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Abstract Following the recent work done in [27], we give various other conditions to ensure that the
powers of the multiplication operator Mz are reflexive on a Banach space X of functions analytic on a plane
domain. Also, some examples of function spaces satisfying the given conditions are considered.
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1 Introduction

Recall that a sequence fxngn in a Banach space X is called a Schauder basis of X if for every x 2 X there is
a unique sequence of scalars fangn so that x ¼

P
n anxn. In this case, the closed linear span of fxngn is all of

X . Also, for every integer n, the linear functional x�n on X defined by x�nð
P

i aixiÞ ¼ an is a bounded linear
functional. These functionals fx�ngn, which are characterized by the relation x�nðxmÞ ¼ dmðnÞ, are called the
biorthogonal functionals associated to the basis fxng. In the weak� topology, x� ¼

P
n x�ðxnÞx�n for every

x� 2 X�, and we have convergence in norm for every x� 2 X� if and only if the sequence fx�ngn is a
Schauder basis of X�. For this to happen X� must in particular be separable. On the other hand this is always
the case if X is reflexive ([12]).

For the algebra BðXÞ of all bounded linear operators on a Banach space X , the weak operator topology
(WOT) is the one in which a net Aa converges to A if Aax! Ax weakly, x 2 X . Also, the strong operator
topology (SOT) is the one in which a net Aa converges to A if Aax! Ax, x 2 X .

Let X be a separable Banach space and recall that if A 2 BðXÞ, then Lat(A) is by definition the lattice of
all invariant subspaces of A, and AlgLat(A) is the algebra of all operators B in BðXÞ such that
LatðAÞ � LatðBÞ. An operator A in BðXÞ is said to be reflexive if AlgLatðAÞ ¼ WðAÞ, where W(A) is the
smallest subalgebra of BðXÞ that contains A and the identity I and is closed in the weak operator topology.
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The operator Mz has been the focus of attention for several decades and many of its properties have been
studied (e.g. [2, 18]). In [15] Sarason proved that normal operators are reflexive. It was shown by J. Deddens
([4]) that every isometry is reflexive. Also, R. Olin and J. Thomson ([13]) have shown that subnormal
operators are reflexive. H. Bercovici, C. Foias, J. Langsam, and C. Pearcy ([1]) have shown that (BCP)-
operators are reflexive. The reflexive operators on a finite dimensional space were characterized by J.
Deddens and P. A. Fillmore ([5]). It is shown in [17] that under sufficient conditions, an operator T in the
Cowen-Douglas class BnðXÞ can be reflexive, where X is a bounded plane domain. Also, in [17] it is shown
that the operator Mz of multiplication by z on a Hilbert space of functions analytic on a finitely connected

domain X is reflexive whenever rðMzÞ ¼ �X is a spectral set. Reflexivity of the multiplication operator on
weighted Hardy spaces were studied in [7, 19, 25]. In [26] it is shown that any powers of the operator Mz is
reflexive on Banach spaces of formal Laurent series. Also, reflexivity of the multiplication operators on
some function spaces has been investigated in [6, 10, 11, 20, 24, 27]. In this article we would like to give
some sufficient conditions so that the powers of the operator Mz, acting on Banach function spaces becomes
reflexive. This extends some results obtained earlier in the topics of reflexivity. For example we see that in

Theorem 3 of [17], not only the assumption ‘‘rðMzÞ ¼ �X is a spectral set’’ is not necessary, but also the
reflexivity is proved for any powers of the operator Mz. As usual for a good basic source of reflexivity we
refer to [14].

Let X be a Banach space of functions analytic on a plane domain G. For k 2 G the linear functional of
evaluation at k, ek, is defined on X by ekðf Þ ¼ f ðkÞ. A complex valued function u on G for which uf 2 X
for every f 2 X is called a multiplier of X and the collection of all these multipliers is denoted byMðXÞ.
Each multiplier u of X determines a multiplication operator Mu on X by Muf ¼ uf , f 2 X . It is well known
that each multiplier is a bounded analytic function on G ([18]). In fact kukG�kMuk. We shall use the
notation kuk1 for the norm of the operator Mu, i.e., kuk1 ¼ kMuk: We also point out that if u is a

multiplier of X and k 2 G, then M�uek ¼ uðkÞek; and if X is a Hilbert space, we have M�uek ¼ uðkÞek.

