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Abstract Recently, Q. Han [7] proved a Second Main Theorem for algebraically nondegenerate mero-
morphic maps over p-Parabolic manifolds intersecting with hypersurfaces in general position in smooth
projective algebraic variety, extending certain results of H. Cartan, L. Ahlfors, W. Stoll, M. Ru and Philip P.
W. Wong. In this paper, we will prove a general form of Second Main Theorem for meromorphic maps from
p-Parabolic manifold into smooth projective variety intersecting with hypersurfaces in subgeneral position.
As an application of that result, we get a Second Main Theorem for meromorphic maps on p-Parabolic
manifold intersecting with hypersurfaces in l-subgeneral position, which extends the result of Q. Han [7].
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1 Introduction and main results

In 1929, R. Nevanlinna [8] established the Second Main Theorem for meromorphic functions on the
complex plane C: Later, S. S. Chern [3] extended the result to holomorphic mappings from the complex
plane into compact Riemann surfaces. In 1933, H. Cartan [2] developed the theory for holomorphic map-

pings from the complex plane to PNðCÞ intersecting with hyperplanes in general position. Later, L. Ahlfors
[1], using an innovative geometry method, generalized the result of Cartan to linearly nondegenerate
meromorphic maps on Cm: This theory was greatly extended by Carlson, Griffiths and King [4, 6] around
1972-1973, when they studied the vaule distribution of algebraically nondegenerate meromorphic maps
f : M1 ! M2 from affine algebraic varieties to smooth projective algebraic varieties with the additional
assumption that dim M1� dim M2; which turns out to be crucial and is extremely difficult to remove.
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Subsequently, W. Stoll [12, 13] generalized all those results to algebraically nondegenerate meromorphic
maps defined on Parabolic manifolds. In 2009, M. Ru [10] removed the condition about dimensional
restriction and obtained a Second Main Theorem for holomorphic mappings from C into smooth projective
variety intersecting with hypersurfaces in general position. The result of Ru was extended by Han [7] for
meromorphic maps from p-Parabolic manifold into smooth projective variety intersecting with hypersur-
faces in general position. In this paper, we will prove a general form of Second Main Theorem for
meromorphic maps from p-Parabolic manifold into smooth projective variety intersecting with hypersur-
faces in subgeneral position. As an application of that result, we extend the result of Q. Han [7] for
hypersurfaces in subgeneral position on algebraic variety.

To state clearly our result, we need some notations and definitions as follows:

Definition 1. ([15, 16]) A Kähler complex manifold ðM;xÞ of dimension m is said to be a p-Parabolic
manifold for 1� p�m if there exists a plurisubharmonic function / such that

(i) f/ ¼ �1g is a closed subset of M with strictly lower dimension,
(ii) / is smooth on the open dense set M n f/ ¼ �1g; with ddc/� 0; such that

ðddc/Þp�1 ^ xm�p 6� 0 and ðddc/Þp ^ xm�p � 0: ð1Þ

Accordingly, we define

s ¼ e/ and r ¼ dcð/Þ ^ ðddc/Þp�1 ^ xm�p; ð2Þ

where s is nonnegative and it is called a p-parabolic exhaustion on M. For any r [ 0; we denote

M½r� :¼ fx 2 MjsðxÞ� r2g;MðrÞ :¼ fx 2 MjsðxÞ\r2g;
Mhri :¼ M½r� nMðrÞ ¼ fx 2 MjsðxÞ ¼ r2g:

From [7], we have Z

Mhri

r ¼ j; ð3Þ

where j is a constant dependent only upon the structure of M. An example for p-Parabolic manifold is Cm

[15, 16]. We refer the reader to [15, 16] for more details on p-Parabolic manifold.
Let f : M ! PNðCÞ be a linearly nondegenerate meromorphic map defined on a p-Parabolic manifold M

of dimension m, and let ~f : M ! CNþ1 be a reduced representation of f. Then for some global meromorphic

ðm� 1; 0Þ-form B on M, we define the first B-derivative ~f 0B of ~f on local holomorphic coordinate
chart ðz;UzÞ as follows

d ~f ^ B ¼ ~f 0Bdz1 ^ . . . ^ dzm;

and define inductively the kth B-derivative ~f
ðkÞ
B of ~f by

d ~f
ðk�1Þ
B ^ B ¼ ~f

ðkÞ
B dz1 ^ . . . ^ dzm

for k ¼ 1; . . .;N: They are independent of the choice of the local holomorphic coordinate chart, and thus are

globally well defined. As a consequence, the kth preassociated map ~fk of f is defined by

~fk :¼ ~f ^ ~f 0B ^ . . . ^ ~f
ðkÞ
B ! ^kþ1CNþ1

and the kth associated map fk of f is defined by

fk :¼ ½ ~fk� : M ! Pð^kþ1CNþ1Þ ¼ PnkðCÞ for nk ¼
N þ 1

k þ 1

� �
� 1

for k ¼ 1; . . .;N:
Now, we need some general conditions on M [7] as follows:
ðA1Þ ðM; s;xÞ denotes a p-Parabolic manifold which possesses a globally defined meromorphic

ðm� 1; 0Þ-form B such that, for any linearly nondegenerate meromorphic map f : M ! PNðCÞ; the kth
associated map fk is well defined for k ¼ 0; 1; . . .;N; where we set f0 :¼ f :
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ðA2Þ There exists a Hermitian holomorphic line bundle ðL; hÞ that admits a holomorphic section l such
that, for some increasing function YðsÞ; we have

mim�1jlj2hB ^ B�YðsÞðddcsÞp�1 ^ xm�p;

where we write the index

im�1 :¼
� ffiffiffiffiffiffiffi
�1
p

2p

�m�1

ðm� 1Þ!ð�1Þðm�1Þðm�2Þ=2:

We set

T d :¼
�
ði0; . . .; iNÞ 2 NNþ1

0 : i0 þ . . .þ iN ¼ d
�
;#T d ¼

N þ d

N

� �

Let Q be a homogeneous polynomial of degree d in C½x0; . . .; xN �; denote x ¼ ðx0; . . .; xNÞ; then we can write

QðxÞ ¼
X
I2T d

aIx
I :

Let D be a hypersurface with degree d in PNðCÞ which is define the homogeneous polynomial Q 2
C½x0; . . .; xN �: Let xFS be the Fubini-Study metric on PNðCÞ; then the characteristic function of f, for a fixed
s [ 0 and any r [ s; as

Tf ðr; sÞ ¼
Zr

s

dt

t2p�1

Z

M½t�

f �xFS ^ ðddcsÞp�1 ^ xm�p;

Let f : M ! PNðCÞ be a meromorphic map such that f ðMÞ 6	 D; then the Weil function of f with respect to
D is defined by

kDðf Þ ¼ log
jj ~f jjd:jjQjj
jQð ~f Þj

;

where jj ~f jjjUz
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiPN
i¼0 jf̂ij

2
q

for a reduced representation ~f ¼ ðf̂0; . . .; f̂NÞ on the local holomorphic

coordinate chart ðz;UzÞ and jjQjj ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiP

I jaI j2
q

: The proximity function and counting function of f with

respect to D are defined respectively,

mf ðr;DÞ ¼
Z

Mhri

kDðf Þr;

and

Nf ðr; s; DÞ ¼
Zr

s

dt

t2p�1

Z

M½t�

hD
f ^ ðddcsÞp�1 ^ xm�p;

where hD
f jUz
¼ divðQð ~f ÞÞjUz

on the local holomorphic coordinate chart ðz;UzÞ: Let m be a positive integer,
then the counting function with truncated level m is defined by

Nm
f ðr; s; DÞ ¼

Zr

s

dt

t2p�1

Z

M½t�

hm;D
f ^ ðddcsÞp�1 ^ xm�p;

where hm;D
f jUz

ðzÞ ¼ maxfm; divðQð ~f ÞÞjUz
ðzÞg on the local holomorphic coordinate chart ðz;UzÞ:

From above notations and definitions, we have the First Main Theorem as follows:

Theorem 2. [7] Let f : M ! PNðCÞ be a nonconstant meromorphic map defined on a p-Parabolic
manifold M, and let D be a hypersurface of degree d such that f ðMÞ 6	 D: Then for r [ s [ 0; we have
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dTf ðr; sÞ ¼ Nf ðr; s; DÞ þ mf ðr;DÞ � mf ðs;DÞ:

For each 1� k�N � 1; we define an important auxiliary function

Wk ¼
mim�1f �k xk

FS ^ B ^ B

ðddcsÞp ^ xm�p
¼ jj

~fk�1jj:jj ~fkþ1jj2

jj ~fkjj4
1

Ap
;

where xk
FS is the Fubini-Study metric on Pð^kþ1CNþ1Þ; and Ap; 1� p�m; is the pth symmetric polynomial

of the matrix ðsabÞ with respect to the Kähler metric x: Note that A1 is the trace of sab; while Am is the

determinant detðsabÞð[ 0Þ: We denote

Ricpðr; sÞ ¼
Zr

s

dt

t2p�1

Z

M½t�

h0
Ap
^ ðddcsÞp�1 ^ xm�p;

where h0
Ap

is divisor zero of the holomorphic function Ap; and

mðL; r; sÞ ¼ 1

2

Z

Mhri

log
1

jlj2h
r� 1

2

Z

M\s [

log
1

jlj2h
r:

Definition 3. Let V 	 PNðCÞ be a projective subvariety with dimension n. Let k be a positive integer and

D1; . . .;Dk be hypersurfaces in PNðCÞ: Let l� n be a positive integer. We say that the hypersurfaces
D1; . . .;Dk are in weak l-subgeneral position with respect to V if k� lþ 1 such that either when k ¼ lþ 1

we have D1 \ . . . \ Dlþ1 \ V ¼ ; or when k\lþ 1; there exist hypersurfaces S1; . . .; Slþ1�k in PNðCÞ such
that D1 \ . . . \ Dk \ S1 \ . . . \ Smþ1�k \ V ¼ ;:
Definition 4. Let l� n be a integer. We say that the hypersurfaces D1; . . .;Dq; q� lþ 1; are in l-subgeneral
position with respect to V if for any distinct indices 1� j1� . . .� jlþ1� q; we have Dj1

\ . . . \ Djlþ1
\ V ¼

;: If l ¼ n; we said that D1; . . .;Dq are in general position in V.

Hence, if the hypersurfaces D1; . . .;Dq are in l-subgeneral position with respect to V, then for any set of
hypersurfaces fDsgs2S;S 	 f1; . . .; qg : #S� lþ 1; are in weak l-subgeneral position with respect to V.

