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Abstract This work is concerned with the following equation of Kirchhoff type involving the fractional

Laplacian
<a +b /
RN

By transforming this equation into an equivalent system, under suitable assumptions we establish the
existence of at least two nontrivial radial solutions without (AR) condition. Moreover, the nonexistence of
solutions is also investigated.

(=4)u

2dx> (—=A)*u+u=f(u) in RV,
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1 Introduction and main result

In this paper, we consider the fractional Schrodinger-Kirchhoff equation

(o0 .

where s € (0,1), N>2, a,b >0, (—A4)" denotes the fractional Laplacian which is defined via the Fourier

(—4)u

2dx) (—Afu+u=f(u) in R, (1)

transform by (—4)'u(&) = || @(&), where @ is the Fourier transform of u; if u is sufficiently smooth, it
can be expressed by

s ufx) —u(y)
(—A) M(}C) = CN_’SP.V. /Nwdy, X e RN,
RY |x — |
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with Cy is a normalization constant and P.V. stands for the Cauchy principal value; and f'is a function
satisfying some conditions which will be specified later.

.2
The presence of the nonlocal term [px (—A)fu‘ dx and the nonlocal operator (—4)" in (1) causes some

mathematical difficulties and so the study of such a class of equations is of much interest. This interest
comes also from its various and significant applications in several areas such as physics, biology, chemistry
and finance, see [1, 2, 3-5, 7, 11]. Moreover, equation (1) is a version fractional related to the following

hyperbolic equation
o*u oo E [F : 0%u
_ (250, = dcr | — =0 2
P <h+2L/0 e =P @)

which was proposed by Kirchhoff [10] as a model to describe the transversal vibrations of a stretched string
by considering the subsequent change in string length during the vibrations. Recently, the fractional and
Kirchhoff problems have been investigated by many researchers, we cite here [12-14].

In form (1), the energy functional associated to equation (1) is

I(u) = gT(u) +ZT2(M) +%/RN uldx — /RN F(u)dx, u € H'(RY),

6_u
Ox

s |2 U . . ..
where T'(u) = [pv ‘ (fA)fu‘ dx and F(u) = [, f(t)dt. A typical approach to solve (1) is to use the variational
method. Because of the four-order term §T2(u)7 it seems difficult to verify the mountain pass geometry of
I and to get the boundedness of the Palais-Smale sequence without the Ambrosetti-Rabinowitz type
condition:

(AR) there exists u > 4 such that ¢ (¢) > uF(z) for all € R.

In particular, Jin and Liu [9] studied (1) with critical growth and proved the existence of a nontrivial radial
solution when b is small, using a perturbation approach. The main idea in this paper, is to transform equation
(1) to an equivalent system. More precisely, we conclude the existence and multiple solutions by solving the
following system in (u, 1)

v (3)

(—M)'u+u=f(u) in RY
a+bA>Tu)=21 in (0,400).

Before stating what we think that the main contribution, we make the following assumptions on f

(i) feC(R,RY), f(t) =0 for t<0;
5)  there exist C > 0 and 2 <g <2} = 3% such that f(1) < C(1 4 197") for all 1 > 0;
D) F(1) = o(1) as 1 — 0 |
)y 70 +00;

t—+oo f

(fs) the function r—if(t) — 2F(t) is nondecreasing in (0, +00).

The following theorem is our main principal result.
Theorem 1. Suppose that (fi) — (fs) hold. Then

i) If N<4s, for all a,b > 0, (1) has least two nonnegative radial solutions;
ii) If N = 4s, there exist by, o9 > 0 such for all a > 0 and 0 <b <by, (1) has at least two nonnegative
radial solutions and has no nontrivial solution if » > bio

i) If N > 4s, there exist og,yy > 0 such that (1) has at least two nonnegative radial solutions if
abvs < 00, has at least one nonnegative radial solution if abvs = oo and has no nontrivial solution if
abvs > Yo-

@ Springer



Fractional Kirchhoff type equation 899

2 Auxiliary Results and Proof of main theorem

We look for solutions in the fractional Sobolev space
H®RY) = {u e X(RY) :/ 2@l + |2 < oo},
RN

with the norm

2
w= ([ a4 o).

By Plancherel’s theorem, we have || |¢|'z]|,> = ||(—4)u||,> and in light of Propositions 3.4 and 3.6 in [6],
we also have

lul

2
e B
RV |x_y|N+2s

Here, we call u € H*(R") a radial solution of (1) if it is invariant under all rotations leaving the origin fixed

and verifies
<a—|—b/ ‘(—A)%u
RN

for all ¢ € H*(RY).

2dx> /RN(—A)%M(—A)%(/)dx—% /RN updx = /RNf(u)(pdx,

Lemma 1. Egquation (1) has at least one radial solution u € HX(IRN ) if and only if system (3) has at least
one solution (v, 1) € H*(RN) x (0, +00) with v is radial.

