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Abstract This work is concerned with the development of a scheme to obtain boundary conditions adapted
representations of derivatives (differential operators) in the orthonormal wavelet bases of Daubechies family
in X ¼ ½0; 1� � R. The scheme is employed to find approximate solution of the (1?1)-D advection-
diffusion-transport equation arising in the flow of contaminant fluid (water) through a porous medium
(ground). Representation of derivatives adopting Dirichlet’s boundary conditions have been derived first.
These representations are then used to reduce the aforesaid advection-diffusion-transport equation to a
system of nonhomogeneous first order coupled ordinary differential equations. It is observed that repre-
sentations of the derivatives derived here shift the non-homogeneous terms in the boundary conditions to
non-homogeneous terms of the reduced ordinary differential equations. The resulting ordinary differential
equations can be solved globally in time, in general, which helps to prevent the necessary analysis of time
discretization such as estimate of step lengths, error etc. In case of convection dominated problems, the
system of ordinary differential equations can be solved numerically with the aid of any efficient ODE solver.

An estimate of L2-error in wavelet-Galerkin approximation of the unknown solution has been presented. A
number of examples is given for numerical illustration. It is found that the scheme is efficient and user
friendly.
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1 Introduction

Wavelet theory based on multiresolution analysis (MRA) developed mostly over the past thirty years has
generated tremendous amount of interest in many areas of research in pure and applied mathematics for
technological applications [1–3] and others. Wavelets with compact supports are elements in basis that are
localized in both physical space (due to their compact support) and wavenumber space (owing to their
vanishing moments). Due to this space/scale localization, approximation of functions in wavelet basis
provides both spatial and scale information simultaneously. The wavelets may be regarded as the mathe-
matical microscope in the analysis of smoothness or regularity of function.

The Wavelet-based method for the solution of partial differential equation (PDE) has already been
studied by several authors (cf. [4–11]). In most of these works scale functions and wavelets used for
multiresolution approximation of unknown solutions are either truncated at the boundary or basis of
approximation- and detail-spaces of multiresolution analysis of space of functions satisfying specific
boundary condition (homogeneous in particular). In the case of truncated scale functions and wavelets at the
boundary, their orthogonal property is not maintained. Our objective here is to find approximate solution of
advection diffusion transport equation (ADTE) with constant coefficients by using wavelet-Galerkin
approximation of the unknown solution and the boundary condition adapted multiresolution representations
of space derivatives involved there. In our studies the space domain has been discretized by scale functions
and wavelets of a multiresolution analysis of L2ð½0; 1�Þ reformulated by Cohen et al [12].

The organization of our paper is as follows. The important properties of multiresolution analysis of

L2ð½0; 1�Þ and some formulae relevant to this work are presented in Sections 2 and 3. The boundary condition

adapted representations of derivatives ( d
dx ;

d2

dx2) by using results of previous two sections are derived in

Section 4. The systematic procedure of reduction of ADTE in (1?1)-D to system of linear differential
equation by using boundary condition adapted representation of space derivatives has been dicussed in

Section 5. An estimate of L2-error on the basis of norm equivalence of MRA is presented in section 6. The
method is illustrated in Section 7 with some examples. The work is concluded in Section 8.

2 Preliminaries

2.1 MRA of L2ðRÞ

A MRA of L2ðRÞ comprises functions of compact support /; w and sequences of nested subspaces

Vj; Wj ðj 2 ZÞ of L2ðRÞ. The function / is known as scale function, satisfies the two scale relation

/kðxÞ ¼ /ðx� kÞ ¼ U1;2k h: ð2:1Þ

The vector U1;2k is defined as

U1;2k ¼
ffiffiffi

2
p

/ð2xþ K � 1Þ; � � � ;/ð2x� KÞð Þ1�2K : ð2:2Þ

The other function w known as wavelet, is defined as

wkðxÞ ¼ wðx� kÞ ¼ U1;2k g: ð2:3Þ

The vectors h ¼ ðh�Kþ1; � � � ; h0; h1; � � � ; hKÞ2K�1 and g ¼ ðg�Kþ1; � � � ; g0; g1; � � � ; gKÞ2K�1 ¼ ðð�1Þ�Kþ1

hK ; ð�1Þ�Kþ2hK�1; � � � ; ð�1ÞKh1�KÞ2K�1 are known as low- and high-pass filters of MRA generated by /.
Here K is a positive integer represents number of vanishing moments of w. The subspaces Vj and Wj of
nested sequence are defined as

Vj ¼ spank2Z /j;kðxÞ
� �

; Wj ¼ spank2Zfwj;kðxÞg

where elements /j;kðxÞ and wj;kðxÞ are given by

/j;kðxÞ ¼ 2
j
2/ð2 jx� kÞ; wj;kðxÞ ¼ 2

j
2wð2 jx� kÞ; j; k 2 Z: ð2:4Þ

Each function f ðxÞ 2 L2ðRÞ can be expressed as

123

Solving one-dimensional advection... 873



f ðxÞ ¼
X

k2Z
cj0;k/j0;kðxÞ þ

X

1

j� j0

X

k2Z
dj;kwj;kðxÞ ð2:5Þ

where

cj0;k ¼
Z

R

f ðxÞ/j0;kðxÞdx dj;k ¼
Z

R

f ðxÞwj;kðxÞdx:

It may be noted that the expansion (2.5) is limited to functions defined over the whole real line R. The
expansion of functions defined over a finite domain of R deserves special attention and is discussed below.

2.2 MRA of L2ð½0; 1�Þ

A finite interval in R can always be chosen as [0, 1] without loss of generality. Within the finite domain
[0, 1], f/j0;k0

ðxÞ; k0 2 Z;wj;kðxÞ; k 2 Z; j� j0 [ ln2ð2K � 1Þb c þ 1g loses their orthonormality conditions

and translational invariance property. In contrast to the classifications involving truncated (nonorthogonal)
boundary elements in the basis used in Ref. 13, here scale functions and wavelets are orthonormal and
classified into three classes each [12]

U0
j0
ðxÞ ¼ /0

j0;0
ðxÞ;/0

j0;1
ðxÞ; � � � ;/0

j0;K�1ðxÞ
� �

;

UI
j0
ðxÞ ¼ /j0;KðxÞ;/j0;Kþ1ðxÞ; � � � ;/j0;2 j�K�1ðxÞ

� �

;

U1
j0
ðxÞ ¼ /1

j0;2j0�KðxÞ;/
1
j0;2j0�Kþ1ðxÞ; � � � ;/

1
j0;2j0�1ðxÞ

� �

;

ð2:6Þ

W0
j ðxÞ ¼ w0

j;0ðxÞ;w0
j;1ðxÞ; � � � ;w0

j;K�1ðxÞ
� �

;

WI
j ðxÞ ¼ wj;KðxÞ;wj;Kþ1ðxÞ; � � � ;wj;2 j�K�1ðxÞ

� �

;

W1
j ðxÞ ¼ w1

j;2 j�KðxÞ;w1
j;2 j�Kþ1ðxÞ; � � � ;w1

j;2 j�1ðxÞ
� �

:

ð2:7Þ

Scale functions and wavelets /0;1
j0;k

, w0;1
j;k at the edge of the interval [0, 1] are related to the boundary scale

functions /L;RðxÞ and wavelets wL;RðxÞ over Rþð¼ ½0;1ÞÞ and R�ð¼ ð�1; 0�Þ by the relation

/0
j0;k0
ðxÞ ¼ /L

j0;k0
ðxÞ; w0

j;kðxÞ ¼ wL
j;kðxÞ k0; k ¼ 0; 1; � � � ;K � 1

/1
j0;k0

0 ðxÞ ¼ /R
j0;k0
ðx� 1Þ; w1

j;k0 ðxÞ ¼ wR
j;kðx� 1Þ

k0
0 ¼ 2j0 þ k0; k

0 ¼ 2 j þ k; k0; k ¼ �K; � � � ;�1:

ð2:8Þ

All the above functions are defined at resolution j0 and j. The superscript Lð or RÞ is used to indicate that the
support of the corresponding function contains the left (or right) end of the half line Rþð or R�Þ.

Unlike the two-scale relation (2.1) for scale function, (2.3) for wavelets in interior class and (2.4)
describing their relations at resolution 0 and j, the corresponding formulae for scale functions and wavelets
in boundary classes Rþ and R� are given by

UL
0ðxÞ ¼ hLUL

1ðxÞ þ hLIULI
1 ðxÞ; UR

0 ðxÞ ¼ hRUR
1 ðxÞ þ hRIURI

1 ðxÞ;
WL

0ðxÞ ¼ gLUL
1ðxÞ þ gLIULI

1 ðxÞ; WR
0 ðxÞ ¼ gRUR

1 ðxÞ þ gRIURI
1 ðxÞ;

ð2:9Þ

/L
j;kðxÞ ¼ 2

j
2/L

k ð2 jxÞ; wL
j;kðxÞ ¼ 2

j
2wL

k ð2 jxÞ; k ¼ 0; 1; � � � ;K � 1

/R
j;kðxÞ ¼ 2

j
2/R

k ð2 jxÞ; wR
j;kðxÞ ¼ 2

j
2wR

k ð2 jxÞ; k ¼ �K; � � � ;�1:
ð2:10Þ

In the above hL; hR; gL; gR are K � K matrices and hLI ;hRI ; gLI ; gRI are K � ð2K � 1Þ matrices, are boundary
filters (h’s are low-pass and g’s are high-pass). It is important to mention here that boundary filters appearing
in relations (2.7 a,b), (2.8 a,b) in Ref. 13 are different from the same appearing in two-scale relation (2.9).
The vectors comprising boundary scale functions and wavelets in Rþ and R� at resolution j are given by
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UL
j ðxÞ ¼ U0

j ðxÞ; UR
j ðxÞ ¼ ð/R

j;ð�KÞðxÞ;/R
j;ð�Kþ1ÞðxÞ; � � � ;/R

j;ð�1ÞðxÞÞ;
WL

j ðxÞ ¼ W0
j ðxÞ; WR

j ðxÞ ¼ ðwR
j;ð�KÞðxÞ;wR

j;ð�Kþ1ÞðxÞ; � � � ;wR
j;ð�1ÞðxÞÞ;

ULI
j ðxÞ ¼ ð/j;ðKÞðxÞ; � � � ;/j;ð3K�2ÞðxÞÞ; URI

j ðxÞ ¼ ð/j;ð�3Kþ1ÞðxÞ; � � � ;/j;ð�K�1ÞðxÞÞ:
ð2:11Þ

The determination of boundary filters are considered in detail by Cohen et al [12]. The existence of
multiscale approximation of some unknown function and its regularity can be ascertained by the following
theorem [cf. Theorem 4.4, p.74 [12]].

