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Abstract This work is concerned with the development of a scheme to obtain boundary conditions adapted
representations of derivatives (differential operators) in the orthonormal wavelet bases of Daubechies family
in Q=[0, 1] C R. The scheme is employed to find approximate solution of the (1+1)-D advection-
diffusion-transport equation arising in the flow of contaminant fluid (water) through a porous medium
(ground). Representation of derivatives adopting Dirichlet’s boundary conditions have been derived first.
These representations are then used to reduce the aforesaid advection-diffusion-transport equation to a
system of nonhomogeneous first order coupled ordinary differential equations. It is observed that repre-
sentations of the derivatives derived here shift the non-homogeneous terms in the boundary conditions to
non-homogeneous terms of the reduced ordinary differential equations. The resulting ordinary differential
equations can be solved globally in time, in general, which helps to prevent the necessary analysis of time
discretization such as estimate of step lengths, error etc. In case of convection dominated problems, the
system of ordinary differential equations can be solved numerically with the aid of any efficient ODE solver.
An estimate of L?-error in wavelet-Galerkin approximation of the unknown solution has been presented. A
number of examples is given for numerical illustration. It is found that the scheme is efficient and user
friendly.

Keywords Wavelet-Galerkin approximation - CDV wavelets -

boundary condition adapted multiresolution representation of derivatives -
advection diffusion transport equation

Mathematics Subject Classification 35K57 - 47F05 - 58J35 - 65T60

Communicated by NM Bujurke.

A. Chatterjee - U. Basu
Department of Applied Mathematics, University of Calcutta, Kolkata 700009, India
E-mail: umabasu49 @gmail.com

M. M. Panja (IX))
Department of Mathematics, Visva-Bharati, Santiniketan 731 235, India
E-mail: madanpanja2005@yahoo.co.in

D. Datta
HPD, BARC, Mumbai 400 085, India
E-mail: ddatta@barc.gov.in

B. N. Mandal

Physics and Applied Mathematics Unit, Indian Statistical Institute, 203 B. T. Road, Kolkata 700 108, India
E-mail: birenisical @gmail.com

@ Springer



Solving one-dimensional advection... 873

1 Introduction

Wavelet theory based on multiresolution analysis (MRA) developed mostly over the past thirty years has
generated tremendous amount of interest in many areas of research in pure and applied mathematics for
technological applications [1-3] and others. Wavelets with compact supports are elements in basis that are
localized in both physical space (due to their compact support) and wavenumber space (owing to their
vanishing moments). Due to this space/scale localization, approximation of functions in wavelet basis
provides both spatial and scale information simultaneously. The wavelets may be regarded as the mathe-
matical microscope in the analysis of smoothness or regularity of function.

The Wavelet-based method for the solution of partial differential equation (PDE) has already been
studied by several authors (cf. [4-11]). In most of these works scale functions and wavelets used for
multiresolution approximation of unknown solutions are either truncated at the boundary or basis of
approximation- and detail-spaces of multiresolution analysis of space of functions satisfying specific
boundary condition (homogeneous in particular). In the case of truncated scale functions and wavelets at the
boundary, their orthogonal property is not maintained. Our objective here is to find approximate solution of
advection diffusion transport equation (ADTE) with constant coefficients by using wavelet-Galerkin
approximation of the unknown solution and the boundary condition adapted multiresolution representations
of space derivatives involved there. In our studies the space domain has been discretized by scale functions
and wavelets of a multiresolution analysis of L*([0, 1]) reformulated by Cohen et al [12].

The organization of our paper is as follows. The important properties of multiresolution analysis of
L*(]0, 1]) and some formulae relevant to this work are presented in Sections 2 and 3. The boundary condition
adapted representations of derivatives (%,zc—zz) by using results of previous two sections are derived in
Section 4. The systematic procedure of reduction of ADTE in (14+1)-D to system of linear differential
equation by using boundary condition adapted representation of space derivatives has been dicussed in
Section 5. An estimate of L?-error on the basis of norm equivalence of MRA is presented in section 6. The
method is illustrated in Section 7 with some examples. The work is concluded in Section 8.

2 Preliminaries
2.1 MRA of L*(R)

A MRA of L*(R) comprises functions of compact support ¢, ¥ and sequences of nested subspaces
Vi, W; (j € Z) of L*(R). The function ¢ is known as scale function, satisfies the two scale relation

Pr(x) = plx — k) = @y h. (2.1)
The vector @ 5 is defined as
D5 = V2(p(2x+K 1), ¢p(2x — K))| - (2.2)

The other function  known as wavelet, is defined as

Vi(x) =y (x — k) = Dix g (2.3)

The vectors h = (h—K-H?"'7h07h]a"'7hK)2K><1 and 8= (g—K+]7"'ag07g17'"7gK)2K><1 = ((_1)7K+1

hi, (—1) % hg_y, -, (=1)*h1_k),x ., are known as low- and high-pass filters of MRA generated by ¢.
Here K is a positive integer represents number of vanishing moments of /. The subspaces V; and W; of
nested sequence are defined as

Vi = spankel{d)j,k (x)}, Wi = Spa“kez{‘ﬁj,k(x)}
where elements ¢; ;(x) and i (x) are given by
diax) = 29(2x — k), Y(x) = 2P k), jk € Z. (24)

Each function f(x) € L*(R) can be expressed as
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874 A. Chatterjee et al.

cho kq’)jok + szjkw/k (25)

keZ Jj>Jjo keZ

where
Cok = / FO) b x s di = / FO 4 (¥,

It may be noted that the expansion (2.5) is limited to functions defined over the whole real line R. The
expansion of functions defined over a finite domain of R deserves special attention and is discussed below.

2.2 MRA of L2([0,1])

A finite interval in R can always be chosen as [0, 1] without loss of generality. Within the finite domain
[0, 11, {Bjy 1, (x), ko € Z, ;1 (x), k € Z,j>jo > [Inz(2K — 1) + 1} loses their orthonormality conditions
and translational invariance property. In contrast to the classifications involving truncated (nonorthogonal)
boundary elements in the basis used in Ref. 13, here scale functions and wavelets are orthonormal and
classified into three classes each [12]

®) () = (00(6), 901 (0),- ) 41 ()
© (3) = (¢, () By 1 (0): -+ by 1 (1), (2.6)
®} () = (Sh 20 ) Bl o1 () Bl 1 ()
W0(3) = (W00, (), Uy (),
W;<x>=(w,-,K<x>,w,,K+1<x>,-~- -k (¥), (2.7)
W) = (o 5ot (). U1 ().

