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Abstract Let ðFnÞ be the sequence of Fibonacci numbers defined by F0 ¼ 0;F1 ¼ 1, and Fn ¼ Fn�1 þ Fn�2

for n� 2: Let 2�m� n and b ¼ 2; 3; 4; 5; 6; 7; 8; 9: In this study, we show that if FmFn is a repdigit in base b
and has at least two digits, then

FmFn 2 3; 4; 5; 6; 8; 9; 10; 13; 15; 16; 21; 24; 26; 40; 42; 63; 170; 273f g:

Furthermore, it is shown that if Fn is a repdigit in base b and has at least two digits, then

ðn; bÞ ¼ ð7; 3Þ; ð8; 4Þ; ð8; 6Þ; ð4; 2Þ; ð5; 4Þ; ð6; 3Þ; ð6; 7Þ:

Keywords Fibonacci number � Repdigit � Diophantine equations � Linear forms in logarithms �
Baker’s Theory

Mathematics Subject Classification 11B39 � 11J86 � 11D61

1 Introduction

Let ðFnÞn� 0 and ðLnÞn� 0 be the sequences of Fibonacci and Lucas numbers defined by F0 ¼ 0;F1 ¼ 1;
Fn ¼ Fn�1 þ Fn�2, and L0 ¼ 2; L1 ¼ 1;Ln ¼ Ln�1 þ Ln�2 for n� 2; respectively. Binet formulas for these
numbers are

Fn ¼
an � bn

ffiffiffi

5
p and Ln ¼ an þ bn for n� 0;

where a ¼ 1þ
ffiffiffi

5
p

2
and b ¼ 1�

ffiffiffi

5
p

2
; which are the zeros of the characteristic equation x2 � x� 1 ¼ 0: It

can be seen that 1\a\2; �1\b\0, and ab ¼ �1: For more about the Fibonacci sequence with their
applications, one can see [8]. A relation between Fibonacci number Fn and a is given by
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an�2�Fn� an�1 ð1Þ

for n� 1: The inequality (1) can be proved by induction. A repdigit in base b is a non-negative integer
whose digits are all equal when written in base b. Recently, the problem of finding the repdigits (in base 10)
in the second-order linear recurrence sequences has been started to be handled by many authors. In [9], the
authors have found all Fibonacci and Lucas numbers which are repdigits. The largest repdigits in the
Fibonacci and Lucas sequences are F5 ¼ 55 and L5 ¼ 11 . After that, in [2], the authors showed that the
largest Fibonacci number which is sum of two repdigits is F20 ¼ 6765 ¼ 6666þ 99: In [7], the authors have
found all the terms in the sequences ðPnÞn� 0 and ðQnÞn� 0; which are repdigits. Here, ðPnÞn� 0 and ðQnÞn� 0

are respectively the sequences of Pell and Pell-Lucas numbers, which are satisfying the same recurrence
relation an ¼ 2an�1 þ an�2 for n� 2 but starting with P0 ¼ 0;P1 ¼ 1 and Q0 ¼ Q1 ¼ 2: The largest
repdigits in the Pell and Pell Lucas sequences are P3 ¼ 5 and Q2 ¼ 6: The authors of [1] found all Pell and
Pell-Lucas numbers which are sums of two repdigits. It is shown that the largest Pell number which is a sum
of two repdigits is P6 ¼ 70 ¼ 4þ 66 and the largest Pell-Lucas number which is sum of two repdigits is
Q6 ¼ 198þ 99þ 99. Furthermore, Luca [10] found all repdigits which are sums of three Fibonacci
numbers. Similar problems has been tackled in [11, 13, 14]. In [6], it is shown that if FmFn is a repdigit in
base 10, then

FmFn 2 1; 2; 3; 4; 5; 6; 8; 9; 55f g:

In this paper, we study the Diophantine equation

FmFn ¼
d � ðbk � 1Þ

b� 1
; ð2Þ

where 2� b� 9; 1� d� b� 1 and 2�m� n: Our main theorem is

Theorem 1 Let 2�m� n and b ¼ 2; 3; 4; 5; 6; 7; 8; 9: If FmFn is a repdigit in base b and has at least two
digits, then

ðm; n; b; d; k;FmFnÞ 2

3; 3; 3; 1; 2; 4ð Þ; 2; 4; 2; 1; 2; 3ð Þ; 3; 4; 5; 1; 2; 6ð Þ;
4; 4; 8; 1; 2; 9ð Þ; 2; 5; 4; 1; 2; 5ð Þ; 3; 5; 4; 2; 2; 10ð Þ; 3; 5; 9; 1; 2; 10ð Þ;
4; 5; 4; 3; 2; 15ð Þ; ð4; 5; 2; 1; 4; 15Þ; ð2; 6; 3; 2; 2; 8Þ; ð2; 6; 7; 1; 2; 8Þ;

3; 6; 7; 2; 2; 16ð Þ; ð4; 6; 5; 4; 2; 24Þ; ð4; 8; 2; 1; 6; 63Þ; ð4; 6; 7; 3; 2; 24Þ;
ð5; 6; 7; 5; 2; 40Þ; ð5; 6; 9; 4; 2; 40Þ; ð5; 6; 3; 1; 4; 40Þ; 3; 7; 3; 2; 3; 26ð Þ;
ð2; 7; 3; 1; 3; 13Þ; 2; 8; 6; 3; 2; 21ð Þ; ð2; 8; 4; 1; 3; 21Þ; ð3; 8; 4; 2; 3; 42Þ;
ð4; 8; 8; 7; 2; 63Þ 4; 8; 4; 3; 3; 63ð Þ; ð7; 8; 9; 3; 3; 273Þ; ð5; 9; 4; 2; 4; 170Þ
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=

>
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;

:

As a result, we show that if 2�m� n; 2� b� 9 and k� 2, then the equation FmFn þ 1 ¼ bk has only the
solutions ðm; n; b; kÞ ¼ ð2; 4; 2; 2Þ; ð4; 5; 4; 2Þ; 4; 5; 2; 4ð Þ; 2; 6; 3; 2ð Þ; 4; 6; 5; 2ð Þ; 3; 7; 3; 3ð Þ; 4; 8; 8; 2ð Þ;
4; 8; 4; 3ð Þ; 4; 8; 2; 6ð Þ:

Furthermore, it is shown that if Fn is a repdigit in base b and has at least two digits, then ðn; bÞ ¼
ð7; 3Þ; ð8; 4Þ; ð8; 6Þ; ð4; 2Þ; ð5; 4Þ; ð6; 3Þ; ð6; 7Þ: Namely,

F7 ¼ 13 ¼ 111ð Þ3;F8 ¼ 21 ¼ 111ð Þ4;F8 ¼ 21 ¼ ð33Þ6
and

F4 ¼ 3 ¼ ð11Þ2;F5 ¼ 5 ¼ ð11Þ4;F6 ¼ 8 ¼ ð22Þ3;F6 ¼ 8 ¼ ð11Þ7:

In Section 2, we give some well known results and then we prove our main theorem in Section 3.
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2 Preliminaries

In order to solve the Diophantine equation

FmFn ¼
d � ðbk � 1Þ

b� 1
;

we will use Baker’s theory on lower bounds for non-zero linear forms in logarithms of algebraic numbers.
So, we start with recalling some basic notions from algebraic number theory.

Let g be an algebraic number of degree d with minimal polynomial

a0xd þ a1xd�1 þ � � � þ ad ¼ a0

Y

d

i¼1

x� gðiÞ
� �

2 Z½x�;

where the ai’s are relatively prime integers with a0 [ 0 and the gðiÞ’s are conjugates of g: The function hð�Þ
defined by

hðgÞ ¼ 1

d
log a0 þ

X

d

i¼1

log max jgðiÞj; 1
n o� �

 !