Theorem 1 Choose any j0 so that 2j0 � 2K, then the collection

U0
j0
ðxÞ
[

UI
j0
ðxÞ
[

U1
j0
ðxÞ

[

j� j0

W0
j ðxÞ

[

WI
j ðxÞ

[

W1
j ðxÞ

h i

is an orthonormal basis for L2ð½0; 1�Þ. If r is the H €older index of / and w (i.e. /;w 2 Cr), then this
collection is also an unconditional basis for Csð½0; 1�Þ for s\r; a bounded function f is in Csð½0; 1�Þ if and
only if

j hf ;w0
j;ki j ; j hf ;wj;ki j ; j hf ;w1

j;ki j �
C

2jðsþ1
2
Þ ð2:12Þ

where the constant C is independent of j and k.

Each function f 2 Cs½0; 1� can be expressed as

f ðxÞ ¼
X

2j0�1

k¼0

cj
j0;k

/j
j0;k
ðxÞ þ

X

1

j� j0

X

2j�1

k¼0

dj
j;kw

j
j;kðxÞ ¼ Uj0 cj0 þ

X

j� j0

Wj dj

¼ Uj0
;Wj0

;Wj0þ1; � � �
� �

cj0 ;dj0 ;dj0þ1; � � �
� �T

ð2:13Þ

where

cj
j0;k
¼
Z 1

0

f ðxÞ/j
j0;k
ðxÞdx dj

j;k ¼
Z 1

0

f ðxÞwj
j;kðxÞdx; ð2:14aÞ

Uj0
¼ U0

j0
;UI

j0
;U1

j0

� �

; Wj ¼ W0
j ;W

I
j ;W

1
j

� �

ð2:14bÞ

and

cj0 ¼ c0
j0
; cI

j0
; c1

j0

� �

; dj ¼ d0
j ;d

I
j ;d

1
j

� �

: ð2:14cÞ

The superscript j indicates the classes 0, I, 1 introduced earlier.

2.3 Moments of interior and boundary scale functions and wavelets

The systematic steps for calculating moments of interior scale function of Daubechies family have been
discussed in detail by Beylkin in Ref.2. Now we define vectors formed by the moments of boundary scale
functions and wavelets

lLðmÞ ¼
Z 1

0

xmUL
0ðxÞdx; lRðmÞ ¼

Z 0

�1
xmUR

0 ðxÞdx

and

dLðmÞ ¼
Z 1

0

xmWL
0ðxÞdx; dRðmÞ ¼

Z 0

�1
xmWR

0 ðxÞdx ð2:15Þ

respectively. Using the refinement equations in (2.9), vectors lLðmÞ; lRðmÞ can be obtained by solving [14]
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ðI� 1

2mþ1
2

hLÞlLðmÞ ¼ 1

2mþ1
2

hLIlLIðmÞ;

ðI� 1

2mþ1
2

hRÞlRðmÞ ¼ 1

2mþ1
2

hRIlRIðmÞ:
ð2:16Þ

Here I is the identity matrix of order K and lLIðmÞ; lRIðmÞ are given by

lLIðmÞ ¼ ð
Z 1

�1
xm/kðxÞdx; k ¼ K; � � � ; 3K � 2Þð2K�1Þ�1;

lRIðmÞ ¼ ð
Z 1

�1
xm/kðxÞdx; k ¼ �3K þ 1; � � � ;�K � 1Þð2K�1Þ�1:

ð2:17Þ

Once the vectors lLðmÞ; lRðmÞ,lLIðmÞ; lRIðmÞ for given m have been found, dLðmÞ; dRðmÞ can be obtained
by using the formulae

dLðmÞ ¼ 1

2mþ1
2

ðgLlLðmÞ þ gLIlLIðmÞÞ;

dRðmÞ ¼ 1

2mþ1
2

ðgRlRðmÞ þ gRIlRIðmÞÞ:
ð2:18Þ

The formulae for evaluation of integrals involve in (2.17) have been discussed in [14].

3 Connection coefficients

The compactly supported Daubechies wavelets are useful basis for the numerical solutions of partial
differential equations using wavelet-Galerkin techniques. To derive boundary conditions adapted repre-
sentation of differential operators, we need to calculate some connection coefficients which plays an
important role to approximate the partial derivatives as well as nonlinear terms in the wavelet discretization
of the differential equation.

We have used the notations [15]

rj1;j2

j1;k1;j2;k2
ðpÞ ¼

Z 1

0

/j1

j1;k1

dp

dxp
/j2

j2;k2
dx;

aj1;j2

j1;k1;j2;k2
ðpÞ ¼

Z 1

0

/j1

j1;k1

dp

dxp
wj2

j2;k2
dx;

bj1;j2

j1;k1;j2;k2
ðpÞ ¼

Z 1

0

wj1

j1;k1

dp

dxp
/j2

j2;k2
dx;

cj1;j2

j1;k1;j2;k2
ðpÞ ¼

Z 1

0

wj1

j1;k1

dp

dxp
wj2

j2;k2
dx

ð3:1Þ

throughout our discussion. Here each of j1; j2 represents the symbols 0, I and 1 introduced in x2.2. The
formulae for evaluation of these integrals in terms of integrals involving elements in Uj

0ðxÞ;Wj
0ðxÞðj ¼

0; I; 1Þ have been derived in the following sections.

3.1 Integrals of product of scale functions and their derivatives

3.1.1 Interior scale functions

We denote

rkðpÞ ¼
Z 1

�1
/kðxÞ

dp

dxp
/ðxÞdx: ð3:2Þ

Theorem 2 If the integral in (3.2) exists, then rkðpÞ satisfy the system of linear equations
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rkðpÞ ¼ 2p
X

K

k1¼�Kþ1

X

K

k2¼�Kþ1

h
k1

h
k2

r2kþk1�k2 ð3:3Þ

subject to the condition
X

k

kprkðpÞ ¼ ð�1Þpp!: ð3:4Þ

The values of rkðpÞ for �2K þ 2� k� 2K � 2;K ¼ 3 and p ¼ 1; 2 are given in Beylkin(1992). Once the

values of rkðpÞ are known, values of rI;I
k1;k2
ðpÞ ¼

R1
�1 /k1

ðxÞ dp

dxp /k2
ðxÞdx can be found from

rI;I
k1;k2
ðpÞ ¼ r

k1�k2
ðpÞ: ð3:5Þ

The integral involving scale functions at resolution j can then be evaluated with the help of the formula

rI;I
j;k1;j;k2

ðpÞ ¼ 2j�prI;I
k1;k2
ðpÞ ¼ 2j�prI;I

k1�k2
ðpÞ: ð3:6Þ

3.1.2 Boundary and interior scale functions

We define

r0;I
k1;k2
ðpÞ ¼

Z 1

0

/0
k1
ðxÞ dp

dxp
/k2
ðxÞ dx; k1 ¼ 0; � � � ;K � 1; k2�K: ð3:7Þ

Then certainly r0;I
k1;k2
ðpÞ ¼ 0 for k2 � k1 [ 2K � 1: The use of two-scale relations (2.1) and (2.9) for the

interior and boundary scale functions in (3.7) leads to

r0;I
k1;k2
ðpÞ ¼ 2

X

K

l2¼�Kþ1

h
l2

X

K�1

l1¼0

hL
k1;l1

Z 1

0

/0
l1
ð2xÞ dp

dxp
/2k2þl2

ð2xÞdx

(

þ
X

3K�2

l1¼K

hLI
k1;l1

Z 1

0

/k1
ð2xÞ dp

dxp
/2k2þl2ð2xÞdx

)

:

This can be rearranged into the form

r0;I
k1;k2
ðpÞ ¼ 2p

X

K

l2¼�Kþ1

h
l2

X

K�1

l1¼0

hL
k1;l1

r0;I
l1;2k2þl2

ðpÞ þ
X

3K�2

l1¼K

hLI
k1;l1

rI;I
l1;2k2þl2

ðpÞ
( )

: ð3:8Þ

Similarly, the recurrence relation for the integral

rI;0
k1;k2
ðpÞ ¼

Z 1

0

/k1
ðxÞ dp

dxp
/0

k2
ðxÞdx; k1�K; k2 ¼ 0; � � � ;K � 1 ð3:9Þ

can be recast into the form

rI;0
k1;k2
ðpÞ ¼ 2p

X

K

l1¼�Kþ1

h
l1

X

K�1

l2¼0

hL
k2;l2

rI;0
2k1þl1;k2

ðpÞ þ
X

3K�2

l2¼K

hLI
k2;l2

rI;I
2k1þl1;k2

ðpÞ
( )

: ð3:10Þ

The recurrence relation (3.8) for k1 ¼ 0; � � � ;K � 1; k2 ¼ K; � � � ; 3K � 2 and (3.10) for k1 ¼ K; � � � ; 3K �
2; k2 ¼ 0; � � � ;K � 1 form a well conditioned system of linear simultaneous equation for r0;I

k1;k2
ðpÞ and

rI;0
k1;k2
ðpÞ whose solution provides the value of the integrals given (3.7) and (3.9).

