)(n1)+2! f1G1+
3! f2G2+...+(n + 1)! fnGn , where fi , Fi , gi , Gi are defined as in above remark.

4 Algebraic relations of simplicial complexes

4.1 Hilbert function of simplicial complexes

Theorem 4.1 Let �1 ∪ �2 be union of two simplicial complexes �1 and �2. The Hilbert function of �1 ∪ �2,
is given by

H(t)K (�1∪�2) = H(t)K (�1) + H(t)K (�2) − 1

Proof Consider the simplicial complexes �1 and �2 of dimension d1 and d2, respectively. Let the f -vectors of
�1 and �2 be ( f0, f1, ..., fd1−1) and (g0, g1, ..., gd2−1). The f -vector of �1 ∪ �2, where �1 ∪ �2 is union of
two simplicial complexes, is given as

(
h0, h1, ..., hd1−1

) = ( f0 + g0, f1 + g1, f2 + g2, ..., fd−1 + gd−1)

where d = max(d1, d2).
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Now

H(t)K (�1∪�2) =
d∑

i=0

(
hi−1t i (1 − t)d−i

(1 − t)d

)
, where d = max (d1, d2)

= 1 + h0t

(1 − t)
+ h1t2

(1 − t)2 + h2t3

(1 − t)3 + ... + hd−1td

(1 − t)d

= 1 + ( f0 + g0) t

(1 − t)
+ ( f1 + g1) t2

(1 − t)2 + ( f2 + g2) t3

(1 − t)3 + ... + ( fd−1 + gd−1) td

(1 − t)d

=
[

1 + f0t

(1 − t)
+ f1t2

(1 − t)2 + ... + fd−1td

(1 − t)d

]
+
[

g0t

(1 − t)
+ g1t2

(1 − t)2

+... + gd−1td

(1 − t)d

]

= H(t)K (�1) + H(t)K (�2) − 1

��
Theorem 4.2 Let �1 + �2 be join of the simplicial complexes �1 and �2. The Hilbert function of �1 + �2 is
given by

H(t)K (�1+�2) = H(t)K (�1) + H(t)K (�2) − 1 + f0g0t2

(1 − t)2

where f0, g0 denote number of vertices of �1 and �2.

Proof Consider the simplicial complexes �1 and �2 with f -vectors ( f0, f1, ...,

fd1−1) and (g0, g1, ..., gd2−1), having dimension d1 and d2, respectively. The f -vector of �1 + �2, where
�1 + �2 is join of two simplicial complexes, is defined as

(
h0, h1, ..., hd1−1

) = ( f0 + g0, f1 + g1 + f0g0, f2 + g2, ..., fd−1 + gd−1)

where d = max(d1, d2).
Now

H(t)K (�1+�2) =
d∑

i=0

(
hi−1t i (1 − t)d−i

(1 − t)d

)
, where d = max (d1, d2)

= 1 + h0t

(1 − t)
+ h1t2

(1 − t)2 + h2t3

(1 − t)3 + ... + hd−1td

(1 − t)d

= 1 + ( f0 + g0) t

(1 − t)
+ ( f1 + g1 + f0g0) t2

(1 − t)2 + ( f2 + g2) t3

(1 − t)3 + ... + ( fd−1 + gd−1) td

(1 − t)d

=
[

1 + f0t

(1 − t)
+ f1t2

(1 − t)2 + ... + fd−1td

(1 − t)d

]
+
[

g0t

(1 − t)
+ g1t2

(1 − t)2

+... + gd−1td

(1 − t)d

]
+ f0g0t2

(1 − t)2

= H(t)K (�1) + H(t)K (�2) − 1 + f0g0t2

(1 − t)2

��
Theorem 4.3 Consider the simplicial complexes�1 and�2 with f -vectors ( f0, f1, ..., fd1−1)and (g0, g1, ..., gd2−1)

of dimension d1 and d2, respectively. The Hilbert function of �1 ⊗ �2, where �1 ⊗ �2 is cartesian product of
the simplicial complexes, is given by

