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Abstract This work is concerned with the following equation of Kirchhoff type involving the fractional
Laplacian

aþ b

Z
RN
ð�DÞ

s
2u

���
���2dx

� �
ð�DÞsuþ u ¼ f ðuÞ in RN :

By transforming this equation into an equivalent system, under suitable assumptions we establish the
existence of at least two nontrivial radial solutions without (AR) condition. Moreover, the nonexistence of
solutions is also investigated.
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1 Introduction and main result

In this paper, we consider the fractional Schrödinger-Kirchhoff equation

aþ b

Z
RN
ð�DÞ

s
2u

���
���2dx

� �
ð�DÞsuþ u ¼ f ðuÞ in RN ; ð1Þ

where s 2 ð0; 1Þ; N� 2; a; b [ 0; ð�DÞs denotes the fractional Laplacian which is defined via the Fourier

transform by dð�DÞsuðnÞ ¼ jnj2sbuðnÞ; where bu is the Fourier transform of u; if u is sufficiently smooth, it
can be expressed by

ð�DÞsuðxÞ ¼ CN;sP:V :

Z
RN

uðxÞ � uðyÞ
jx� yjNþ2s

dy; x 2 RN ;
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with CN;s is a normalization constant and P.V. stands for the Cauchy principal value; and f is a function
satisfying some conditions which will be specified later.

The presence of the nonlocal term
R

RN ð�DÞ
s
2u

���
���2dx and the nonlocal operator ð�DÞs in (1) causes some

mathematical difficulties and so the study of such a class of equations is of much interest. This interest
comes also from its various and significant applications in several areas such as physics, biology, chemistry
and finance, see [1, 2, 3–5, 7, 11]. Moreover, equation (1) is a version fractional related to the following
hyperbolic equation

q
o2u

ot2
� q0

h
þ E

2L

Z L

0

ou

ox

����
����
2

dx

 !
o2u

ox2
¼ 0; ð2Þ

which was proposed by Kirchhoff [10] as a model to describe the transversal vibrations of a stretched string
by considering the subsequent change in string length during the vibrations. Recently, the fractional and
Kirchhoff problems have been investigated by many researchers, we cite here [12–14].

In form (1), the energy functional associated to equation (1) is

IðuÞ ¼ a

2
TðuÞ þ b

4
T2ðuÞ þ 1

2

Z
RN

u2dx�
Z

RN
FðuÞdx; u 2 HsðRNÞ;

where TðuÞ ¼
R

RN ð�DÞ
s
2u

���
���2dx and FðuÞ ¼

R u
0

f ðtÞdt: A typical approach to solve (1) is to use the variational

method. Because of the four-order term b
4

T2ðuÞ; it seems difficult to verify the mountain pass geometry of

I and to get the boundedness of the Palais-Smale sequence without the Ambrosetti-Rabinowitz type
condition:

(AR) there exists l [ 4 such that tf ðtÞ� lFðtÞ for all t 2 R:

In particular, Jin and Liu [9] studied (1) with critical growth and proved the existence of a nontrivial radial

solution when b is small, using a perturbation approach. The main idea in this paper, is to transform equation

(1) to an equivalent system. More precisely, we conclude the existence and multiple solutions by solving the

following system in ðu; kÞ

ð�DÞsuþ u ¼ f ðuÞ in RN

aþ bk
N�2s

2 TðuÞ ¼ ks in ð0;þ1Þ:

(
ð3Þ

Before stating what we think that the main contribution, we make the following assumptions on f

ðf1Þ f 2 CðR;RþÞ; f ðtÞ ¼ 0 for t� 0;
ðf2Þ there exist C [ 0 and 2\q\2�s ¼ 2N

N�2s such that f ðtÞ�Cð1þ tq�1Þ for all t [ 0;
ðf3Þ f ðtÞ ¼ oðtÞ as t! 0;
ðf4Þ

lim
t!þ1

f ðtÞ
t
¼ þ1;

ðf5Þ the function t 7!tf ðtÞ � 2FðtÞ is nondecreasing in ð0;þ1Þ:
The following theorem is our main principal result.