Following the similar steps the integrals

rR;I
k1;k2
ðpÞ ¼

Z 0

�1
/R

k1
ðxÞ dp

dxp
/k2
ðxÞ dx; k1 ¼ �K; � � � ;�1; k2� � K � 1; ð3:11Þ
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rI;R
k1;k2
ðpÞ ¼

Z 0

�1
/k1
ðxÞ dp

dxp
/R

k2
ðxÞ dx; k1� � K � 1; k2 ¼ �K; � � � ;�1 ð3:12Þ

involving interior scale functions and elements of UR
0 ðxÞ can be found by solving well-conditioned system of

equations for rR;I
k1;k2
ðpÞðk1 ¼ �K; � � � ;�1; k2 ¼ �3K þ 1; � � � ;�K � 1Þ and rI;R

k1;k2
ðpÞðk1 ¼ �3K þ

1; � � � ;�K � 1; k2 ¼ �K; � � � ;�1Þ

rR;I
k1;k2
ðpÞ ¼ 2p

X

K

l2¼�Kþ1

h
l2

X

�1

l1¼�K

hR
k1;l1

rR;I
l1;2k2þl2

ðpÞ þ
X

�K�1

l1¼�3Kþ1

hRI
k1;l1

rI;I
l1;2k2þl2

ðpÞ
( )

ð3:13Þ

rI;R
k1;k2
ðpÞ ¼ 2p

X

K

l1¼�Kþ1

h
l1

X

�1

l2¼�K

hR
k2;l2

rI;R
2k1þl1;k2

ðpÞ þ
X

�K�1

l2¼�3Kþ1

hRI
k2;l2

rI;I
2k1þl1;k2

ðpÞ
( )

: ð3:14Þ

Values of these integrals can then be used to obtain the integrals involving boundary scale functions

touching both of them same boundary. One can now use the values of integrals rR;I
k1;k2
ðpÞ; rI;R

k1;k2
ðpÞ on ½�1; 0�

to obtain the same type of integrals within finite domain [0, 1] at particular resolution j ð2j� 2KÞ

r1;I
j;k0

1
;k2
ðpÞ ¼

Z 1

0

/1
j;k0

1
ðxÞ dp

dxp
/j;k2
ðxÞdx; k01 ¼ 2 j � K; � � � ; 2 j � 1; k2� 2 j � K � 1: ð3:15Þ

Use of the definition (2.8) in the right side of (3.15) leads to

r1;I
j;k0

1
;k2
ðpÞ ¼ 2j�p

Z 1

0

/R
k0

1
�2jð2 jx� 2Þ dp

dxp
/k2
ð2 jxÞdx

¼ 2j�p

Z 0

�2j

/R
k0

1
�2jðtÞ

dp

dtp
/k2�2jðtÞdt

¼ 2j�p rR;I
k0

1
�2j;k2�2jðpÞ:

This relation can be put into the form

r1;I
j;k0

1
;k2
ðpÞ ¼ 2j�p rR;I

k0
1
�2j;k2�2jðpÞ: ð3:16Þ

Following the similar steps in the integral

rI;1
j;k1;k02
ðpÞ ¼

Z 1

0

/j;k1
ðxÞ dp

dxp
/1

j;k0
2
ðxÞdx; k1� 2 j � K � 1; k02 ¼ 2 j � K; � � � ; 2 j � 1 ð3:17Þ

can be written as

rI;1
j;k1;k02
ðpÞ ¼ 2j�p rI;R

k0
1
�2j;k2�2jðpÞ: ð3:18Þ

3.1.3 Boundary scale functions

We denote the integrals

r0;0
k1;k2
ðpÞ ¼

Z 1

0

/0
k1
ðxÞ dp

dxp
/0

k2
ðxÞ dx; ð3:19Þ

rR;R
k1;k2
ðpÞ ¼

Z 0

�1
/R

k1
ðxÞ dp

dxp
/R

k2
ðxÞ dx: ð3:20Þ

Use of two scale relations given in (2.9) into right side of (3.19) and (3.20) gives after some algebraic
calculations
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r0;0
k1;k2
ðpÞ ¼ 2p

X

K�1

l1¼0

X

K�1

l2¼0

hL
k1;l1

hL
k2;l2

r0;0
l1;l2
ðpÞ þ

X

K�1

l1¼0

X

3K�2

l2¼0

hL
k1;l1

hLI
k2;l2

r0;I
l1;l2
ðpÞ

(

þ
X

3K�2

l1¼K

X

K�1

l2¼0

hLI
k1;l1

hL
k2;l2

rI;0
l1;l2
ðpÞ þ

X

3K�2

l1¼K

X

3K�2

l2¼K

hLI
k1;l1

hLI
k2;l2

rI;I
l1;l2
ðpÞ
)

;

ð3:21Þ

rR;R
k1;k2
ðpÞ ¼ 2p

X

�1

l1¼�K

X

�1

l2¼�K

hR
k1;l1

hR
k2;l2

rR;R
l1;l2
ðpÞ þ

X

�1

l1¼�K

X

�K�1

l2¼�3Kþ1

hR
k1;l1

hRI
k2;l2

rR;I
l1;l2
ðpÞ

(

þ
X

�K�1

l1¼�3Kþ1

X

�1

l2¼�K

hRI
k1;l1

hR
k2;l2

rI;R
l1;l2
ðpÞ þ

X

�K�1

l1¼�3Kþ1

X

�K�1

l2¼�3Kþ1

hRI
k1;l1

hRI
k2;l2

rI;I
l1;l2
ðpÞ
)

:

ð3:22Þ

Relations (3.21) and (3.22) give system of linear simultaneous equations for r0;0
k1;k2
ðpÞ ðk1; k2 ¼ 0; � � � ;K � 1Þ

and rR;R
k1;k2
ðpÞðk1; k2 ¼ �K; � � � ;�1Þ separately for each p. It is important to mention here that this system of

equations are redundant. However, replacement of one or few of these equations by

X

K�1

k1¼0

lL
k1
ð0Þr0;0

k1;k2
ðpÞ þ

X

3K�2

k1¼K

rI;0
k1;k2
ðpÞ ¼ 0; k2 ¼ 0; � � � ;K � 1 ð3:23Þ

in case of equations derived from (3.21),or

X

�1

k1¼�K

lR
k1
ð0ÞrR;R

k1;k2
ðpÞ þ

X

�K�1

k1¼�3Kþ1

rI;R
k1;k2
ðpÞ ¼ 0; k2 ¼ �K; � � � ;�1 ð3:24Þ

in case of (3.22), will transform the resulting system of equations well-conditioned. Their solution will
provide the value of the integrals (3.19) and (3.20).

The integrals

r0;0
j;k1;j;k2

ðpÞ ¼
Z 1

0

/0
j;k1
ðxÞ dp

dxp
/0

j;k2
ðxÞdx; k1; k2 ¼ 0; � � � ;K � 1; ð3:25Þ

r1;1
j;k0

1
;j;k0

2
ðpÞ ¼

Z 1

0

/1
j;k0

1
ðxÞ dp

dxp
/1

j;k0
2
ðxÞdx; k01; k

0
2 ¼ 2 j � K; � � � ; 2 j � 1 ð3:26Þ

at resolution j can be evaluated with the help of the formulas

r0;0
j;k1;j;k2

ðpÞ ¼ 2j�p r0;0
k1;k2
ðpÞ; ð3:27Þ

r1;1
j;k0

1
;j;k0

2
ðpÞ ¼ 2j�p rR;R

k0
1
�2j;k0

2
�2jðpÞ: ð3:28Þ

The values of these integrals obtained by using fomulae derived here will be useful in evaluating values of
the integrals involving products of scale functions/wavelets and their derivatives by using the formula
presented in the following three subsections.

3.2 Integrals of product of scale functions and derivatives of wavelets

aI;I
k2;k1
ðpÞ ¼

Z 1

�1
/k2
ðxÞ dp

dxp
wk1
ðxÞdx

¼
0 jk2 � k1j � 2K � 1

2p
P

K

l1¼�Kþ1

P

K

l2¼�Kþ1

g
l1

h
l2

rI;I
2k2þl2;2k1þl1

ðpÞ otherwise:

8

>

<

>

:

ð3:29Þ
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aI;0
k2;k1
ðpÞ ¼

Z 1

0

/k2
ðxÞ dp

dxp
w0

k1
ðxÞdx

¼
0 k2 � k1� 2K � 1

2p
P

K

l2¼�Kþ1

hl2

P

K�1

l1¼0

gL
k1;l1

rI;0
2k2þl2;l1

ðpÞ þ
P

3K�2

l1¼K

gLI
k1;l1

rI;I
2k2þl2;l1

ðpÞ
( )

otherwise:

8

>

<

>

:

ð3:30Þ

a0;I
k2;k1
ðpÞ ¼

Z 1

0

/0
k2
ðxÞ dp

dxp
wk1
ðxÞ dx

¼
0 k1 � k2� 2K � 1

2p
P

K

l1¼�Kþ1

g
l1

P

K�1

l2¼0

hL
k2;l2

r0;I
l2;2k1þl1

ðpÞ þ
P

3K�2

l2¼K

hLI
k2;l2

rI;I
l2;2k1þl1

ðpÞ
( )

otherwise:

8

>

<

>

:

ð3:31Þ

a0;0
k2;k1
ðpÞ ¼

Z 1

0

/0
k2
ðxÞ dp

dxp
w0

k1
ðxÞ dx

¼ 2p
X

K�1

l2¼0

X

K�1

l1¼0

hL
k2;l2

gL
k1;l1

r0;0
l2;l1
ðpÞ þ

X

K�1

l2¼0

X

3K�2

l1¼K

hL
k2;l2

gLI
k1;l1

r0;I
l2;l1
ðpÞ

"

þ
X

3K�2

l2¼K

X

K�1

l1¼0

hLI
k2;l2

gL
k1;l1

rI;0
l2;l1
ðpÞ þ

X

3K�2

l2¼K

X

3K�2

l1¼K

hLI
k2;l2

gLI
k1;l1

rI;I
l2;l1
ðpÞ
#

:

ð3:32Þ

aI;R
k2;k1
ðpÞ ¼

Z 0

�1
/k2
ðxÞ dp

dxp
wR

k1
ðxÞ dx

¼
0 k1 � k2� 2K � 1

2p
P

K

l2¼�Kþ1

h
l2

P

�1

l1¼�K

gR
k1;l1

rI;R
2k2þl2;l1

ðpÞ þ
P

�K�1

l1¼�3Kþ1

gRI
k1;l1

rI;I
2k2þl2;l1

ðpÞ
( )

otherwise:

8

>

<

>

:

ð3:33Þ

aR;I
k2;k1
ðpÞ ¼

Z 0

�1
/R

k2
ðxÞ dp

dxp
wk1
ðxÞ dx

¼
0 k2 � k1� 2K � 1

2p
P

K

l1¼�Kþ1

g
l1

P

�1

l2¼�K

hR
k2;l2

rR;I
l2;2k1þl1

ðpÞ þ
P

�K�1

l2¼�3Kþ1

hRI
k2;l2

rI;I
l2;2k1þl1

ðpÞ
( )

otherwise:

8

>

<

>

:

ð3:34Þ

aR;R
k2;k1
ðpÞ ¼

Z 1

0

/R
k2
ðxÞ dp

dxp
wR

k1
ðxÞdx

¼ 2p
X

�1

l2¼�K

X

�1

l1¼�K

hR
k2;l2

gR
k1;l1

rR;R
l2;l1
ðpÞ

"