Scale functions and wavelets qS tp, . at the edge of the interval [0, 1] are related to the boundary scale
functions ¢“®(x) and wavelets x// R (x) over R*(= [0,00)) and R~ (= (—o0,0]) by the relation

¢j001k0(x) = ¢jL0_ko<x)a lpjok(x) = l//]Lk(x) k()ak = Oa la e 7K -1
Biotey (¥) = o s (¥ = 1), () = Y (x = 1) (2.8)
ko' =2 + koK' =2/ + k ko, k= —K,---,—1.
All the above functions are defined at resolution jy and j. The superscript L( or R) is used to indicate that the
support of the corresponding function contains the left (or right) end of the half line R™( or R™).
Unlike the two-scale relation (2.1) for scale function, (2.3) for wavelets in interior class and (2.4)

describing their relations at resolution 0 and j, the corresponding formulae for scale functions and wavelets
in boundary classes R™ and R~ are given by

DG (x) = h* @ (x) + O (x), @ (x) = KO (x) + ¥ O (x),

L LepyL LI gLl RR RI gy RI (2.9)
¥i(x) = g @y (x) +gH @y (x), W) (x) = g0 (x) + gM @Y (x);
Pip(x) = 25q§jk (2’x). ( ) = flpk (2/x), k=0,1,--- K — 1 (2.10)
$F(x) = 267 (27x), Y (x) = 2Yf(20x), k=—K,--,—1.

In the above h" k%, g" g® are K x K matrices and h™ | h®' g gR! are K x (2K — 1) matrices, are boundary
filters (h’s are low-pass and g’s are high-pass). It is important to mention here that boundary filters appearing
in relations (2.7 a,b), (2.8 a,b) in Ref. 13 are different from the same appearing in two-scale relation (2.9).
The vectors comprising boundary scale functions and wavelets in R™ and R~ at resolution j are given by
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D (x) = D) (x), OF(x) = (¢ _g) (%), by _g1) (), Dy (),
Wi (x) = W) (x), W) = (W) (0, W ey (), Wy (), (2.11)
;! (x) = ((:bj,(l()(x)v"'7¢j,(3k—2)(x))7 Q1 (x) = (¢ -3xen) ()5 by (k1) (1))

The determination of boundary filters are considered in detail by Cohen et al [12]. The existence of
multiscale approximation of some unknown function and its regularity can be ascertained by the following
theorem [cf. Theorem 4.4, p.74 [12]].

Theorem 1 Choose any jg so that 2° > 2K, then the collection
LU mUew U e U¥eUY o)
Jj=Jo

is an orthonormal basis for L*([0,1]). If r is the H older index of ¢ and \ (i.e. ¢,y € C"), then this
collection is also an unconditional basis for C°(|0, 1]) for s <r; a bounded function f is in C°([0, 1]) if and

only if

C
0 1
L 1 ) | 1) | < S (2.12)
where the constant C is independent of j and k.
Each function f € C*[0, 1] can be expressed as
200 —1 oo 2
f)=> "¢ x) + Z Zd]‘k (X)) =), ¢+ > W d
k=0 ey =i (2.13)
T
((Djov\lllo’ ‘P o+15 " ) (cjovdjovdjoﬂa T )
where
1 1
= / f)@; (x)dx  dfy = /0 FOOW; (x)dx, (2.14a)
o, = (o), @ @), ¥ = (¥.¥,¥) (2.14b)
and
¢ = (chich), o= (a)d.d)). (2.14¢)

The superscript x indicates the classes 0, 7, 1 introduced earlier.
2.3 Moments of interior and boundary scale functions and wavelets
The systematic steps for calculating moments of interior scale function of Daubechies family have been

discussed in detail by Beylkin in Ref.2. Now we define vectors formed by the moments of boundary scale
functions and wavelets

ut(m) = /Oooxmd)é(x)dx, u= (m) :[ XD (x)dx
and
00 0
ot (m) = /0 X" (x)dx, 8F(m) = /_ X"WE (x)dx (2.15)

respectively. Using the refinement equations in (2.9), vectors u(m), uf(m) can be obtained by solving [14]
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1

1
(1— 2,,,+%hL)ﬂL(m) = ﬂhuﬂ”(m),
I Ry R L ki g (2.16)
(1= g W) = oo ),
Here [ is the identity matrix of order K and p!(m), u®!(m) are given by
oo
p ) = ([ k= Ko 3K~ 2y
e (2.17)

u(m) = (/ Xy (X)dx, k==3K+1,--, =K = 1)y _1),;-
—00

Once the vectors = (m), u®(m),u" (m), u®! (m) for given m have been found, 6*(m), 6% (m) can be obtained
by using the formulae

) = s (&4 )+ (),

(2.18)

8% (m) = —— (g"u®(m) + g~ u®! (m)).

2m+l

The formulae for evaluation of integrals involve in (2.17) have been discussed in [14].

3 Connection coefficients

The compactly supported Daubechies wavelets are useful basis for the numerical solutions of partial
differential equations using wavelet-Galerkin techniques. To derive boundary conditions adapted repre-
sentation of differential operators, we need to calculate some connection coefficients which plays an
important role to approximate the partial derivatives as well as nonlinear terms in the wavelet discretization

of the differential equation.
We have used the notations [15]

K[ K2 d)Kl

Ty ki, kz Jiki dxp jz kz
Kl,Kz Kl

%y ko, kz / Ji:ki d p ¥z kzdx
Kl,Kz Kl d
Jl k132, kz 11 ki d P Jz kz

Ki,K2
.
Vir ki, kz / lplkl dx? ]2 kz

throughout our discussion. Here each of ki, k, represents the symbols 0, I and 1 introduced in §2.2. The
formulae for evaluation of these integrals in terms of integrals involving elements in @f(x), ¥((x)(x =
0,1, 1) have been derived in the following sections.

3.1 Integrals of product of scale functions and their derivatives

3.1.1 Interior scale functions

We denote

n) = [~ o) 5000 (32)

Theorem 2 If the integral in (3.2) exists, then ry(p) satisfy the system of linear equations
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K K

np) =23 > hh raik (3.3)

k=K+1 k=—K+1

subject to the condition
> kr(p) = (—1)pt (3.4)
k

The values of r(p) for —2K +2<k<2K —2,K =3 and p = 1,2 are given in Beylkin(1992). Once the
values of r(p) are known, values of r,lql (,(P) = 5 e (0% ¢k2( x)dx can be found from

i
Tk (P) = 10, (P)- (3:5)
The integral involving scale functions at resolution j can then be evaluated with the help of the formula
1l ixp 11 I8
"j,’kl;j,kz(P) = 2ijrk kz(P) = 2]Xprk1 kz(P) (3.6)

3.1.2 Boundary and interior scale functions
We define
rk]k2 / ¢k, dﬁ¢k’( x)dx, ky=0,---,K—1, k >K. (3.7)

Then certainly r,?]’{kz (p) =0 for k; — k; > 2K — 1. The use of two-scale relations (2.1) and (2.9) for the
interior and boundary scale functions in (3.7) leads to