ð3Þ

is called the logarithmic height of a algebraic number g: In particular, if g ¼ a=b is a rational number with
gcdða; bÞ ¼ 1 and b� 1; then hðgÞ ¼ log max jaj; bf gð Þ:

The following properties of logarithmic height are found in many works stated in the references:

hðg� cÞ� hðgÞ þ hðcÞ þ log 2; ð4Þ

hðgc�1Þ� hðgÞ þ hðcÞ; ð5Þ

hðgmÞ ¼ jmjhðgÞ: ð6Þ

The following theorem is deduced from Corollary 2.3 of Matveev [12] and provides a large upper bound for
the subscript n in the equation (2) (also see Theorem 9.4 in [4]).

Theorem 2 Assume that c1; c2; . . .; ct are positive real algebraic numbers in a real algebraic number field
K of degree D, b1; b2; . . .; bt are rational integers, and

K :¼ cb1

1 � � � cbt
t � 1

is not zero. Then

jKj[ exp �1:4 � 30tþ3 � t4:5 � D2ð1þ log DÞð1þ log BÞA1A2 � � �At

� �

;

where

B� max jb1j; . . .; jbtjf g;

and Ai� max DhðciÞ; j log cij; 0:16f g for all i ¼ 1; . . .; t:

The following lemma was proved by Dujella and Peth}o [5] and is a variation of a lemma of Baker and
Davenport [3]. This lemma will be used to reduce the upper bound for the subscript n in the equations (2).
For any real number x, we let jjxjj ¼ min jx� nj : n 2 Zf g be the distance from x to the nearest integer.

Lemma 3 Let M be a positive integer, let p/q be a convergent of the continued fraction of the irrational
number c such that q [ 6M; and let A;B;l be some real numbers with A [ 0 and B [ 1: Let � :¼
jjlqjj �Mjjcqjj: If �[ 0; then there exists no solution to the inequality

0\juc� vþ lj\AB�w;

in positive integers u, v, and w with

u�M and w� logðAq=�Þ
log B

:

The following lemma can be found in [15].
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Lemma 4 Let a; x 2 R: If 0\a\1 and xj j\a; then

logð1þ xÞj j\� logð1� aÞ
a

� xj j

and

xj j\ a

1� e�a
� ex � 1j j:

3 The proof of Theorem 1

Proof Let b ¼ 2; 3; 4; 5; 6; 7; 8; 9 and 2�m� n: Assume that FmFn is a repdigit in base b and has at least
two digits. Then the equation (2) holds for 2�m� n with k [ 1: Let us suppose that 2�m� n� 200: Then
by using Mathematica program, we obtain only the solutions displayed in the statement of Theorem 1. From
now on, assume that n [ 200: Then, the inequality

F200�FmFn ¼
d � ðbk � 1Þ

b� 1
� bk � 1� 9k � 1

implies that

43\
logð1þ F200Þ

log 9
� k:

That is, k� 44: By using (1), we get

2k�1� bk�1� d � ðbk � 1Þ
ðb� 1Þ ¼ FmFn� anþm�2� a2n�2\22n�2:

This shows that k\2n: On the other hand, rearranging the equation (2) as

amþn

5
� d � bk

b� 1
¼ � d

b� 1
þ ambn þ bman � bmþn

5
ð7Þ

and taking absolute values of both sides of (7), we get

amþn

5
� d � bk

b� 1

�

�

�

�

�

�

�

�

� d

b� 1
þ am bj jn

5
þ bj jman

5
þ bj jmþn

5
: ð8Þ

Dividing both sides of (8) by
anþm

5
yields to

1� 5d � a�ðnþmÞbk

b� 1

�

�

�

�

�

�

�

�

� 5d

ðb� 1Þanþm
þ bj jn

an
þ bj jm

am
þ bj jmþn

anþm

\8 � a�2m;

