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Abstract Following the recent work done in [27], we give various other conditions to ensure that the
powers of the multiplication operator M, are reflexive on a Banach space & of functions analytic on a plane
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1 Introduction

Recall that a sequence {x, }, in a Banach space X’ is called a Schauder basis of X’ if for every x € A’ there is
a unique sequence of scalars {a,}, so that x = > a,x,. In this case, the closed linear span of {x,}, is all of
X. Also, for every integer n, the linear functional x on X’ defined by x'(>". aix;) = a, is a bounded linear
functional. These functionals {x}},, which are characterized by the relation x(x,,) = J,,(n), are called the
biorthogonal functionals associated to the basis {x,}. In the weak® topology, x* = > x*(x,)x} for every
x* € X*, and we have convergence in norm for every x* € X if and only if the sequence {x}}, is a
Schauder basis of X™*. For this to happen X* must in particular be separable. On the other hand this is always
the case if X is reflexive ([12]).

For the algebra B(X) of all bounded linear operators on a Banach space X, the weak operator topology
(WOT) is the one in which a net A, converges to A if A,x — Ax weakly, x € X. Also, the strong operator
topology (SOT) is the one in which a net A, converges to A if A,x — Ax, x € X.

Let X be a separable Banach space and recall that if A € B(X), then La#(A) is by definition the lattice of
all invariant subspaces of A, and AlgLat(A) is the algebra of all operators B in B(X) such that
Lat(A) C Lat(B). An operator A in B(X) is said to be reflexive if AlgLat(A) = W(A), where W(A) is the
smallest subalgebra of B(X) that contains A and the identity I and is closed in the weak operator topology.
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808 F. Ershad et al.

The operator M, has been the focus of attention for several decades and many of its properties have been
studied (e.g. [2, 18]). In [15] Sarason proved that normal operators are reflexive. It was shown by J. Deddens
([4]) that every isometry is reflexive. Also, R. Olin and J. Thomson ([13]) have shown that subnormal
operators are reflexive. H. Bercovici, C. Foias, J. Langsam, and C. Pearcy ([1]) have shown that (BCP)-
operators are reflexive. The reflexive operators on a finite dimensional space were characterized by J.
Deddens and P. A. Fillmore ([5]). It is shown in [17] that under sufficient conditions, an operator 7 in the
Cowen-Douglas class B, (Q) can be reflexive, where Q is a bounded plane domain. Also, in [17] it is shown
that the operator M, of multiplication by z on a Hilbert space of functions analytic on a finitely connected
domain Q is reflexive whenever o(M;) = Q is a spectral set. Reflexivity of the multiplication operator on
weighted Hardy spaces were studied in [7, 19, 25]. In [26] it is shown that any powers of the operator M is
reflexive on Banach spaces of formal Laurent series. Also, reflexivity of the multiplication operators on
some function spaces has been investigated in [6, 10, 11, 20, 24, 27]. In this article we would like to give
some sufficient conditions so that the powers of the operator M., acting on Banach function spaces becomes
reflexive. This extends some results obtained earlier in the topics of reflexivity. For example we see that in
Theorem 3 of [17], not only the assumption “a(M.) = Q is a spectral set” is not necessary, but also the
reflexivity is proved for any powers of the operator M,. As usual for a good basic source of reflexivity we
refer to [14].

Let X be a Banach space of functions analytic on a plane domain G. For 1 € G the linear functional of
evaluation at 4, e;, is defined on X by ¢,(f) = f(1). A complex valued function ¢ on G for which ¢f € X
for every f € X is called a multiplier of X and the collection of all these multipliers is denoted by M (X).
Each multiplier ¢ of X’ determines a multiplication operator M, on X by M,f = ¢f, f € X.Itis well known
that each multiplier is a bounded analytic function on G ([18]). In fact ||¢||; < ||M,||. We shall use the
notation ||¢||, for the norm of the operator M,, i.e., ||¢|,, = |[M,||. We also point out that if ¢ is a