By H(G) and H1ðGÞ we will mean respectively the set of analytic functions on a plane domain G and the
set of bounded analytic functions on G. If u 2 H1ðGÞ, by jjujjG we mean supfjuðzÞj : z 2 Gg.

In this article we give conditions under which some analytic function spaces admits that any powers of
the operator Mz of multiplication by z, to be reflexive on a Banach space. Also, some examples of Banach
spaces satisfying these conditions have been considered.

2 Main Results

In this section, we introduce the necessary and terminology, and write down several introductory results
which will be used throughout this article.

Assume that X is a finitely connected domain. It is well known that X is conformally equivalent to a
circular domain. By a circular domain we mean any domain that is obtained by removing a finite number of
disjoint closed subdisks from the open unit disk D. So we let X ¼ Dnð �D1 [ ::: [ �DNÞ where �Di ¼ fz :
jz� zij � rig ði ¼ 1; :::;NÞ are disjoint subdisks of the open unit disk D. We can choose �i [ 0 ði ¼
1; :::;NÞ such that the circles

Ci ¼ fz : jz� zij ¼ ri þ �ig ði ¼ 1; :::;NÞ

and C0 ¼ fz : jzj ¼ 1� �0g lying in X concentrate to the boundary circles of X so that they don’t meet each
other. We denote Xi ¼ Cn �Di ði ¼ 1; :::;NÞ. In [3] it is proved that

H1ðXÞ ¼ H1ðDÞ þ H10 ðX1Þ þ :::þ H10 ðXNÞ

where the subscript zero means that the corresponding functions vanish at 1.

Theorem 2.1 Let X be a Banach space of analytic functions on a finitely connected plane domain X each
point of which is a bounded point evaluation. Then X \ HðDÞ is a closed subspace of X .

Proof Without loss of generality, suppose that X is a circular domain and let X ¼ Dnð �D1 [ ::: [ �DNÞ
where �Di ¼ fz : jz� zij � rig ði ¼ 1; :::;NÞ are disjoint subdisks of the open unit disk D. Choose
�i [ 0 ði ¼ 1; :::;NÞ such that the circles

Ci ¼ fz : jz� zij ¼ ri þ �ig ði ¼ 1; :::;NÞ
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and C0 ¼ fz : jzj ¼ 1� �0g lying in X concentrate to the boundary circles of X so that they don’t meet each
other. Denote Xi ¼ Cn �Di ði ¼ 1; :::;NÞ.

By a proof similar to the well-known proof for a reproducing kernel Hilbert space, we can see that
convergence in X implies uniform convergence on compact subsets of X.

To prove that X \ HðDÞ is a closed subspace of X , let fgkg be a sequence in X \ HðDÞ such that gk ! h
in X . It is sufficient to prove that h 2 HðDÞ. For this set

L0 ¼ ff 2 X :

Z

C0

znf ðzÞdz ¼ 0; n ¼ 0; 1; 2; � � �g:

Note that L0 is a subspace of X . Clearly, each gk belongs to L0 because gk 2 HðDÞ. Since C0 is a compact
subset of X, it is now easy to see that h 2 L0. By applying the Cauchy integral formula we can write
h ¼ h0 þ h1 þ :::þ hN where h0 2 HðDÞ and hi 2 H0ðXiÞ (i=1,...,N). Set g ¼ h1 þ :::þ hN . Therefore, g is
analytic in extðC00Þ the unbounded component of C nC00 where the circle C00 is chosen sufficiently close to
C0 with smaller radius so that C0 lies in extðC00Þ. Now, we can write

gðzÞ ¼
X�1

n¼�1
ĝðnÞzn; z 2 extðC00Þ:

Note that

ĝðnÞ ¼ 1

2pi

Z

C0

gðzÞz�ðnþ1Þdz; n\0:

Since h0 2 HðDÞ, we have
Z

C0

znh0ðzÞdz ¼ 0; n ¼ 0; 1; ; 2; � � � :

But h 2 L0, thus we get
Z

C0

zngðzÞdz ¼ 0; n ¼ 0; 1; 2; � � � :

From this it follows that ĝðnÞ ¼ 0 for all integers n� � 1 and so gðzÞ ¼ 0, z 2 extðC00Þ. Hence g � 0 which
implies that h ¼ h0 2 HðDÞ. h

The following theorem can be proved by the same method used in the proof of Theorem 2.1.

Theorem 2.2 Let X � D be a domain containing an annulus with oD as it’s outer boundary. If X is a
Banach space of analytic functions on X such that each point of X is a bounded point evaluation, then
X \ HðDÞ is a closed subspace of X .

Proof Choose 0\r\1 such that G ¼ fz : r\jzj\1g � X. Suppose that fgkgk is a sequence in X \ HðDÞ
such that gk ! h in X . Since HðXÞ � HðGÞ, thus for all k 2 N and n� 0, we have

R
jzj¼c zng

k
dz ¼ 0 where

r\c\1. But convergence in X implies uniform convergence on compact subsets of X, thus
R
jzj¼c znhdz ¼ 0

since fz : jzj ¼ cg is a compact subset of X. Write h ¼ h0 þ h1 where h0 2 HðDÞ and h1 2 H0ðjzj[ rÞ. Now
by the same method used in the proof of Theorem 2.1, we can see that

R
jzj¼c znh1dz ¼ 0 for all n� 0. So

h1 � 0 which implies that h ¼ h0 2 HðDÞ. h

Note that although Theorem 2.1 is a consequence of Theorem 2.2, but in the proof of Theorem 2.2 we have
used Theorem 2.1.

By a domain we understand a connected open subset of the plane. If B is a bounded domain in the plane,
then the Caratheodory hull (or C-hull) of B is the complement of the closure of the unbounded component of
the complement of the closure of B. The C-hull of B is denoted by B�. The components of B� are simply
connected; in fact, one can easily see that each of these components has a connected complement. The
component of B� that contains B is denoted by B1. Note that for all polynomials p, kpkB ¼ kpkB1

. Note that

B1 is a Caratheodory domain and so by the Farrel-Rubel-Shields Theorem ([9, Theorem 5.1, p.151]), each
bounded analytic function on B1 can be approximated by a sequence of polynomials pointwise boundedly.
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Lemma 2.3 Suppose that X is a Banach space of analytic functions on a plane domain X such that for
each k 2 X, ek, is bounded on X , 1 2 X , and z 2MðXÞ. Let A 2 AlgLatMz, then A ¼ Mu for some
multiplier u. Also, if HðX1Þ \ X is a closed subspace of X , then u 2 H1ðX1Þ.
Proof Let A 2 AlgLatðMzÞ and note that since M�z ek ¼ kek for all k in X, the one dimensional span of ek is
invariant under M�z . Therefore, it is invariant under A� and we can write A�ek ¼ uðkÞek; k 2 X. So

\Af ; ek [ ¼\f ;A�ek [ ¼ uðkÞf ðkÞ

for all f 2 X and k 2 X. This implies that A ¼ Mu and u 2 MðXÞ, hence u 2 H1ðXÞ. Now let HðX1Þ \ X
be closed. We show that u 2 H1ðX1Þ. Since HðX1Þ \ X is a closed subspace of X and
HðX1Þ \ X 2 LatðMzÞ, thus AðHðX1Þ \ XÞ � HðX1Þ \ X . Since 1 2 HðX1Þ \ X , we get
A1 ¼ u 2 HðX1Þ \ X . This implies that u 2 H1ðX1Þ. h

Lemma 2.4 Suppose that X is a Banach space of analytic functions on a plane domain X such that for
each k 2 X, ek, is bounded on X and z 2 MðXÞ. If H1ðX1Þ � MðXÞ, then the map w �! Mw from
H1ðX1Þ into BðXÞ is continuous.