ð9Þ

where we have used the fact that ab ¼ �1: Now, let us apply Theorem 2 with c1 :¼ a; c2 :¼ b; c3 :¼
5d=ðb� 1Þ and b1 :¼ �ðnþ mÞ; b2 :¼ k; b3 :¼ 1: Note that the numbers c1; c2; and c3 are positive real

numbers and elements of the field K ¼ Qð
ffiffiffi

5
p
Þ: It is obvious that the degree of the field K is 2. So D ¼ 2:

Now, we show that

K1 :¼ 1� 5d � a�ðnþmÞbk

b� 1

is nonzero. Contrast to this, we assume that K1 ¼ 0: Then anþm ¼ 5d � bk=ðb� 1Þ; which is impossible since
anþm is irrational. Moreover, since
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hðc1Þ ¼ hðaÞ ¼ log a
2
¼ 0:4812:::

2
; hðc2Þ ¼ log b� log 9\2:2

and

hðc3Þ� hð5Þ þ hðdÞ þ hðb� 1Þ� log 5þ log 8þ log 8\5:77

by (5), we can take A1 :¼ 0:5;A2 :¼ 4:4 and A3 ¼ 11:6: Also, since k\2n and m� n; we can take B :¼ 2n:
Thus, taking into account the inequality (9) and using Theorem 2, we obtain

8 � a�2m [ K1j j[ exp �1:4 � 306 � 34:5 � 22ð1þ log 2Þð1þ log 2nÞ � 0:5 � 4:4 � 11:6
� �

:

This implies that

2m log a� log 8\2:48 � 1013 � ð1þ log 2nÞ: ð10Þ

Now, let rearrange the equation (2) as

an

ffiffiffi

5
p � d � bk

ðb� 1ÞFm
¼ bn

ffiffiffi

5
p � d

ðb� 1ÞFm
: ð11Þ

Taking absolute values of both sides of (11), we get

an

ffiffiffi

5
p � d � bk

ðb� 1ÞFm

�

�

�

�

�

�

�

�

� bj jn
ffiffiffi

5
p þ d

ðb� 1ÞFm
: ð12Þ

We divide both sides of (12) by
an

ffiffiffi

5
p to obtain

1�
ffiffiffi

5
p

d � a�nbk

ðb� 1ÞFm

�

�

�

�

�

�

�

�

� bj jn

an
þ d

ffiffiffi

5
p

ðb� 1ÞanFm
\

1

an
þ

ffiffiffi

5
p

an
\3:24 � a�n: ð13Þ

Put c1 :¼ a; c2 :¼ b; c3 :¼ ðb� 1ÞFm=
ffiffiffi

5
p

d
� �

; and b1 :¼ �n; b2 :¼ k; b3 :¼ �1: The numbers c1; c2; and c3

are positive real numbers and elements of the field K ¼ Qð
ffiffiffi

5
p
Þ and so D ¼ 2: Let

K2 :¼ 1�
ffiffiffi

5
p
� d � bk

ðb� 1Þ � an � Fm
:

Then K2 is nonzero. For, if K2 ¼ 0; then an ¼
ffiffiffi

5
p
� d � bk= ðb� 1ÞFmð Þ: Conjugating in Qð

ffiffiffi

5
p
Þ gives us

bn ¼ �
ffiffiffi

5
p
� d � bk= ðb� 1ÞFmð Þ and so Ln ¼ an þ bn ¼ 0, which is impossible. Since

hðc1Þ ¼ hðaÞ ¼ log a
2
¼ 0:4812:::

2
; hðc2Þ ¼ log b� log 9\2:2

and

hðc3Þ� hð
ffiffiffi

5
p
Þ þ hðdÞ þ hðb� 1Þ þ hðFmÞ� log

ffiffiffi

5
p
þ log 8þ log 8þ m log a

� 5þ m log a

by (3), we can take A1 :¼ 0:5; A2 ¼ 4:4 and A3 :¼ 10þ 2m log a: The same argument as above shows that
we can take B :¼ 2n. Thus, taking into account the inequality (13) and using Theorem 2, we obtain