multiplier of X and 4 € G, then Mje; = ¢@(A)e,, and if X is a Hilbert space, we have Mje; = o(A)e.
By H(G) and H*(G) we will mean respectively the set of analytic functions on a plane domain G and the
set of bounded analytic functions on G. If ¢ € H*(G), by ||¢||; we mean sup{|p(z)| : z € G}.
In this article we give conditions under which some analytic function spaces admits that any powers of
the operator M, of multiplication by z, to be reflexive on a Banach space. Also, some examples of Banach
spaces satisfying these conditions have been considered.

2 Main Results

In this section, we introduce the necessary and terminology, and write down several introductory results
which will be used throughout this article.

Assume that Q is a finitely connected domain. It is well known that Q is conformally equivalent to a
circular domain. By a circular domain we mean any domain that is obtained by removing a finite number of
disjoint closed subdisks from the open unit disk D. So we let Q = D\(D; U...UDy) where D; = {z:
lz—z|<r} (i=1,..,N) are disjoint subdisks of the open unit disk . We can choose ¢ >0 (i =
1,...,N) such that the circles

ri:{Z: |Z_Zi|:’”i+€i} (1:177]\/)

and T'p = {z: [z] = 1 — €} lying in Q concentrate to the boundary circles of Q so that they don’t meet each
other. We denote Q; = C\D; (i =1,...,N). In [3] it is proved that

H>*(Q) =H*(D) 4+ H;*(Q1) + ... + H* (Qy)
where the subscript zero means that the corresponding functions vanish at co.

Theorem 2.1 Let X be a Banach space of analytic functions on a finitely connected plane domain Q each
point of which is a bounded point evaluation. Then X N H(D) is a closed subspace of X.

Proof Without loss of generality, suppose that Q is a circular domain and let Q = D\(D; U... U Dy)
where D; ={z:|z—z|<r} (i=1,..,N) are disjoint subdisks of the open unit disk D). Choose
€ >0 (i=1,...,N) such that the circles

Ii={z:lz—zl=ri+e} (i=1,..,N)
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Reflexive operators on analytic function spaces 809

and Ty = {z: |zl = 1 — &} lying in Q concentrate to the boundary circles of Q so that they don’t meet each
other. Denote Q; = C\D; (i=1,...,N).

By a proof similar to the well-known proof for a reproducing kernel Hilbert space, we can see that
convergence in X implies uniform convergence on compact subsets of Q.

To prove that X N H(D) is a closed subspace of X, let {g;} be a sequence in X N H(D) such that g — h
in X. It is sufficient to prove that & € H(D). For this set

Ly={feX: | Z(z)dz=0, n=0,1,2,---}.
Iy
Note that Ly is a subspace of X. Clearly, each g; belongs to Ly because g, € H(D). Since T’ is a compact
subset of Q, it is now easy to see that i € Ly. By applying the Cauchy integral formula we can write
h=hy+hy + ...+ hy where hy € H(D) and h; € H()(Q,‘) (i=1,...,N). Set g = hy + ... + hy. Therefore, g is
analytic in ext(I") the unbounded component of C \I'"'y where the circle I"j is chosen sufficiently close to
Iy with smaller radius so that Iy lies in ext(I”y). Now, we can write
-1
ga)= Y &, zcext(Iy).

n=—00

Note that
1
T 2mi

§(n) / g(2)z7 " Vdz,  n<0.
Ty

Since hy € H(D), we have
/ Zho(z)dz=0, n=0,1,,2,---.
Ty
But i € Ly, thus we get
/ 7'g(z2)dz=0, n=0,1,2,---.
T

From this it follows that g(n) = 0 for all integers n < — 1 and so g(z) = 0, z € ext(I'}). Hence g = 0 which
implies that h = hy € H(D). O

The following theorem can be proved by the same method used in the proof of Theorem 2.1.