The notation 00k00 means that the inequality holds for all r 2 ½0;þ1Þ except a set of finite Lebesgue
measure. Our main result is stated as follows:

Theorem 5. Let V 	 PNðCÞ be a smooth complex projective variety of dimension n� 1: Let f : M ! V be
an algebraically nondegenerate meromorphic mapping from a p-Parabolic manifold M which satisfies the
conditions ðA1Þ and ðA2Þ: Let D1; . . .;Dq be arbitrary hypersurfaces in PNðCÞ which are defined by
homogeneous polynomials Q1; . . .;Qq with degree d1; . . .; dq; respectively. Let l� n be a integer. Then, for
any e [ 0 and r [ s [ 0; we have

k
Z

Mhri

max
K	K

X
j2K

1

dj
kDj
ðf Þr�ððl� nþ 1Þðnþ 1Þ þ eÞTf ðr; sÞ

þ cðm0ðL; r; sÞ þ Ricpðr; sÞ þ j logþ Yðr2Þ þ k logþ rÞ;

where K is the set of all subsets K 	 f1; . . .; qg;#K� lþ 1; such that the hypersurfaces fDj; j 2 Kg are in
weak l-subgeneral position in V and c
 1:

Corollary 1. Let V 	 PNðCÞ be a smooth complex projective variety of dimension n� 1: Let f : M ! V
be an algebraically nondegenerate meromorphic mapping from a p-Parabolic manifold M which satisfies
the conditions ðA1Þ and ðA2Þ: Let l� n be a integer and D1; . . .;Dq be hypersurfaces in PNðCÞ with degree
d1; . . .; dq; respectively which are located in l-subgeneral position. Then, for any e [ 0 and r [ s [ 0; we
have
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k
Xq

j¼1

d�1
j mf ðr;DjÞ� ððl� nþ 1Þðnþ 1Þ þ eÞTf ðr; sÞ

þ cðm0ðL; r; sÞ þ Ricpðr; sÞ þ j logþ Yðr2Þ þ k logþ rÞ;

where c
 1 is a constant.

From Corollary 1, set l ¼ n; we get again the result of Q. Han [7].

2 Some lemmas

Take c ¼ ðc0; . . .; cNÞ 2 RNþ1. Let V 	 PNðCÞ be a projective variety of dimension n and let

FVðx0; . . .; xnÞ ¼ FVðx00; . . .; x0N ; . . .; xn0; . . .; xnNÞ

be the Chow form associated to V, that is, FV is irreducible in C½x00; . . .; xnN �; FV is a homogeneous
polynomial of degree D ¼ degV in each block xi ¼ ðxi0; . . .; xiNÞ ð0� i� nÞ and FVðx0; . . .; xnÞ ¼ 0 if and
only if V \ Hx0

\ . . . \ Hxn
6¼ ;; where Hxi

is a hyperplane given by

Hxi
¼ fðu0 : � � � : uNÞ j xi0u0 þ . . .þ xiNuN ¼ 0g:

For an auxiliary variable t, we obtain a decomposition

FVðtc0 x00;. . .; tcn x0N ; . . .; tc0 xn0; . . .; tcn xnNÞ
¼ te0 G0ðx0; . . .; xnÞ þ . . .þ ter Grðx0; . . .; xnÞ;

where G0; . . .;Gr 2 C½x00; . . .; x0N ; . . .; xn0; . . .; xnN � and e0 [ e1 [ . . . [ er: The Chow weight of V with
respect to c is defined by

eVðcÞ :¼ e0:

Suppose that V is generated by a prime ideal IðVÞ in C½x0; . . .; xN � and let C½x0; . . .; xN �u be the vector space
of homogeneous polynomials in ½x0; . . .; xN � of degree u (including 0). Put IuðVÞ :¼ C½x0; . . .; xM�u \ IðVÞ
and denote the Hilbert function HV of V by

HVðuÞ :¼ dim C½x0; . . .; xN �u=IuðVÞ:

We define the u-th Hilbert weight SVðu; cÞ of V with respect to c by

SVðu; cÞ:¼max
XHV ðuÞ

j¼1

Ij � c
 !

;

where the maximum is taken over all sets of monomials xI1 ; . . .; xIHV ðuÞ whose residue classes module IðVÞ
form a basis of C½x0; . . .; xN �u=I uðVÞ, in which Ij ¼ ðij0; . . .; ijNÞ 2 ZNþ1

þ is a ðN þ 1Þ-fold index.

Lemma 1. [5, 10] Take c ¼ ðc0; . . .; cNÞ 2 RNþ1 with cj� 0 for j ¼ 0; :::;N. Let V 	 PNðCÞ be an
algebraic variety of dimension n. If u [ D ¼ degV , then

1

uHVðuÞ
SVðu; cÞ�

1

ðnþ 1ÞD eVðcÞ �
ð2nþ 1ÞD

u
max

0� i�N
fcig:

Lemma 2. [9] Take c ¼ ðc0; . . .; cTÞ 2 RTþ1 with cj� 0 for j ¼ 0; . . .;T. Let Y be a subvariety of PTðCÞ of
dimension n and let m� n be an integer ðm� TÞ and fi0; . . .; img be a subset of f0; . . .; Tg such that
fyi0 ¼ . . . ¼ yim ¼ 0g \ Y ¼ ;. Then

eYðcÞ�
degY

m� nþ 1
:ðci0 þ . . .þ cim

Þ:

Note that S. D. Quang [9] have proved Lemma 2 for field of rational number, but his result is true for any
field.
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Lemma 3. [7] Let f : M ! PNðCÞ be a linearly nondegenerate meromorphic map defined on a p-Para-
bolic manifold M satisfying the general condition ðA1Þ and ðA2Þ; and let Hj; j ¼ 1; . . .; q; be q arbitrary
hyperplanes for j ¼ 1; . . .; q: Then, for r [ s [ 0; we have

k
Z

Mhri

max
K

X
j2K

kHj
ðf Þr�ðN þ 1ÞTf ðr; sÞ � NRamf ðr; sÞ

þ NðN þ 1Þ
2

ðmoðL; r; sÞ þ Ricpðr; sÞ þ j logþ Tf ðr; sÞÞ

þ jNðN þ 1Þ
2

ðlogþmoðL; r; sÞ þ logþ Yðr2Þ þ logþ Ricpðr; sÞ þ logþ rÞ;

where maximum is taken over all subsets K of f1; . . .; qg such that the generating linear forms of the
hyperplanes in each set are linearly independent and NRamf ðr; sÞ is the counting function of the ramification

divisor div ~f N :

Lemma 4. ([13], Lemma 13.3) Let M be a p-Parabolic manifold of dimensional m. Let f : M ! PNðCÞ be
a meromorphic mapping which is linearly nondegenerate over C: Let fHjgq

j¼1 be a family of hyperplanes of

PNðCÞ in general position. We have

Xq

j¼1

ðhHj

f � hN;Hj

f Þ� div ~f N :

3 Proof of Theorem 5

Proof. Let Qj; 1� j� q; be homogeneous polynomials in C½x0; . . .; xN � of degree dj which is defined by Dj:
Denote K by the sets of subsets K 	 f1; . . .; qg such that #K � lþ 1 and fDjgj2K are in weak l-subgeneral

position in V. Then #K ¼ lþ 1 or #K\lþ 1:
We prove the claims as follows:

Claim 1. #K ¼ lþ 1; d1 ¼ . . . ¼ dq ¼ d; q� lþ 1; then for every e [ 0 and r [ s [ 0; we have

k
Z

Mhri

max
K	K

X
j2K;#K¼lþ1

1

dj
kDj
ðf Þr�ððl� nþ 1Þðnþ 1Þ þ eÞTf ðr; sÞ

þ cðm0ðL; r; sÞ þ Ricpðr; sÞ þ j logþ Yðr2Þ þ k logþ rÞ;

where c
 1 and f : M ! V is algebraically nondegenerate meromorphic map.
Since fDjgj2K are in l-subgeneral position, then \q

j¼1Dj \ V ¼ ;: We consider the mapping U : V !
Pq�1ðCÞ given by UðxÞ ¼ ðQ1ðxÞ : Q2ðxÞ : . . . : QqðxÞÞ for all x 2 V : Let Y ¼ UðVÞ; then U is a finite

morphism on V and Y is a complex projective subvariety of Pq�1ðCÞ with dim Y ¼ n; and D ¼
degY � dndegV [11]. For every a ¼ ða1; . . .; aqÞ 2 Nq and y ¼ ðy1; . . .; yqÞ; we denote ya ¼ ya1

1 . . .y
aq
q : Set

nu ¼ HYðuÞ � 1 and lu ¼
qþ u� 1

u

� �
� 1:

Follow from [10], consider the Veronese embedding

Uu : Pq�1ðCÞ ! PluðCÞ : y7!ðya0 : . . .yalu Þ;

where ya0 ; . . .; yalu are the monomials of degree u in y1; . . .; yq; in some order. Denote by Yu the smallest

linear subvariety of PluðCÞ containing UuðYÞ: Then, clearly, a linear form
Plu

i¼0 cizi vanishes identically on

Yu if and only if
Plu

i¼0 ciy
ai ; as a polynomial of degree u, vanishes identically on Y. In other words, there is

an isomorphism

C½y1; . . .; yq�u=I uðYÞ ’ ðYuÞ_ : yai 7!zi; i ¼ 0; . . .; lu:

Here we suppose that Y is generated by a prime ideal IðYÞ in C½y1; . . .; yq� and let C½y1; . . .; yq�u be the
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vector space of homogeneous polynomials in C½y1; . . .; yq� of degree u (including 0), IuðYÞ :¼
C½y1; . . .; yq�u \ IðYÞ and

HYðuÞ :¼ dim C½y1; . . .; yq�u=I uðYÞ;

and ðYuÞ_ is the vector space of linear forms in C½z0; . . .; zlu � modulo the linear forms vanishing identically

on Yu: Hence Yu is an nu-dimensional linear subspace of PluðCÞ: Since Yu is an nu-dimensional linear

subspace of PluðCÞ; there are linear forms L0; . . .; Llu 2 C½w0; . . .;wnu
� such that the map

Wu : w 2 PnuðCÞ7!½L0ðwÞ : . . . : Llu
ðwÞ� 2 Yu

is a linear isomorphism from PnuðCÞ to Yu: Therefore, W�1
u � Uu : Y ! PnuðCÞ is an injective map such that

W�1
u � UuðyÞ ¼ ðL0ððya0 : . . . : yalu ÞÞ : . . . : Lnu

ððya0 : . . . : yalu ÞÞÞ

for all y 2 Y; where L0; . . .; Lnu
are linear forms independent in PluðCÞ: Then

fL0ððya0 : . . . : yalu ÞÞ; . . .; Lnu
ððya0 : . . . : yalu ÞÞg is a basis of C½y1; . . .; yq�u=IuðYÞ: Denote /i ¼

Liðððya0 : . . . : yalu ÞÞÞ; i ¼ 0; . . .; nu; fix this basis, we consider the holomorphic map F : M ! PnuðCÞ
with reduced representation as follows:

~F ¼ W�1
u � Uu � Uð ~f Þ ¼ ð/0ðUð ~f ÞÞ; . . .;/nu

ðUð ~f ÞÞÞ

on each local chart ðz;UzÞ: For each z 62 [q
i¼1ðQjð ~f ÞÞ�1ð0Þ [ If ; where If is indeterminacy of f, we define

cz ¼ ðc1;z; . . .; cq;zÞ 2 R
q
þ;

where ci;z ¼ log
jj ~f ðzÞjjd:jjQijj
jjQið ~f ðzÞÞjj

; i ¼ 1; . . .; q; and Rþ is the sets of nonnegative real. By the definition of

Hilbert weight, there exists Az 	 f0; . . .; lug such that #Az ¼ nu þ 1 ¼ HYðuÞ and yIj;z ; j 2 Az are basis of
C½y1; . . .; yq�u=I uðYÞ; where Ij;z ¼ ðaj;1;z; . . .; aj;q;zÞ 2 Nq;

Pq
i¼1 aj;i;z ¼ u; j 2 Az; and

SYðu; czÞ ¼
X
j2Az

Ij;z:cz:

Since yIj;z ; j 2 Az are basis of C½y1; . . .; yq�u=I uðYÞ; then there exist nu þ 1 independent linear forms Lz ¼
fLj;z; j 2 Azg such that

yIj;z ¼ Lj;zð/0; . . .;/nu
Þ; j 2 Az:

We denote L ¼ [zLz; then L is finite since #L� lu þ 1

nu þ 1

� �
: We have

log
Y
j2Az

jLj;zð ~FðzÞÞj ¼ log
Y
j2Az

Yq

i¼1

jQið ~f ðzÞÞjaj;i;z

¼ �SYðu; czÞ þ duHYðuÞ log j ~f ðzÞj þ OðuHYðuÞÞ:

This implies that

log
Y
j2Az

jj ~FðzÞjj:jjLj;zjj
jLj;zð ~FðzÞÞj

¼ SYðu; czÞ � duHYðuÞ log jj ~f ðzÞjj

þ HYðuÞ log jj ~FðzÞjj þ OðuHYðuÞÞ:

Hence, we get

SYðu; czÞ� max
J	L

log
Y
L2J

jj ~FðzÞjj:jjLjj
jLð ~FðzÞÞj

þ duHYðuÞ log jj ~f ðzÞjj

� HYðuÞ log jj ~FðzÞjj þ OðuHYðuÞÞ;
ð4Þ

where the maximum is taken over all subsets J 	 L with #J ¼ HYðuÞ and fL : L 2 J g are linearly
independent. From Lemma 1, we have
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1

uHYðuÞ
SYðu; czÞ�

1

ðnþ 1ÞD eYðczÞ �
ð2nþ 1ÞD

u
max

1� i� q
ci;z: ð5Þ

Note that

max
1� i� q

ci;z�
Xq

i¼1

ci;z ¼
Xq

i¼1

log
jj ~f ðzÞjjd:jjQijj
jQið ~f ðzÞÞj

: ð6Þ

From (5) and (6), we get

1

ðnþ 1ÞD eYðczÞ�
1

uHYðuÞ
SYðu; czÞ þ

ð2nþ 1ÞD
u

Xq

i¼1

log
jj ~f ðzÞjjd:jjQijj
jQið ~f ðzÞÞj

: ð7Þ

Combine (4) and (7), we obtain

1

ðnþ 1ÞDeYðczÞ�
1

uHYðuÞ

�
max
J	L

log
Y
L2J

jj ~FðzÞjj:jjLjj
jLð ~FðzÞÞj

þ duHYðuÞ log jj ~f ðzÞjj

� HYðuÞ log jj ~FðzÞjj þ OðuHYðuÞÞ
�
þ ð2nþ 1ÞD

u

Xq

i¼1

log
jj ~f ðzÞjjd:jjQijj
jQið ~f ðzÞÞj

:

ð8Þ

By Lemma 2, we get

eYðczÞ�
D

l� nþ 1
ð
Xlþ1

j¼1

cij;zÞ; ð9Þ

for all fi1; . . .; ilþ1g 	 f1; . . .; qg such that \lþ1
j¼1Dij \ V ¼ ;: From (8) and (9), we deduce

max
K	K

X
j2K;#K¼lþ1

kDj
ðf ðzÞÞ� ðl� nþ 1Þðnþ 1Þd log jj ~f ðzÞjj

þ ðl� nþ 1Þðnþ 1Þ
uHYðuÞ

�
max
J	L

log
Y
L2J

jj ~FðzÞjj:jjLjj
jjLð ~FðzÞÞjj

� HYðuÞ log jj ~FðzÞjj
�

þ ð2nþ 1ÞDðl� nþ 1Þðnþ 1Þ
u

Xq

i¼1

log
jj ~f ðzÞjjd:jjQijj
jQið ~f ðzÞÞj

þ Oð1Þ:

ð10Þ

By the definition of F, there exist two positive constants C1;C2 such that

C1jj ~f jjdu� jj ~Fjj �C2jj ~f jjdu;

where C1 and C2 are depending only the coefficients of Q1; . . .;Qq: Then from (10), we get

max
K	K

X
j2K;#K¼lþ1

kDj
ðf ðzÞÞ� ðl� nþ 1Þðnþ 1Þ

uHYðuÞ
max
J	L

log
Y
L2J

jj ~FðzÞjj:jjLjj
jjLð ~FðzÞÞjj

þ ð2nþ 1ÞDðl� nþ 1Þðnþ 1Þ
u

Xq

i¼1

log
jj ~f ðzÞjjd:jjQijj
jQið ~f ðzÞÞj

� ðl� nþ 1Þðnþ 1Þ
uHYðuÞ

log C1 þ Oð1Þ:

ð11Þ

By Lemma 3, for any e0[ 0; r [ s [ 0 large enough, we have
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k
Z

Mhri

max
J	L

log
Y
L2J

jj ~Fjj:jjLjj
jjLð ~FÞjj

r�ðHYðuÞ þ e0ÞTFðr; sÞ � NRamFðr; sÞ

þ ðHYðuÞðHYðuÞ � 1Þ
2

þ e0Þðm0ðL; r; sÞ þ Ricpðr; sÞ

þ j logþ Yðr2Þ þ j logþðrÞÞ þ Oð1Þ;

ð12Þ

where the maximum is taken all subsets J 	 L with #J ¼ HYðuÞ and fL : L 2 J g are linearly
independent. Since NRamFðr; sÞ� 0; take integral (11) and combine it with (12), we obtain the inequality

k
Z

Mhri

max
K	K

X
j2K;#K¼lþ1

kDj
ðf Þr�ðl� nþ 1Þðnþ 1ÞdTf ðr; sÞ

þ ð2nþ 1ÞDðl� nþ 1Þðnþ 1Þ
u

Xq

j¼1

mf ðr;DjÞ þ e0
ðl� nþ 1Þðnþ 1Þ

HYðuÞu
TFðr; sÞ

þ ðl� nþ 1Þðnþ 1Þ
uHYðuÞ

	HYðuÞðHYðuÞ � 1Þ
2

þ e0

h

m0ðL; r; sÞ

þ Ricpðr; sÞ þ j logþ Yðr2Þ þ j logþðrÞ
i
þ Oð1Þ:

ð13Þ

By comparing the hyperplane sections bundle of f and F, we have [7]

TFðr; sÞ ¼ duTf ðr; sÞ: ð14Þ

Using First Main Theorem, we get

mf ðr;DjÞ� dTf ðr; sÞ þ mf ðs;DjÞ; j ¼ 1:. . .; q:

For r large enough, we may assume that Tf ðr; sÞ[ 1; then

Xq

j¼1

mf ðr;DjÞ� dðqTf ðr; sÞ þ
1

d

Xq

j¼1

mf ðs;DjÞÞ

� dðqþ 1

d

Xq

j¼1

mf ðs;DjÞÞTf ðr; sÞ:

Now we choose u� u0 large enough such that

ð2nþ 1ÞDðl� nþ 1Þðnþ 1Þ
u0

ðqþ 1

d

Xq

j¼1

mf ðs;DjÞÞ\
e
4

e0
ðl� nþ 1Þðnþ 1Þ

HYðu0Þ
\

e
4
:

ð15Þ

Combine (13) to (15), we get

k
Z

Mhri

max
K	K

X
j2K;#K¼lþ1

kDj
ðf Þr�ððl� nþ 1Þðnþ 1Þ þ eÞdTf ðr; sÞ

þ ðl� nþ 1Þðnþ 1Þ
u0HYðu0Þ

:
	HYðu0ÞðHYðu0Þ � 1Þ

2
þ e0


h
m0ðL; r; sÞ

þ Ricpðr; sÞ þ j logþ Yðr2Þ þ j logþðrÞ
i
:

ð16Þ

If Q1; . . .;Qq are not the same degree, then we set d ¼ lcmðd1; . . .; dqÞ and apply (16) for Q
d=d1

1 ; . . .;Q
d=dq
q ;

we get
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k
Z

Mhri

max
K	K

X
j2K;#K¼lþ1

d�1
j kDj

ðf Þr�ððl� nþ 1Þðnþ 1Þ þ eÞTf ðr; sÞ

þ ðl� nþ 1Þðnþ 1Þ
du0HYðu0Þ

:
	HYðu0ÞðHYðu0Þ � 1Þ

2
þ e0


h
m0ðL; r; sÞ

þ Ricpðr; sÞ þ j logþ Yðr2Þ þ j logþðrÞ
i
:

ð17Þ

Denote c� maxf1; ðl� nþ 1Þðnþ 1Þ
du0HYðu0Þ

:
	HYðu0ÞðHYðu0Þ � 1Þ

2
þ e0



g; we get the conclusion of Claim 1.

Claim 2. #K\lþ 1: We can assume #K ¼ k; by the Definition 3, there exist hypersurfaces
S1; . . .; Slþ1�k such that \j2KDj \ S1 \ . . . \ Smþ1�k \ V ¼ ;: We denote K 0 is the new set by adding the new

index such that #K 0 ¼ lþ 1; the hypersurfaces with index in K 0 intersect with V is empty set. We denote K0
by the sets K 0 as above. By considering all subset K 	 f1; . . .; qg with #K\lþ 1; and add some new index
into K, we get the set of finite hypersurfaces D, and consider the morphism

U : V ! P#D�1ðCÞ : x! ðQ1ðxÞ : . . . : QqðxÞ : . . . : Q#DðxÞÞ:

Apply (17), we deduce

k
Z

Mhri

max
K	K

X
j2K;#K\lþ1

1

dj
kDj
ðf Þr�

Z

Mhri

max
K	K

X
j2K;#K\lþ1

1

dj
kDj
ðf Þr

þ
Z

Mhri

max
K 0nK2K0nK

X
j2K 0nK;#K 0¼lþ1

1

dj
kDj
ðf Þr

�ððl� nþ 1Þðnþ 1Þ þ eÞTf ðr; sÞ

þ c
h
m0ðL; r; sÞ þ Ricpðr; sÞ þ j logþ Yðr2Þ þ j logþðrÞ

i
;

for suitable constant c
 1: Final, if 1� q\lþ 1; by arguments as Claim 2, we get the result for this case.
Therefore, from above claims, we get

k
Z

Mhri

max
K	K

X
j2K

1

dj
kDj
ðf Þr�ððl� nþ 1Þðnþ 1Þ þ eÞTf ðr; sÞ

þ c
h
m0ðL; r; sÞ þ Ricpðr; sÞ þ j logþ Yðr2Þ þ j logþðrÞ

i
:

for suitable constant c
 1; where maximum is taken over all subsets K 	 f1; . . .; qg;#K � lþ 1; such that
the hypersurfaces Dj; j 2 K are in weak l-subgeneral position in V. h

On the Second Main Theorem with truncated level, we get the result as follow:

Corollary 2. Let V 	 PNðCÞ be a smooth complex projective variety of dimension n� 1: Let f : M ! V
be an algebraically nondegenerate meromorphic mapping from a p-Parabolic manifold M which satisfies
the conditions ðA1Þ and ðA2Þ: Let l� n be a integer and D1; . . .;Dq be hypersurfaces in PNðCÞ with degree
d1; . . .; dq; respectively which are located in l-subgeneral position. Then, for any e [ 0 and r [ s [ 0; we
have

kðq� ðl� nþ 1Þðnþ 1Þ � eÞTf ðr; sÞ�
Xq

j¼1

d�1
j Nm

f ðr; s; DjÞ

þ cðm0ðL; r; sÞ þ Ricpðr; sÞ þ j logþ Yðr2Þ þ k logþ rÞ;

where c
 1 is a constant and m ¼ HYðuÞ � 1; u
 1: Note that nu ¼ HYðuÞ � 1� dndegV
nþ u

n

� �
� dndegVðnþ uÞn; u can be estimated detail in (27), large enough and depending e, hypersurfaces

D1; . . .;Dq and f.
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Proof. To convenience for the reader, we give a brief sketch of the proof of this result. We can replace Qj

by Q
d=dj

j if necessary, where d is the l.c.m of dj; j ¼ 1; . . .; q; we may assume that Q1; . . .;Qq have the same

degree of d. Since D1; . . .;Dq are located in l-subgeneral position, then using the Hilbert’s Nullstellensatz
[14], we have

Xq

j¼1

mf ðr;DjÞ�
Z

Mhri

max
K	K

X
j2K;#K¼lþ1

kDj
ðf ðzÞÞ þ Oð1Þ; ð18Þ

where O(1) is a constant depending only the coefficients of Q1; . . .;Qq: From (18), for any e0[ 0; by
arguments as (12) and (13), we get

k
Xq

j¼1

mf ðr;DjÞ�
Z

Mhri

max
K	K

X
j2K;#K¼lþ1

kDj
ðf Þr�ðl� nþ 1Þðnþ 1ÞdTf ðr; sÞ

� ðl� nþ 1Þðnþ 1Þ
uHYðuÞ

NramFðr; sÞ þ
ð2nþ 1ÞDðl� nþ 1Þðnþ 1Þ

u

Xq

j¼1

mf ðr;DjÞ

þ ðl� nþ 1Þðnþ 1Þ
uHYðuÞ

	HYðuÞðHYðuÞ � 1Þ
2

þ e0

h

m0ðL; r; sÞ þ Ricpðr; sÞ

þ j logþ Yðr2Þ þ j logþðrÞ
i
þ e0
ðl� nþ 1Þðnþ 1Þ

HYðuÞu
TFðr; sÞ þ Oð1Þ:

ð19Þ

Next, we prove that

ðl� nþ 1Þðnþ 1Þ
duHYðuÞ

NRamFðr; sÞ�
1

d

Xq

j¼1

½Nf ðr; s; DjÞ � Nnu

f ðr; s; DjÞ�

� ðl� nþ 1Þð2nþ 1Þðnþ 1ÞD
du

Xq

j¼1

Nf ðr; s; DjÞ:
ð20Þ

For each z 2 M outside the indeterminacy set of f, since D1; . . .;Dq are in l-subgeneral position, then there
are at most l hypersurfaces intersecting with V, then by renumbering the set f1; . . .; qg if necessary, we may
assume that

hD1

f ðzÞ� . . .� h
Dp

f ðzÞ[ 0 ¼ h
Dpþ
f ðzÞ ¼ . . . ¼ h

Dq

f ðzÞ ¼ 0;

where hDj

f ðzÞ ¼ divðQjð ~f ÞÞðzÞ; j ¼ 1; . . .; q and p 2 f; . . .; lg: We set cj ¼ maxf0; divðQjð ~f ÞÞðzÞ � nug and

c ¼ ðc1; . . .; cqÞ 2 Z
q
� 0:

Then there are

ai ¼ ðai;1; . . .; ai;qÞ 2 Z
q
� 0

such that ya1 ; . . .; yaHY ðuÞ is a basic of C½y1; . . .; yq�u=IuðYÞ and

SYðu; cÞ ¼
XHY ðuÞ

i¼1

ai:c:

Furthermore, there exist HYðuÞ linear forms L1; . . .;LHY ðuÞ such that

yai ¼ Lið/0; . . .;/nu
Þ; i ¼ 1; . . .;HYðuÞ:

For any divisor m on M, we denote mM by a divisor such that mMðzÞ ¼ maxfM; mðzÞg: Then we see