3:24ð Þ � a�n [ K2j j[ exp C � ð1þ log 2Þð1þ log 2nÞ � 0:5 � 4:4 � 10þ 2m log að Þð Þ;

where C ¼ �1:4 � 306 � 34:5 � 22: This implies that

n log a� log 3:24ð Þ\2:14 � 1012ð1þ log 2nÞ 10þ 2m log að Þ: ð14Þ

Combining the inequalities (10) and (14), we get

n log a� log 3:24ð Þ\2:14 � 1012ð1þ log 2nÞ 10þ log 8þ 2:48 � 1013 � ð1þ log 2nÞ
� �

: ð15Þ

Hence, a computer search with Mathematica gives us that n\5:43 � 1029. Now, let us try to reduce the upper
bound on n by applying Lemma 3. From now on, we assume that m� 3: Let
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z1 :¼ k log b� ðnþ mÞ log aþ logð5d=ðb� 1ÞÞ

and x :¼ ez1 � 1: From (9), we have

xj j ¼ ez1 � 1j j\ 8

a2m
\

1

2

for m� 3: Choosing a :¼ 1
2
; we get the inequality

jz1j ¼ logðxþ 1Þj j\ log 2

1=2
� 8

a2m

by Lemma 4. Thus, it follows that

0\ k log b� ðnþ mÞ log aþ logð5d=ðb� 1ÞÞj j\ 11:2

a2m
:

Dividing this inequality by log a; we get

0\ k
log b

log a

� 	

� ðnþ mÞ þ logð5d=ðb� 1ÞÞ
log a

� 	
�

�

�

�

�

�

�

�

\23:3 � a�2m: ð16Þ

Take c :¼ log b

log a
62 Q and M :¼ 10:86 � 1029: For every b such that 2� b� 9; we found that q69; the

denominator of the 69-th convergent of c exceeds 6M. Now let

l :¼ logð5d=ðb� 1ÞÞ
log a

:

Considering the fact that 1� d� b� 1; a quick computation with Mathematica gives us that the inequality
�ðbÞ :¼ jjlq69jj �Mjjcq69jj [ 0 except for the cases b ¼ 5; d ¼ 4 and b ¼ 6; d ¼ 1: Let A ¼ 23:3;B ¼ a;
and w ¼ 2m in Lemma 3. Then, with the help of Mathematica, we can say that if the inequality (16) has a
solution, then

2m ¼ w� logðAq69=�ðbÞÞ
log B

� 192;

which yields to m� 96: On the other hand, in the cases b ¼ 5; d ¼ 4 and b ¼ 6; d ¼ 1; from (16), we have

0\ v
log b

log a

� 	

� ðnþ mÞ
�

�

�

�

�

�

�

�

\23:3 � a�2m;

where v ¼ k or v ¼ k þ 1: If we divide this inequality by v, we get

0\
log b

log a
� nþ m

v

�

�

�

�

�

�

�

�

\
23:3

a2m � v : ð17Þ

Assume that m� 85: Then it can be seen that

a2m

46:6
[ 7:24 � 1033 [ 2n� v;

and so we have log b
log a� nþm

v

�

�

�

�

�

�
\ 23:3

a2m�v \ 1
2v2 with b 2 5; 6f g: From the known properties of continued fraction, it

is seen that the rational number nþm
v is a convergent to c ¼ log b

log a with b 2 5; 6f g: Now let ½a0; a1; a2; :::� be the

continued fraction expansion of c and let
pr

qr
be its r-th convergent. Assume that nþm

v ¼
pt

qt
for some t. Then

we have 1:6 � 1030 [ q59 [ 1:5 � 1030 [ 2n� v: Thus t 2 f0; 1; 2; . . .; 58g: Furthermore, aM ¼ maxfaiji ¼
0; 1; 2; . . .; 59g ¼ 347: Again, from the known properties of continued fraction, we get

c� pt

qt

�

�

�

�

�

�

�

�

[
1

ðaM þ 2Þv2
¼ 1

349 � v2
;

Thus, from (17), we obtain
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23:3

a2m � v [
1

349 � v2
:

This yields to

1

15:5 � 1033
[

23:3

a2m
[

1

349 � v [
1

5:24 � 1032
;

a contradiction. Therefore m\85: Consequently, taking m� 96 and substituting this upper bound for m into

(14), we obtain n\1:79 � 1016: Now, let

z2 :¼ k log b� n log aþ log
ffiffiffi

5
p

d=ðb� 1ÞFm

� �

:

and x :¼ ez2 � 1: It is clear that

xj j ¼ ez2 � 1j j\ 3:24

an
\

1

4

by (13), where we have used the fact that n� 121: Thus, taking a :¼ 1=4 in Lemma 4 and making necessary
calculations, we get

jz2j ¼ logð1þ xÞj j\ 3:9

an
:

That is,

0\ k log b� n log aþ log
ffiffiffi

5
p

d=ðb� 1ÞFm

� �
�

�

�

�

�

�
\3:9 � a�n:

Dividing both sides of the above inequality by log a; we obtain

0\ k
log b

log a

� 	

� nþ
log

ffiffiffi

5
p

d=ðb� 1ÞFm

� �

log a

�

�

�

�

�

�

�

�

�

�

\8:11 � a�n: ð18Þ

Let c :¼ log b

log a
: Since k\2n, we can take M :¼ 3:58 � 1016: For every b such that 2� b� 9; we found that

q55; the denominator of the 55-th convergent of c exceeds 6M. Now put

l :¼
log

ffiffiffi

5
p

d=ðb� 1ÞFm

� �

log a
:

For 3�m� 96 and 1� d� b� 1; a quick computation with Mathematica gives us the inequality 0\�ðbÞ :
¼ jjlq55jj �Mjjcq55j except for the case ðb; d;mÞ ¼ ð5; 4; 5Þ: In the case ðb; d;mÞ ¼ ð5; 4; 5Þ we have

5Fn ¼ 5k � 1; which is a contradiction. Let A :¼ 8:11;B :¼ a; and w :¼ n in Lemma 3. Thus, with the help
of Mathematica, we can say that if the inequality (18) has a solution, then

n ¼ w� logðAq39=�ðbÞÞ
log B

� 196:561:

This contradicts our assumption that n [ 200: Now let us consider the case m ¼ 2 and n [ 200: In this case,

we have the equation Fn ¼ d�ðbk�1Þ
b�1

: If we rearrange this equation as

an

ffiffiffi

5
p � d � bk

ðb� 1Þ ¼
bn

ffiffiffi

5
p � d

b� 1

and follow the argument after the equation (11), we see that n\200: This contradicts our assumption that
n [ 200: This completes the proof of the theorem. h
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Corollary 5 Let 2� b� 9: If Fn is a repdigit in base b and has at least two digits, then ðn; bÞ ¼
ð7; 3Þ; ð8; 4Þ; ð8; 6Þ; ð4; 2Þ; ð5; 4Þ; ð6; 3Þ; ð6; 7Þ: Namely,

F7 ¼ 13 ¼ 111ð Þ3;F8 ¼ 21 ¼ 111ð Þ4;F8 ¼ 21 ¼ ð33Þ6
and

F4 ¼ 3 ¼ ð11Þ2;F5 ¼ 5 ¼ ð11Þ4;F6 ¼ 8 ¼ ð22Þ3;F6 ¼ 8 ¼ ð11Þ7:

Corollary 6 Let 2�m� n; 2� b� 9 and k� 2: Then the equation FmFn þ 1 ¼ bk has only the solutions
ðm; n; b; kÞ ¼ ð2; 4; 2; 2Þ; ð4; 5; 4; 2Þ; 4; 5; 2; 4ð Þ; 2; 6; 3; 2ð Þ; 4; 6; 5; 2ð Þ; 3; 7; 3; 3ð Þ; 4; 8; 8; 2ð Þ; 4; 8; 4; 3ð Þ;
4; 8; 2; 6ð Þ:
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