Proof Consider the map L : H1ðX1Þ ! BðXÞ defined by LðhÞ ¼ Mh. Let fhngn converges to h in H1ðX1Þ
and fMhn

gn converges to A in BðXÞ. So fhnfgn converges to Af for all f 2 X . Clearly convergence in
H1ðX1Þ implies that fhnfgn converges to hf pointwise. On the other hand, ekðhnf Þ ! ekðAf Þ for all k 2 X.
Thus Af ¼ hf and so A ¼ Mh. Now by the closed graph theorem the proof is complete. h

Notation 2.5 Let X be a domain in the complex plane such that X1 is equal to the open unit disc D. Also,
suppose that X is a Banach space of analytic functions on X such that each point of X is a bounded point
evaluation and 1 2 X . For any function h 2 X that can be extended to an analytic function on X1, define hw

by hwðzÞ ¼ hðwzÞ for all w 2 oD. Hence if h 2 HðDÞ \ X and w 2 oD, then hw is defined.

Definition 2.6 Let X be a Banach space of functions analytic on a plane domain X each point of which is a
bounded point evaluation, 1 2 X and X1 ¼ D. We say that HðDÞ \MðXÞ is isometrically rotation
invariant if whenever u 2 HðDÞ \MðXÞ, then uw 2 HðDÞ \MðXÞ and kuk1 ¼ kuwk1 for all w 2 oD.

The following lemma extends the results obtained by Allen Shields ([19, p. 88]) that have been proved only
for the Hilbert space of formal Laurent series.

Lemma 2.7 Suppose that X is a Banach space of analytic functions on a plane domain X such that for
each k 2 X, ek is bounded on X , 1 2 X and X1 ¼ D. Let HðDÞ \MðXÞ be isometrically rotation invariant
and let ffk ¼ zkgk be a Schauder basis for X . For fixed u 2 HðDÞ \MðXÞ, the map oD! BðXÞ by
w! uw is continuous in the strong operator topology.

Proof Let u ¼
P

n ûðnÞfn and consider w 2 oD. Then we have

kðMu �Muw
Þfmk ¼ k

X

n�m

ð1� wn�mÞûðn� mÞfnk

which tends to zero as w tends to 1. Since ffkgk is a total set and kuwk1 ¼ kuk1 for all w 2 oD, the proof is
complete. h

Lemma 2.8 Suppose that X is a Banach space of analytic functions on a plane domain X such that for
each k 2 X, ek is bounded on X and X1 ¼ D. Let ffk ¼ zkgk be Schauder basis for X , HðDÞ \MðXÞ be
isometrically rotation invariant and u 2 HðDÞ \MðXÞ. If g is a continuous complex valued function on
oD and dk ¼ jdwj=2p is the normalized Lebesgue measure on oD, then the operator

Z

oD

uwgðwÞdk

defined by

ð
Z

oD

uwgðwÞdkÞf ¼
Z

oD

gðwÞMuw
fdk

is in MðXÞ and
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k
Z

oD

uwgðwÞdkk1 �kMuk
Z

oD

jgjdk:

Proof Note that Lemma 2.7 allows us to define the vector-valued integral
R

oD
uwgðwÞfdk for all f 2 X : If

f 2 X and h 2 X�, then

\
Z

oD

uwgðwÞfdk; h [ ¼
Z

oD

gðwÞ\uwf ; h [ dk:

Since kMuk ¼ kMuw
k, we get

k
Z

oD

uwgðwÞfdkk� kMuk kfk
Z

oD

jgjdk:

Hence

kð
Z

oD

uwgðwÞdkÞfk ¼ k
Z

oD

gðwÞMuw
fdkk� kMuk kfk

Z

oD

jgjdk:

This completes the proof. h

Now we want to give conditions under which the powers of the multiplication operator Mz to be reflexive on
a Banach space X of functions analytic on a plane domain.