þ
X

�1

l2¼�K

X

�K�1

l1¼�3Kþ1

hR
k2;l2

gRI
k1;l1

rR;I
l2;l1
ðpÞ þ

X

�K�1

l2¼�3Kþ1

X

�1

l1¼�K

hRI
k2;l2

gR
k1;l1

rI;R
l2;l1
ðpÞ

þ
X

�K�1

l2¼�3Kþ1

X

�K�1

l1¼�3Kþ1

hRI
k2;l2

gRI
k1;l1

rI;I
l2;l1
ðpÞ
#

:

ð3:35Þ

The integrals considered above are all at resolution 0. Whenever scale functions and wavelets involved are
at the same resolution j [ 0, their values are 2j�p times their corresponding values at resolution j ¼ 0. In
case of finite interval [0, 1], formulae for evaluation of the integrals aj2;j1

k2;k1
ðpÞ; ðj2; j1 ¼ 0; I; 1Þ are given by
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a0;I
j;k2;k1
ðpÞ ¼ 2j�pa0;I

k2;k1
ðpÞ; aI;0

j;k2;k1
ðpÞ ¼ 2j�paI;0

k2;k1
ðpÞ;

a0;0
j;k2;k1
ðpÞ ¼ 2j�pa0;0

k2;k1
ðpÞ

ð3:36aÞ

and

a1;I
j;k2;k1
ðpÞ ¼2j�paR;I

k2�2j;k1�2jðpÞ; aI;1
j;k2;k1
ðpÞ ¼ 2j�paI;R

j;k2�2j;k1�2jðpÞ;

a1;1
j;k2;k1
ðpÞ ¼2j�paR;R

j;k2�2j;k1�2jðpÞ:
ð3:36bÞ

3.3 Integrals of product of wavelets and derivatives of scale functions

bI;I
k2;k1
ðpÞ ¼

Z 1

�1
wk2
ðxÞ dp

dxp
/k1
ðxÞdx

¼
0 jk2 � k1j � 2K � 1

2p
P

K

l1¼�Kþ1

P

K

l2¼�Kþ1

hl1 gl2
rI;I

2k2þl2;2k1þl1
ðpÞ otherwise:

8

>

<

>

:

ð3:37Þ

bI;0
k2;k1
ðpÞ ¼

Z 1

0

wk2
ðxÞ dp

dxp
/0

k1
ðxÞdx

¼
0 k2 � k1� 2K � 1

2p
P

K

l2¼�Kþ1

gl2

P

K�1

l1¼0

hL
k1;l1

rI;0
2k2þl2;l1

ðpÞ þ
P

3K�2

l1¼K

hLI
k1;l1

rI;I
2k2þl2;l1

ðpÞ
( )

otherwise:

8

>

<

>

:

ð3:38Þ

b0;I
k2;k1
ðpÞ ¼

Z 1

0

w0
k2
ðxÞ dp

dxp
/k1
ðxÞdx

¼
0 k1 � k2� 2K � 1

2p
P

K

l1¼�Kþ1

hl1

P

K�1

l2¼0

gL
k2;l2

r0;I
l2;2k1þl1

ðpÞ þ
P

3K�2

l2¼K

gLI
k2;l2

rI;I
l2;2k1þl1

ðpÞ
( )

otherwise:

8

>

<

>

:

ð3:39Þ

b0;0
k2;k1
ðpÞ ¼

Z 1

0

w0
k2
ðxÞ dp

dxp
/0

k1
ðxÞ dx

¼ 2p
X

K�1

l2¼0

X

K�1

l1¼0

gL
k2;l2

hL
k1;l1

rLL
l2;l1
ðpÞ þ

X

K�1

l2¼0

X

3K�2

l1¼K

gL
k2;l2

hLI
k1;l1

r0;I
l2;l1
ðpÞ

"

þ
X

3K�2

l2¼K

X

K�1

l1¼0

gLI
k2;l2

hL
k1;l1

rI;0
l2;l1
ðpÞ þ

X

3K�2

l2¼K

X

3K�2

l1¼K

gLI
k2;l2

hLI
k1;l1

rI;I
l2;l1
ðpÞ
#

:

ð3:40Þ

bI;R
k2;k1
ðpÞ ¼

Z 0

1
wk2
ðxÞ dp

dxp
/R

k1
ðxÞdx

¼
0 k1 � k2� 2K � 1

2p
P

K

l2¼�Kþ1

gl2

P

�1

l1¼�K

hR
k1;l1

rI;R
2k2þl2;l1

ðpÞ þ
P

�K�1

l1¼�3Kþ1

hRI
k1;l1

rI;I
2k2þl2;l1

ðpÞ
( )

otherwise:

8

>

<

>

:

ð3:41Þ

bR;I
k2;k1
ðpÞ ¼

Z 0

�1
wR

k2
ðxÞ dp

dxp
/k1
ðxÞdx

¼
0 k2 � k1� 2K � 1

2p
P

K

l1¼�Kþ1

hl1

P

�1

l2¼�K

gR
k2;l2

rR;I
l2;2k1þl1

ðpÞ þ
P

�K�1

l2¼�3Kþ1

gRI
k2;l2

rI;I
l2;2k1þl1

ðpÞ
( )

otherwise:

8

>

<

>

:

ð3:42Þ
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bR;R
k2;k1
ðpÞ ¼

Z 1

0

wR
k2
ðxÞ dp

dxp
/R

k1
ðxÞ dx

¼ 2p
X

�1

l2¼�K

X

�1

l1¼�K

gR
k2;l2

hR
k1;l1

rR;R
l2;l1
ðpÞ þ

X

�1

l2¼�K

X

�K�1

l1¼�3Kþ1

gR
k2;l2

hRI
k1;l1

rR;I
l2;l1
ðpÞþ

"

X

�K�1

l2¼�3Kþ1

X

�1

l1¼�K

gRI
k2;l2

hR
k1;l1

rI;R
l2;l1
ðpÞ þ

X

�K�1

l2¼�3Kþ1

X

�K�1

l1¼�3Kþ1

gRI
k2;l2

hRI
k1;l1

rI;I
l2;l1
ðpÞ
#

:

ð3:43Þ

The integrals considered above are all at resolution 0. Whenever scale functions and wavelets involved are
at the same resolution j [ 0, their values are 2j�p times their corresponding values at resolution j ¼ 0. In
case of finite interval [0, 1], formulae for evaluation of the integrals bj2;j1

k2;k1
ðpÞ;j2; j1 ¼ 0; 1 are given by

b0;I
j;k2;k1
ðpÞ ¼ 2j�pb0;I

k2;k1
ðpÞ; bI;0

j;k2;k1
ðpÞ ¼ 2j�pbI;0

k2;k1
ðpÞ; b0;0

j;k2;k1
ðpÞ ¼ 2j�pb0;0

k2;k1
ðpÞ ð3:44aÞ

and

b1;I
j;k2;k1
ðpÞ ¼2j�pbR;I

k2�2j;k1�2jðpÞ; bI;1
j;k2;k1
ðpÞ ¼ 2j�pbI;R

j;k2�2j;k1�2jðpÞ;

b1;1
j;k2;k1
ðpÞ ¼ 2j�pbR;R

j;k2�2j;k1�2jðpÞ: ð3:44bÞ
ð3:44bÞ

3.4 Integrals of products of wavelets and their derivatives

cI;I
k2;k1
ðpÞ ¼

Z 1

�1
wk2
ðxÞ dp

dxp
wk1
ðxÞ dx

¼
0 jk2 � k1j � 2K � 1

2p
P

K

l2;l1¼�Kþ1

g
l1

g
l2

rI;I
2k2þl2;2k1þl1

ðpÞ otherwise:

8

>

<

>

:

ð3:45Þ

cI;0
k2;k1
ðpÞ ¼

Z 1

0

wk2
ðxÞ dp

dxp
w0

k1
ðxÞdx

¼
0 k2 � k1� 2K � 1

2p
P

K

l2¼�Kþ1

gl2

P

K�1

l1¼0

gL
k1;l1

rI;0
2k2þl2;l1

ðpÞ þ
P

3K�2

l1¼K

gLI
k1;l1

rI;I
2k2þl2;l1

ðpÞ
( )

otherwise:

8

>

<

>

:

ð3:46Þ

c0;I
k2;k1
ðpÞ ¼

Z 1

0

w0
k2
ðxÞ dp

dxp
wk1
ðxÞ dx

¼
0 k1 � k2� 2K � 1

2p
P

K

l1¼�Kþ1

g
l1

P

K�1

l2¼0

gL
k2;l2

r0;I
l2;2k1þl1

ðpÞ þ
P

3K�2

l2¼K

gLI
k2;l2

rI;I
l2;2k1þl1

ðpÞ
( )

otherwise:

8

>

<

>

:

ð3:47Þ

c0;0
k2;k1
ðpÞ ¼

Z 1

0

w0
k2
ðxÞ dp

dxp
w0

k1
ðxÞ dx

¼ 2p
X

K�1

l2¼0

X

K�1

l1¼0

gL
k2;l2

gL
k1;l1

r0;0
l2;l1
ðpÞ þ

X

K�1

l2¼0

X

3K�2

l1¼K

gL
k2;l2

gLI
k1;l1

r0;I
l2;l1
ðpÞ

"

þ
X

3K�2

l2¼K

X

K�1

l1¼0

gLI
k2;l2

gL
k1;l1

rI;0
l2;l1
ðpÞ þ

X

3K�2

l2¼K

X

3K�2

l1¼K

gLI
k2;l2

gLI
k1;l1

rI;I
l2;l1
ðpÞ
#

:

ð3:48Þ
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cI;R
k2;k1
ðpÞ ¼

Z 0

1
wk2
ðxÞ dp

dxp
wR

k1
ðxÞdx

¼
0 k1 � k2� 2K � 1

2p
P

K

l2¼�Kþ1

g
l2

P

�1

l1¼�K

gR
k1;l1

rI;R
2k2þl2;l1

ðpÞ þ
P

�K�1

l1¼�3Kþ1

gRI
k1;l1

rI;I
2k2þl2;l1

ðpÞ
( )

otherwise:

8

>

<

>

:

ð3:49Þ

cR;I
k2;k1
ðpÞ ¼

Z 0

�1
wR

k2
ðxÞ dp

dxp
wk1
ðxÞdx

¼
0 k2 � k1� 2K � 1

2p
P

K

l1¼�Kþ1

g
l1

P

�1

l2¼�K

gR
k2;l2

rR;I
l2;2k1þl1

ðpÞ þ
P

�K�1

l2¼�3Kþ1

gRI
k2;l2

rI;I
l2;2k1þl1

ðpÞ
( )

otherwise:

8

>

<

>

:

ð3:50Þ

cR;R
k2;k1
ðpÞ ¼

Z 1

0

wR
k2
ðxÞ

dpwR
k1

dxp
ðxÞdx

¼ 2p
X

�1

l2¼�K

X

�1

l1¼�K

gR
k2;l2

gR
k1;l1

rR;R
l2;l1
ðpÞ þ

X

�1

l2¼�K

X

�K�1

l1¼�3Kþ1

gR
k2;l2

gRI
k1;l1

rR;I
l2;l1
ðpÞ

"

þ

X

�K�1

l2¼�3Kþ1

X

�1

l1¼�K

gRI
k2;l2

gR
k1;l1

rI;R
l2;l1
ðpÞ þ

X

�K�1

l2¼�3Kþ1

X

�K�1

l1¼�3Kþ1

gRI
k2;l2

gRI
k1;l1

rI;I
l2;l1
ðpÞ
#

:

ð3:51Þ

The integrals considered above are all at resolution 0. Whenever scale functions and wavelets involved are
at the same resolution j [ 0, their values are 2j�p times their corresponding values at resolution j ¼ 0. In
case of finite interval [0, 1], formulae for evaluation of the integrals cj2;j1

k2;k1
ðpÞ; j2; j1 ¼ 0; 1 are given by

c0;I
j;k2;k1
ðpÞ ¼2jpc0;I

k2;k1
ðpÞ; cI;0

j;k2;k1
ðpÞ ¼ 2jpcI;0

k2;k1
ðpÞ; c0;0

j;k2;k1
ðpÞ ¼ 2jpc0;0

k2;k1
ðpÞ ð3:52aÞ

and

c1;I
j;k2;k1
ðpÞ ¼ 2jpcR;I

k2�2j;k1�2jðpÞ; cI;1
j;k2;k1
ðpÞ ¼ 2jpcI;R

j;k2�2j;k1�2jðpÞ;

c1;1
j;k2;k1
ðpÞ ¼ 2jpcR;R

j;k2�2j;k1�2jðpÞ: ð3:52bÞ

4 Boundary conditions adapted representations of derivatives

Let us consider twice differentiable function y(x) satisfying Dirichlet boundary conditions

yð0Þ ¼ CL; ð4:1Þ

yð1Þ ¼ CR ð4:2Þ

where CL;CR are real constants. We now use the formula (2.13) and symbols used there to represent
projection of yðxÞ; y0ðxÞ and y00ðxÞ into the approximation space Vj½0; 1� and the detail space Wj½0; 1� at the
same resolution j as
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yðxÞ 	
X

2j�1

k¼0

yj
0 j;k

/j
j;kðxÞ þ

X

2j�1

k¼0

dj
0 j;k

wj
j;kðxÞ 
 ðUj;WjÞðy0 j;d0 jÞT ;

y0ðxÞ 	
X

2j�1

k¼0

yj
1 j;k

/j
j;kðxÞ þ

X

2j�1

k¼0

dj
1 j;k

wj
j;kðxÞ 
 ðUj;WjÞðy1 j;d1 jÞT ;

y00ðxÞ 	
X

2j�1

k¼0

yj
2 j;k

/j
j;kðxÞ þ

X

2j�1

k¼0

dj
2 j;k

/j
j;kðxÞ 
 ðUj;WjÞðy2 j;d2 jÞT :

ð4:3Þ

Then following (2.14) we find

yj
0 j;k
¼
Z 1

0

yðxÞ/j
j;kðxÞdx; dj

0 j;k
¼
Z 1

0

yðxÞwj
j;kðxÞdx

yj
1 j;k
¼
Z 1

0

y0ðxÞ/j
j;kðxÞdx; dj

1 j;k
¼
Z 1

0

y0ðxÞwj
j;kðxÞdx

yj
2 j;k
¼
Z 1

0

y00ðxÞ/j
j;kðxÞdx; dj

2 j;k
¼
Z 1

0

y00ðxÞwj
j;kðxÞdx:

ð4:4Þ

where j represents the symbols 0, I, 1 and yj
p j;k
; dj

p j;k
ðp ¼ 1; 2; 0� k� 2j � 1Þ are coefficients to be

determined in terms of the unknown coefficients yj
0 j;k

dj
0 j;k

. The integer j represents the level of resolution of

the approximation.
All the coefficients yj

0 j;k
; ð0� k� 2j � 1Þ are not independent. In fact due to the compact support of scale

functions and wavelets, two boundary coefficients y0
0 j;0

and y1
0 j;2j�1

can be expressed in terms of

y0
0 j;k
; ð1� k�K � 1Þ, y1

0 j;k
; ð2j � K � k� 2j � 2Þ; d0

0 j;k
; ð0� k�K � 1Þ; d1

0 j;k
ð2j � K� k� 2j � 1Þ.

Explicit form of their relations are given by

y0
0 j;0
¼ 1

/L
j;0ð0Þ

CL �
X

K�1

k¼1

/L
j;kð0Þy0

0 j;k
�
X

K�1

k¼0

wL
j;kð0Þd0

0 j;k

" #

and

y1
0 j;2j�1

¼ 1

/R
j;2j�1ð1Þ

CR �
X

2j�2

k¼2j�K

/R
j;kð1Þy1

0 j;k
�
X

2j�1

k¼2j�K

wR
j;kð1Þd1

0 j;k

" #

:

Moreover it is possible to express coefficients yj
p j;k; dj

p j;k; ðp ¼ 1; 2Þ involved in the multiscale expansion of
y0ðxÞ and y00ðxÞ (in (4.3)) in terms of unknown coefficients yj

0 j;k
; dj

0 j;k
appearing in the wavelet-Galerkin

expansion of y(x) and its prescribed values at the boundaries given in (4.1) and (4.2). Their relations can be
explicitly put into the form

yp j ¼ ½yp j;k�2j�1 ¼ qp j y0 j þ ap j d0 j þ ySp j; ð4:5Þ

dp j ¼ ½dp j;k�2j�1 ¼ bp j y0 j þ cp j d0 j þ dSp j: ð4:6Þ

While the symbols qp j and bp jðp ¼ 1; 2Þ mentioned above are 2j � ð2j � 2Þ matrices, ap j and cp jðp ¼ 1; 2Þ
are square matrices of order 2j. The last terms ySp j and dSp j are 2j � 1 column vectors and appear due to the

boundary conditions. So these two terms turn out to be null vectors in case of homogeneous boundary
conditions involved in the problem. We have used the symbols y0 j, d0 j to represent

y0 j ¼ ½y0 j 1; � � � � � � ; y0 j 2j�2�; ð4:7Þ

d0 j ¼ ½d0 j 0; � � � � � � ; d0 j 2j�1�: ð4:8Þ

The expressions for the elements of qp j; ap j;bp j; cp j and vectors ySp j; dSp j ðp ¼ 1; 2Þ are presented in
Appendix I. One can now recast the relations given in Eq.(4.5) and Eq.(4.6) by
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yp j

dp j

	 


¼
qp j ap j

bp j cp j

" #

�y0 j

d0 j

	 


þ
ySp j

dSp j

	 


: ð4:9Þ

One may regard the matrix

Dp j 

qp j ap j

bp j cp j

" #

ð4:10Þ

as the boundary condition adapted representation of the derivatives dp

dxp ðp ¼ 1; 2Þ in the union of approxi-

mation- and detail-spaces at fixed resolution j of MRA of L2½0; 1� introduced by Cohen et al (1993).

5 Application to advection diffusion transport equation

Here we have employed the boundary conditions adapted representations of derivatives derived in the
formula (4.9) and (4.10) to solve the ADTE

�R
oc

ot
ðx; tÞ � �D

o2c

ox2
ðx; tÞ þ �u

oc

ox
ðx; tÞ þ �kcðx; tÞ ¼ f ðx; tÞ; 0� x� 1; t [ 0 ð5:1Þ

with the boundary conditions

cð0; tÞ ¼ CLðtÞ; cð1; tÞ ¼ CRðtÞ ð5:2a; bÞ

and the initial condition

cðx; 0Þ ¼ C0ðxÞ: ð5:2cÞ

As in the case of (2.13), (2.14a-c), we approximate here cðx; tÞ; cxðx; tÞ and cxxðx; tÞ by their projections into
the Vj½0; 1� and Wj½0; 1� at some resolution j as

cðx; tÞ 	 cjðx; tÞ ¼ ðPVj
cÞðx; tÞ þ ðQWj

cÞðx; tÞ

¼
X

2j�1

k¼0

yj
0 j;k
ðtÞ/j

j;kðxÞ þ
X

2j�1

k¼0

dj
0 j;k
ðtÞwj

j;kðxÞ


 ½Uj;Wj�½y0 jðtÞ; d0 jðtÞ�T ; ð5:3aÞ

cxðx; tÞ 	 cx jðx; tÞ ¼ ðPVj

oc

ox
Þðx; tÞ þ ðQWj

oc

ox
Þðx; tÞ

¼
X

2j�1

k¼0

yj
1 j;k
ðtÞ/j

j;kðxÞ þ
X

2j�1

k¼0

dj
1 j;k
ðtÞwj

j;kðxÞ


 ½Uj;Wj�½y1 jðtÞ; d1 jðtÞ�T ; ð5:3bÞ

cxxðx; tÞ 	 cxx jðx; tÞ ¼ ðPVj

o2c

ox2
Þðx; tÞ þ ðQWj

o2c

ox2
Þðx; tÞ

¼
X

2j�1

k¼0

yj
2 j;k
ðtÞ/j

j;kðxÞ þ
X

2j�1

k¼0

dj
2 j;k
ðtÞ/j

j;kðxÞ


 ½Uj;Wj�½y2 jðtÞ; d2 jðtÞ�T : ð5:3cÞ

Substitution of (5.3a,b,c) for c(x, t) and its space derivatives appearing in equation (5.1) yields
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�R
X