Vl(c)ll,kz(P) =2 Z ,2{Zh 11/0 ¢2 (zx)ﬁ¢2kz+lz(2x)dx

hL=—K+1

3K—2
+ Zh zl/ d)lq (2x) dp¢2k2+12(2x) }

This can be rearranged into the form

K 3K-2
0,/ L
" kz(P) = Z {thl llrh 2k2+12 ) + Z hy, i zl 2k2+lz )} (3.8)
L=—K+1

Similarly, the recurrence relation for the integral
rllclo,kz (P) = /0 d)kl ('x) ﬁ(bgz (X)dx, kl ZKv k2 = Oa e 7K -1 (39>

can be recast into the form

3K-2
1,0
”k;,kz(P) =20 Z {thz 1272k1+z| kz ) + Z hl/:zl,lzrzk|+l| ko )} (3.10)

L=—K+1

The recurrence relation (3.8) for k; =0,---, K — 1,k =K,---,3K — 2 and (3.10) for k; =K, ---,3K —
2, kp=0,---,K—1 form a well conditioned system of linear simultaneous equation for r,?l’{kz(p) and
r,ilok ) whose solution provides the value of the integrals given (3.7) and (3.9).

Following the similar steps the integrals

A= [ @ i b= KoLk Kol G
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878 A. Chatterjee et al.

0
d&r
e (p) = /Oo oy, (x)ﬁqbfz(x) de, ki< —K—1,kp=—K, -+, —1 (3.12)
involving interior scale functions and elements of @f (x) can be found by solving well-conditioned system of
equations  for rfl,lkz(p)(kl =—K,---,—1,kp=-3K+1,---,—K—1) and r,i’llsz(p)(kl = -3K +
17"'7_K_1) ky = ,"'7_1)
RI X ~ i
Tk (P) =2 Z { Z hk1 I 1],2k2+12 (p) + Z hf,ll, T byt (P)} (3.13)
L=—K+1 I1=—K L =—3K+1
IR ~ L
RI
Tk, () =2 Z { Z h, o140 (P) + Z ey 1,2k, 41, k7(P)}~ (3.14)
Lh=—K+1 L=—K L=—-3K+1

Values of these integrals can then be used to obtain the integrals involving boundary scale functions
touching both of them same boundary. One can now use the values of integrals rk k (p), rk1 1, (P) on [—00, 0]
to obtain the same type of integrals within finite domain [0, 1] at particular resolution j (2 > 2K)

1
ar : . .
/lk[’ o ):/0 ¢;,k;(x)ﬁ¢j,kz(x)dx7 k=2 =K, 2 = 1; kp <2/ — K — 1. (3.15)

Use of the definition (2.8) in the right side of (3 15) leads to
jxp d j
j k kz — 2 ¢kr 2, - 2) ﬁ d)kz (2 .x)d.x
= 2ixp/ ¢2 (1) ﬁqbkz_z,-(t)dt
=2/ rlljlzlk 2/(1’)
This relation can be put into the form

11 b I
/k’kz(p) 20 g2 (P): (3.16)

Following the similar steps in the integral

1
dar . . .
,Ikll K, p) :/0 Pjx, (x)ﬁ#,k;(x)d% k<2 —K-—-1;k,=2'-K,---,2/ —1 (3.17)
can be written as
1 p
M P) =2 1 () (3.18)
3.1.3 Boundary scale functions
We denote the integrals
oo (P / ¢p, (x) dxp d>k2( x) dx (3.19)
e (P / oi (x) dxp <f>k2( x) dx (3.20)

Use of two scale relations given in (2.9) into right side of (3.19) and (3.20) gives after some algebraic
calculations
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K-1 K—1 K—1 3K—2
]?l?kz ZP{g £ Ohkl llhéz lzrll 12 + Z() IZ hé] Ilhézllzrll N3 )
1= 2= 2
3K—2 K— 3K—2 3K—2 (3.21)
Z Z . zlhézlzrll 5(P) + Z Zhﬁil fola 1, 12 )}>
1=K =0 =K b=
—1 —K—1
() = zv{ DD WITICTERS DS W IR
=K L— I)=K L=—3K+1
—K—1 —1 —K—1 —K—1 (3.22)
+ Z hkhllhfz lzrlllliz ) + Z Z hfllllhlelzrll]{lz (P)}
L=—3K+1 b=—K L=—3K+1 L=—3K+1

Relat1ons (3.21) and (3 22) give system of linear simultaneous equations for rk k (p) (kj,kp=0,---,K—1)
and rk o (p)(lq ky = .-+, —1) separately for each p. It is important to mention here that this system of
equations are redundant. However replacement of one or few of these equations by

3K—2
Z’ukl rkl,kz + Z rkl kg =0, k,=0,- -1 (323)
in case of equations derived from (3.21),or
—K—1 x
Z ﬂkl klkZ )+ Z rk[kz(p):()ﬂ k2:_K?”'7_1 (324)
ky=—3K+1

in case of (3.22), will transform the resulting system of equations well-conditioned. Their solution will
provide the value of the integrals (3.19) and (3.20).
The integrals

1
ar
00 0 0
Tk ko )_/0 ‘f’j,kl(x)ﬁ%kz()f)dx, ki,ky=0,---, K —1, (3.25)
a b d’ . . ,
Tk, (p) = /0 <,‘bj,,(/] (x)ﬁ¢j7k;(x)dx, ki,kb=2'—-K,---,2/ — 1 (3.26)
at resolution j can be evaluated with the help of the formulas
00 i 0,0
T devj ko (P) =2 Ty ey (P), (3.27)
e R.R
Tk, () =277 Te o, _y(P)- (3.28)

The values of these integrals obtained by using fomulae derived here will be useful in evaluating values of
the integrals involving products of scale functions/wavelets and their derivatives by using the formula
presented in the following three subsections.

3.2 Integrals of product of scale functions and derivatives of wavelets

1 *© dr
%, (P) = P, (%) ﬁlﬁkl (x)dx
|ky — ky| > 2K — 1 (3.29)

K
1 .

P )

2 > &y ok k10, (P) otherwise.

h=—K+1h=—K+1
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880 A. Chatterjee et al.