Theorem 2.2 Let Q C D be a domain containing an annulus with 0D as it’s outer boundary. If X is a
Banach space of analytic functions on Q such that each point of Q is a bounded point evaluation, then
XNH(D) is a closed subspace of X.

Proof Choose 0<r<1suchthat G = {z: r<|z] <1} C Q. Suppose that {g;}, is a sequence in ¥ N H(D)
such that gy — & in X. Since H(Q) C H(G), thus for all k € N and n >0, we have f\ZI:C 7"g,dz = 0 where

r<c<1. But convergence in X implies uniform convergence on compact subsets of Q, thus f\z\:c *hdz = 0

since {z : |z] = ¢} is a compact subset of Q. Write h = hg + h; where hy € H(D) and hy € Hy(|z] > r). Now
by the same method used in the proof of Theorem 2.1, we can see that f|z\:c Z"hidz = 0 for all n>0. So

hy = 0 which implies that h = hy € H(D). O

Note that although Theorem 2.1 is a consequence of Theorem 2.2, but in the proof of Theorem 2.2 we have
used Theorem 2.1.

By a domain we understand a connected open subset of the plane. If B is a bounded domain in the plane,
then the Caratheodory hull (or C-hull) of B is the complement of the closure of the unbounded component of
the complement of the closure of B. The C-hull of B is denoted by B*. The components of B* are simply
connected; in fact, one can easily see that each of these components has a connected complement. The
component of B* that contains B is denoted by B;. Note that for all polynomials p, ||p||z = ||pl|,. Note that
B, is a Caratheodory domain and so by the Farrel-Rubel-Shields Theorem ([9, Theorem 5.1, p.151]), each
bounded analytic function on By can be approximated by a sequence of polynomials pointwise boundedly.
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Lemma 2.3 Suppose that X is a Banach space of analytic functions on a plane domain Q such that for
each ). € Q, e;, is bounded on X, 1 € X, and z € M(X). Let A € AlgLatM, then A =M, for some
multiplier ¢. Also, if H(Q) N X is a closed subspace of X, then ¢ € H®(Q,).

Proof LetA € AlgLat(M_) and note that since M e, = Je; for all Zin Q, the one dimensional span of e; is
invariant under M. Therefore, it is invariant under A* and we can write A*e; = @(A)e;, 4 € Q. So

<Af,e; > = <f,A%¢; > = p(A)f(A)

for all f € X and A € Q. This implies that A = M,, and ¢ € M(X), hence ¢ € H*(Q). Now let H(Q;) N X
be closed. We show that ¢ € H®(€Q;). Since H(Q;)NX is a closed subspace of X and
HQ)NX € Lat(M;), thus AHQ)NX)CHQ)NX. Since 1€HQ)NX, we get
Al = ¢ € H(Q;) N X. This implies that ¢ € H*(Q,). O

Lemma 2.4 Suppose that X is a Banach space of analytic functions on a plane domain Q such that for
each 1. € Q, e;, is bounded on X and z € M(X). If H*(Q;) C M(X), then the map y — M, from
H>(Q,) into B(X) is continuous.

Proof Consider the map L : H*(Q;) — B(X) defined by L(h) = M,,. Let {h,}, converges to h in H>*(Q;)
and {M,,}, converges to A in B(X). So {h,f}, converges to Af for all f € X. Clearly convergence in

H>(Q,) implies that {h,f}, converges to if pointwise. On the other hand, e, (h,f) — e,(Af) for all 1 € Q.
Thus Af = hf and so A = M. Now by the closed graph theorem the proof is complete. O

Notation 2.5 Let Q be a domain in the complex plane such that Q; is equal to the open unit disc D. Also,
suppose that X is a Banach space of analytic functions on Q such that each point of Q is a bounded point
evaluation and 1 € X For any function 4 € X that can be extended to an analytic function on Q,, define #,,
by h,(z) = h(wz) for all w € 0D. Hence if h € H(D) N X and w € 0D, then A, is defined.