2j�1

k¼0

_yj
0 j;k
ðtÞ/j

j;kðxÞ þ
X

2j�1

k¼0

_d
j
0 j;k
ðtÞ/j

j;kðxÞ
" #

� �D
X

2j�1

k¼0

yj
2 j;k
ðtÞ/j

j;kðxÞ þ
X

2j�1

k¼0

dj
2 j;k
ðtÞwj

j;kðxÞ
" #

þ�u
X

2j�1

k¼0

yj
1 j;k
ðtÞ/j

j;kðxÞ þ
X

2j�1

k¼0

dj
1 j;k
ðtÞwj

j;kðxÞ
" #

þ �k
X

2j�1

k¼0

yj
0 j;k
ðtÞ/j

j;kðxÞ þ
X

2j�1

k¼0

dj
0 j;k
ðtÞwj

j;kðxÞ
" #

¼
X

2j�1

k¼0

cf j
0 j;k
ðtÞ/j

j;kðxÞ þ
X

2j�1

k¼0

df j
0 j;k
ðtÞwj

j;kðxÞ:

ð5:4Þ

Multiplying both sides of (5.4) with /j2

j;k2
ðxÞ; 0� k2� 2j � 1, wj2

j;k2
ðxÞ; 0� k2� 2j � 1 and integrating

between 0 to 1 with respect to x we find

�R

_y0 jðtÞ

_d0 jðtÞ

0

B

@

1

C

A

� �D

y2 jðtÞ

d2 jðtÞ

0

B

@

1

C

A

þ �u

y1 jðtÞ

d1 jðtÞ

0

B

@

1

C

A

þ �k

y0 jðtÞ

d0 jðtÞ

0

B

@

1

C

A

¼
cf0 jðtÞ

df0 jðtÞ

0

B

@

1

C

A

ð5:5Þ

where _ denotes the derivative w.r.to t. In case of time-dependent coefficients y0 jðtÞ, d0 jðtÞ appearing in
(5.3), the relation (4.9) becomes

yp jðtÞ

dp jðtÞ

2

6

4

3

7

5

¼
qp j ap j

bp j cp j

2

6

4

3

7

5

�y0 jðtÞ

d0 jðtÞ

2

6

4

3

7

5

þ
ySp jðtÞ

dSp jðtÞ

2

6

4

3

7

5

;
p ¼ 1; 2;

j [ ln2ð2K � 1Þb c þ 1
: ð5:6Þ

Using the above formula for p ¼ 1; 2 in (5.5), one gets

�R

_�y0 jðtÞ

_d0 jðtÞ

2

6

4

3

7

5

¼ �D

q2 j a2 j

b2 j c2 j

2

6

4

3

7

5

� �u

q1 j a1 j

b1 j c1 j

2

6

4

3

7

5

� �k I

0

B

@

1

C

A

�y0 jðtÞ

d0 jðtÞ

2

6

4

3

7

5

þ �D

yS2 jðtÞ

dS2 jðtÞ

2

6

4

3

7

5

� �u

yS1 jðtÞ

dS1 jðtÞ

2

6

4

3

7

5

þ
cf 0 jðtÞ

df 0 jðtÞ

2

6

4

3

7

5

:

ð5:7Þ

This equation can be written in the compact form

�R

_�y0 jðtÞ

_d0 jðtÞ

0

B

@

1

C

A

¼ Aj

�y0 jðtÞ

d0 jðtÞ

0

B

@

1

C

A

þ EjðtÞ ð5:8Þ

where

Aj ¼ �D

q2 j a2 j

b2 j c2 j

2

6

4

3

7

5

� �u

q1 j a1 j

b1 j c1 j

2

6

4

3

7

5

� �k I

0

B

@

1

C

A

ð5:9Þ

and
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Ej ¼ �D

yS2 jðtÞ

dS2 jðtÞ

2

6

4

3

7

5

� �u

yS1 jðtÞ

dS1 jðtÞ

2

6

4

3

7

5

þ
cf 0 jðtÞ

df 0 jðtÞ

2

6

4

3

7

5

: ð5:10Þ

We have to solve the system of 2jþ1 � 2 coupled ODEs given in Eq.(5.8) satisfying the initial conditions

yj
0 j;k
ð0Þ ¼ ðC0Þj;k ¼

Z 1

0

C0ðxÞ/j
j;kðxÞdx; 1� k� 2j � 2; ð5:11Þ

dj
0 j;k
ð0Þ ¼ ðd0Þj;k ¼

Z 1

0

C0ðxÞwj
j;kðxÞdx; 0� k� 2j � 1: ð5:12Þ

Substituting the values of yj
0 j;k
ðtÞ; 1� k� 2j � 2 in the boundary conditions we obtain the values of y0

0 j;0
ðtÞ

and y1
0 j;2j�1
ðtÞ as

y0
0 j;0
ðtÞ ¼ 1

/L
j;0ð0Þ

CLðtÞ �
X

K�1

k¼1

/L
j;kð0Þy0

0 j;k
ðtÞ �

X

K�1

k¼0

wL
j;kð0Þd0

0 j;k
ðtÞ

" #

ð5:13Þ

and

y1
0j;2j�1
ðtÞ ¼ 1

/R
j;2j�1ð1Þ

CRðtÞ �
X

2j�2

k¼2j�K

/R
j;kð1Þy1

0 j;k
ðtÞ �

X

2j�1

k¼2j�K

wR
j;kð1Þd1

0 j;k
ðtÞ

" #

: ð5:14Þ

The approximate solution of Eq. (5.1) can now be obtained by using the coefficients yj
0 j;k
ðtÞ and dj

0 j;k
ðtÞ,

j ¼ 0; I; 1 and k ¼ 0; 1; � � � ; 2j � 1 for given j obtained by solving Eq.(5.8), (5.13) and (5.14) into the
approximation given in (5.3a).

6 Error estimate

If we define the L2-error in approximation cjðx; tÞ of the unknown function c(x, t) in ½0; 1� � ½0; T� by

jjcðx; tÞ � cjðx; tÞjjL2 ¼
Z T

0

Z 1

0

ðcðx; tÞ � cjðx; tÞÞ2 dx dt ð6:1Þ

then

jjcðx; tÞ � cjðx; tÞjjL2 ¼
Z T

0

Z 1

0

X

j0[ j

X

2j0�1

k0¼0

ðdj
0 j0 ;k0
ðtÞÞ2ðwj

j0;k0 ðxÞÞ
2 dx dt:

Since wj
j0;k0 ðxÞ are orthonormal, the L2-error can be estimated as

jjcðx; tÞ � cjðx; tÞjjL2 ¼
X

j0[ j

X

2j0�1

k0¼0

Z T

0

ðdj
0 j0 ;k0
ðtÞÞ2 dt: ð6:2Þ

As mentioned earlier j assumes values 0, I, 1 depending on the values of k0 2 0; 1; � � � ; 2j0 � 1
� �

for given
j0.

7 Numerical experiments

To test the usefulness of boundary condition adapted representation of differential operators developed in

x4, we have employed representations of o
ox and o2

ox2 to the ADTE (5.1). It reduces the given partial differential

equation to a system of coupled first order ordinary differential equations (ODEs) with constant coefficients.
The exact analytical solution of the reduced system of ODEs can be obtained whenever the unknown
solution is smooth so that relatively small number of elements are good enough in the wavelet-Galerkin
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approximation (5.3a) with reasonable accuracy of the unknown solution c(x, t). In case of rapidly varying/
discontinuous initial condition or small diffusion coefficient, the wavelet-Galerkin approximation (5.3a)
requires a large cache of elements in the basis of approximation- and detail-spaces. As a consequence, the
number of variables in the system of ODEs become large. In such cases system of ODEs can be solved
efficiently by using numerical solver available in MATHEMATICA/MATLAB etc. Here we have applied
the proposed scheme to five examples of ADTEs viz. (i) separable inhomogeneous term and boundary
conditions, (ii) Non-separable inhomogeneous term and non-smooth initial condition (iii) non-separable
inhomogeneous term and relatively small diffusion coefficient, (iv) equation without source term and non-
algebraic exact solution and (v) equation appearing in the ground water modeling.

Example 1 Separable polynomial solutions:
In order to verify the limitations, if any, in the boundary condition adapted representation of derivatives

in approximation- and detail-subspaces and in the algorithm developed here, we first consider the ADTE

�R
oc

ot
ðx; tÞ � �D

o2c

ox2
ðx; tÞ � �u

oc

ox
ðx; tÞ � �k cðx; tÞ ¼ f ðx; tÞ; 0� x� 1; t [ 0 ð7:1Þ

with separable forcing term

f ðx; tÞ ¼ 2 �R tð1þ x� x2Þ þ ð1þ t2Þf2 �Dþ �u ð�1þ 2xÞ � �k ð1þ x� x2Þg: ð7:2Þ

The inhomogeneous initial and boundary conditions are given by

cð0; tÞ ¼ ð1þ t2Þ ¼ cð1; tÞ; cðx; 0Þ ¼ ð1þ x� x2Þ: ð7:3Þ

It is interesting to observe that for the parameters �R ¼ �D ¼ �u ¼ �k ¼ 1 the reduced ODEs (5.8) for this
problem can be solved exactly. Solution of system of ODEs (5.8) coupled with formulae (5.13) and (5.14)
provide the time-dependent coefficients y0 jðtÞ; d0 jðtÞ of wavelet-Galerkin approximation of c(x, t) for

minimum admissible resolution j ¼ 4 as

y0 4ðtÞ ¼ ð1þ t2Þð�0:12728; 0:0608579; 0:262169; 0:275171; 0:28627; 0:295416;

0:302608; 0:307848; 0:311134; 0:312467; 0:311848; 0:309274; 0:304748;

:314907; 0:364672; 0:366584ÞT ð7:4aÞ

and

d0 4ðtÞ ¼ ð0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0; 0ÞT : ð7:4bÞ

One can verify that these coefficients are identical with the coefficients of wavelet-Galerkin expansion of the
exact solution cðx; tÞ ¼ ð1þ t2Þð1þ x� x2Þ. As expected (since K=3 [2=degree of polynomial in x in

c(x, t)) wavelet coefficients d0 4;kðk ¼ 0; � � � � � � ; 15Þ as well as L2-error derived in x6 are identically zero.
Agreement of these results establishes aptness of boundary condition adapted representation of derivatives

in the approximation- and detail-subspaces of MRA of L2½0; 1� derived in x4 and reliability of the steps
developed in x5 and x6 of the proposed scheme.