0(kz kl / ¢kz de l//kl ( )

0 ko —ky >2K — 1
= 3K-2 1l )
2 Z hi, Z &, 2k2+lz,11 )+ 2 861k, (P) otherwise.
L=—K+1 1=K
Al )= [ 90 G )
0 ki —ky>2K — 1

_ K 3K-2
= L .
Y 8, { > hkz lzrlz 2k1+ll( )+ [ZK hﬁizz Th 2k +1, (P)} otherwise.
=

5L=0

K—1 K—13K-2

(p) =
K—1
=2 Z h lzgkl D 12,11 +Z Z hkz lzg/q A 12 ll )

L=01,=0 =0 I,=
3K—23K-2 ]

K1
L LI
+ thz 1,8k;, llrh L (P) + Z Z e L8 T 12 11 (p)

hL=K 1,=0 =K I,=

0= [ 00l vl

0 ki —k>2K -1
- < SR .
2 3 h, Z & )+ 2 & P, () otherwise.
L=—K+1 L=-K L=—3K+1
0
&
R,
o) = [ 0 G50 0 as
0 ky — ki >2K — 1
Y Z g/]{ Z hg, lzrlz 241, (P) + Z e, 12 2k1+ll (P)} otherwise.
li=—K+1 L=—K L=—3K+1

O‘k» kl / ¢k2 d > ‘ﬁkl( x)dx

RR
=2”[Z Z he, 1,857 (P)

12:—K11:—K
1 —K-1 “K-1 -1
+ YD e+ D D> el i ()
L=—K lj=—3K+1 L=-3K+1=—K
—K—1 —K—1

+ Z Z hkz lzgkl I rlz I3 (p)

bL=-3K+1 1 =—3K+1

(3.30)

(3.31)

(3.32)

(3.33)

(3.34)

(3.35)

The integrals considered above are all at resolution 0. Whenever scale functions and wavelets involved are
at the same resolution j > 0, their values are 2*? times their corresponding values at resolution j = 0. In
case of finite interval [0, 1], formulae for evaluation of the integrals o>} (p), (k2,1 = 0,1, 1) are given by

2,k1
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0,1 0] 10 o 1,0
“j;kz,kl(P) ZJXPOCkzkl(p)? aj;kz,kl(p)_ 2]Xp°‘k2,kl(17)

(3.36a)
0,0 0.0
Uos ) = 2P ()
and
11 R 11 IR
% ko (P) 2j><pakz a2 (P)s Gy s, (P) = 2IXPO‘, o2 k-2 (D) (336b)
1,1 RR .
%ty (p) 2/><paj dr—2 ey Q/(p)'
3.3 Integrals of product of wavelets and derivatives of scale functions
ﬁkz,kl(p) = [m ‘//k2 (x)ﬁ%l (x)dx
0 |ky — k1| >2K — 1 (3.37)
= X K Il .
2 Z Z hllglz rz}(2+1272k1 +1, (p) otherwise.
lLiI=—K+1 L=—K+1
k2 kl / lpkz d » ¢k1( )
0 by —ki 22K -1 (33g)
= K2, .
2 Z glz Z hk] i r2k2+[2 I (P) + Z hkl 0 r2}62+lz7[1 (p) OtherWISe.
L=—K+1 =0 1=K
Bl ) = [ W00 5 b (a
0 ki —k>2K—1 (339
— K
2171 z}( lhfl { > 85, 12712 2k, (P) + Z g 12712 eyl (p)} otherwise.
1=—K+
0,0 *©
B, (P) = ; %2 (X) qbkl( x) dx
K—1K—1 K—13K-2
L
—Zpl gkzl k] i lz ll +Z Z gkz I k1 0 12 I (]7) (3.40)
L,=01,=0 20 4=
2K 3K—23K-2
+zzwﬁmh+zz%MMhﬂ
K [ K I
0 &,
Bkz K (P) = N 7% (x)ﬁ(f’kl (x)dx
0 ki —ky>2K — 1
- - S A .
r Z 8h Z hkl 11r2k2+12 [ CD) + Z hlq 172k 0 CD) otherwise.
L=—K+1 =K L =—3K+
(3.41)
R.,[ 0
P0) = [ VR G b s
0 ky — ki >2K — 1 (3.42)
= K -1 -K-1
r X { > gfz,lz”zli’,lzkw, )+ > gfilz rl[;{2k|+l| (p)} otherwise.
Lh=—K+1 bh=—K bh=—3K+1
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PL0) = [ VW o) as

—1 -1 —1 —K-1
R.R R,
=7 [ Z Z gfz l,hﬁ h rlz h (p> + Z Z gfz lzhlkellll rlz h (P)Jr (3.43)

b=KI=—K =K I} =—3K+1
_K—1 —K—1 —K-1
MR BRI
E gszz k1, 11”12 I (p) + E , E : gkz 13 khll 12 h (p)
h=-3K+11;=—K L=-3K+11,=—3K+1

The integrals considered above are all at resolution 0. Whenever scale functions and wavelets involved are
at the same resolution j > 0, their values are 2> times their corresponding values at resolution j = 0. In

case of finite interval [0, 1], formulae for evaluation of the integrals ﬁ"z KI "(p), k2,k1 =0, 1 are given by

Biiosa ) = 2P Bt (0)s Bios () = 277B5 0)s B, () = 277 B, (p) (3.440)
and

1,/ i R,[ /1
Bisosa () =27 B 1o (P), ﬁj'kz ,(P) = 2j><pﬁjk2 yju-2P);

11 ixp (3.44b)
Bk () = 2B s, (P)- (3.440)
3.4 Integrals of products of wavelets and their derivatives
o0 dp
) = | ) (o)
lky — k| 22K — 1 (3.45)
= K .
2 88, r;kIerlz,Zk]Jrl, (p) otherwise.
b, =—K+1
[o.¢] dp
1,0 _ 0
o) = [ ) G5 e
0 ky — ki >2K — 1 (3.46)
_ K2, )
2k Z 8 Z g, 2k2+12711 )+ > &1k nsP) otherwise.
L=—K+1 h=K
o) dav
01 _ 0
)= [ W0 T (0 ds
0 ki —ky>2K — 1 (347)
— K
2!’1 ZI:(-H f { Z gkz b rlz 2k +1y (p) + Z gk7 b r12 2k -+ (P)} otherwise.
=
oo dp
0,0 _
Yok P) lﬁgz (x) ﬁlﬁg,( ) dx
—1K-1 K—13K—=2 01
L L
-7 lz ngz lzgk]’l] ZZ Z‘ + Z Z 8o b8kt i T 1y ) (348)
L=01,=0 =0 /=
—2K-1 3K—23K—2
+ Z gkz;’zgkl S rlz 11 + Z Z gkz lzgkl i rlz A P)]
=K I,= =K I,=
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0 d
A ) = [0 0 e

0 ki —ky>2K — 1
- K Sy e .
¥ Z g/Z Z gR kil 2k7+[7 l] + Z gkl A 2k7+[2 I (p) otherwise.
L=—K+1 Lh=-3K
(3.49)
0
4
) = [ WA o s
—00
0 ky —ky >2K — 1
- S & I8 )
r o3 s Z 8 rlz i (P)+ gkz b 12k, 11, (P) otherwise.
L=—K+1 h=K L="3K+
(3.50)

ar
1800 = [ uE 0 D

—1 —1 —1 —K—-1
= [Z Z gk7 lzgkl S lz ll + Z Z gkz lzgkl J lz“ll(P>+ (351)

hL=—K§L1=—K L=—K l1,=—3K+1
k-1 k-1  —K-1
E E gkz lzglq i 12,11 o)+ E E gkz lzgkl 5 12 1l (P)|-
h=—3K+11—— h=—3K+1 L =—3K+1