Theorem 2.9 Suppose that X is a Banach space of analytic functions on a plane domain X such that for
each k 2 X, ek, is bounded on X , X1 ¼ D, and z 2MðXÞ. Let HðDÞ \MðXÞ be isometrically rotation
invariant and let the sequences ffkgk and ff �k gk be Schauder basis for X and X� respectively, where
fkðzÞ ¼ zk for all integers k and ff �k gk is also the biorthogonal functionals associated to ffkgk. If HðDÞ \ X
is closed, then the multiplication operator Mzk is reflexive on X for all k� 1.

Proof Let k 2 N and X 2 AlgLatðMzkÞ. By the first paragraph of the proof of Theorem 2.4 in [27], we can
see that WðMzkÞ � AlgLatðMzkÞ and X 2 AlgLatðMzÞ. Now by Lemma 2.3, X ¼ Mu for some u 2 MðXÞ
and so u 2 H1ðXÞ. Now put N ¼ HðDÞ \ X . Then N 6¼ ;, since 1 2 N . Now, clearly N 2 LatðMzÞ, thus

XN � N . Since 1 2 N , we get X1 ¼ u 2 N ¼ HðDÞ \ X . Let u ¼
P1

k¼0

ûðkÞzk, and set rn ¼ PnðuÞ where

PnðuÞ ¼
Xn

k¼0

ð1� k

nþ 1
ÞûðkÞzk; n� 0:

Now by a similar method used in [26, Lemma 2.1], we can get

lim
n

\Mrn
fj; fi [ ¼\Mufj; fi [

for all base elements fj and f �i in X and X� from which we can conclude that Mrn
! Mu in the weak operator

topology. Denote the closed linear span of the set ffnk : n� 0g (fiðzÞ ¼ zi for all i) by Mk. Thus Mk 2
LatðMuÞ and if

uðzÞ ¼
X1

n¼0

ûðnÞzn;

then ûðiÞ ¼ 0 for all i 6¼ nk, n� 0. Note that r̂nðjÞ ¼ ð1� j
nþ1
ÞûðjÞ whenever j ¼ 0; :::; n and is 0 else. Now,

we can see that there exists a sequence of polynomials fqngn such that qnðzkÞ ¼ rnðzÞ and qnðMzkÞ ! X in
the weak operator topology (see proof of Theorem 2.4 in [27]). Therefore, X 2 WðMzkÞ and so Mzk is
reflexive on X . h

Corollary 2.10 Under conditions of Theorem 2.9 with the exception of the closedness of HðDÞ \ X , if
X � D is a domain containing an annulus with oD as it’s outer boundary, then Mzk is reflexive on X for all
k� 1.

Proof By Theorem 2.2, HðDÞ \ X is a closed subspace of X . Now the proof follows by Theorem 2.9. h
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Corollary 2.11 Under conditions of Theorem 2.9 with the exception of the closedness of HðDÞ \ X , if X is
a finitely connected plane domain, then for all k� 1, the operator Mzk is reflexive on X .

Note that in [17], we only considered the reflexivity of the multiplication operator acting on Hilbert spaces
of analytic functions on finitely connected domains, and the following theorem extends this result for the
case of arbitrary domains and Banach spaces.

Theorem 2.12 Suppose that X is a Banach space of analytic functions on a plane domain X such that for
each k 2 X, ek, is bounded on X , 1 2 X , and z 2MðXÞ. If fek : k 2 Xg is norm bounded and
H1ðX1Þ � MðXÞ, then Mz is reflexive.

Proof The proof follows immediately by the proof of the similar theorem which is stated for the Hilbert
space case in [23]. h

In dealing with the rationally strictly cyclic shifts, Shields considers the case K ¼MðKÞ where K is the
space of formal Laurent series ([19]). Therefore, it is possible for a Banach space of analytic functions to be
a Banach algebra at the same time. The following corollary shows that this is a sufficient condition condition
for Mz to be reflexive.