Example 2 Non-separable inhomogeneous term and non-smooth initial datum:
To compare the efficiency of the numerical technique based on Daubechies wavelets developed here and

the scheme based on sparse space-time finite element discretization used by Andreev (cf. [17]) involving
wavelets proposed by Han and Shen (cf. [16]), we consider Eq.(7.1) with source term and initial condition
given below:

(a) f ðx; tÞ ¼ 2 sin2ðp tÞ cosð2x� 1þ cosp tÞ; cðx; 0Þ ¼ 0;

(b) f ðx; tÞ ¼ 2; cðx; 0Þ ¼
�2x 0\x\ 1

2

�2xþ 1 1
2
\x\1:

(

The parameters ð �R; �D; �u; �kÞ in Eq.(7.1) are given by ð1; 1
2
; 0; 0Þ and solution satisfies homogeneous boundary

conditions i.e. cð0; tÞ ¼ cð1; tÞ ¼ 0 in both cases (a) and (b). The space-time variables are rescaled as
ðx; tÞ ! ð2x� 1; t

2
Þ so that the domain ð�1; 1Þ � ð0; 2Þ considered in the numerical experiment of Andreev

[17] has been mapped to ð0; 1Þ � ð0; 1Þ. The L2-errors estimated by using formula (6.2) of the approximate
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solution (5.3a) of Eq.(7.1) with inhomogeneous term and initial datum mentioned above at resolutions

j ¼ 4; � � � ; 7 (equivalent degrees of freedom in discretization of space domain is 2j) are found as

Oð10�3Þ; Oð10�4Þ; Oð10�5Þ; Oð10�6Þ respectively in case of (a). The L2-errors in approximating nons-
mooth initial datum and solution in Daubechies wavelet basis with three vanishing moments of their
wavelets at the resolutions considered above have been found as 0.45288, 0.320679, 0.226773, 0.160173

and are of the order Oð10�4Þ;Oð10�5Þ;Oð10�6Þ;Oð10�6Þ in case of (b). Comparison of errors mentioned
above and in Andreev [17] (presented in Fig.4 in case of (a) and Fig.3(right) for (b)) shows that the accuracy

of the present scheme (regarding 2j � 2j degrees of freedom for space-time discretization) is relatively better
than the numerical technique based on sparse space-time finite element discretization scheme of Andreev.

Example 3 Non-separable inhomogeneous term and relatively small diffusion coefficient:
Here we consider Eq.(7.1) with �R ¼ 1; �D ¼ 0:01(small in comparison to advection coefficient); �u ¼ �1,

�k ¼ 0 involving unequal time dependent boundary conditions

cð0; tÞ ¼ 1þ 1� e�
t
�D

1� e�
1
�D

; cð1; tÞ ¼ 1 ð7:5a; bÞ

and non-homogeneous but steady initial condition

cðx; 0Þ ¼ 1: ð7:6Þ

The source term is given by

f ðx; tÞ ¼ ðt � t2 þ 1� xÞ e�
ð1�xÞt

�D

�D ð1� e�
1
�DÞ

: ð7:7Þ

The exact solution to this initial boundary value problem with prescribed parameter is given by (El-
Gamel(2006))

cðx; tÞ ¼ 1þ 1� e�
ð1�xÞt

�D

1� e�
1
�D

: ð7:8Þ

Due to relatively small diffusion coefficient �D, the solution c(x, t) vary rapidly in some region of its domain
½0; 1� � ½0; 1�. Consequently the wavelet-Galerkin approximation requires approximation and detail spaces
of relatively higher resolution j to approximate the solution in the region of sharp variation. Here we have
considered j ¼ 8ð9Þ so that number of variables in the reduced ODEs (5.8) becomes 510(1022) which is
relatively large in comparison to 30 in case of example 1. We have solved the reduced system of equations
by using numerical solver available in MATHEMATICA. The exact solution c(x, t) given in (7.8) and the
approximate solutions cjðx; tÞ for j ¼ 8; 9 are presented in Figs. 1.a-1.c.

Fig. 1 (a)Exact c(x, t) (b) ðPV8
cÞðx; tÞ and (c) ðPV9

cÞðx; tÞ
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The maximum absolute errors in approximating c(x, t) by ðPV8
cÞðx; tÞ and ðPV9

cÞðx; tÞ depicted in

Figs. 2a and 2b within the domain ½0; 1� � ½0; 1� have been found to be of the order of 10�4 and 10�5

respectively.
From these figures it appears that the absolute error in ½0; 1� � ½0; 1� is found to be better than the

accuracy attained by El-Gamel (cf. Table 6 in [18]) in their approach based on wavelet-Galerkin approx-
imation of c(x, t) in the basis of truncated scale functions of Daubechies family. The first term

(
P2 j�1

k0¼0

R T

0
ðdj

0 j;k0
ðtÞÞ2 dt) of the series in the estimate of L2-error presented in (6.2) has been found to be

0.00017 and 0.000015 for j ¼ 8 and 9 respectively. Consequently, the sum of the series is expected to be of

the order of (ð2
ffiffiffi

2
p
� 1Þ� sum of the first interior series) 3:1� 10�4 (3:9� 10�5) which is in agreement

with the absolute error mentioned above. From this example it appears that the proposed scheme can provide
approximate solution and an estimate of a-posteriori error efficiently even when the solution has sharp
variation due to small diffusion coefficient �D.

Example 4 Equation without source term and non-separable non-algebraic exact solution:
Here we consider Eq.(7.1) without source term satisfying boundary conditions

cð0; tÞ ¼8:724601

ffiffiffiffiffiffiffi

p �D
�R

r

1� 2 erf ð �u
ffiffi

t
p

2
ffiffiffiffiffiffiffi

�R �D
p Þ

	 


e
�k
�R
t; ð7:7aÞ

cð1; tÞ ¼8:724601

ffiffiffiffiffiffiffi

p �D
�R

r

1� 2 erf ð
�Rþ �ut

2
ffiffiffiffiffiffiffiffi

�R �D
p

ffiffi

t
p Þ

" #

e
�k
�R
t ð7:7bÞ

and initial condition

cðx; 0Þ ¼ 8:724601

ffiffiffiffiffiffi

p �D
�R

q

x ¼ 0

0 0\x� 1:

(

ð07:9cÞ

The exact solution to this problem is found with the help of symmetry analysis [19, 20] as

cðx; tÞ ¼ 8:724601

ffiffiffiffiffiffiffi

p �D
�R

r

1� 2 erf ð
�Rxþ �u t

2
ffiffiffiffiffiffiffiffi

�R �D
p

ffiffi

t
p Þ

" #

e
�k
�R
t: ð7:10Þ

Here the symbol erf ð�Þ stands for the error function. We have used elements in basis of detail-space Wj and
approximation space Vj at resolution j=9(10) for the wavelet-Galerkin approximation of the solution of

Eq.(7.1) with the initial-boundary conditions given in Eqs.(7.9a)-(7.9c) taking ð �R; �D; �v; �kÞ ¼ (1, 0.0044,
�0:845, �0:03Þ. Consequently, the system of ODEs contain 1022(2046) unknown time-dependent coeffi-
cients. This system of ODEs has been solved by using ODE solver readily available in MATHEMATICA.
Those solutions have been used in Eq.(5.3a) to get approximate solution c9ðx; tÞðc10ðx; tÞÞ. The exact
solution given by (7.10) and its approximation ðPV9

cÞðx; tÞ are presented in Fig. 3.a and Fig. 3.b respectively.
The contribution of the detail part WjðxÞ:dT

0jðtÞ in the approximation c9ðx; tÞ and absolute error jcðx; tÞ �
c9ðx; tÞj have been calculated separately and depicted in Fig. 4.a and Fig. 4.b respectively.

It is observed that contribution of detail part is quantitatively less than absolute error throughout the
domain ½0; 1� � ½0; 1�. Furthermore the numerical value of L2-error estimated by using the formula (6.2) is

Fig. 2 Absolute error (a)jcðx; tÞ � ðPV8
cÞðx; tÞj (b) jcðx; tÞ � ðPV9

cÞðx; tÞj
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slightly higher than the absolute-error . It has been checked that these features have been maintained at the

resolution j ¼ 10 too. The variation of solution for fixed xð¼ 1
4
; 1

2
; 0:7; 0:8Þ and fixed tð¼ 1

2
; 5

6
; 1Þ and their

absolute errors in log10 scale have also been calculated and presented in Figs. 5.a,b and Figs. 6.a,b
respectively to demonstrate the variation and order of accuracy of the solution for different region of space
and time explicitly.

Example 5 Equation appearing in ground water modeling:
Contaminant transport in the subsurface region has been one of the most important research topics in the

hydrological sciences and engineering for the last few decades. The advection-diffusion-transport equation
has been used as mathematical model to describe the movement of contaminants. Its analytical or numerical
solutions for various boundary conditions play important role to provide estimates of contaminant
concentration distributions in soil or aquifer systems for determining transport parameters. A number of
analytical solutions for ADTEs have been developed for predicting the transport of various contaminants in
the subsurface [21–23]. However, in most cases analytical solutions cannot be used in a straight forward
way since it involves either complicated integrals or slowly convergent series.

We consider here the ADTE

Fig. 3 (a)exact solution c(x, t) (b) ðPV9
cÞðx; tÞ within ½0; 1�2

Fig. 4 Display of (a) ðQW9
cÞðx; tÞ (b) jcðx; tÞ � ðPV9

cÞðx; tÞj

Fig. 5 (a)ðPV9
cÞðx; tÞ (b) absolute error log10jcðx; tÞ � ðPV9

cÞðx; tÞj for given x
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R
oc

os
ðn; sÞ � D

o2c

on2
ðn; sÞ þ u

oc

on
ðn; sÞ þ k cðn; sÞ ¼ f ðn; sÞ; s� 0 ð6:11Þ

in the domain ½0;L� � ½0; T� with the initial-boundary conditions

cðn; 0Þ ¼ 0; n 2 ½0;L�; cð0; sÞ ¼ 1; cðL; sÞ ¼ 0 s 2 ð0; T�: ð7:12a0; b0; c0Þ

One particular choice of parameters involved in the model are ðR;D; v; kÞ ¼ ð14:2; 2:1;�0:4;�0:000014Þ.
The domain ½0;L� � ½0; T � can be transformed to unit square by rescaling variables ðn; sÞ to ðx; tÞ ¼ ðnL ; s

TÞ so

that the equation is transformed to Eq.(7.1) with rescaled parameters ð �R; �D; �v; �kÞ ¼ ðR; D T
R L2 ;

v T
R L ;

k T
R Þ. The

initial boundary conditions are then transformed to

cðx; 0Þ ¼ 0; x 2 ½0; 1�; cð0; tÞ ¼ 1; cð1; tÞ ¼ 0 t 2 ð0; 1�: ð7:12a; b; cÞ

For the choices L ¼ 1000m and T ¼ 30000days, values of rescaled parameters ð �R; �D; �v; �kÞ become (1,
0.0044, �0:845, �0:03Þ. It shows that diffusion coefficient �D is small in comparison to advection coefficient
�v.