Proof. Assume that u € H*(R") is a radial solution of equation (1). Let v(x) := u(i%x) and

1

2 5

A= (a—l—b/ dx).
RN

P =a+blT /
RN
and for all ¢ € H*(RY),

/RN(—A)EV(—A)f(pdx—i- /RN vopdx =172 /RN(—A)fu(—A)igbdx

+272 / urdx
RN
=170 | flu)pdx
RN

(—4)u

Then

= Fv)opdx,
[RN

where ¥/(x) := (p(if%x). Hence (v, 1) is a solution of system (3), with v is also radial.
Now, suppose that (v, 1) is a solution of system (3) with v is radial. Let u(x) = v(1 2x). Then

N-2s 2
P =a+blz / dx:a+b/
RV RN

and for all ¢ € H*(RY),

(—A4)v (—A)u de
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2 s s
dx>/ (—A)%(—A)%pdx+/ u@dx
RN RN
v(—A)%lpdx—i-/l%/ wWdx
[RN

|
=
NS
S
|
T
—~
|
A
SN—
S

Il
~

= [ f(u)pdx,

where Y(x) := q)(i%x), which shows that u is a radial solution of (1). O

Let us now recall a result on the existence of radial solutions coming from Gou and Sun [8] for the following
nonlinear fractional equation

(=)’u+u=f(u) in RV, (4)

Theorem 2. ([8]) Assume that (f1) — (fs) hold. Then equation (4) has at least two nontrivial nonnegative
radial solutions denoted by w; et wy.

Lemma 2. Assume that (fi) — (f3) hold. Then
0o := inf{T(«) : u is nontrivial solution of (4)} > 0.
Proof. In view of Theorem 2, dy <oo. For any solution u of (4), we have the following Pohozaev type

identity

(N—=25)T(u) +N | udx=2N | F(u)dx.
RY RY
From (f;) — (f3), for any ¢ > 0, we can find C, > 0 such that
|F(t)| <& + Cylt| for all 7 € R.

By choosing &< %, we obtain

2Ne — N
T(u) < 87/ uzdx—|—2jC8/
N —2s RN X RN

u < XS e u T)C
Bdx<2:C %d
RN

Using Sobolev’s embedding theorem, we deduce
_N_
T(u) < CT(u)¥7>,
thus for some constant C' > 0, T(u) > C’ and hence dy > 0. O
Theorem 3. Suppose that f satisfies (fi) — (fs). Then

1) If N<ds, for all a,b > 0, there exist 4,1, > 0 such that (w;, 4;) and (wy, 4,) are solutions of (3);
2) If N = 4s, there exists by > 0 such that for all a > 0 and 0 <b <b, such that (w;, 4;) and (w,, 4,) with

1

Ai = (#T(W,»))X, i = 1,2 are solutions of (3) and has no solution if b > olg
3) If N > 4s, there exist gy, y; > 0 such that for some /Vl: > af, (wy, i’l:), i,j = 1,2, are solutions of (3) if

2s . - 25 . .
abv-% < g, has at least one solution (wl,)Ll 2 ) if abv-% = gy and has no solution if

min) or (WZ’)°min

2
abv=5 > y,.

Proof. Let u € H*(R") and consider the function defined on [0, +00) by
T(u)— 2.

N-=2s

G,(A)=a+bl>

Case 1: N <4s. We have G, (1) — —oc0, i = 1,2, as 4 — +o0. Since G, (1) > 0 for all 1 € (0, a:], there

exists 4; > av, i = 1,2 such that G,, (2;) = 0. Therefore (w;, 4;), i = 1,2 are two solutions of system (3).
Case 2: N = 4s. Then
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G,(2)=a— (1 = bT(u)).
1
Therefore for any a > 0 and 0<b<by := min{T(w;)"", T(w2) "'}, Gy, (%) =0, where ; = (#T(W))s
Hence (w;, 4;), i = 1,2, are two solutions of system (3).
Iftbr> % with J is given by Lemma 2, then for any nontrivial solution u of (4) and any 4 > 0, we have

G, () za—(1—-bT(uw)A>a—(1—5bdy)A >a>0.

Thus (3) has no solution. 1
Case 3: N > 4s. Let u € H*(R")\{0}. Note that for G,(1) > 0 for all / € (0,a7] and G, (1) — +oc as
A — +o00. By direct calculation, the minimum value of G, is attained only at the point

) = (= 22570)

and

2s

. A N — 4s 2s N—-4s
min G, (4) = Gu(Amin (1)) = @ = 5~ <(N - ZS)bT(M)> '

Set

2s

g; —

N —4s 2s V& 12
i=1,2.
N —2s \(N — 25)T(w;) ’ ’

If abvs<gy:= min{g;,0,}, then G,,(Amin(wi)) <0, thus there exist /1} e(a%,zmin(wi)] and ,11,26
(Zmin (W), +00) such that

Thus (w;, 2),i,j = 1,2 are solutions of (3).

If abv5 = 6y, then Gy, (Amin(w1) = 0 or Gy, (Amin(w2) = 0 and hence (wy, Amin(w1)) or (W2, Amin(w2)) is
a solution of (3).

o5
If abv's > Yo = % (m) " with dp is given by Lemma 2, then for any nontrivial solution u of (4)
and any 4 > 0,

2s

N —4s 2s N=ds
G,(1) > Gy((Ami >a— > 0,
(1) 2 Gl (Amin(u) 2 a = G0 ((N - 2s)b50>
which yields that (3) has no solution. ]
Proof of Theorem 1. Theorem 1 follows directly from Lemma 1 and Theorem 3. U
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