H(t)K (�1⊗�2) = 1 + f0 H(t)K (�2) + g0 H(t)K (�1) − ( f0 + g0) − f0g0t

(1 − t)
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Proof The f -vector of �1 ⊗ �2, where �1 ⊗ �2 is cartesian product of the simplicial complexes, is given as
(
h0, h1, ..., hd1−1

) = ( f0g0, g1 f0 + f1g0, g2 f0 + f2g0, ..., gd−1 f0 + fd−1g0)

where d = max(d1, d2).
Now

H(t)K (�1⊗�2) =
d∑

i=0

(
hi−1t i (1 − t)d−i

(1 − t)d

)
, where d = max(d1, d2)

= 1 + h0t

(1 − t)
+ h1t2

(1 − t)2 + h2t3

(1 − t)3 + ... + hd−1td

(1 − t)d

= 1 + ( f0g0) t

(1 − t)
+ ( f1g0 + f0g1) t2

(1 − t)2 + ( f2g0 + f0g2) t3

(1 − t)3

+... + ( fd−1g0 + f0gd−1) td

(1 − t)d

= 1 + g0

[
f1t2

(1 − t)2 + ... + fd−1td

(1 − t)d

]
+ f0

[
g0t

(1 − t)
+ g1t2

(1 − t)2

+... + gd−1td

(1 − t)d

]

= 1 + f0
[
H(t)K (�2) − 1

]+ g0

[
H(t)K (�1) − 1 − f0t

(1 − t)

]

= 1 + f0 H(t)K (�2) + g0 H(t)K (�1) − ( f0 + g0) − f0g0

(1 − t)

��
Theorem 4.4 The Hilbert function of �1 
 �2, where �1 
 �2 is corona product of the simplicial complexes
�1 and �2, is given by

H(t)K (�1
�2) = f0 H(t)K (�2) − f0 + H(t)K (�1) + f0g0t2

(1 − t)2

Proof Let �1 and �2 be the simplicial complexes of dimension d1 and d2,with f -vectors ( f0, f1, ..., fd1−1) and
(g0, g1, ..., gd2−1), respectively. The f -vector of �1 
 �2, where �1 
 �2 is corona product of the simplicial
complexes, is defined as

(
h0, h1, ..., hd1−1

) = ( f0g0 + f0, f0g0 + f0g1 + f1, f2 + f0g2, ..., fd−1 + f0gd−1)

where d = max(d1, d2)

Now

H(t)K (�1+�2) =
d∑

i=0

(
hi−1t i (1 − t)d−i

(1 − t)d

)
, where d = max (d1, d2)

= 1 + h0t

(1 − t)
+ h1t2

(1 − t)2 + h2t3

(1 − t)3 + ... + hd−1td

(1 − t)d

= 1 + ( f0 + f0g0) t

(1 − t)
+ ( f0g0 + f0g1 + f1) t2

(1 − t)2 + ( f2 + f0g2) t3

(1 − t)3 + ...

+ ( fd−1 + f0gd−1) td

(1 − t)d

= 1 +
[

f0t

(1 − t)
+ f1t2

(1 − t)2 + ... + fd−1td

(1 − t)d

]
+ f0

[
g0t

(1 − t)
+ g1t2

(1 − t)2
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794 N. Idrees, H. N. Nawaz

+... + gd−1td

(1 − t)d

]
+ f0g0t2

(1 − t)2

= 1 + f0 H(t)K (�2) − f0 + H(t)K (�1) − 1 + f0g0t2

(1 − t)2

= f0 H(t)K (�2) − f0 + H(t)K (�1) + f0g0t2

(1 − t)2

��
Theorem 4.5 Let�1 and�2 be the simplicial complexes of dimension d1 and d2,with f -vectors ( f0, f1, ..., fd1−1)

and (g0, g1, ..., gd2−1), respectively. The Hilbert function of �1 × �2, where �1 × �2 is tensor product of the
simplicial complexes, is given by