Definition 2.6 Let X be a Banach space of functions analytic on a plane domain Q each point of which is a
bounded point evaluation, 1 € X and Q; = D. We say that H(D) N M(X) is isometrically rotation
invariant if whenever ¢ € H(D) N M(X), then ¢,, € H(D) N M(X) and ||¢||, = ||¢w] for all w € 0D.

The following lemma extends the results obtained by Allen Shields ([19, p. 88]) that have been proved only
for the Hilbert space of formal Laurent series.

Lemma 2.7 Suppose that X is a Banach space of analytic functions on a plane domain Q such that for
each A € Q, e is bounded on X, 1 € X and Q) = D. Let H(D) N M(X) be isometrically rotation invariant
and let {fi = 7*}, be a Schauder basis for X. For fixed ¢ € H(D) N M(X), the map 0D — B(X) by
w — @, Is continuous in the strong operator topology.

Proof Let ¢ =) ¢(n)f, and consider w € 0D. Then we have
(Mg = Mo Ml = 11 D~ (1= w""™)(n = m)fy|

n>m

which tends to zero as w tends to 1. Since {f }, is a total set and ||, ||, = || @]/, for all w € 0D, the proof is
complete. O

Lemma 2.8 Suppose that X is a Banach space of analytic functions on a plane domain Q such that for
each . € Q, e; is bounded on X and Q, = D. Let {f; = 7*}, be Schauder basis for X, H(D) N M(X) be
isometrically rotation invariant and ¢ € H(D) N M(X). If g is a continuous complex valued function on
0D and di = |dw|/2x is the normalized Lebesgue measure on 0D, then the operator

| oustmaz
oD
defined by

( /a N P8(w)di)f = /a . g(w)M,, fdJ.

is in M(X) and
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Reflexive operators on analytic function spaces 811

|| / 0ug(W)d2. < M| / gldi.
oD oD

Proof Note that Lemma 2.7 allows us to define the vector-valued integral [, ¢, g(w)fd/ for all f € X. If
f € X and h € X*, then

< /aD 0,.gwW)fdl,h > = /BD gw)<eo,f,h>d

Since ||M,|| = [|M,, ||, we get

|| /a el < I, 1) /a gl

Hence
I / ug (WS = | / g (w)M,_fdi]) < M, If] / gldi.
oD oD oD
This completes the proof. O

Now we want to give conditions under which the powers of the multiplication operator M, to be reflexive on
a Banach space X of functions analytic on a plane domain.

Theorem 2.9 Suppose that X is a Banach space of analytic functions on a plane domain Q such that for
each L € Q, e;, is bounded on X, Q| = D, and z € M(X). Let H(D) N M(X) be isometrically rotation
invariant and let the sequences {fi}, and {fi}, be Schauder basis for X and X" respectively, where
fi(z) = Z* for all integers k and {f}'}, is also the biorthogonal functionals associated to {f; },. If H(D) N X
is closed, then the multiplication operator M is reflexive on X for all k> 1.

Proof Letk € N and X € AlgLat(M). By the first paragraph of the proof of Theorem 2.4 in [27], we can
see that W(M,) C AlgLat(Mx) and X € AlgLat(M;). Now by Lemma 2.3, X = M,, for some ¢ € M(X)
and so ¢ € H*(Q). Now put N’ = H(D) N X. Then N # (), since 1 € N. Now, clearly N € Lat(M.,), thus

XN CN.Since l e N, weget Xl =¢ e N =H(D)NX. Let o = Y ¢(k)Z*, and set r, = P,(¢) where
k=0
n k

Pu(o) =kz:0:(1 — o0, n>0.