Corollary 2.13 Let X be a Banach algebra of analytic functions on a plane domain X such that for each
k 2 X, ek, is bounded on X , 1 2 X , and z 2MðXÞ. If H1ðX1Þ � MðXÞ, then Mz is reflexive.

Proof Since the norm of complex homomorphisms on a Banach algebra is atmost one, so fek : k 2 Xg is
norm bounded. Now by Theorem 2.12, the proof is complete. h

Theorem 2.14 Suppose that X is a Banach space of analytic functions on a plane domain X such that for
each k 2 X, ek, is bounded on X , 1 2 X , and z 2MðXÞ. If H1ðX1Þ ¼ MðXÞ, then Mz is reflexive.

Proof Let A 2 AlgLatðMzÞ. By Lemma 2.3, we can show that A ¼ Mu for some u 2 H1ðX1Þ. But X1 is a
Caratheodory domain and so by the Farrell-Rubel-Shields Theorem, there is a sequence fpngn of polyno-
mials converging to u such that for all n, kpnkX1

� c1 for some c1 [ 0. On the other hand since

H1ðX1Þ � MðXÞ, by Lemma 2.4, the map w �! Mw from H1ðX1Þ into BðXÞ is continuous. Hence there
is a constant c2 [ 0 such that kMwk� c2kwkX1

for all w in H1ðX1Þ. Therefore, we obtain kMpn
k� c1c2 for

all n. Since ball BðXÞ is compact in the weak operator topology, by passing to a subsequence if necessary,
we may assume that for some T 2 BðXÞ, Mpn

�! T in the weak operator topology. Since
M�pn

ek ¼ pnðkÞek �! uðkÞek, k 2 X, we conclude that A ¼ T . This implies that A 2 WðMzÞ and so the proof

is complete. h

Note that always H1ðX1Þ � H1ðXÞ andMðXÞ � H1ðXÞ. In the case of H1ðX1Þ � MðXÞ, for reflexivity
of Mz, we have the following corollary.

Proposition 2.15 Suppose that X is a Banach space of analytic functions on a plane domain X � D
containing an annulus with oD as it’s outer boundary such that for each k 2 X, ek, is bounded on X , 1 2 X ,
and z 2MðXÞ. If H1ðX1Þ � MðXÞ, then Mz is reflexive on X .

Proof Let A 2 AlgLatðMzÞ, then A ¼ Mu for some multiplier u. We show that u 2 H1ðX1Þ. By Theo-
rem 2.2, HðX1Þ \ X is a closed subspace of X and so by Lemma 2.3, u 2 H1ðX1Þ. Now by the same
method used in the proof of Theorem 2.14, we can complete the proof. h

Corollary 2.16 Suppose that X is a Banach space of analytic functions on a circular domain X such that
the functional of point evaluation at each k 2 X is bounded. If 1 2 X , z 2MðXÞ, and H1ðX1Þ � MðXÞ,
then Mz is reflexive on X .

3 Examples

In this section we give some examples of Banach spaces satisfying the conditions of the main results of
section 2.

Let fbðnÞg1n¼�1 be a sequence of positive numbers satisfying bð0Þ ¼ 1. If 1\p\1, the space LpðbÞ
consists of all formal Laurent series f ðzÞ ¼

P1

n¼�1
f̂ ðnÞzn such that the norm
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kfk ¼ kfkb ¼ ð
X1

n¼�1
jf̂ ðnÞjpbðnÞpÞ

1
p

is finite (note that when n ranges on N [ f0g, they are called formal power series and are denoted by HpðbÞ).
These are reflexive Banach spaces with the norm k � kb. Let f̂kðnÞ ¼ dkðnÞ. So fkðzÞ ¼ zk and then ffkgk2Z is a

basis for LpðbÞ such that kfkk ¼ bðkÞ. We denote the set of multipliers fu 2 LpðbÞ : uLpðbÞ 	 LpðbÞg by

Lp
1ðbÞ and the linear operator of multiplication by u on LpðbÞ by Mu. Also, note that LpðbÞ� ¼ Lqðb

p
qÞ,

where 1
pþ 1

q ¼ 1 ([21, 23]). Note that the operator of multiplication Mz is bounded on LpðbÞ if and only if

supn
bðnþ1Þ
bðnÞ \1 ([15, 19]).