Theorem 1. Suppose that ðf1Þ � ðf5Þ hold. Then

i) If N\4s; for all a; b [ 0, (1) has least two nonnegative radial solutions;
ii) If N ¼ 4s; there exist b0; d0 [ 0 such for all a [ 0 and 0\b\b0; (1) has at least two nonnegative

radial solutions and has no nontrivial solution if b [ 1
d0
:

iii) If N [ 4s; there exist r0; c0 [ 0 such that (1) has at least two nonnegative radial solutions if

ab
2s

N�4s\r0; has at least one nonnegative radial solution if ab
2s

N�4s ¼ r0 and has no nontrivial solution if

ab
2s

N�4s [ c0:
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2 Auxiliary Results and Proof of main theorem

We look for solutions in the fractional Sobolev space

HsðRNÞ ¼ fu 2 L2ðRNÞ :

Z
RN
jnj2sjbuj2 þ jbuj2dn\1g;

with the norm

jjujjHs ¼
Z

RN
jnj2sjbuj2 þ jbuj2dn

� �1
2

:

By Plancherel’s theorem, we have jj jnjsbujjL2 ¼ jjð�DÞ
s
2ujjL2 and in light of Propositions 3.4 and 3.6 in [6],

we also have

jjð�DÞ
s
2ujj2L2 ¼

Z
R2N

juðxÞ � uðyÞj2

jx� yjNþ2s
dxdy:

Here, we call u 2 HsðRNÞ a radial solution of (1) if it is invariant under all rotations leaving the origin fixed
and verifies

aþ b

Z
RN
ð�DÞ

s
2u

���
���2dx

� �Z
RN
ð�DÞ

s
2uð�DÞ

s
2udxþ

Z
RN

uudx ¼
Z

RN
f ðuÞudx;

for all u 2 HsðRNÞ:
Lemma 1. Equation (1) has at least one radial solution u 2 HsðRNÞ if and only if system (3) has at least
one solution ðv; kÞ 2 HsðRNÞ � ð0;þ1Þ with v is radial.

Proof. Assume that u 2 HsðRNÞ is a radial solution of equation (1). Let vðxÞ :¼ uðk1
2xÞ and

k :¼ aþ b

Z
RN
ð�DÞ

s
2u

���
���2dx

� �1
s

:

Then

ks ¼ aþ bk
N�2s

2

Z
RN
ð�DÞ

s
2v

���
���2dx

and for all u 2 HsðRNÞ;Z
RN
ð�DÞ

s
2vð�DÞ

s
2udxþ

Z
RN

vudx ¼ks�N
2

Z
RN
ð�DÞ

s
2uð�DÞ

s
2wdx

þ k�
N
2

Z
RN

uwdx

¼k�
N
2

Z
RN

f ðuÞwdx

¼
Z

RN
f ðvÞudx;

where wðxÞ :¼ uðk�1
2xÞ: Hence ðv; kÞ is a solution of system (3), with v is also radial.

Now, suppose that ðv; kÞ is a solution of system (3) with v is radial. Let uðxÞ ¼ vðk�1
2xÞ: Then

ks ¼ aþ bk
N�2s

2

Z
RN
ð�DÞ

s
2v

���
���2dx ¼ aþ b

Z
RN
ð�DÞ

s
2u

���
���2dx

and for all u 2 HsðRNÞ;
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aþ b

Z
RN
ð�DÞ

s
2u

���
���2dx

� �Z
RN
ð�DÞ

s
2uð�DÞ

s
2udxþ

Z
RN

uudx

¼ ksk
N
2
�s

Z
RN
ð�DÞ

s
2vð�DÞ

s
2wdxþ k

N
2

Z
RN

vwdx

¼ k
N
2

Z
RN

f ðvÞwdx

¼
Z

RN
f ðuÞudx;

where wðxÞ :¼ uðk1
2xÞ; which shows that u is a radial solution of (1). h

Let us now recall a result on the existence of radial solutions coming from Gou and Sun [8] for the following
nonlinear fractional equation

ð�DÞsuþ u ¼ f ðuÞ in RN : ð4Þ

Theorem 2. ([8]) Assume that ðf 1Þ � ðf5Þ hold. Then equation (4) has at least two nontrivial nonnegative
radial solutions denoted by w1 et w2.

Lemma 2. Assume that ðf1Þ � ðf3Þ hold. Then

d0 :¼ inffTðuÞ : u is nontrivial solution of ð4Þg[ 0:

Proof. In view of Theorem 2, d0\1: For any solution u of (4), we have the following Pohozaev type
identity

ðN � 2sÞTðuÞ þ N

Z
RN

u2dx ¼ 2N

Z
RN

FðuÞdx:

From ðf1Þ � ðf3Þ; for any e [ 0; we can find Ce [ 0 such that

jFðtÞj � et2 þ Cejtj2
�
s for all t 2 R:

By choosing e\ 1
2
; we obtain

TðuÞ� 2Ne� N

N � 2s

Z
RN

u2dxþ 2�s Ce

Z
RN
juj2

�
s dx� 2�s Ce

Z
RN
juj2

�
s dx:

Using Sobolev’s embedding theorem, we deduce

TðuÞ�CTðuÞ
N

N�2s;

thus for some constant C0[ 0; TðuÞ�C0 and hence d0 [ 0: h

Theorem 3. Suppose that f satisfies ðf1Þ � ðf5Þ. Then

1) If N\4s; for all a; b [ 0, there exist k1; k2 [ 0 such that ðw1; k1Þ and ðw2; k2Þ are solutions of (3);
2) If N ¼ 4s; there exists b0 [ 0 such that for all a [ 0 and 0\b\b0 such that ðw1; k1Þ and ðw2; k2Þ with

ki ¼ a
1�bTðwiÞ

� �1
s

; i ¼ 1; 2 are solutions of (3) and has no solution if b [ 1
d0
:

3) If N [ 4s; there exist r0; c0 [ 0 such that for some kj
i [ a

1
s; ðwi; k

j
iÞ; i; j ¼ 1; 2; are solutions of (3) if

ab
2s

N�4s\r0; has at least one solution ðw1; k
1
minÞ or ðw2; k

2
minÞ if ab

2s
N�4s ¼ r0 and has no solution if

ab
2s

N�4s [ c0:

Proof. Let u 2 HsðRNÞ and consider the function defined on ½0;þ1Þ by

GuðkÞ ¼ aþ bk
N�2s

2 TðuÞ � ks:

Case 1: N\4s: We have Gwi
ðkÞ ! �1; i ¼ 1; 2; as k! þ1: Since Gwi

ðkÞ[ 0 for all k 2 ð0; a1
s�; there

exists ki [ a
1
s; i ¼ 1; 2 such that Gwi

ðkiÞ ¼ 0: Therefore ðwi; kiÞ; i ¼ 1; 2 are two solutions of system (3).
Case 2: N ¼ 4s: Then
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GuðkÞ ¼ a� ksð1� bTðuÞÞ:

Therefore for any a [ 0 and 0\b\b0 :¼ minfTðw1Þ�1; Tðw2Þ�1g; Gwi
ðkiÞ ¼ 0; where ki ¼ a

1�bTðwiÞ

� �1
s

:
Hence ðwi; kiÞ; i ¼ 1; 2; are two solutions of system (3).

If b� 1
d0

with d0 is given by Lemma 2, then for any nontrivial solution u of (4) and any k[ 0; we have

GuðkÞ� a� ð1� bTðuÞÞks� a� ð1� bd0Þks� a [ 0:

Thus (3) has no solution.
Case 3: N [ 4s: Let u 2 HsðRNÞnf0g: Note that for GuðkÞ[ 0 for all k 2 ð0; a1

s� and GuðkÞ ! þ1 as
k! þ1: By direct calculation, the minimum value of Gu is attained only at the point

kminðuÞ :¼ 2s

ðN � 2sÞbTðuÞ

� � 2
N�4s

and

min
k� 0

GuðkÞ ¼ GuðkminðuÞÞ ¼ a� N � 4s

N � 2s

2s

ðN � 2sÞbTðuÞ

� � 2s
N�4s

:

Set

ri ¼
N � 4s

N � 2s

2s

ðN � 2sÞTðwiÞ

� � 2s
N�4s

; i ¼ 1; 2:

If ab
2s

N�4s\r0 :¼ minfr1;r2g; then Gwi
ðkminðwiÞÞ\0; thus there exist k1

i 2 ða
1
s; kminðwiÞ� and k2

i 2
ðkminðwiÞ;þ1Þ such that

Gwi
ðk1

i Þ ¼ Gwi
ðk2

i Þ ¼ 0:

Thus ðwi; k
j
iÞ; i; j ¼ 1; 2 are solutions of (3).

If ab
2s

N�4s ¼ r0; then Gw1
ðkminðw1Þ ¼ 0 or Gw2

ðkminðw2Þ ¼ 0 and hence ðw1; kminðw1ÞÞ or ðw2; kminðw2ÞÞ is
a solution of (3).

If ab
2s

N�4s [ c0 :¼ N�4s
N�2s

2s
ðN�2sÞd0

� � 2s
N�4s

with d0 is given by Lemma 2, then for any nontrivial solution u of (4)
and any k [ 0;

GuðkÞ�GuððkminðuÞÞ� a� N � 4s

N � 2s

2s

ðN � 2sÞbd0

� � 2s
N�4s

[ 0;

which yields that (3) has no solution. h

Proof of Theorem 1. Theorem 1 follows directly from Lemma 1 and Theorem 3. h
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