123

A general form of the Second Main Theorem... 857



divðLið ~FÞÞðzÞ � divnuðLið ~FÞÞðzÞ
¼ divðQ1ð ~f Þai;1 . . .Qqð ~f Þai;qÞðzÞ � divnuðQ1ð ~f Þai;1 . . .Qqð ~f Þai;qÞðzÞ

�
Xlþ1

j¼1

ai;jðdivðQjð ~f ÞÞ � divnuðQjð ~f ÞÞÞðzÞ

¼
Xlþ1

j¼1

ai;j maxf0; divðQjð ~f ÞÞðzÞ � nug

¼
Xq

j¼1

ai;j maxf0; divðQjð ~f ÞÞðzÞ � nug ¼ SYðu; cÞ

Using Lemma 4 for q ¼ HYðuÞ ¼ nu þ 1; we get

XHY ðuÞ

i¼1

divðLið ~FÞÞðzÞ � divnuðLið ~FÞÞðzÞ� div ~Fnu
ðzÞ: ð21Þ

Since D1; . . .;Dq are in l-subgeneral position in V, by Lemma 2, we get

eYðcÞ�
D

l� nþ 1
:
Xlþ1

j¼1

cj ¼
D

l� nþ 1
:
Xlþ1

j¼1

maxf0; divðQjð ~f ÞÞðzÞ � nug:

Apply Lemma 1, we get

SYðu; cÞ
uHYðuÞ

� 1

ðnþ 1Þðl� nþ 1Þ
Xlþ1

j¼1

maxf0; divðQjð ~f ÞÞðzÞ � nug

� ð2nþ 1ÞD
u

max
1� j� q

cj

� 1

ðnþ 1Þðl� nþ 1Þ
Xlþ1

j¼1

maxf0; divðQjð ~f ÞÞðzÞ � nug

� ð2nþ 1ÞD
u

X
1� j� q

cj:

ð22Þ

Note that

Xlþ1

j¼1

maxf0; divðQjð ~f ÞÞðzÞ � nug ¼
Xq

j¼1

maxf0; divðQjð ~f ÞÞðzÞ � nug: ð23Þ

Combine (22) and (23), we have

ðl� nþ 1Þðnþ 1Þ
duHYðuÞ

SYðu; cÞ�
1

d

Xq

j¼1

maxf0; divðQjð ~f ÞÞðzÞ � nug

� ðl� nþ 1Þð2nþ 1Þðnþ 1ÞD
du

X
1� j� q

divðQjð ~f ÞÞðzÞ:
ð24Þ

Combine (21) and (24) and the definition of counting function, we get the claim (20). From (19) and (20),
we obtain
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k d
�

q� ðl� nþ 1Þðnþ 1Þ
�

Tf ðr; sÞ�
Xq

j¼1

Nnu

f ðr; s; DjÞ

þ ðl� nþ 1Þð2nþ 1Þðnþ 1ÞD
u

X
1� j� q

Nf ðr; s; DjÞ

þ ðl� nþ 1Þð2nþ 1Þðnþ 1ÞD
u

X
1� j� q

mf ðr;DjÞ

þ ðl� nþ 1Þðnþ 1Þ
uHYðuÞ

	HYðuÞðHYðuÞ � 1Þ
2

þ e0

h

m0ðL; r; sÞ þ Ricpðr; sÞ

þ j logþ Yðr2Þ þ j logþðrÞ
i
þ e0

dðl� nþ 1Þðnþ 1Þ
HYðuÞ

Tf ðr; sÞ þ Oð1Þ:

ð25Þ

Using the First Main Theorem, from (25), we deduce

k d
�

q� ðl� nþ 1Þðnþ 1Þ
�

Tf ðr; sÞ�
Xq

j¼1

Nnu

f ðr; s; DjÞ

þ ðl� nþ 1Þð2nþ 1Þðnþ 1ÞD
u

X
1� j� q

mf ðs;DjÞ

þ ðl� nþ 1Þð2nþ 1Þðnþ 1ÞDqd

u
Tf ðr; sÞ

þ ðl� nþ 1Þðnþ 1Þ
uHYðuÞ

	HYðuÞðHYðuÞ � 1Þ
2

þ e0

h

m0ðL; r; sÞ þ Ricpðr; sÞ

þ j logþ Yðr2Þ þ j logþðrÞ
i
þ e0

dðl� nþ 1Þðnþ 1Þ
HYðuÞ

Tf ðr; sÞ þ Oð1Þ:

ð26Þ

We may assume that Tf ðr; sÞ[ 1: For any e [ 0; choose u� u0; where u0 satisfies the following condition

ðl� nþ 1Þð2nþ 1Þðnþ 1ÞD
du0

X
1� j� q

mf ðs;DjÞ þ
ðl� nþ 1Þð2nþ 1Þðnþ 1ÞDq

u0

\
e
4
;

e0
ðl� nþ 1Þðnþ 1Þ

HYðu0Þ
\e=4:

ð27Þ

Combine (26) and (27), we obtain

k
�

q� ðl� nþ 1Þðnþ 1Þ � e
�

Tf ðr; sÞ�
Xq

j¼1

d�1N
nu0

f ðr; s; DjÞ

þ c
h
m0ðL; r; sÞ þ Ricpðr; sÞ þ j logþ Yðr2Þ þ j logþðrÞ

i
;

where c� maxf1; ðl� nþ 1Þðnþ 1Þ
du0HYðu0Þ

	HYðu0ÞðHYðu0Þ � 1Þ
2

þ e0


g and

nu0
�DCn

u0þn� dndegVðnþ u0Þn:

h
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