The solution of this problem can be obtained as the infinite sum of trigonometric functions in space
variable with coefficient as the exponential function of appropriate combination of space and time variables.
In particular, the solution is given by

cðx; tÞ 	
1 for x ¼ 0

2p
PN

n¼1 nð�1Þnþ1e
�u

2 �D
xsinðnpð1� xÞÞ 1�e

� aþ �Dn2p2

�R

� �

t

n2p2þ �Ra
�D

for x 2 ð0; 1�; t 2 ½0; 1�

8

<

:

where a ¼ �k
�R
þ �u2

4 �D �R
.

However this series fails to provide numerical value of the solution efficiently for relatively small values
of the diffusion coefficient �D mentioned above. Since the qualitative feature of the initial-boundary
conditions of this model are similar to the previous example, we have applied the wavelet-Galerkin
scheme developed here to obtain approximate solution to this problem. The approximate solution
ðPV9

cÞðx; tÞ at resolution j ¼ 9 of the solution c(x, t) satisfying initial boundary conditions (7.12a,b,c) for the

values of parameters ð �R, �D,�v, �kÞ mentioned above, have been depicted in Fig. 7.a. The behaviour of

ðQW9
cÞðx; tÞ within the range �5� 10�6 has been presented in Fig. 7.b. This figure indicates that significant

corrections in ðPV9
cÞðx; tÞ appear in the region (a narrow band along the diagonal) of its sharp variation (cf.

Fig.7.a). Its correction on most of the other region is negligible. This observation suggests that the
computational time of the proposed scheme can be reduced by incorporating the idea of layer adaptive mesh
[24] into the formulation.

The value of the L2-error have been estimated from the formula (6.2) and is found to be 0.0001(0.00003)
at resolutions j ¼ 9ð10Þ. The distribution of the concentration for fixed distances (n ¼ 250m, 500m, 700m,
800m) and fixed times (s ¼ 15000days, 20000days, 30000days) are presented in Figs.7.8a,b. It is observed
that approximate solution obtained by using wavelet-Galerkin scheme based on CDV wavelet basis is in
good agreement when compared with the numerical solution obtained by computational scheme based on
cellular automata [25].

Fig. 6 (a)ðPV9
cÞðx; tÞ (b) absolute error log10jcðx; tÞ � ðPV9

cÞðx; tÞj for given t
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8 Conclusion

In this paper we have presented boundary condition adapted matrix representation of differential operators
in approximation- and detail-subspaces of MRA of function space satisfying Dirichlet boundary conditions
in ½0; 1� � R. We have used orthonormal scale functions and wavelets in Daubechies family reformulated by
Cohen, Daubechies and Vial in their seminal work [12]. Representations derived here have been used to
discretize space domain of the linear parabolic partial differential equations, in general. It efficiently reduced
the ADTE to a system of non-homogeneous first-order coupled ODEs with constant coefficients. It is
noticed that:

(i) the derived representation of differential operators moved the inhomogeneous term in the boundary
data (if any) to the inhomogeneous part of the transformed ODEs,

(ii) whenever the unknown solution is smooth enough, the system of ODEs can be solved globally in
time that helps to avert necessary steps of time discretization and its subsequent analysis of step
length, error etc.,

(iii) an efficient a-posteriori error (of solution as well as its derivatives simultaneously) can be estimated.

This scheme has been applied to a selected examples of ADTE with or without source term in (1?1)-D to

check the appropriateness of boundary condition adapted representation of derivatives in approximation- and

detail spaces of same resolution of MRA of L2½0; 1�. Some examples have been selected to test whether the

algorithms for wavelet-Galerkin approximation of unknown solution is ambiguity free and found to be correct.

Approximate solutions of few more examples obtained by our scheme have been compared with the exact

solutions and approximate solutions obtained by other methods available in the literature. It appears that the

proposed scheme is efficient in the sense that it is not only competent to provide approximate solution with

reasonable accuracy, a-posteriori error (in the sense of L2-norm) in the approximation can also be predicted

reliably. Over and above the region of sharp variation of the function within its domain can also be identified

competently through the magnitude of the wavelet coefficients d0 j;k. After verifications, the proposed

scheme has been used to obtain approximate solution for ADTE modeling flow of contaminant water in the

ground. The method gives the unknown solution with reasonable accuracy and found to be in good agreement

with their numerical values recently obtained by the method based on cellular automata [25]. The

Fig. 7 (a)ðPV9
cÞðx; tÞ (b)ðQW9

cÞðx; tÞ

Fig. 8 (a)ðPV9
cÞðx; tÞ for given x (b) ðPV9

cÞðx; tÞ for given t
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generalization of the method towards simultaneous discretization of space-time domain, to ADTE with

variable coefficients and higher space dimensions, to accommodate Neumann and Robin boundary conditions,

to layer adapted meshes are in progress and will be reported in due course.

Appendix I

For p=1:

q1 j;k1;k2
¼ �rj1;j2

j;k1;j;k2
ð1Þ þ r0;j2

j;0;j;k2
ð1Þ

/0
j;k1
ð0Þ

/0
j;0ð0Þ

þ rR;j2

j;2j�1;j;k2
ð1Þ

/1
j;k1
ð1Þ

/0
j;2j�1ð1Þ

a1 j;k1;k2
¼ �aj1;j2

j;k1;j;k2
ð1Þ þ a0;j2

j;0;j;k2
ð1Þ

/0
j;k1
ð0Þ

/0
j;0ð0Þ

þ aR;j2

j;2j�1;j;k2
ð1Þ

/1
j;k1
ð1Þ

/0
j;2j�1ð1Þ

b1 j;k1;k2
¼ �bj1;j2

j;k1;j;k2
ð1Þ þ r0;j2

j;0;j;k2
ð1Þ

w0
j;k1
ð0Þ

/0
j;0ð0Þ

þ rR;j2

j;2j�1;j;k2
ð1Þ

w1
j;k1
ð1Þ

/0
j;2j�1ð1Þ

c1 j;k1;k2
¼ �cj1;j2

j;k1;j;k2
ð1Þ þ a0;j2

j;0;j;k2
ð1Þ

w0
j;k1
ð0Þ

/0
j;0ð0Þ

þ aR;j2

j;2j�1;j;k2
ð1Þ

w1
j;k1
ð1Þ

/0
j;2j�1ð1Þ

Sy1 j;k2
¼ �CL /0

j;k2
ð0Þ þ

r0;j2

j;0;j;k2
ð1Þ

/0
j;0ð0Þ

( )

þ CR /1
j;k2
ð1Þ �

rR;j2

j;2j�1;j;k2
ð1Þ

/1
j;2j�1ð1Þ

( )

Sd1 j;k2
¼ �CL w0

j;k2
ð0Þ þ

a0;j2

j;0;j;k2
ð1Þ

/0
j;0ð0Þ

( )

þ CR w1
j;k2
ð1Þ �

aR;j2

j;2j�1;j;k2
ð1Þ

/1
j;2j�1ð1Þ

( )

For p=2:

q2 j;k1;k2
¼ �n2

j;k1;k2
� n2

j;0;k2

/0
j;k1
ð0Þ

/0
j;0ð0Þ

� n2
j;2j�1;k2

/1
j;k1
ð1Þ

/0
j;2j�1ð1Þ

a2 j;k1;k2
¼ �f2

j;k1;k2
� f2

j;0;k2

/0
j;k1
ð0Þ

/0
j;0ð0Þ

� f2
j;2j�1;k2

/1
j;k1
ð1Þ

/0
j;2j�1ð1Þ

b2 j;k1;k2
¼ �g2

j;k1;k2
þ n2

j;0;k2

w0
j;k1
ð0Þ

/0
j;0ð0Þ

þ n2
j;2j�1;k2

w1
j;k1
ð1Þ

/0
j;2j�1ð1Þ

c2 j;k1;k2
¼ �x2

j;k1;k2
� f2

j;0;k2

w0
j;k1
ð0Þ

/0
j;0ð0Þ

� f2
j;2j�1;k2

w1
j;k1
ð1Þ

/0
j;2j�1ð1Þ

Sy2 j;k2
¼ CL � d

dx
/0

j;k2
ðxÞj0 þ

n2
j;0;k2

/0
j;0ð0Þ

þ
X

K�1

k0
1
¼0

ð/0
j;k0

1
ð0ÞÞ2 þ ðw0

j;k0
1
ð0ÞÞ2

n o

/0
j;k2
ð0Þþ

CR � d

dx
/1

j;k2
ðxÞj1 þ

n2
j;2j�1;k2

/1
j;2j�1ð1Þ

þ
X

K�1

k0
1
¼0

ð/1
j;k0

1
ð1ÞÞ2 þ ðw1

j;k0
1
ð1ÞÞ2

n o

/1
j;k2
ð1Þ

Sd2 j;k2
¼ CL � d

dx
w0

j;k2
ðxÞj0 þ

f2
j;0;k2

/0
j;0ð0Þ

þ
X

K�1

k0
1
¼0

ð/0
j;k0

1
ð0ÞÞ2 þ ðw0

j;k0
1
ð0ÞÞ2

n o

w0
j;k2
ð0Þþ

CR � d

dx
w1

j;k2
ðxÞj1 þ

f2
j;2j�1;k2

/1
j;2j�1ð1Þ

þ
X

K�1

k0
1
¼0

ð/1
j;k0

1
ð1ÞÞ2 þ ðw1

j;k0
1
ð1ÞÞ2

n o

w1
j;k2
ð1Þ

Here the symbols n2
j;k1;k2

; g2
j;k1;k2

; f2
j;k1;k2

and x2
j;k1;k2

are defined as
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n2
j;k1;k2

¼ rj1;j2

j;k1;j;k2
ð2Þ þ

X

K�1

k0
1
¼0

rj1;0
j;k1;j;k0

1

ð1Þ/0
j;k0

1
ð0Þ þ aj1;0

j;k1;j;k0
1

ð1Þw0
j;k0

1
ð0Þ

n o

/0
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X

2j�1
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1
¼2j�K
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1

ð1Þ/1
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1
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ð1Þw1
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1
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X
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1
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1
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