H(t)K (�1×�2) = 1 +
(

d∑

i=1

i ! fi−1

)
H(t)K (�2) −

d∑

n=1

n! fn−1

⎛

⎝
d∑

i=0,i �=n

gi−1t i

(1 − t)i

⎞

⎠

Proof The f -vector of �1 × �2, where �1 × �2 is tensor product of two simplicial complexes, is given as
(
h0, h1, ..., hd1−1

) = ( f0g0, 2! f1g1, 3! f2g2, ..., d! fd−1gd−1)

where d = max(d1, d2).
Now

H(t)K (�1×�2) =
d∑

i=0

(
hi−1t i (1 − t)d−i

(1 − t)d

)
, where d = max (d1, d2)

= 1 + h0t

(1 − t)
+ h1t2

(1 − t)2 + h2t3

(1 − t)3 + ... + hd−1td

(1 − t)d

= 1 + ( f0g0) t

(1 − t)
+ (2!g1 f1) t2

(1 − t)2 + (3! f2g2) t3

(1 − t)3 + ... + (d! fd−1gd−1) td

(1 − t)d

= 1 + f0

[
H(t)K (�2) − 1 − g1t2

(1 − t)2 − ... − gd−1td

(1 − t)d

]

+2! f1[H(t)K (�2) − 1 − g0t

(1 − t)
− g2t3

(1 − t)3 − ... − gd−1td

(1 − t)d
]

+... + d! fd−1[H(t)K (�2) − 1 − g0t

(1 − t)
− g1t2

(1 − t)2

−... − gd−2td−1

(1 − t)d−1 ]

= 1 + f0

⎡

⎣H(t)K (�2) −
d∑

i=0,i �=1

gi−1t i

(1 − t)i

⎤

⎦+ 2! f1
[
H(t)K (�2)

−
d∑

i=0,i �=2

gi−1t i

(1 − t)i

⎤

⎦+ ... + d! fd−1
[
H(t)K (�2)

−
d∑

i=0,i �=d

gi−1t i

(1 − t)i

⎤

⎦

= 1 + [
f0 + 2! f1 + ... + d! fd−1

]
H(t)K (�2) − f0

d∑

i=0,i �=1

gi−1t i

(1 − t)i
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−2! f1

d∑

i=0,i �=2

gi−1t i

(1 − t)i
− ... − d! fd−1

d∑

i=0,i �=d

gi−1t i

(1 − t)i

= 1 + (

d∑

i=1

i ! fi−1)H(t)K (�2) −
d∑

n=1

n! fn−1

⎛

⎝
d∑

i=0,i �=n

gi−1t i

(1 − t)i

⎞

⎠

��
Theorem 4.6 Let�1 and�2 be two simplicial complexes with f -vectors ( f0, f1, ..., fd1−1)and (g0, g1, ..., gd2−1)

of dimension d1 and d2, respectively. The Hilbert function of �1 � �2, where �1 � �2 is strong product of the
simplicial complexes, is given by

H(t)K(�1��2) = 1 + f0 H(t)K (�2) + g0 H(t)K (�1) − ( f0 + g0) − 2 f0g0t

(1 − t)

+
(

d∑

i=1

i ! fi−1

)
H(t)K (�2) −

d∑

n=1

n! fn−1

⎛

⎝
d∑

i=0,i �=n

gi−1t i

(1 − t)i

⎞

⎠

where d = max(d1, d2)

Proof Consider the simplicial complexes �1 and �2 . The f -vector of �1 � �2, where �1 � �2 is strong
product of two simplicial complexes, is defined as

(
h0,h 1, ..., hd1−1

) = ( f0g0, 2! f1g1 + f1g0 + f0g1, 3! f2g2 + f2g0 + f0g2

, ..., d! fd−1gd−1 + fd−1g0 + f0gd−1)

where d = max(d1, d2).
Now

H(t)K(�1��2) =
d∑

i=0

(
hi−1t i (1 − t)d−i

(1 − t)d

)
, where d = max (d1, d2)