We will need the following lemma. The proof follows by the same method proved in the case of HpðbÞ in
[8] as Lemma 2.1, and so we omit the proof.

Lemma 3.1 Let 1\p\1 and 1
pþ 1

q ¼ 1: Then LpðbÞ� ¼ Lqðb�1Þ; where b�1 ¼ fb�1ðnÞg1n¼�1.

Proof Define H : Lqðb
p
qÞ ! Lqðb�1Þ by Hðf Þ ¼ F where f ðzÞ ¼

P1
n¼�1 f̂ ðnÞzn; and FðzÞ ¼

P1
n¼�1 f̂ ðnÞbpðnÞzn: Then kFkq

Lqðb�1Þ ¼
P1

n¼�1 jf̂ ðnÞj
q�bpqðnÞ=bqðnÞ

�
¼
P1

n¼�1 jf̂ ðnÞj
qbpðnÞ ¼ kfkq

Lpðb
p
qÞ
:

Thus H is an isometry. It is also surjective, because if FðzÞ ¼
P1

n¼�1 F̂ðnÞzn 2 Lqðb�1Þ; then Lðf Þ ¼ F,

where f ðzÞ ¼
P1

n¼�1
�
F̂ðnÞ=bpðnÞ

�
zn: Hence Lqðb

p
qÞ and Lqðb�1Þ are norm isomorphic. Since

LpðbÞ� ¼ Lqðb
p
qÞ, the proof is complete. h

Note that since LpðbÞ� ¼ Lqðb�1Þ; for all f and g given by

f ðzÞ ¼
X1

n¼�1
f̂ ðnÞzn 2 LpðbÞ; gðzÞ ¼

X1

n¼�1
ĝðnÞzn 2 Lqðb�1Þ;

we have \f ; g [ ¼
P1

n¼�1 f̂ ðnÞĝðnÞ where the notation \f ; g [ stands for g(f). For a source in formal
series, we refer the reader to [19, 21–23, 25].

Example 3.2 Let Mz be bounded on LpðbÞ and set r0 ¼ limbð�nÞ
�1
n and r1 ¼ limbðnÞ

1
n. Assume that

0\r0\r1 ¼ 1 and put X ¼ fz 2 C : r0\jzj\r1g: Then X is an annulus with X1 ¼ D and LpðbÞ � HðXÞ.
Also note that each point of X is a bounded point evaluation on LpðbÞ ([21, 23]). Clearly, ffkgk2Z is a basis

for both LpðbÞ and it’s dual LqðbÞ, where 1
pþ 1

q ¼ 1 (note that here ðfj; fkÞ¼: fjðfkÞ ¼ djðkÞ where fj 2
LpðbÞ� ¼ Lqðb�1Þ and fk 2 LpðbÞ). Now, we show that HðDÞ \ Lp

1ðbÞ is isometrically rotation invariant.
Since X is an annulus with X1 ¼ D, thus wz 2 X for all z 2 X and for all w 2 oD. If w 2 oD and

h ¼
P

n ĥðnÞfn 2 LpðbÞ, then we have hw ¼
P

n wnĥðnÞfn and so clearly hw 2 LpðbÞ and jjhjj ¼ jjhwjj. Now
if u 2 Lp

1ðbÞ, then uwh ¼ ðuh �wÞw 2 H and consequently uw 2 Lp
1ðbÞ. To prove that kuk1 ¼ kuwk1, let

f 2 LpðbÞ, w 2 oD. Note that ðuf Þw ¼ uwfw. Therefore,

jjMuf jj ¼ jjuf jj ¼ jjðuf Þwjj ¼ jjuwfwjj � jjMuw
jj jjf jj

and so jjMujj � jjMuw
jj. Also, note that

jjMuw
f jj ¼ jjuwf jj ¼ jjðuwf Þ �wjj ¼ jjuf �wjj � jjMujj jjf jj;

hence jjMuw
jj � jjMujj and so kuk1 ¼ kuwk1. Thus HðDÞ \ Lp

1ðbÞ is isometrically rotation invariant.
Also, by Theorem 2.1, LpðbÞ \ HðDÞ is closed. So by Theorem 2.9, Mzk is reflexive on LpðbÞ for all k� 1.