The integrals considered above are all at resolution 0. Whenever scale functions and wavelets involved are
at the same resolution j > 0, their values are 2> times their corresponding values at resolution j = 0. In
case of finite interval [0, 1], formulae for evaluation of the integrals yfzz}:l '(p), k2,x; = 0,1 are given by

Titons () =270 () i () = 200, (), i, (P) = 277, () (3.52q)
and
V;;}([Lkl (p) = 2ij§2’1,21_,;{1 _(P)s V,lf/:z P = 2" / 2k — »(P),
le;}clz,k, (p) =27y sz 2 klfzf(p)' (3.52b)

4 Boundary conditions adapted representations of derivatives

Let us consider twice differentiable function y(x) satisfying Dirichlet boundary conditions
¥(0) =", (4.1)
y(1) = C* (4.2)

where CE, CR are real constants. We now use the formula (2.13) and symbols used there to represent
projection of y(x),y’(x) and y”(x) into the approximation space V;[0, 1] and the detail space W;[0, 1] at the
same resolution j as
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Zyofk +Zd0 jk JKk = (I)W‘Pj)(YOjadOj)T7

Z)’l,k (X +Zd Wix) = ( (D'a‘Pj)(yUadlj)Tv (4.3)
2

' (%) zz +Zd'2<k di(x) = ( (@, %))(y2,,d2)"
=0

Then following (2.14) we find

—

Y () (x)dx (4.4)

where x represents the symbols 0, /, 1 and y;f d, (p=1,2; 0<k<2 — 1) are coefficients to be
determined in terms of the unknown coefficients y0 d{f .- The integer j represents the level of resolution of

the approximation. '
All the coefficients yg,-,w (0<k<2% —1) are not independent. In fact due to the compact support of scale
functions and wavelets, two boundary coefficients y) , and o L., can be expressed in terms of
. . ’ 2= . .
¥, (ISk<K—1), ., (J-K<k<2-2), dj ., (0<k<K-1),dy (2 -K<k<2-1)
Explicit form of their relations are given by

K—1 K-1
y81'-0 - Z ¢ * ijAk o Z Jl':k(o)dgj.k
¢J 0 k=1 k=0

and

22 21
W, :ﬁlck_ SR, - S w,’»?ku)da_,,k}.

i2i—1 k=2—K k=2-K

Moreover it is possible to express coefficients y, ; ,, d; ., (p = 1,2) involved in the multiscale expansion of

y'(x) and y"(x) (in (4.3)) in terms of unknown coefficients yg/_‘k,d'(oﬁk appearing in the wavelet-Galerkin

expansion of y(x) and its prescribed values at the boundaries given in (4.1) and (4.2). Their relations can be
explicitly put into the form

Ypi = Dpiklysi = Ppj Yo, + %) doj+¥S,;, (4.5)
dyj=1[dpjrlyicy = Bpjyoj+ 7, doj+dS,,. (4.6)

While the symbols p,, ; and B, ;(p = 1,2) mentioned above are 2/ x (2 — 2) matrices, a,; and y,;(p = 1,2)
are square matrices of order 2/ The last terms yS), ; and dS), ; are 2 x 1 column vectors and appear due to the
boundary conditions. So these two terms turn out to be null vectors in case of homogeneous boundary
conditions involved in the problem. We have used the symbols y ;, do; to represent

Yoj = Doji,-co- 2 Y0j2-2)5 (4.7)
doj=[dojo, - vdo joi—1)- (4.8)

The expressions for the elements of p,;,a,;,B,;,7,; j and vectors yS, ;, dS,; (p = 1,2) are presented in
Appendix I. One can now recast the relations given in Eq.(4.5) and Eq.(4.6) by

@ Springer



Solving one-dimensional advection... 885

[y,,‘,} — | P % {y_‘“} + [ys”-"]. (4.9)
dy; ﬁpj Ypj d; dsp;
One may regard the matrix
. ol i
D, = | ’”] (4.10)
ﬁpj Vpj

as the boundary condition adapted representation of the derivatives < <5 " (p = 1,2) in the union of approxi-
mation- and detail-spaces at fixed resolution j of MRA of L?[0, 1] introduced by Cohen et al (1993).
5 Application to advection diffusion transport equation

Here we have employed the boundary conditions adapted representations of derivatives derived in the
formula (4.9) and (4.10) to solve the ADTE

R_%(x,t) 222 (x,1) + i Zi(x,t) +ke(x, 1) =f(x,1), 0<x<1,1>0 (5.1)
with the boundary conditions
c(0,1) = CH(1), c(1,1) = CR(r) (5.2a,b)
and the initial condition
c(x,0) = Co(x). (5.2¢)

As in the case of (2.13), (2.14a-c), we approximate here c(x, 1), cx(x, ) and cy(x, t) by their projections into
the V;[0, 1] and W;|0, 1] at some resolution j as

c(x,1) ~ cj(x 1) = (Py,c)(x,1) + (Qw,c)(x,1)

—1

—ka )+ S dE (0 ()
k=0

a%mmm%mﬁ (5.30)

:gmm%w+§%mmw

= (@, %y, 0).di, (0] (5.30)
o) ~ e 5.0 = (P 29)w.0) + (0w 29 .1

—%%M%@+§@M%w

= 0,20, 0] (5.3¢)

Substitution of (5.3a,b,c) for c(x, ) and its space derivatives appearing in equation (5.1) yields
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[2/—1 21
RI> 35, 0050+ _dy, (0¢]4(x)
L k=0 k=0 _
[2—1 2-1
—D|Y 35, (05 + D di (DY)
k=0 k=0

M1 2-1
HE| Y (OG0 + D df (Y (x) (5.4)
| k=0 k=0 i
[2-1 21 T
+k Zyéﬁ,_k(t)@’fk(x) +) dy OV ()
| k=0 k=0 _
21 21
=Dy, (D) + Y _df (Y ().
k=0 k=0

Multiplying both sides of (5.4) with (f)f}<2 (x),0<ky <2 — 1, lﬁ}f};z (x), 0<k; <2 —1 and integrating
between 0 to 1 with respect to x we find
Yo (1) Y2 (1) y1 (1) Yo (1) cfo (1)

R -D +u +k = (5.5)
do (1) dy (1) dy ;(2) do (1) dfo (1)

where * denotes the derivative w.r.to ¢. In case of time-dependent coefficients y, ;(t), do ;(t) appearing in
(5.3), the relation (4.9) becomes