= 1 + h0t

(1 − t)
+ h1t2

(1 − t)2 + h2t3

(1 − t)3 + ... + hd−1td

(1 − t)d

= 1 + f0g0t

(1 − t)
+ ( f1g0 + f0g1 + 2! f1g1)t2

(1 − t)2 + ... + ( fd−1g0 + f0gd−1 + d! fd−1gd−1)td

(1 − t)d

= 1 + f0

[
g1t2

(1 − t)2 + g2t3

(1 − t)3 + ... + gd−1td

(1 − t)d

]
+ g0z

[
f1t2

(1 − t)2

+ f2t3

(1 − t)3 + ... + fd−1td

(1 − t)d

]
+ f0

[
H(t)K (�2) − 1 − g1t2

(1 − t)2

−... − gd−1td

(1 − t)d

]
+ 2! f1

[
H(t)K (�2) − 1 − g0t

(1 − t)
− g2t3

(1 − t)3

−... − gd−1td

(1 − t)d

]
+ ... + d! fd−1

[
H(t)K (�2) − 1 − g0t

(1 − t)

− g1t2

(1 − t)2 − ... − gd−2td−1

(1 − t)d−1

]

= 1 + f0 H(t)K (�2) − f0 − f0g0t

(1 − t)
+ g0 H(t)K (�2) − g0
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− f0g0t

(1 − t)
+ f0

⎡

⎣H(t)K (�2) −
d∑

i=0,i �=1

gi−1t i

(1 − t)i

⎤

⎦+ 2! f1

⎡

⎣H(t)K (�2) −
d∑

i=0,i �=2

gi−1t i

(1 − t)i

⎤

⎦+ ... + d! fd−1[H(t)K (�2)

−
d∑

i=0,i �=d

gi−1t i

(1 − t)i
]

= 1 + f0 H(t)K (�2) + g0 H(t)K (�1) − ( f0 + g0) − f0g0t

(1 − t)

+ [ f0 + 2! f1 + ... + d! fd−1
]

H(t)K (�2) − f0

d∑

i=0,i �=1

gi−1t i

(1 − t)i

−2! f1

d∑

i=0,i �=2

gi−1t i

(1 − t)i
− ... − d! fd−1

d∑

i=0,i �=d

gi−1t i

(1 − t)i

= 1 + f0 H(t)K (�2) + g0 H(t)K (�1) − ( f0 + g0) − 2 f0g0t

(1 − t)

+
(

d∑

i=1

i ! fi−1

)
H(t)K (�2)

−
d∑

n=1

n! fn−1

⎛

⎝
d∑

i=0,i �=n

gi−1t i

(1 − t)i

⎞

⎠

��
Theorem 4.7 Let�1 and�2 be the simplicial complexes with f -vectors ( f0, f1, ..., fd1−1)and (g0, g1, ..., gd2−1)of
dimension d1 and d2, respectively. Then we have

H(t)K (�1��2) = H(t)K (�1⊗�2) + H(t)K (�1×�2) − 1 − f0g0

(1 − t)

Proof Using theorem 4.4 and 4.5, we have

H(t)K (�1⊗�2) + H(t)K (�1×�2) − 1 − f0g0

(1 − t)

=
[

1 + f0 H(t)K (�2) + g0 H(t)K (�1) − ( f0 + g0) − f0g0t

(1 − t)

]
+ [1 +

(
d∑

i=1

i ! fi−1

)
H(t)K (�2) −

d∑

n=1

n! fn−1

⎛

⎝
d∑

i=0,i �=n

gi−1t i

(1 − t)i

⎞

⎠] − 1

− f0g0

(1 − t)

= 1 + f0 H(t)K (�2) + g0 H(t)K (�1) − ( f0 + g0) − 2 f0g0t

(1 − t)
+ (

d∑

i=1

i ! fi−1)

H(t)K (�2) −
d∑

n=1

n! fn−1

⎛

⎝
d∑

i=0,i �=n

gi−1t i

(1 − t)i

⎞

⎠

= H(t)K (�1��2),

(by theorem4.6) ��
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4.2 Facet ideal of simplicial complexes

We establish the relation of facet ideals of product complexes of �1 and �2 with facet ideals of �1 and �2.
We denote the set of vertices of simplicial complexes �1 and �2 as V (�1) = {a1, a2, ..., an} and V (�2) =
{b1, b2, ..., bm}, in the following theorems.