Now by a similar method used in [26, Lemma 2.1], we can get

lim <M, f.f; > = <Mf;.f; >
n

for all base elements f; and f;* in X and ™ from which we can conclude that M, — M,, in the weak operator
topology. Denote the closed linear span of the set {fx : n>0} (fi(z) = Z' for all i) by M;. Thus M; €
Lat(M,) and if

o) =3 i)t
n=0

then ¢(i) = O for all i # nk, n > 0. Note that 7, (j) = (1 — -47)@(j) whenever j = 0, ...,n and is O else. Now,
we can see that there exists a sequence of polynomials {g,}, such that g,(z*) = r,(z) and ¢,(M.) — X in
the weak operator topology (see proof of Theorem 2.4 in [27]). Therefore, X € W(Mx) and so M is

reflexive on X. O

Corollary 2.10 Under conditions of Theorem 2.9 with the exception of the closedness of H(D) N X, if
Q C D is a domain containing an annulus with 0D as it’s outer boundary, then M is reflexive on X for all
k>1.

Proof By Theorem 2.2, H(D) N X is a closed subspace of X. Now the proof follows by Theorem 2.9. [J
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812 F. Ershad et al.

Corollary 2.11 Under conditions of Theorem 2.9 with the exception of the closedness of HD) N X, if Q is
a finitely connected plane domain, then for all k > 1, the operator My is reflexive on X.

Note that in [17], we only considered the reflexivity of the multiplication operator acting on Hilbert spaces
of analytic functions on finitely connected domains, and the following theorem extends this result for the
case of arbitrary domains and Banach spaces.

Theorem 2.12 Suppose that X is a Banach space of analytic functions on a plane domain Q such that for
each 1€ Q, e;, is bounded on X, 1€ X, and z€ M(X). If {e;: 1€ Q} is norm bounded and
H>®(Q) C M(X), then M, is reflexive.

Proof The proof follows immediately by the proof of the similar theorem which is stated for the Hilbert
space case in [23]. O

In dealing with the rationally strictly cyclic shifts, Shields considers the case K = M(K) where K is the
space of formal Laurent series ([19]). Therefore, it is possible for a Banach space of analytic functions to be
a Banach algebra at the same time. The following corollary shows that this is a sufficient condition condition
for M, to be reflexive.

Corollary 2.13 Let X be a Banach algebra of analytic functions on a plane domain Q such that for each
L €Q, e, is bounded on X, 1 € X, and z € M(X). If H*(Q,) C M(X), then M, is reflexive.

Proof Since the norm of complex homomorphisms on a Banach algebra is atmost one, so {e; : 1 € Q} is
norm bounded. Now by Theorem 2.12, the proof is complete.

Theorem 2.14 Suppose that X is a Banach space of analytic functions on a plane domain Q such that for
each A € Q, e;, is bounded on X, 1 € X, and z € M(X). If H*(Q,) = M(X), then M. is reflexive.

Proof Let A € AlgLat(M;). By Lemma 2.3, we can show that A = M,, for some ¢ € H*(Q;). But Q, is a
Caratheodory domain and so by the Farrell-Rubel-Shields Theorem, there is a sequence {p,}, of polyno-
mials converging to ¢ such that for all n, ||p,llq, <c; for some ¢; >0. On the other hand since
H>(Q;) C M(X), by Lemma 2.4, the map yy — My, from H>*(Q,) into B(X) is continuous. Hence there
is a constant c; > 0 such that || My || < c2[[/||o, for all  in H>*(Q;). Therefore, we obtain ||M,, || <cic, for
all n. Since ball B(X) is compact in the weak operator topology, by passing to a subsequence if necessary,
we may assume that for some T € B(X), M, — T in the weak operator topology. Since
M; e; = pa(Ae;, — @(L)e;, A € Q, we conclude that A = T. This implies that A € W(M.) and so the proof
is complete. U

Note that always H*(Q;) C H*(Q) and M(X) C H*®(Q). In the case of H*(Q;) C M(X), for reflexivity
of M., we have the following corollary.