¥,;(1) Ppj % | [Yo;(1) ¥S, (1) s
— p - 1727
B * Toj> [ImRK - 1) 4+1° (5.6)
5 _
dyj(t) Boj vpi] Ldoj(1) ds, (1)
Using the above formula for p = 1,2 in (5.5), one gets
Yo, (1) Py % prj % Yo;(1)
R = |D — i — k1
do; (1) Baj 72j Bij v, do,(1) (5.7)
¥S,,(t) ¥Sy;(1) [efo;(t)
+D —u +
ds, (1) ds (1) | df (1)
This equation can be written in the compact form
Yo, (1) Yo, (1)
do (1) do (1)
where
Paj % Prj %
A;=|D — i — kI (5.9)
ﬁzj Y2 ﬁlj Vij
and
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ySZ_j(t) ySlj(t) cfo,'(t)
E;=D — i + : (5.10)
ds, (1) ds, (1) df (1)
We have to solve the system of 27! — 2 coupled ODEs given in Eq.(5.8) satisfying the initial conditions
1
%,,(0) = (Co)yye = / Co(x)pj(x)dx, 1<k<2 —2; (5.11)
' 0
1 .
a5 (0) = (do);, = / Co (v, 0<k< 1. (5.12)
: : 0 :

Substituting the values of ygjk(t), 1 <k<?2/ —2 in the boundary conditions we obtain the values of ygj‘o(t)
and y(l)_zj (1) as
J2 =

Yo,,(1) =

Ll lCL(t) - 2 2 (0)yp,, (1) — 2 wﬁk(o)d&,k(i)l (5.13)
$j0(0)

and

y(l)/azm(t) _ml Z ('{)Jk yon Z l//Jk ] (5.14)

J2-1 k=2-K k=2/—K
The approximate solution of Eq. (5.1) can now be obtained by using the coefficients yf | () and dg, (),
k=0,1,1 and k=0,1,---,2 — 1 for given j obtained by solving Eq.(5.8), (5.13) and (5.14) into the
approximation given in (5. 3a)

6 Error estimate

If we define the L?-error in approximation c;j(x, ) of the unknown function c(x, #) in [0, 1] x [0,T] b

lle(x, 1) — cj(x, 1)||2 = / / c(x,1) — ¢j(x,1))* dx dt (6.1)

then

2/—1
e 1) — ¢z, 1)1 = /’/ S, (000 (0) d

J > k=0

Since ¥ ,,(x) are orthonormal, the L*-error can be estimated as

21 —1
o) — o)l = 3 / (0 di (62)
J>j k’
As mentioned earlier k assumes values 0, 1, 1 depending on the values of k' € {0, .-, 2 — 1} for given

=/

J-

7 Numerical experiments

To test the usefulness of boundary condition adapted representation of differential operators developed in

64, we have employed representations of < o and 2 5,2 to the ADTE (5.1). It reduces the given partial differential
equation to a system of coupled first order ordinary differential equations (ODEs) with constant coefficients.
The exact analytical solution of the reduced system of ODEs can be obtained whenever the unknown
solution is smooth so that relatively small number of elements are good enough in the wavelet-Galerkin
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approximation (5.3a) with reasonable accuracy of the unknown solution c(x, f). In case of rapidly varying/
discontinuous initial condition or small diffusion coefficient, the wavelet-Galerkin approximation (5.3a)
requires a large cache of elements in the basis of approximation- and detail-spaces. As a consequence, the
number of variables in the system of ODEs become large. In such cases system of ODEs can be solved
efficiently by using numerical solver available in MATHEMATICA/MATLAB etc. Here we have applied
the proposed scheme to five examples of ADTEs viz. (i) separable inhomogeneous term and boundary
conditions, (ii) Non-separable inhomogeneous term and non-smooth initial condition (iii) non-separable
inhomogeneous term and relatively small diffusion coefficient, (iv) equation without source term and non-
algebraic exact solution and (v) equation appearing in the ground water modeling.

Example 1 Separable polynomial solutions:
In order to verify the limitations, if any, in the boundary condition adapted representation of derivatives
in approximation- and detail-subspaces and in the algorithm developed here, we first consider the ADTE

_Oc _d% Oc ~
il _p - g = _ - <y < 7.1
Ro (o0) =D o (x0) =it o (x,0) =k e(x,0) =f(x.1), 0<x<1,1>0 (7.1)
with separable forcing term
fO, ) =2Rt(1 +x—x*)+ (1 +2A){2D + i (—1 +2x) —k (1 +x—x*)}. (7.2)

The inhomogeneous initial and boundary conditions are given by
c(0,1) = (1+) =c(1,1); ¢(x,0) = (14+x—x?). (7.3)

It is interesting to observe that for the parameters R = D = it = k = 1 the reduced ODEs (5.8) for this
problem can be solved exactly. Solution of system of ODEs (5.8) coupled with formulae (5.13) and (5.14)
provide the time-dependent coefficients y, ;(¢), do;(t) of wavelet-Galerkin approximation of c(x, t) for
minimum admissible resolution j = 4 as

You(t) = (1 +2)(—0.12728, 0.0608579, 0.262169, 0.275171, 0.28627, 0.295416,
0.302608, 0.307848, 0.311134, 0.312467,0.311848, 0.309274, 0.304748,

314907, 0.364672, 0.366584)" (7.4a)

and
dy4(z) =(0,0,0,0,0,0,0,0,0,0,0,0,0,0, 0, O)T. (7.4b)

One can verify that these coefficients are identical with the coefficients of wavelet-Galerkin expansion of the
exact solution c¢(x,7) = (1 4+ 2)(1 +x —x?). As expected (since K=3 >2=degree of polynomial in x in
c(x, 1)) wavelet coefficients dosx(k=0,------ ,15) as well as L?-error derived in §6 are identically zero.
Agreement of these results establishes aptness of boundary condition adapted representation of derivatives
in the approximation- and detail-subspaces of MRA of L?[0, 1] derived in §4 and reliability of the steps
developed in §5 and §6 of the proposed scheme.

Example 2 Non-separable inhomogeneous term and non-smooth initial datum:

To compare the efficiency of the numerical technique based on Daubechies wavelets developed here and
the scheme based on sparse space-time finite element discretization used by Andreev (cf. [17]) involving
wavelets proposed by Han and Shen (cf. [16]), we consider Eq.(7.1) with source term and initial condition
given below:

() f(x,1) = 2sin®*(n1)cos(2x — 1 4+ cosmt), ¢(x,0) =0,
—2x 0<x<%
—2x+1 % <x<l.