The following Example has been came as a theorem in [26], but here we prove it as a consequence of
Theorem 2.9.

Example 3.3 We show that for all k� 1, the operator Mzk is reflexive on LpðbÞ. Let r0; r1 be defined as in
Example 3.2 and let X ¼ fz 2 C : r0\jzj\r1g be nonempty. As stated in Example 3.2, Mzk is reflexive
whenever r1 ¼ 1. So let r1 6¼ 1. We want to transform the problem of reflexivity of Mzk into a problem
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concerning the reflexivity of an operator acting on a Banach space of functions analytic on an annulus U
with oD as it’s outer boundary, so U1 ¼ D. For this consider the conformal map R : D! X1 defined by

Rz ¼ r1z. With the aid of this map we are able to perform the desired transformation. Setting U ¼ R�1ðXÞ,
we transform many problems considering Mz acting on LpðbÞ � HðXÞ to a similar problems concerning the
operator of multiplication by R, MR, acting on Lp

RðbÞ � HðUÞ where Lp
RðbÞ is the Banach space ff 
 R :

f 2 LpðbÞg with kf 
 RkLp
RðbÞ
¼ kfkLpðbÞ. Also, note that point evaluations are bounded on Lp

RðbÞ and

1 2 Lp
RðbÞ. Define V : LpðbÞ ! Lp

RðbÞ by Vf ¼ f 
 R. Then V is an isomorphism and MRV ¼ VMz. It is easy
to see that by bijection relations, the sets LatðMzÞ and AlgLatðMzÞ are respectively equivalent to LatðMRÞ
and AlgLatðMRÞ. So it is sufficient to show that Mk

R is reflexive on Lp
RðbÞ. For this let A 2 AlgLatðMk

RÞ, thus

A 2 AlgLatðMk
z Þ (here Mz acts on Lp

RðbÞ). By the same method used in Example 3.2, it is easy to see that

HðDÞ \MðLp
RðbÞÞ is isometrically rotation invariant. Since Lp

RðbÞ \ HðDÞ is a closed subspace of Lp
RðbÞ, so

indeed the conditions of Theorem 2.9 are consistent, thus Mk
z is reflexive on Lp

RðbÞ from which we conclude

that A 2 WðMk
z Þ. Now we show that WðMzÞ � WðMRÞ, this implies that WðMk

z Þ � WðMk
RÞ from which we

can conclude that Mk
R and so Mk

z are reflexive respectively on Lp
RðbÞ and LpðbÞ. By proposition 2 of [16],

R : D! X1 is a generator of H1, so there exists a sequence of polynomials fpngn such that pnðRÞ ! z
weak star, i.e., fpn 
 Rgn is uniformly bounded and converges to z at every point of D (see [16, Lemma 1]).
But it is clear that Mpn
R ¼ pnðMRÞ is in WðMRÞ. Hence Mz 2 WðMRÞ and so indeed WðMzÞ � WðMRÞ. Thus
Mzk is reflexive on LpðbÞ for all k� 1.

Example 3.4 In the definition of formal Laurent series, when n ranges on N [ f0g, they are called formal

power series and are denoted by HpðbÞ. Put r ¼ limbðnÞ
1
n and define X ¼ fz 2 C : jzj\rg. Then each point

of X is a bounded point evaluation on HpðbÞ. Now, clearly we can see that for all k� 1, the operator Mzk is
reflexive on HpðbÞ.
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