Theorem 4.8 Let IF (�1) and IF (�2) be the facet ideals of �1 and �2, respectively, then the facet ideal of
union of �1 and �2, denoted by IF (�1 ∪ �2), is given as

IF (�1 ∪ �2) = IF (�1) + IF (�2)

.

Proof Given that V (�1) = {a1, a2, ..., an} and V (�2) = {b1, b2, ..., bm}.
As we know that

Facets of (�1 + �2) = {Facets of �1} ∪ { Facets of �2}
so

IF (�1 + �2) = IF (�1) + IF (�2)

��
Theorem 4.9 If IF (�1) and IF (�2) be the facet ideals of �1 and �2, respectively, then the facet ideal of join
of �1 and �2, denoted by IF (�1 + �2), is given by

IF (�1 + �2) = IF (�1) + IF (�2) + I

where I is an ideal such that I =< xai xb j |ai ∈ V (�1)and b j ∈ V (�2) > ∀
1 ≤ i ≤ n, 1 ≤ j ≤ m.

Proof Given that V (�1) = {a1, a2, ..., an} and V (�2) = {b1, b2, ..., bm}
As we know that

Facets of (�1 + �2) = {Facets of �1} ∪ {Facets of �2} ∪ {{ai , b j } :
ai ∈ V (�1), b j ∈ V (�2)∀1 ≤ i ≤ n, 1 ≤ j ≤ m}

So

IF (�1 + �2) = IF (�1) + IF (�2) + I

where I is an ideal which is generated by those xai xb j , ai �= b j such that ai ∈ V (�1) and b j ∈ V (�2)∀1 ≤ i ≤
n, 1 ≤ j ≤ m. ��
Theorem 4.10 Let IF (�1) and IF (�2) be the facet ideals of �1 and �2, respectively, then the facet ideal of
cartesian product of �1 and �2, denoted by IF (�1 ⊗ �2), is given by

IF (�1 ⊗ �2) = IF (�1) × {x j : b j ∈ V (�2)} + {xi : ai ∈ V (�1)} × IF (�2)

where

xi × x j = x(i, j)

Proof Given that V (�1) = {a1, a2, ..., an} and V (�2) = {b1, b2, ..., bm}.
As we know that
Facets of (�1 ⊗ �2) = {Facets of �1} × V (�2) ∪ V (�1) × {Facets of �2}.
So

IF (�1 ⊗ �2) = IF (�1) × {x j : b j ∈ V (�2)} + {xi : ai ∈ V (�1)} × IF (�2)

where

xi × x j = x(i, j)

��
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Theorem 4.11 Let �1 and �2 be two simplicial complexes with vertex sets V (�1) = {a1, a2, ..., an} and
V (�2) = {b1, b2, ..., bs}, respectively. �2i denote the copies of �2 with vertex set V (�2i ) = {b1i , b2i , ..., bsi }.
If IF (�1) and IF (�2) are the facet ideal of �1 and �2, respectively, then the facet ideal of corona product of
�1 and �2, denoted by IF (�1 
 �2), is given by

IF (�1 
 �2) = IF (�1) +
∑

ai ∈V (�1)

IF (�2i ) +
∑

ai ∈V (�1)

Ii

where Ii is an ideal which is generated by those xi xmi such that m = 1, 2, ..., s∀i = 1, 2, ..., n.

Proof Given that V (�1) = {a1, a2, ..., an} and V (�2i ) = {b1i , b2i , ..., bsi }.
As we know that

Facets of (�1 
 �2) = {Facets of �1} ∪ai ∈V (�1) {Facets of �2i }∪ai ∈V (�1){{ai , bmi } : m = 1, 2, ..., s}
So

IF (�1 
 �2) = IF (�1) +
∑

ai ∈V (�1)

IF (�2i ) +
∑

ai ∈V (�1)

Ii

where Ii is an ideal which is generated by those xi xmi such that m = 1, 2, ..., s
∀ i = 1, 2, ..., n. ��
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