(b f(x,1) =2, c(x,0) = {

The parameters (R, D, it, k) in Eq.(7.1) are given by (1, % ,0,0) and solution satisfies homogeneous boundary

)
conditions i.e. ¢(0,7) = c(1,#) =0 in both cases (a) and (b). The space-time variables are rescaled as
(x,) — (2x — 1,%) so that the domain (-1, 1) x (0, 2) considered in the numerical experiment of Andreev

[17] has been mapped to (0, 1) x (0, 1). The L*-errors estimated by using formula (6.2) of the approximate
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solution (5.3a) of Eq.(7.1) with inhomogeneous term and initial datum mentioned above at resolutions
j=4,---,7 (equivalent degrees of freedom in discretization of space domain is 2/) are found as
0(1073), 0(107%), 0(1073), O(107°) respectively in case of (a). The L2-errors in approximating nons-
mooth initial datum and solution in Daubechies wavelet basis with three vanishing moments of their
wavelets at the resolutions considered above have been found as 0.45288, 0.320679, 0.226773, 0.160173
and are of the order O(107*), 0(1073),0(107%),0(107) in case of (b). Comparison of errors mentioned
above and in Andreev [17] (presented in Fig.4 in case of (a) and Fig.3(right) for (b)) shows that the accuracy
of the present scheme (regarding 2/ x 2 degrees of freedom for space-time discretization) is relatively better
than the numerical technique based on sparse space-time finite element discretization scheme of Andreev.

Example 3 Non-separable inhomogeneous term and relatively small diffusion coefficient:
_ Here we consider Eq.(7.1) with R = 1, D = 0.01(small in comparison to advection coefficient), it = —1,
k = 0 involving unequal time dependent boundary conditions

t

1—e™

c(0,1) =1+ , (1, =1 (7.5a,b)
1—e
and non-homogeneous but steady initial condition
c(x,0) = 1. (7.6)

The source term is given by
(1=x)1
t—12+1—-x)e b
flx,1) = ( - l : (7.7)
D (1 —eD)

The exact solution to this initial boundary value problem with prescribed parameter is given by (El-
Gamel(2006))

1—x)t

1—
clx, ) =1+ 1_667

(7.8)

Sl=| 9

Due to relatively small diffusion coefficient D, the solution c(x, #) vary rapidly in some region of its domain
[0, 1] x [0, 1]. Consequently the wavelet-Galerkin approximation requires approximation and detail spaces
of relatively higher resolution j to approximate the solution in the region of sharp variation. Here we have
considered j = 8(9) so that number of variables in the reduced ODEs (5.8) becomes 510(1022) which is
relatively large in comparison to 30 in case of example 1. We have solved the reduced system of equations
by using numerical solver available in MATHEMATICA. The exact solution c(x, f) given in (7.8) and the
approximate solutions c;(x, ) for j = 8,9 are presented in Figs. 1.a-1.c.

Fig. 1 (a)Exact c(x, 1) (b) (Py,c)(x,t) and (c) (Py,c)(x,1)
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0.0001 000002

0.000015
0.00001

|Py,c—c|
5.x1076

0.00005
[Py e—c|

0.0000

Fig. 2 Absolute error (a)|c(x, 1) — (Py,c)(x,1)] (b) |c(x,t) — (Py,c)(x,1)]

The maximum absolute errors in approximating c(x, f) by (Pyc)(x,t) and (Py,c)(x,t) depicted in
Figs. 2a and 2b within the domain [0, 1] x [0, 1] have been found to be of the order of 10~* and 107>
respectively.

From these figures it appears that the absolute error in [0, 1] x [0, 1] is found to be better than the
accuracy attained by El-Gamel (cf. Table 6 in [18]) in their approach based on wavelet-Galerkin approx-
imation of c(x, ) in the basis of truncated scale functions of Daubechies family. The first term

(Zi,] (} 0 (d{; k,( 1))? dr) of the series in the estimate of L2-error presented in (6.2) has been found to be

0.00017 and 0 000015 for j = 8 and 9 respectively. Consequently, the sum of the series is expected to be of
the order of ((2\/§ — 1)x sum of the first interior series) 3.1 x 10~* (3.9 x 107) which is in agreement
with the absolute error mentioned above. From this example it appears that the proposed scheme can provide
approximate solution and an estimate of a-posteriori error efficiently even when the solution has sharp
variation due to small diffusion coefficient D.

Example 4 Equation without source term and non-separable non-algebraic exact solution:
Here we consider Eq.(7.1) without source term satisfying boundary conditions

c(0,1) 8724601\/; [1 — 2 erf( ’;\IC_D)} , (7.7a)

p) R —+ ut K
c(1,1) 8724601\/ 1-2 erf( ——) | et (7.7D)
l 2VR D/t
and initial condition
D _
(5.0 = { 8.724601 /T2 x =0 (07.9¢)
0 O0<x<1.

The exact solution to this problem is found with the help of symmetry analysis [19, 20] as

ke

nD Rx+at
= 8.724601\/ —|1 =2 ——) | er
1) V& l A IR DY |

Here the symbol erf (-) stands for the error function. We have used elements in basis of detail-space W; and
approximation space V; at resolution j=9(10) for the wavelet-Galerkin approximation of the solutlon of
Eq.(7.1) with the 1n1t1al -boundary conditions given in Eqgs.(7.9a)-(7.9¢c) taking (R, D, v, k) = (1, 0.0044,
—0.845, —0.03). Consequently, the system of ODEs contain 1022(2046) unknown time-dependent coeffi-
cients. This system of ODEs has been solved by using ODE solver readily available in MATHEMATICA.
Those solutions have been used in Eq.(5.3a) to get approximate solution co(x,#)(cjo(x,?)). The exact
solution given by (7.10) and its approximation (Py,c)(x, ) are presented in Fig. 3.a and Fig. 3.b respectively.

The contribution of the detail part ¥;(x) .dg/(t) in the approximation cg(x, ¢) and absolute error |c(x, t) —
co(x, )| have been calculated separately and depicted in Fig. 4.a and Fig. 4.b respectively.

It is observed that contribution of detail part is quantitatively less than absolute error throughout the
domain [0, 1] x [0, 1]. Furthermore the numerical value of L?-error estimated by using the formula (6.2) is

(7.10)
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Fig. 4 Display of (a) (Qw,c)(x,1) (b) |c(x,1) — (Py,¢)(x,1)]|

slightly higher than the absolute-error . It has been checked that these features have been maintained at the
resolution j = 10 too. The variation of solution for fixed x(= §, 1, 0.7, 0.8) and fixed 7(= §, 2, 1) and their
absolute errors in log,, scale have also been calculated and presented in Figs. 5.a,b and Figs. 6.a,b
respectively to demonstrate the variation and order of accuracy of the solution for different region of space
and time explicitly.

Example 5 Equation appearing in ground water modeling:

Contaminant transport in the subsurface region has been one of the most important research topics in the
hydrological sciences and engineering for the last few decades. The advection-diffusion-transport equation
has been used as mathematical model to describe the movement of contaminants. Its analytical or numerical
solutions for various boundary conditions play important role to provide estimates of contaminant
concentration distributions in soil or aquifer systems for determining transport parameters. A number of
analytical solutions for ADTEs have been developed for predicting the transport of various contaminants in
the subsurface [21-23]. However, in most cases analytical solutions cannot be used in a straight forward
way since it involves either complicated integrals or slowly convergent series.