Proposition 2.15 Suppose that X is a Banach space of analytic functions on a plane domain Q C D
containing an annulus with 0D as it’s outer boundary such that for each /. € Q, e, is bounded on X, 1 € X,
and z € M(X). If H*(Q,) C M(X), then M, is reflexive on X.

Proof Let A € AlgLat(M.), then A = M, for some multiplier ¢. We show that ¢ € H>*(Q;). By Theo-
rem 2.2, H(Q;) N X is a closed subspace of X and so by Lemma 2.3, ¢ € H*(Q;). Now by the same
method used in the proof of Theorem 2.14, we can complete the proof. O

Corollary 2.16 Suppose that X is a Banach space of analytic functions on a circular domain € such that
the functional of point evaluation at each 1. € Q is bounded. If 1 € X, z € M(X), and H*(Q;) C M(X),
then M, is reflexive on X.

3 Examples

In this section we give some examples of Banach spaces satisfying the conditions of the main results of
section 2.
Let {f(n)}.~ .. be a sequence of positive numbers satisfying $(0) = 1. If 1 <p <oo, the space L’ (f})

n=—0o0

o0 ~
consists of all formal Laurent series f(z) = > f(n)Z" such that the norm
n=-—00
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Reflexive operators on analytic function spaces 813

00
I =17l = 2 )P By
n=—00

is finite (note that when n ranges on N U {0}, they are called formal power series and are denoted by H? (3)).
These are reflexive Banach spaces with the norm || - || ;. Let fe(n) = 8i(n). So fi(z) = 2F and then {f},_, isa
basis for L”(f) such that ||f;|| = (k). We denote the set of multipliers {¢ € L7 (f8) : oL(f) C LP(f)} by
L’ (B) and the linear operator of multiplication by ¢ on L’(f8) by M,. Also, note that L7 ()" = Lq(ﬂg),
where | + 7= 1 ([21, 23]). Note that the operator of multiplication M; is bounded on L’(f) if and only if
sup,, ﬁ(ﬁ"(:)” <oo ([15, 19]).

We will need the following lemma. The proof follows by the same method proved in the case of H?(f3) in
[8] as Lemma 2.1, and so we omit the proof.

Lemma 3.1 Let 1<p<oo and ,+,=1. Then I’(f)" = L1, where B~ = {7 (n)}°

Proof Define H : LI(fi) — L1(B~") by H(fz =F where f(z)= Z,D;,mf(n)z”, and F(z) =
Yoo (R (). Then [IFIG, 0 = 302 I (B () /5 () = 2 ()7 () = I, -
Thus H is an isometry. It is also surjective, because if F(z) = 3.0 _ F(n)z" € L1(f™"), then L(f) = F,

n=—00

where f(z) =300 (F(n)/B’(n))2". Hence L9(B7) and L4(f~') are norm isomorphic. Since
LP(B)" = L1(p7), the proof is complete. O
Note that since L7(f)* = LI(f~"), for all f and g given by

@)=Y fmZ el’B); g) =Y &mZel/(p),

oo

we have <f,g> =>"° f(n)g(n) where the notation <f,g > stands for g(). For a source in formal
series, we refer the reader to [19, 21-23, 25].

Example 3.2 Let M, be bounded on L”(f) and set ry = ﬂﬁ(—nﬁl and | = h_mﬁ(n)'l'l Assume that
O<rg<ri=1landput Q= {z € C:ry<|z]<ri}. Then Q is an annulus with Q; = D and I”(f) C H(Q).
Also note that each point of Q is a bounded point evaluation on L7 (f5) ([21, 23]). Clearly, {fi},.7 is a basis
for both LP(B) and it's dual LY(f), where  +1 =1 (note that here (f;,fi)=f(fi) = 9;(k) where f; €
P(B)* = L4(B~") and fi € L7(B)). Now, we show that H(D) N L2 (f) is isometrically rotation invariant.
Since Q is an annulus with Q; = D, thus wz € Q for all z € Q and for all w € 0D. If w € 0D and
h=3", h(n)f, € L’(p), then we have h, = >, w'h(n)f, and so clearly h,, € L’(f) and ||h|| = ||h,|]. Now
if ¢ € L2 (), then @,,h = (@hy;),, € H and consequently ¢,, € LZ_(f). To prove that ||¢|| . = ||@,| .. let
feLl’(p), we dD. Note that (¢f),, = ¢,fi. Therefore,