We consider here the ADTE

log,o|Py,c—c|
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log]UIPvgc—cl

Fig. 6 (a)(Py,c)(x,1) (b) absolute error log,,|c(x,7) — (Py,c)(x,1)| for given ¢

oc o%c Oc
R n_p ¢ o _ > 6.11
(60 =D 50 u (6D +hel&n) =/(E7), £20 (6.11)
in the domain [0, L] x [0, T] with the initial-boundary conditions
c(£,0)=0, &€l0,L], ¢(0,7)=1, c(L,r)=0 1€ (0,T]. (7.124',1', )

One particular choice of parameters involved in the model are (R, D, v, k) = (14.2, 2.1,—0.4,—0.000014).
The domain [0, L] x [0, T| can be transformed to unit square by rescaling variables (&, 7) to (x,1) = (3 ,7) so
that the equation is transformed to Eq.(7.1) with rescaled parameters (R, D, v,k) = (R, 2L+ £I) The
initial boundary conditions are then transformed to

c(x,0)=0, x€]0,1], ¢(0,6)=1, ¢(1,51)=0 ¢t€(0,1]. (7.12a,b,¢)

For the choices L = 1000m and T = 30000days, values of rescaled parameters (R,D,v, k) become (1,
0.0044, —0.845, —0.03). It shows that diffusion coefficient D is small in comparison to advection coefficient
V.

The solution of this problem can be obtained as the infinite sum of trigonometric functions in space
variable with coefficient as the exponential function of appropriate combination of space and time variables.
In particular, the solution is given by

1 forx =0
c x7t ~ u ) * M t
(1) 2SN n(—1)" e sin(nn(1 — x)) l=e L E L L} for x € (0,1], £ € [0, 1]

n2n2+%
where o = %Jr %R—.

However this series fails to provide numerical value of the solution efficiently for relatively small values
of the diffusion coefficient D mentioned above. Since the qualitative feature of the initial-boundary
conditions of this model are similar to the previous example, we have applied the wavelet-Galerkin
scheme developed here to obtain approximate solution to this problem. The approximate solution
(Py,c)(x, ) at resolution j = 9 of the solution c(x, f) satisfying initial boundary conditions (7.12a,b,c) for the
values of parameters (R,D,v,k) mentioned above, have been depicted in Fig. 7.a. The behaviour of
(Ow,c)(x, t) within the range &5 x 10~ has been presented in Fig. 7.b. This figure indicates that significant
corrections in (Py,c)(x,t) appear in the region (a narrow band along the diagonal) of its sharp variation (cf.
Fig.7.a). Its correction on most of the other region is negligible. This observation suggests that the
computational time of the proposed scheme can be reduced by incorporating the idea of layer adaptive mesh
[24] into the formulation.

The value of the L2-error have been estimated from the formula (6.2) and is found to be 0.0001(0.00003)
at resolutions j = 9(10). The distribution of the concentration for fixed distances (¢ = 250m, 500m, 700m,
800m) and fixed times (7 = 15000days, 20000days, 30000days) are presented in Figs.7.8a,b. It is observed
that approximate solution obtained by using wavelet-Galerkin scheme based on CDV wavelet basis is in
good agreement when compared with the numerical solution obtained by computational scheme based on
cellular automata [25].
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Pyc o5 4.x10°
,C 03
2.x107°
Oy, c(x.0) 0
— |
00 1 = -2.x107°F
15 10 5 15 10 J
16x 16x
(a) (b)
Fig. 7 (a)(Py,c)(x,1) (0)(Ow,c)(x,1)
Py,
Pyc -
1.0 :. : .
08 ¥ / —8—£=250m o X“. '\_\. ‘.2 = 15000days
J s —a£=500m A AN
06 J ] s \ Nt e 7= 25000day
¢ ] ¢ o £=700m \ VoA
04 ‘ -. : ‘ ". N
¢ [ :' £=800m N F. 'S. 1. —— 7=30000days|
". _} r ‘\\.h \‘m__."
02 04 06 08 030000 E ; ; 1000
(a) (b)

Fig. 8 (a)(Py,c)(x, 1) for given x (b) (Py,c)(x,t) for given ¢
8 Conclusion

In this paper we have presented boundary condition adapted matrix representation of differential operators
in approximation- and detail-subspaces of MRA of function space satisfying Dirichlet boundary conditions
in [0, 1] C R. We have used orthonormal scale functions and wavelets in Daubechies family reformulated by
Cohen, Daubechies and Vial in their seminal work [12]. Representations derived here have been used to
discretize space domain of the linear parabolic partial differential equations, in general. It efficiently reduced
the ADTE to a system of non-homogeneous first-order coupled ODEs with constant coefficients. It is
noticed that:

(i) the derived representation of differential operators moved the inhomogeneous term in the boundary
data (if any) to the inhomogeneous part of the transformed ODEs,

(ii) whenever the unknown solution is smooth enough, the system of ODEs can be solved globally in
time that helps to avert necessary steps of time discretization and its subsequent analysis of step
length, error etc.,

(iii))  an efficient a-posteriori error (of solution as well as its derivatives simultaneously) can be estimated.

This scheme has been applied to a selected examples of ADTE with or without source term in (1+1)-D to
check the appropriateness of boundary condition adapted representation of derivatives in approximation- and
detail spaces of same resolution of MRA of L?[0, 1]. Some examples have been selected to test whether the
algorithms for wavelet-Galerkin approximation of unknown solution is ambiguity free and found to be correct.
Approximate solutions of few more examples obtained by our scheme have been compared with the exact
solutions and approximate solutions obtained by other methods available in the literature. It appears that the
proposed scheme is efficient in the sense that it is not only competent to provide approximate solution with
reasonable accuracy, a-posteriori error (in the sense of L?-norm) in the approximation can also be predicted
reliably. Over and above the region of sharp variation of the function within its domain can also be identified
competently through the magnitude of the wavelet coefficients dp ;. After verifications, the proposed
scheme has been used to obtain approximate solution for ADTE modeling flow of contaminant water in the
ground. The method gives the unknown solution with reasonable accuracy and found to be in good agreement
with their numerical values recently obtained by the method based on cellular automata [25]. The

@ Springer




894 A. Chatterjee et al.

generalization of the method towards simultaneous discretization of space-time domain, to ADTE with
variable coefficients and higher space dimensions, to accommodate Neumann and Robin boundary conditions,
to layer adapted meshes are in progress and will be reported in due course.

Appendix I

For p=1:
0 1
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Here the symbols & s ik, 4,5 $jop 1o a0 w? ki ko, are defined as
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