1M1 = llof Il = [[(@f), |l = lleufull < [[Mo,
. Also, note that

1Mo, f1] = ll@wf || = (@)l = llofill < [IMo]] [If],

hence ||M,, || <||My|| and so |||, = [|®,]l.- Thus H(D) N LZ (B) is isometrically rotation invariant.
Also, by Theorem 2.1, L?(f) N H(D) is closed. So by Theorem 2.9, M is reflexive on L7(f3) for all k> 1.

[Ifl

and so ||M,|| <||M,,

The following Example has been came as a theorem in [26], but here we prove it as a consequence of
Theorem 2.9.

Example 3.3 We show that for all k > 1, the operator M is reflexive on L”(f). Let ry, r; be defined as in
Example 3.2 and let Q = {z € C: ry<|z| <ri} be nonempty. As stated in Example 3.2, M is reflexive
whenever r; = 1. So let r; # 1. We want to transform the problem of reflexivity of M4 into a problem

@ Springer




814 F. Ershad et al.

concerning the reflexivity of an operator acting on a Banach space of functions analytic on an annulus U
with 0D as it’s outer boundary, so U; = D. For this consider the conformal map R : D — €, defined by
Rz = ryz. With the aid of this map we are able to perform the desired transformation. Setting U = R~!(Q),
we transform many problems considering M, acting on L7 (ff) C H(Q) to a similar problems concerning the
operator of multiplication by R, Mg, acting on L% () C H(U) where L5(f) is the Banach space {f oR :
ferr(p)}t with ||foR| ) = Ifllz»(p)- Also, note that point evaluations are bounded on LR(B) and
1 € LL(B). Define V : L7 (B) — Li(B) by Vf =f o R. Then V is an isomorphism and MgV = VM,. It is easy
to see that by bijection relations, the sets Lat(M,) and AlgLat(M,) are respectively equivalent to Lat(Mp)
and AlgLat(My). So it is sufficient to show that M% is reflexive on Ly (). For this let A € AlgLat(M%), thus
A € AlgLat(M¥) (here M. acts on Li(P)). By the same method used in Example 3.2, it is easy to see that
H(D) N M(LL(B)) is isometrically rotation invariant. Since L% () N H(D) is a closed subspace of L5 (), so
indeed the conditions of Theorem 2.9 are consistent, thus Mé‘ is reflexive on L () from which we conclude
that A € W(M¥). Now we show that W(M,) C W(Mp), this implies that W(M*) C W (M%) from which we
can conclude that M% and so Mf are reflexive respectively on Lx(f) and L”(f8). By proposition 2 of [16],
R:D — Q is a generator of H*, so there exists a sequence of polynomials {p,}, such that p,(R) — z
weak star, i.e., {p, o R}, is uniformly bounded and converges to z at every point of D (see [16, Lemma 1]).
But it is clear that M), .g = p,(Mg) is in W(Mg). Hence M, € W(Mp) and so indeed W(M.) C W(Mg). Thus
M is reflexive on LP(f) for all k> 1.

z

Example 3.4 1In the definition of formal Laurent series, when n ranges on N U {0}, they are called formal

power series and are denoted by H?(f3). Put r = limf} (n)% and define Q = {z € C : || <r}. Then each point
of Q is a bounded point evaluation on H?(f5). Now, clearly we can see that for all k > 1, the operator M is
reflexive on HP(f5).
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